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INTRODUCTION

The initial objective of this investigation was to develop an ultimate
strength analysis of composite beams with web openings by extending the
method used by Redwood [1]*, Congdon [2], Frost.[3] and Wang [4]. This
ultimate strength analysis would give an interaction diagram establishing
theoretical values of moment and shear acting concurrently to cause faillure
at the opening. Major difficulties were encountered in this initial effort
and a continuous interaction diagram could not be obtained. A re-examination
of the method and assumptions was called for., A problem was identified in
that the assumptions were found to be incorrect for eccentric web openings.
Wang encountered similar difficulties in his analysis of noncomposite beams
with reinforced eccentric web openings but did not identify the cause [4].

At this stage in the investigation an alternative method of analysis by
McCormick became available [5]. McCormick discussed many aspects of the
analysis of beams with web openiﬁgs, including the variables eccentricity
and composite beams, but presented an application only for concentric web
openings. A comparison of Redwood's method [1] with McCormick's clarified
the problem in the assumptions Wang had used in the eccentric case, and led
to the justification of McCormick's method, which was finally adopted for
the ultimate strength analysis of beams with eccentric web openings.

In this report the two methods of analysis are reviewed, compared, and
the problem encountered with eccentric openings is identified. McCormick's
method is applied to eccentric, unreinforced openings. Comments on the

calculations for the interaction diagram follow, and a computer solution is

#*
References are listed by number in brackets.



presented. Finally the results of this analysis are compared with the
results of laboratory tests on beams with eccentric rectangular web open-

ings.



LITERATURE SURVEY

Since 1968, several analyses of the ultimate strength of beams ﬁith web
openings have been made. Generation of moment-shear interaction diagrams:
showing the relationship between moment and shear values causing faillure was
an integral part of these anélyses. These values of moment and shear were
divided by corresponding values for the beam without an opening showing the
decrease in strength due to the opening.

The most general case of a reinforced eccentric web opening is shown in
Fig. 1. The beam is defined by d, ts b and t. Section 1 is the high
moment edge of the opening and Section 2 is the low moment edge. The open-
ing size is defined by h and a and its location by e and L. If e=0, the
opening is concentric. The position of the reinforcement is defined by u.
The reinforcing area is defined by ¢ and q such that if c=t > the opening is
unreinforced.

The following assumptions were adopted by all of the investigators:

1. Equilibrium must be satisfied.

2. Plastic hinges are assumed at the edges of the opening in the

sections above and below the opening. This constitutes a localized
failure mechanism shown in Fig. Z.
3. Perfectly plastic action is assumed at each hinge.
4. Von Mises' yleld condition defines failure in combined bending and
shear. (F. = £243£2)
5 Secondary bending is caused in the sections above and beloﬁ the
opening by the presence of shear.

6. The possibility of failure due to instability and the beneficial

effects of strain hardening were not considered.



Bower developed a means of predicting the strength of beams with concen-
tric rectangular openings [6]. The secondary moment in the tee sections was
expressed in the form of axial forces of equal magnitude and opposite direction
" applied to the top of the flange and next to the opening in the web. Assuming
the points of contraflexure in the secondary moments were at the center of the
opening gave the magnitude of the secondary moments and the stress reversal
points at the plastic hinges. Shear was assumed to act concurrently with the
normal force due to secondary moment in the web. This 1s illustrated in fig. 3.

Redwood used a different approach to analyze the problem of concentric
rectangular web openings [1]. Stress distributions were assumed at each
hinge and static equilibrium conditions were imposed. Two stress reversal
cases which Redwood called low shear and high shear were encountered. The
stress reversal points at Section 2 were always in the flange, but for low
shear, both stress reversal points at Section 1 were in the wgb and for high
shear, both stress reversal points at Section 1 were in the flaﬁge. Although
Redwood did not assume the location of the points of contraflexure, it will
be shown from the resulting equations that they are at the center of the
opening. Redwood and other investigators assumed that the shear force is
evenly distributed throughout the webs of the tee sections. Redwood's approach
is summarized in Appendix A.

Congdon [2], Frost [3] and Wang [4] expanded Redwood's work to include
two other variables, reinforcement and eccentricity ofvthe web opening.

Congdon considered beams with reinforced concentric rectangular openings
[2]. Congdon assumed that the reinforcement does not resist shear. Frost
attempted a solution for eccentric web openings [3]. Two stress reversal

cases were developed as in Redwood's work. Frost clearly omitted a stress



reversal case inherent in the eccentriﬁity of his probleﬁ. Wang developed
an analysis of beams with reinforced eccentric openings and considered all
Ftress reversal combinations [4]. Congdon's approach to reinforcing was
adopted. Wéng encountered a problem at low values of shear and described it
on page 18. "When the problem starts with very small (or zero) values of V,
one of the roots will be positive and less than 1 and the other root will
be negative but close to zero. In this case, the other k-values cannot be
evaluated within their limits from the former. Therefore, the technique
adopted is to set the latter equal to zero in order to obtaln a solution."

Richard; as did Wang and Frost, approached the problem of eccentric
rectangular web openings [7]. Following Bower's methad, Richard assumed the
points of contraflexure were at the center of the opening to défermine
stress reversal locationms. .A shear value was assumed on the top tee and
shear on the bottom tee was found by imposing equilibrium. Richard stated
on page 20 that "aséuming a significant value of Ve for the initial incre-
ment sometimes could, and in fact did, result in interaction curves with no
plotted points for low shear values up to 60% of the range of the shear
ordinate."

McCormick presented a comprehensive study of web openings on I-beams
[5]. Approaches to the analysis of non-composite and composite beams with
single and multiple web openings were outlined. Openings of varying shapes
and eccentricities were included. Two innovations of note were McCormick's
treatment of shear stress and eccentricity. Instead of reducing the value
of the normal stress in the web due to shear, he reduced the web thickness
and retained the normal yield stress. To treat eccentricity a moment acting

on the larger tee section was introduced. Seolutions for beams with concentric



openings were illustrated. ‘The point of contraflexure iﬁ the moment due to
shear was assumed to be at the center of the web opening. McCormick's method
is summarized in Appendix B.

Two Baéic approaches are encountered in these investigations. The
methods of analysié differ in the represeﬁtation of forces at the individual

plastic hinges. The next two sections review these approaches separately.



REDWOOD'S METHOD

Redwood described a method of estimating the ultimate strength of a
beam with a concentric, unreinforced rectangular web opening [l]. Figures
and equations involved in his solution are contained in Appendix A. Congdon
[2], Frost [3] and Wang [4] utilized Redwoéd's approach to estimate the
strength of reinforced cgncentric holes, unreinforced eccentric holes and
reinforced eccentric holes, respectiveiy. Their work will be reviewed in
this section.

Plastic stress distributions were assumed at each plastic hinge. The
stress reversal locations were defined by the variables'kl at Section 1 and
k2 at Section 2. Due to symmetry kl and kz have the same values in the tép
and bottom tee sections.

The location of stress reversal points varies with shear. In all cases
the points of stress reversal at Section 2 are in the flange. The points of
stress reversal at Section 1 aré at the edge of the opening when shear is
zero and move up the web into the flange as shear is increased.

Redwood developed equations for two stress reversal cases which he
called low shear and high shear. Using Wang's notation, low shear is Case
WW since the stress reversal points at Section 1 in the top and bottom tees
are both in the web, and high shear is Case FF since the stress reversal
points at Section 1 are in the flanges.

A shear force was assumed at the opening and the corresponding normal
forces were evaluated for the assumed stress reversal case. Due to symmetry
half of the total shear force was assigned to the top tee and half to the
bottom tee. The shear was distributed uniformly throughout the clear depth
of -the tee web. The corresponding normal stress in the web satisfied Von

Mises' yield criterion. The normal stress in the flange was always equal to



the yleld stress., The resultant normal forces and their locations were
expressed in terms of the cross~sectional parameters as well as the
variables kl at Section 1 and k, at Section 2.

Equilibrium conditions were imposed to obtain relationships between
bending moments and shear forces. Isolating the tee sections shows that the
normal and shear forces at Sections 1 and 2 are equal in magnitude and
opposite in direction. This permits kl to be expressed in terms of kz.
Simllarly, to satisfy equilibrium at each section, the normal force in the
top tee is equal and opposite to the normal force in the bottom tee. ‘Therefore
the resultant normal force is constant at each hinge. At each section, the
opposing normal forces constitute the moment at that section.

Since the total shear force is constant across the opening length 2a,
overall moment equilibrium requires that Ml = M2 + 2Va. Substitution into
this equation results in a quadratic equation which was solved for k2.

Once kZ was known, kl could be found.

The value of kl indicated whether the correct stress reversal case had
been assumed. If not, the equations for normal force, etc. corresponding to
the other stress reversal case would be applied. Case WW equations were
used at low values of shear. As shear increased, kl increased. When kl
exceeded one, the high shear Case FF was adopted.

After the stress reversal locations were known, the moment at the
centerline of the opening could be found. This combination of shear and
moment gave a point on an interaction diagram between moment and shear. By
varying shear, additional points on the interaction diagram could be genera-

ted.



Congdon analyzed concentric, reinforced web openingé [2]. The rein-
forcing was assumed to resist no shear so the normal stress on the rein-
forcing was always equal to the yield stress. Following Redwood's proce-
dure, four>étress reversal cases were encountered; SS, RR, WW and FF indi-
cating both stress reversal points at Section 1 were iﬁ the web stub adjacent
to the opening, the reinforcement, the clear web and the flange, respectively.
As shear increased the stress reversal cases were encountered in the order
1listed above.

Frost extended Redwood's approach to include beams with eccentric
rectangular Boles [3]. Quadratic equations in terms of kZT were derived for
stress reversal Cases FF and WW. Introducing these derivatiﬁns on page 9,
Frost wrote, "Equations for other possible combinations of neu£ral axes
locations are not given but could be similarly developed.” From this
statement it could be assumed that stress reversal Casé FW was considered.
Case FW would provide for a stress reversal point in the flange in the top
tee at Section 1 and in the web in the bottom tee at Section 1. As in all
cases, both stress reversal points were in the flange at Section 2.

Due to eccentricity, the shear could not be assumed to be equally
distributed between the top and bottom tee sections. A shear ratio was
defined as the shear force in the top tee divided by the shear force in the
bottom tee. Only one shear ratio would satisfy equilibrium. Frost noted on
page 7 that any other shear ratio would not cause failure and suggested a
method of successive approximations to determine the correct shear ratio.

Wang's solution included both eccentricity and reinforcement of rec-
tangular web openings [4]. The reinforcement was assumed to resist no

ghear. The correct shear ratio was found by successive approximation.
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The complexity of Wang's problem is evident by the stress reversal
cases considered, With eccentricity toward the top flange, Cases SS, SR,
SW, RR, RW, WW, FW and FF were encountered. At zero shear there was no
stress reversal point in the top section and in the bottom tee section the
point of stress reversal was at the equal area axis of the cut reinforced
section. Since Case WF was not encountered it could be seen that the stress
reversal point moved into the top flange before it moved into the bottom
flange. This was true for all cases except concentric cases, where the
stress reversal points were at the same positions in the top and bottom
tees. There is no evidence to indicate that Frost used Case FW, although
Wang found this case was necessary to generate complete interaction dia-
grams.

Since the stress reversal locations varied between the top and bottom
tee sections, Wang chose to use kZT as the unknown in his quadratic_equations.
The larger root of the quadratig never resulted in compatible vélues for
other stress reversal locations, so the smaller root was chosen. At low
values of shear the smaller root was negative and close to zero. To obtain
a solution, Wang let kz equal zero.

Imposing conditions of static equilibrium on an assumed stress reversal
case is the basis of Redwood's method of solution. A shear force is assumed
and the corresponding moment is found by identifying the location of stress
reversal points. In the eccentric case a trial and etfor method of solution
must be used to determine the ratio of the shear forces assigned to each tee
section. Wang encountered small negative values for the stress reversal
location at low values of shear, but was able to generate a continuous

interaction diagram by setting these values equal to zero.
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McCORMICK'S METHOD

A method of plastic analysis of beams with web openings was developed
by McCormick {5]. The key to McCormick's analysis is the representation of
the plastic hinge capacity in terms of normal and moment forces. Appendix B
contains the figures and equations relating to McCormick's approach.

McCormick expressed the capacity of the tee sections as a function of
the forces acting at each plastic hinge. A shear force, a normal force and
a secondary moment due to shear were applied at each hihge.

The shear force was distributed uniformly throughout the clear depth of
the tee section web in combination with the normal forces.‘ Von Mises' yield
condition was satisfied by reducing the thickness of the web so the normal
stress would equal the yield stress throughout the tee section.

Using the reduced web thickness, the location of the equal area axis is
determined. This equal area axis is also referred to as the plastic neutral
axis. The summation of forces above equals the summation of forces below
lthis axis.

For nearly all rolled shapes, the area of the flanges is greater than
the area of the web, resulting in an equal area axis in the flange. For
this reason it is the only plastic neutral axis location considered in
Appendix B, although McCormick treated the case where the equal area axis
is in the web in a similar maomner.

A wmoment due to shear acts in conjunction with a normal force to form a
plastic hinge in the reduced tee section. The normal force is applied at
the equal area axis. Equal areas above and below that assipgned to the normal
force have the same stress and therefore involve the same force. These

forces act in opposite directions to comprise the secondary moment
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due to shear, This moment can be expressed in terms of the normal force and
the reduced tee section properties. For eccentric openings, McCormick |
suggested the introduction of an additional moment in the larger tee sectlon.

Two derivations result depending on whether the normal force is coﬁ-
fined to the flange or extends into thé web; For concentric web openings,
the first of these corresponds to Case FF and the latter to Case WW in
Redwood's analysis.

Equilibrium conditions give the relationship between the bending moment
and shear force which cause a localized failure. Isolating the tee sections
shows that the normal and shear forces‘at Sections 1 and72 are equal in
magnitude and opposite in direction. Since shear is constant, the cross
section properties are constant across the tee sections. This combined with
a constant normal force results in secondary moments having the same
magnitude at Sections 1 and 2. Thus the secondary moment is zero at the
center of the opening. Moment equilibrium of the tee sectioﬁs givés the
value and direction of the secondary moment. Once the secondary moment is
known, the normal force may be found from the cross sectional properties of
the tee sections. Equilibrium at Sections 1 and 2 requires the normal force
to be constant at each hinge and the sum of shear forces in the top and
bottom tees'to equal the total shear force. The moment at the center of the
opening is the normal force times the distance between the equal area axes
in the top and bottom tees.

McCormick provided one example of an "exact" pléstic analysis in which
a concentric web opening was considered. His solution was approximate in that
the location of the equal area axes was not varled with shear. A shear

force was assumed, giving the value of the secondary moment. The normal
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force was determined from the solution of a quadratic equation. McCormick
calculated the moment at Section 1 for various values of shear;

This section on McCormick's ultimate strength analysis of beams with
" web openings completes the review of the literature. In the following
sections the two basic methods of analysis will be compared and the problems

in applying Redwood's method to the eccentric case will be defined.



14

COMPARISON OF REDWOOD'S METHOD WITH McCORMICK'S METHOD

The methods of énalysis developed by Redwood [1] and McCormick [5] will
be cbmpare@\in this section to form a basis for further amalytical research.
To simplify this comparison, the same notation was used in the development
of both analyses wﬁere applicable. Methods for the analysis of concentric
web openings will be diséussed first.

The only significant difference between the two methods is McCormick's
assumption that the point of contraflexure due to secondary moment is at the
center of the opening. As pointed out in the discussion of McCormick's
method, this is necessary due to the plastic properties of the tee sections.
If the normal forces are the same at Sections 1 and 2, the secondary moments:
must have the same magnitude so the point of contraflexure in fhis moment is
at the center of the opening. Although Redwood did not make this assumption,
imposing equilibrium led ﬁo the same results. Appendix C shows that the
point of contraflexure in Redwood's solution is at the center of the web
opening, thus verifying this simplifying assumption.

The treatment of secondary moment also differs. McCormick portrayed
moment due to shear in the tee sections by resisting moments at the hinges.
Redwood's secondary moment is generated by the differing locations of the
resultant normal forces at Sections 1 and 2.

The differences between the two approaches do not affect the inter-
action diagrams generated. McCormick's methed gives a clearer and easier
formulation due to the representation of forces acting at each hinge and the
assumption that the point of contraflexure is at the center of the web

opening.
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There is no satisfactory solution for eccentric web openings in the
literature. As noted in the literature survey, Richard [7] and Wang [4]
both encountered difficulties at low shear values. Richard found that
assuming a small value of shear acting on the top tee and solving fdr shear
in the bottom tee resulted in an incomﬁlete interaction diagram. No points
could be plotted for low values of total shear. Wang bypassed this problenm
by setting a small neéati?e root of a quadratic equaﬁion in kZT equal to
zero to obtain a solution.

The attempted solutions for the strength of beams with eccentric web
openings used by Wang and Richard contained a single stress reversal lo-
cation at each hinge. It will be shown that a problem iﬁ the low shear
range of the interaction diagram arises due to the presence of more than one
stress reversal at Section 2 in the bottom tee. Frost used the same formula—
tion and would have had similar problems if he generated'an exact interacticm
diagram; however, he did not report them [3].

The presence of more than one‘stress reversal point in the larger tee
at Section 2 for low values of shear will be demonstrated by looking first
at the plastic analysis of a beam with an eccentric web opening subjected to
pure bending (Fig. 4a). A stress reversal in the larger tee section is necessF
ary to have a constant normal force at each hinge. The equal area axis gives
the initial stress reversal location in the web of the bottom tee. None of
the solutions based on Redwood's approach considered a stress reversal point
in the web at Section 2. Wang recognized this as the location of the initial
stress reversal point at Section 1 but not at Section 2. As in the concentric
case, a stress reversal due to shear moves toward the flange at Section 1

and toward the web from the outer edge of the flange at Section 2. For
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eccentric openings, three stress reversal locations are indicated at Section
2 in the bottom tee (Fig. 4b).

McCormick's method is therefore preferable to Redwood's. Adapting
" Redwood's method to the indicated stress reversal combinations would involve
developing stress reversal cases WW, FW and FF (indicating the location of
stress reversal points at Section 1) for both stress reversal cases at
Section 2. Using McCormick's method the location of the stress reversal
points is not needed. McCormick's use of a moment due to eccentricity as
well as a moment due to shear in the bottom tee is a wvalid representation of
the forces acting at low values of shear (Fig. 4b). McCormick suggested the

use of this additional moment but did not explain its application.
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APPLICATION OF McCORMICK'S METHOD TO BEAMS WITH ECCENTRIC WEB OPENINGS

Using McCormick's formulation, the method of solution is similar for
concenﬁric and eccentric web openings. The moment capacity of the tee
sections reduced for normal force must be determined for the following
two cases: when the normal force is confined to the flange and when it
extends into the web. In the eccentric case the hinges in the smaller tee
are subjected to normal force and moment due to shear while the hinges in
the larger tee are subjected to normal force and moment due to shear as well
as moment due to eccentricity. A:shear ratio is assumed and secondary
moment is found for each hinge. The normal force is calculated from the
smaller tee and applied to the larger tee so the moment due to eccentricity
may be computed. The moment due to eccentricity is the difference between
the moment due to shear and the moment capacity of the larger tee section
reduced for the normal force. The moment at the centerline of the opening |
is equal to the magnitude of the normal forces times the distance between
them plus the moment due to eccentricity.

Each shear ratio will give a moment for the corresponding shear force.
The shear ratjo giving the maximum moment is the correct one. In a concen-
tric case the maximum moment is found when shear is distributed evenly to
the top and bottom tees, with a moment due to eccentricity of zero. In an
eccentric case the largest normal force satisfying equilibrium gives the
maximum total moment. Assigning all the shear to the larger tee gives the
largest normzl force. Due to the plastic properties of the tee section, as
shear increases, the moment due to shear increases and the moment due to

eccentricity decreases while the normal force is constant.
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At a certain value of shear, the moment due to shear will result in a
constant normal force without a moment due to eccentricity, and shear nmust
be applied to the smaller tee section. With the moment due to eccentricity
eliminated, a single stress reversal exists at each hinge as in Redwood's
approach [1]. The range of shear for which the moment due to ecceﬁtricity
applies is the same range in which Wang and Richard encountered difficulties.

A computer program was formulated to generate points on an interaction
diagram using this method of solution. The flow diagram and program in

Fortran are included in Appendix D.
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EXPERIMENTAL RESULTS

The results of five ultimate load tests on beams with unreinforced
eccentric web openings are found in the literature. Test results are
reported by Frost [3] on four beams and by McNew [8] on one beam. The

pertinent test parameters of the beams are tabulated below.

Ref. Beam No. & b e MV
Frost W 16 x 40 1 6.4 3.2 1 40
Frost W16 x 40 2 6.4 3.2 2 40
Frost W 16 x 40 5 6.4 3.2 1
Frost W 16 x 40 6 6.4 3.2 2 0
McNew W 16 x 45 1 4.5 3.0 2. 30

Moment shear interaction curves were generated for these'Seams using
the computer program in Appendix Df To compare the data with theories, both
Frost and McNew corrected the experimental ultimate lo;ds to eliminate the
effects of strain hardening by using load-deflection curves. The corrected
test results are plotted on the interaction curves in Fig. 5. It can be
seen that the interaction curves furnish reliable but conservative pre-

dictions of the experimental ultimate loads.



SUMMARY

The main contributions of this report are the identification of a
source ofre;ror in the previous ultimate strength analyses of beams with
eccentric web openings, and the extension and application of McCormick's
method to beams wiﬁh eccentric web openings. A moment due to eccentricity
acting on the larger tee was shown to be necessary'for low values of shear.
When a moment due to eccentricity acts concurrently with a moment due to
shear, more than one stress reversal is necessary at one of the hinges.

Two minqr contributions relate to Redwood's method. The first pertains
to the application of Redwood's method to the eccentric case. Since the
exact location of stress reversal points must be found, the presence of more
than one stress reversal point at a hinge makes this unnecessarily complex
if the moments involved are not identified. The second is the observation
that the point of contrafiexure for the moment due to shear is at the center
of the opening, although this fact was not assumed nor pointed out in Redwood's
work.

McCormick's method of analysis was found to be better suited for ex-
tension to the eccentric case. The values of the forces causing failure at
an opening are determined instead of the locaticons of stress réversal

points. A clearer picture of the forces causing failure results.
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RECOMMENDATIONS FOR FUﬁTHER STUDY

The logical extension of the method of analysis presented here would
be the analysis of beams with reinforced eccentric web openings. The plastic
properties of the cross sections at the plastic hinges would have to be
developed. Centering the normal load at the equal area axis would provide
the possible stress reversal cases. |

The eccentric analysis could also be applied to composite beams with
web openings. It must be noted that tension in the concrete at Section 2 is
caused by secondary moment. Since concrete has a negligible tensile strength,
the effective section ébove the opening at Section 2 will be smaller than
that at Section 1. This is a major source of difficulty in the analysis of
the composite case.

Further experimental tests would be helpful in determining the reliability
and accuracy of the ultimate strength analysis of beams with.eccentric web

openings.
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NOMENCLATURE
a Half length of opening
b Flange width
c Total width of reinforcing bars (including web thickness)
Case Stress reversal case given by two letters, the first indicating

the stress reversal location in the top tee at Section 1 and the
second indicating the stress reversal location in the bottom tee
at Section 1

d Depth of beam

dc Distance between normal forces in top and bottom tees in McCormick's
method
e Distance from the middepth of the beam to the middepth of the opening
EAA Equal Area Axis of a tee section
f Normal stress reduced for shear
fB Normal stress in bottom tee reduced for shear
fT Normal stress in top tee reduced for shear
fy Shear stress
va Shear stress in bottom tee
fVT Shear stress in top tee
Fy Yield stress
h Half opening depth
k Indicator of stress reversal location. The subscripts 1 and 2
refer to Sections 1 and 2; T and B refer to top and bottom tees,
respectively
L Longitudinal distance from opening centerline to nearest support
M Moment at centerline of opening
Ml Moment at Section 1
MZ Moment at Section 2
Me Monent due to eccentricity

Mv Moment due to shear



n*
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Normal force divided by normal yield force in tee. The sub-
scripts T and B refer to the top and bottom tees, respectively

A specific value of n when the normal force, centered at the
equal area axis, extends to the web-flange junction

One of the forces comprising the secondary moment at a hinge.
The subscripts 1 and 2 refer to Sections 1 and 2

The thickness of the reinforcing bars
Resultant normal force

A specific value of Q which extends to the web-flange junction
when centered at the equal area axis

Normal yield force for tee section

Depth of web in the tee section. The subscripts T and B refer
to the top and bottom tee sections, respectively

Flange thickness
Web thickness
Distance between opening and reinforcing bar

Total shear force. The subscripts T and B refer to the top and
bottom tee sections, respectively '

Web thickness reduced for shear. The subscripts T and B refer
to the top and bottom tee sections, respectively

Distance from edge of opening to resultant normal force. The
subscripts T and B refer to the top and bottom tee sections,
respectively
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(b) Failure with a small shear force
Section 1 Section 2
Forces Stresses Forces Stresses
Normal Shear Normééi== Shear
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{c) Failure with an intermediate shear force

Fig. 4. Beams with Eccentric Web-Openings at Failure
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APPENDIX A~

REDWOOD'S METHOD

Redwood's method of ultimate strength analysis of beams with web
6penings involves imposing static equilibrium on assumed stress reversal
cases. For Redwood's concentric case there are two cases of stress reversal
locations at Section 1 and one at Section 2. The stress reversal locations
are illustrated below with their corresponding resultant forces and equatioms.
In the concentric case, half of the total shear force is assigned to the top
tee and half to the bottom tee. In all cases the shear stress is distrib-
uted evenly throughout the clear depth of the web. The corresponding normal
stress must satisfy Von Mises' yield criterion, i.e. Fi = f2 + 3f3, where Fy=

yield stress, f = normal stress and fv = shear stress. Cross sectional

properties are shown in Fig. 1.

Normal Stress Shear Stress » Resultant Forces
ALt ks Ql —>
s v 3
2 1
kls
1T f £ T
2h z_gk 2h
F F A
y y |,
_ﬁl_.. ..7L.
k.s v -
s 1 2z 1
Q .
t ] 1<—| 7

Section 1. Case WW (both stress reversal points
are in the web at Section 1)

Q, = bLF, + st (1-2k))f

2

5 2



Normal Stress ﬁL - Shear Stress Resultant Forces
[
E — T T
k,t \'} =
T o £ T
2h F 1 F /dﬁ/ 2h
| y y |, .
74. 7(_
. v J—
s I kqt 2 1
f__ .
::E' 1 E#T Q <«I «

Section 1.  Case FF (both stress reversal points
are in the flanges at Section 1) .

Qy = btF (2k;-1) - st f

2

_ )
Q,; = =58t f + thy[2k1(s+t) - (s+.5t) - tky]

Normal Stress Shear Stress Resultant Forces
- -
'7"‘; L % '14 < QZ
2
—_ —_

¢ £
2h +ﬁ§;735-7+ | S 2h

L J y ,
-1 T 1 —+-
= |[\V
8 kzt yz 7
! TN
(T — ) %% > |

Section 2. Case WW or Case FF

Q) = st f + btF (1-2k,)

= 2 2
Q2y2 = .58 twf + thy[(5+.5t) - 2(s+t)k2 f th]
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Imposing equilibrium on the free body diagrams below gives the follow-

ing relationships.

Section 1 Section 2 Section 2
Qr Qr O
— k&— — .,...‘.?
v Y oy -—J
172 J 2 _7¢.2 2 /;5¥
2h , 2h
i v ' x
5. 2 J 7 7 &
71 ¥2 Z\
- Skl e I
QlB ’F;, a 1],. a [ QZB QZB,‘I, L-a

tee sections:

1
L
L]

B3 0= Qup = Qpys Qr = Qg =

|
O

0= -Qyp * Qups Qp = Qg =
Shear force is constant across the tee section.
IMy3 0= Qpyy = Qpyy — Va i
0= QByl - QBy2 - Va .

Section 1:
EFx; 0= QT - Qs QT = QB =Q
The normal force is constant at each hinge.

vV -

o]
3
o

[}
o<

_y
y 2

Shear in top and bottom tees must sum to the total shear.

1V



IM,; 0 = Q§1 + Q(2h+§l) - V(L+a)

= 2Q(h+§l) - V(L+a) = M, - V(L+a)

where M, = 2Q(h+yl)
Section 2:
IF 5 0 = Q-Q

v Vv

Qy, + Q(2hty,) - V(L-a)

EMﬁ; 0

2q(h+§2) - V(L-a) = M, - V(L-a)

where M, = 2Q(iy,).
Subtracting the moment equilibrium equation at Section l‘from that at
Section 2, gives the following relationship: Ml = M2 + 2Va, Substitution
into this equation gives the fol}owing quadratic equation in'kZ:

Case WW: bF
2 _y Va _ ,
kzt[l "1 f] - (d--2h)k2 + TeF 0
W y
Case FF: 2
2 Va Bs , B, _
ky = (14B)k, + [2thy "t =0
stwf
where B = thy %

Solving the quadratic gives the value of k2 and the final variable, kl,.may
be found. Adding the moment equilibrium equations at Sections 1 and 2 gives
the moment at the center line of the opening, M: M = VL = .5(M1+M2). A
point on the interaction diagram is plotted as

G

el
o2 %



where
2
M_ = F [bt(d-t) + .25t (d-2
L = FyIbe(d-t) + .25t (d-26)%]

and

1 .
Vp = 7 e, 620) By

An interaction diagram is generated by varying the assumed shear force and

calculating the corresponding moments.
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APPENDIX B

McCORMICK'S METHOD

McCormick identified the internal forces acting on the tee sections
above and below an opening as shear fofces, normal forces and secondary

moments due to shear. These are illustrated in the following free body

diagrams.
Section 1 Section 2 Section 2
Myr1  Qir Qr Yy Yp

o —> <— —>
(4 [y

d A
¢ MVB dc J
\'s

v v
2 7
«74 (._ — -(6—
1B |, a %23 "y2 L% L-a
4 7 7 A
Where Mv = moment due to shear, and
dc = distance between resultant normal forces.

The values of normal force, shear force and moment acting concurrently to
form a plastic hinge may be found by considering the plastic properties of
the tee sections. Equilibrium conditions are used to relate the forces
acting at the four plastic hinges.

McCormick developed the following plastic properties of the tee sections

for his analysis of beams with web openings.



Pl@stic Properties of Tee Sections

h
{
i

",

Cross Sectional Parameters

Normal Stress

7L_

b

-

F

=

Pure Normal Load
QY = normal yield force with a pure normal load.

= F (bt+st ).
Yy w Shear Stress

Pure Shear Load

Vy = shear yiecld force with a pure shear load.

Vou Mises yield criterionm: F; = £2 4 3f3 so f =

Vv = 1 st .

= F
y S/ YV

34
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Normal Stress Shear Stress
| FY |
-.'-———.
t .
s

f fvl,
A
Combined Shear and Normal Loads

Q = axial load reduced for shear

= Fybt + stwf .

2 .2
where f=/ Fy-3fv by Von Mises yield condition so that

Shea§ Streés

ok

i i

rr

Adopted Cross Sectional Properties

Qy = Fy(bt+sw)

Once the web area is reduced, the shear force need not be further con-
sidered. The axial stress is equal to the yield stress, Fy’ in the flange

and in the web.

Combined Bending and Normal Forces

The normal force is centered at the equal area axis (EAA) with the

remainder of the tee section used to resist moment.
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b
0 | A A
>~
'7‘F e A —— |
s y
e L

Location of EAA (for most W shapes, the equal area axis is in the flange)
y=a+.5t(1 -'Es‘;—’)

Since this case is most commonly found in practice and corresponds to
Redwooa's analysis, it is the only case developed here. McCormick's report
includes the cases where the equal area axis is at the web-flange junction
as well as in the web.

The moment capacity of the tee section reduced for normal force is the
moment due to shear, Mv, in the concentric case. To oBtain a solution, Mv
is found in terms of the adopted cross-sectional parameters and the normal
force. Two dgrivations result depending on whether the normal force is
confined to the flange, Case FF, or extends into the web, Case WW, The
quantity n* is defined as the normal force Q*, which is the limit between
these two cases, divided by the axial yield force Qy’

n*: Q* is centered at the EAA and extends to the web-flange junction

so that
1 w B
gi:—-—b£=n*
sw
G 1+
n= 8. if n < n* Case FF applies

if n > n* Case WW applies.



Normal force, Q Bending moments, Mv
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Combined stress distributions

,.,.f_
_’Lt == O I TS, 77z
8
=L " ¥ F F F. F F, T ¥, T
y l,y._*y}«lzvbyb]@ybvblﬁykyr
g 7 17 ‘1 7]
Case FF (n < n¥)
2 2 2
W t s  lbt t . _sw]|_bt".  sw 2
M, = By { 2 (5"“:)[1 Ter T YT st T e ] PRSI “}
dc = distance between the normal force resultants in the top and bottom
tees,
BW

Normal force, Q Bending moments, Mv

Combined stress distributions

7:3 % = T 7 Z
t 2

Case WW (n > n%*)

—-§ {8 t g .S
M, = F { Y (sro)[1+ ZHa - 5]
+-"-ﬁ[<1 2y - 0@+ £ [(1—§E)<3—9>
8 Twel " bt’ bt w

sW b
+ n(l +f€)(1 +;7-)]}



d = 2h +_Ez(bt2 _ swt _ hztz + bts + szw2 _ szw)
c Q" 4 2 4w 2 4b 4

F 2 2.2 2 2 2
Yy bt bt Isw_sw
+-Qy(2bts + 5 + 7w T3 75 )

+_sz(bt2 + swt _ bzt2 _ sbt + 52w2 _ szw)
Qi 4 2 4w 2 4b 4

Equilibrium

These equations relate to the free body diagrams presented at the

beginning of this Appendix.

On tee sections.

IF, = 0= Q= Qs Q= Qp = O

IF. =0=
X

L
[
=

“Qp * Qp 5

EFy =0= —le + VTZ

<5
n

<t
L]

<t

IF, =0=-V_+YV
y

Bl B2
Yo

zMQB =0 = Mgy + Myp, — 220y

<
1
e
]
<

L

0= Mgpy + Mypp — 23V

From the plastic properties of the tee sections; if QTl = Q

My = Mypp = Myp and if Qpy = Qpos Mypy = My, = Myp. o From the

moment eqguilibrium equations, MVT = aVT and MVB

T2

]
)
<

On Section 1.

TP = 0=0Qpp - Qp s Qr = 4 =Q

Therefore the resultant normal force is the same at each hinge.
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Therefore, shear in top and bottom tees must sum to total shear. For

concentric cases it is assumed that VT = VB = %u

EMQ= 0 =Qd, + My -'i-MVB'- V(L+a) .

On Section 2.

IF =0 =-Qp + Qp 5 Q = Qg =Q

ZFY =0= -VT2 = VB2

,ZMQ =0 = Qdc - MVT - MVB - V(L-a)

The moment at the center of the opening, M, gives the ordinate to omne

+V 3 VT + VB =V

point on an interaction diagram. Adding the moment equilibrium equations at

Sections 1 and 2 gives M = VL = Qdc’

Procedure for concentric openings

=Y
l. Assume shear force V. VT = VB =3

2. Calculate w and My (MVT = MVB = Mv).

3. Calculate Q from section properties.

4. W=0d.
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APPENDIX C

SECONDARY MOMENTS IN REDWOOD'S METHOD

The secondary moments at Sections 1 and 2 must be shown to be equal to
demonstrate that the point of contraflexure is at the center of the opening
in Redwood's solution. This will be done by using Redwood's stress reversal
locations and separating the normal forces into a resultant normal force and
a secondary moment as McCormick did. Since the flange areas of most W-shapes
are larger than the web areas, the resultant normal force will be applied in
the flange. The forces comprising the secondary moment will be determined
from the stress reversal location. If these forces are the same at Sections
1 and 2, the secondary moments are the same. Only the top tee will be shown

because of symmetry.

Tt C |

Cross-Sectional Dimensions of Tee Sections
The values of the resultant forces may be expressed in terms of the
cross-sectional properties and the stress reversal location. Since the P
forces comprising the moment due to shear have the same magnitude, the

normal force is the resultant normal force.



Section 1:

Normal Stress

Shear Stress

s -
el
. kls
, £, £ £
O — 4

Section 2:

Normal Stress Shear Stress

b FY L FY I
1 L/ 2 JC
t— T
kzt
-1
k i r ’fv,
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Low Shear Case WW

Pl = stwfk1

P2 = thyk2

terms of k2:

since

Q1 = thy + Stwf(l_Zkl)

Q, = st f + btF (1-2k

btF

Q=Q ky st_f 2

41

Resultants
P
e boud
Q
P < M,
Resultants
~?> .
Q q
<L'P2 Mv

nust equal P2 for the secondary moments to be equal. To get kl in



therefore
btF
| Pl = klstwf = ;E;% kzstwf = thyk2 = P2
Pl = P2 so the secondary moments are the same at Sections 1 and 2 and the

point of contraflexure is at the center line of the opening in the low shear

case.

Section 1:

Normal Stress Shear Stress Resultants
F F
¥ y ;
ek % — | B
At ¥ = =3,
Q Q
: k,t ' P <
s . "
—
f

Section 2 is the same as in Case WW

High Shear Case FF
As in the low shear case, the forces comprising the moment due to shear
are expressed in terms of the cross-sectional properties and stress reversal

locations, then shown to be equal.

Pl = Stwf + thy(l—kl)

P btF_k

2 vy 2
To get kl in terms of k2:
Q

btF, (2k;-1) - st f

Q2 stwf + thy(l-zkz)



since
atwf
Q=0, L =l+gg —
y
therefore
stwf
Pl = Stwf + thy[l - (1+ E - kZ)] = thykZ = PZ

The point of contraflexure is at the center line of the opening in

Redwood's solution.
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APPENDIX D
COMPUTER SOLUTION

' Start }

Read Beam and
Opening Propertlies

\4
)l!‘lvalu;ltu V ,V and M
max P P

T
Increment ﬁ Evaluate wp, wp, Myps P from

quadratic equations, M‘-’Bl and MVB

M Vv
Evaluate dn' M, 5 2 o R —
P P
M

v
T v
Print Vv, *ﬁ;, M, v and W
P

S - —

Increment V

uo

Computer Flow Diagram
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ABSTRACT

A source of error in previous ultimate strength analyses of beams
with eccentric web openings is identified, and a method of analysis is
developed which eliminates this source of error. The ultimate strength
of the beam is defined by a failure mechanism consisting of plastic hinges
in the tee sections above and below each edge of the opening. Values of
ultimate moment andrshear acting concurrently at the center of the opening
are determined.

Previous methods pf analysis were based on assumed stress distributions
causing failure at each of the four plastic hinges. These analyses neglected
the possibility of more than one stress reversal point at a hinge. It ish
shown that multiple stress reversal points must be considered in the eccen-
tric case for low values of shear.

A representation of the hinge capacity in terms of normal forces and
moments is adopted. A moment is.assumed to act at each hinge due to shear
in the tee sections. The assumption that the point of contraflexure of
the moment due to shear is at the center of the opening is verified. An
additional moment is assumed to act on the larger tee section at low
values of shear to account for its greater capacity and the additional
stress reversal points. This method of analysis. is described and then
applied fo nunerical examples using a computer solution. Test results

show the analysis is reliable, yet somewhat conservative.



