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Abstract

In this work, we find the module structure of the cohomology of the group of four by four
upper triangular matrices (with ones on the diagonal) with entries from the field on three
elements modulo its center. Some of the relations amongst the generators for the cohomology
ring are also given. This cohomology is found by considering a certain split extension. We
show that the associated Lyndon-Hochschild-Serre spectral sequence collapses at the second
page by illustrating a set of generators for the cohomology ring from generating elements of
the second page. We also consider two other extensions using more traditional techniques.
In the first we introduce some new results giving degree four and five differentials in spectral
sequences associated to extensions of a general class of groups and apply these to both the

extensions.
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Chapter 1

Introduction

1.1 Background

The foundations of group cohomology were laid down in the early part of the twentieth
century by topologists studying the cohomology of topological spaces. Later algebraists set
group cohomology on a firm algebraic footing independent of the topology. The difference
between the approaches is quite superficial however. Given a finite group G, one can
construct a topological space, called the group’s classifying space, whose first fundamental
group is G and whose higher homotopy groups vanish. Such a space is an Eilenberg-Mac
Lane space of G, denoted K(G,1). The cohomology of a finite group is isomorphic to the
cohomology of the classifying space of the group. So, a typical example of the ideas that
follow familiar to the reader may be the case of a topological space X having a simplicial
structure, say a CW -complex. It should now come as no suprise that group cohomology
involves a rich interplay between Algebra and Topology. Often when one doesn’t know how
to solve a problem using one approach one translates it into the language of the other area

and then (hopefully) decides the question using known results.



How the group structure is reflected in the cohomology of the group is still largely un-
known. Some important information however is. For example, there is a 1-1 correspondence
between splittings of the split extension (short exact sequence) 1 — N — G 4 @ — 1 and
elements in H'(G; M). When the normal subgroup N is abelian, we have a another 1-1
correspondence between the set of equivalent extensions of the above form and H?(G; M).
That is, we can up to isomorphism, decide how many groups G fit into this extension once
we fix N and (). One may suppose that that cohomology is useful in distinguishing groups.
Alas, different groups can have the same cohomology. The converse, however, is true. That
is, groups with differing cohomology cannot be isomorphic. There are also connections be-
tween the mod-p cohomology ring of a group and the modular representations of the group.
Indeed, the cohomology groups of G'L4(F3) give universal characteristic classes for modular
group representations.

The main tool in group cohomology is the spectral sequence. This device provides a
computational means of finding the cohomology of a group. Generally, a spectral sequence
is a sequence of objects called pages that ”converges” to the cohomology of the group G. A
page in a spectral sequence is a 1% quadrant array of modules along with a multiplication
making the page a ring. The r* page also has a differential, d,, defined on it. That is,
a map of bidegree {r, —r + 1} which is a derivation with respect to the multiplication.
Derivation here means that d,(ab) = d.(a)b + (—1)l?ad,(b), where if a is in the {4,7}-
position (written a € E%7), then |a| = i + j; and {r,—r + 1}-bigraded means that if

a € EY then d.(a) € EX"~—"t1 Given the E, — page define the {i,j} entry of the

E, .1 — page as Kerd,n]Eﬁ-,j modulo Imd, i1 That is, E,y; is the homology of E,.
Consider again the extension 1 — N — G &N @ — 1. A well known theorem says that

the second page of the Lyndon-Hochschild-Serre spectral sequence is given as the cohomology

of the quotient with coefficients being the cohomology of the normal subgroup. Symbolically,



EY ~ HYQ;H’(N;M)). With this formula in hand, how to proceed is clear. Choose
extensions with sub- and quotient groups having cohomologies that we understand well and
from this knowledge determine the cohomology of G. We obtain in the words of McCleary:
”» ) ~ "something computable” converging to H*, something desireable” ([8, Pg. 6]).

Of particular interest to algebraists is H*(GL4(F3);Fs), the group of four by four in-
vertable matrices over the field with three elements. One way to find this cohomology
is to first find H*(UTy(F3);F3), the upper triangulars with ones on the diagonal, and
then since H*(GL4(F3);F3) injects into H*(UTy(F3);F3) we may work backward to de-
rive. H*(GL4(F3);F3). Hereafter, let H denote the quotient group UTy(F3) modulo its
center. The center is a copy of Z/3Z generated by Iy + a; 4. This dissertation will address
this group of order 3°.

The outline of this thesis is as follows: the current chapter gives background on the
question of interest, and some standard definitions and results used in the later chapters
including a more rigorous development of the ideas above. Chapter 2, our main result,
concerns the spectral sequence associated to the extension (Z/3Z)* — H — Z/3Z.
We decompose H*((Z/3Z)*;F3) as a sum of indecomposable F3[Z/3Z]-modules to decide
the F3[Q]-module structure of the coefficients, H*((Z/3Z)*;F3). From this data we may
construct the Ey — page of the associated Lyndon-Hochschild-Serre spectral sequence. Ac-
cording to theorem 2.7, Ey = E,, which is proved by showing that a minimal set of ring
generators of the F, — page represents a minimal set of generators for F.,,. We define
the ring generators of H*(H;F3) as Evens norms, Massey products and transfers and their
Bocksteins. A complete set of multiplicative relations in H*(H;F3) is not given although,
a partial list is presented in appendix A.

Chapter 3 considers the central extension (Z/3Z)> — H — (Z/3Z)*. Standard

theorems give some differentials in the associated spectral sequence and some new results



providing some dy and dj differentials are produced (on pages 42-43). These are of interest
because of the general lack of theorems giving differentials in spectral sequences. The
calculation of H*(H;F3) is not completed in this section although some comparison is
made with the results of chapter 2.

Chapter 4 considers the central extension Z/3Z — H — Goy X Z/3Z. Again, stan-
dard theorems as well as the results from chapter 3 give some differentials. We also introduce
and apply Leary’s circle method to this extension and observe some limitations of this tech-
nique.

The final chapter lists some immediate and distant desired results that this work points
to. Some initial consideration of H*(UTy(F3);F3) is made including a theorem with the dy
and ds differentials in the spectral sequence associated to the central extension

7./37 — UTy(Fs) — H.

We recall the definition of the cohomology of a group. Let G be a finite group and M
a [F3[G]-module.

Choose a projective resolution of M over F5|G], (X,0):
6n+1 Bn €
= X, =Xy = X1 = Xg— M — 0.

This is an exact sequence of F3[G]-modules and so the X; are F3|G]-modules, the 0, are
F3[G]-module maps, and 0,1 0 9, = 0. Apply the contravariant functor Homp,¢(--, M)

dimension-wise to obtain a cochain complex, (X';¢).
. X7t &Xn(sy_—l xn—1l... . x1 . xO0
We then define the cohomology of G with coefficients in M as follows:

H"(G; M) = Ker(d,) / Im(d,-1). The reader may recognize this as Extg, g (Fs, M), or as

the simplicial cochain complex of the topological space K(G,1).

4



As an example, let G = Z/pZ and let M be the trivial F,[G]-module F,. Suppose
G =< a >. A projective resolution, X — F, is X; = F,[G]e; for i > 0, and

b

a’e;_1  for 7 even,
8(61) = J=1
(a—1)e;—1 for i odd.

p . b ;
> o > o
—~

This resolution ends: - -+ '— F,[G] o F,[G] =, F,[G] g F,[G] = M — 0.

The map € : Xy — M takes the basis element eg — 1 (the augmentation map). This
resolution is minimal in the sense that Kere = Imo; C JX,, and for n > 0, Kerd, =
Im0d,, 1 C JX,,, where J denotes the Jacobson radical. Minimal resolutions are unique up to
isomorphism of complexes (see [7] for additional details). These resolutions are particularly
useful since upon applying the functor, Homp,[g)(--, M) we obtain a cochain complex where

all the coboundary maps are zero and in each degree is a copy of the coefficients.

0 0 0
e, —F, —F,

Thus, H"(G; M) ~ Z/pZ for all n > 0.

The cohomology of a group G admits a graded ring structure when the coefficients are
a ring. Graded here means that a8 = (—1)*1%3a, where |z| denotes the degree of the
class z € H*(G;F,). Definitions and proofs of various properties of this cup product may
be found in standard references (e.g. [5], [7]). What concerns us for the moment is the fact
that we may use this product to write cohomologies as algebras. Thus, for example, we
may write H*(Z/pZ;F,) as the tensor product of a polynomial algebra on one degree two
generator o and an exterior algebra on one degree one generator x: Fpla] ® A, (z).

We will often write cohomologies as modules over a polynomial subalgebra and refer to
this description as an additive description. For example, H*(Z/pZ;F,) ~ Fyla] ® Ag, ()

we write as Fy[a](1, 2); and, H*((Z/pZ)* F,) ~ Fyla, 5] @ A, (2, y) as Fyla, B(1, z,y, zy),



where x,y are degree one generators and «, 3 are degree two generators.

12

Continuing the example above, by the universal coefficient theorem, H*((Z/pZ)™;F,)
éH “(Z/pZ;F,). We may obtain the same result by noticing that the tensor product of
i;lle usual minimal resolutions of each copy of Z/pZ is a resolution of F, over F,[(Z/pZ)™].
Indeed it is a minimal resolution. In the associated cochain complex the coboundary maps
are again all zero. Thus H"((Z/pZ)™;F,) ~ Fslon, ... am] @ Apy(z1, ... 2,) with z; degree

one and «; degree two. Or additively,

Fslar,...om|(1, @1, ... Ty, 5, oo BTy . . T1 T2 . . Ty ¢



1.2 History

Let UT,(F,) denote the n by n upper triangular matrices (with ones on the diagonal)
with entries from the field on p elements, F,. Let GL,(F,) denotes the invertible n by n
matrices over [F),.

The cohomology of the two by two upper triangulars, UT5(F,) is well known. Indeed, this
group is isomorphic to the cyclic group of order p. Quillen [16] found H*(UT5(F2);Fs). In
this work he introduced many new and powerful techniques to approach the cohomology of a
group. Indeed, this work largely marked the beginning of modern group cohomology. Lewis
later [11] decided the ring structure of H*(UT3(F3);Z). (Note: this group is isomorphic to
the extra special group of order 27 and exponent 3.) In the 1980’s and 90’s, several authors
gave arguments to find H*(UT3(F3);F3). This cohomology appeared as a subalgebra of
work by Mimh [15] who gave the ring structure, although, Milgram and Tezuka report that
his answer was incorrect.

In [10], Leary gives the complete ring structure of H*(UT3(F3);F3) including a full set of
multiplicative relations. He introduced his ’circle method’ in this, his PhD thesis. We shall
address this method later. Leary revisited H*(UT3(FF3);F3) in [9]. This time he attacked
the problem quite differently. He again considered a central extension but rather than
applying the circle method, he used the known results from his previous work to find the d,
and d3 differentials. The Kudo and Serre transgression theorems gave some ds differentials
and additionally, the author was able to produce new results giving the d, differential
completely. We shall see generalizations of these results in Chapter 3. Benson and Carlson
[4] published a summary of the work to date (1991) on H*(UT5(Fs3);F3) and more generally,
the extraspecial p groups including a algebraic determination of H*(UT5(F3);F3).

Published the same year as [9], Milgram and Tezuka [14] obtain the ring H*(UT5(F3); F3)



by using Lewis’ result. They used the fact that the short exact sequence of coefficients

7.2 7. — 7. /pZ induces a long exact sequence in cohomology:
o HYNGSZ/pD) S HNGT) — HY(GSZ) — HY(GZ/pE) &= -

from which they were able to reconstruct H*(UT3(F3);F3). While the authors do not
explicitly give a set of relations, they do give an additive description of the cohomology
(i.e. wrote it as a sum of modules over polynomial subalgebras, algebraists refer to this
as writting this algebra in 'normal form’) while Leary did not. Of course, given a set of
generators and relations, one can construct an additive description, however, the converse
is not true.

Siegel [17] introduced means of constructing the E; — page of a spectral sequence asso-
ciated to a certain extension using representation theory, one which we shall make use of to
obtain our principle result. He obtained the additive structure but stopped short of finding
the relations or giving an additive description.

This discussion leads to the question: what is H*(UTy(F3);F3) 7 Some comments on the
cohomology of UTy(FF3) are given in chapter 5 but, this tract will mainly concern H*(H;F3)

where H denotes UT,(IF3) modulo its center. ¢



1.3 Preliminaries

We record some basic facts about matrix groups. Hereafter, we let a;; = I, + €;;, where
e;; is the n X n matrix with 1 in the i,j-entry and zeroes elsewhere.

The Sylow-p subgroup of GL,(F,) is the n x n upper triangular matrices with 1’s on
the diagonal, UT,,(F,). The center of UT,(F,) is a copy of Z/pZ generated by a;,. The
center of the quotient of UT, (F,) by its center is a copy of Z/pZ x Z/pZ generated by
1,1, and ag,.

Recall that multiplication in UT,(FF,) is given as follows [18]:

(s +t)eyx if j =h,
segjtepy =

0 otherwise.

In addition, we have a formula for the commutator of two elements: if u < v < w, then
[SCups ty| = Sty -

In general, define H, = {A € UT,(F,)|a;; =0 for 0 < j —i < k}.
Proposition 1.1. The collection {sa;;,1}'=} generates UT,(F,).

Proof: We will only concern ourselves with the cases n = 3,4 for which the result is
easy to see by calculation. The more general proof is given in [18] which is just the obvious

induction proof. a

Let H be UTy(F3) modulo its center, H = UTy(F3)/ < a14 >. Make the following
identifications: a; denotes a;;11, asi4+2 denotes a;;12 and as denotes a;4. We will use a
few convenient abuses of notation. A ’subgroup generated by a;’ will mean the subgroup
< a;; > as appropriate. Also, we will write elements in the group H as a; rather than @;;

and, elements of quotient groups of H as a; instead of @;, etc. It should be clear from the



context which group and which elements we’re referring to. The group H is generated by
ai, asz,as. Indeed, [a1,as] = a4 and [ag, a3] = as, and [ay, a5] = e. H contains many copies
of UT3(F3). The two copies < ag4,as,a; > and < as, as, as > will be used regularly in the

main body of this text. We will call these subgroups G% and G, respectively. ¢

10



1.4 Maps from subgroups

This section contains material familiar to the area of study. It is included here to for the
sake of the expository nature of this work. All the material in this section may be found
in many references, among them [3], [5], [7]. We will make extensive use of these ideas
throughout this text explicitly or otherwise. The transfer and Evens norm we present in
the restricted case of finite groups and IF,, coefficients since this is all that will be required
in this work. The interested reader can find the more general statements and applications
in the texts cited above.

In later chapters we will use 1.6 to show that certain elements in spectral sequences live
to the E,, —page. We will be able to define non-zero classes in the cohomology of the group
H as Evens norms or transfers of classes in a particular subgroup. In addition, in Appendix
A, Proposition 1.3 will allow us to find relations amongst the ring generators of a group’s
cohomology.

We will not elaborate on the obvious maps Res§: H*(G; M) — H*(G; M) induced by
the inclusion N — G; and Inf§: H*(G/N; MY) — H*(G; M) induced by the canonical
quotient map G NV /N when N < G. The Bockstein map is the connecting homomor-
phism 3: H*(G;Z/pZ) — H**'(G;Z/pZ) in the long exact cohomology sequence induced

by the sequence of coefficients Z/pZ = Z./p*7 — Z./p7Z.

Transfer
Let D be a set of coset representatives for a subgroup of finite index, H, in GG. Let
X — F, be a resolution of F, over F,[G]. Note that by restriction it is also a F,[H]-

resolution. Suppose the cochain f represents o« € H*(H;F,). At the cochain level, the

11



transfer is given as the map 1" : Homg, (X, F),) — Homg, (X, F,) by

Tom(f) =) x-f

zeD

It is obvious that T is well defined and commutes with the differentials in both cochain

complexes.
Definition 1.2. The transfer is the map Tr$, : H*(H;F,) — H*(G;F,) induced by T.

Proposition 1.3. Let H, K < G with [G : H|] < oo and let D be a set of coset represen-

tatives for the double cosets HgK . For o € H*(G; M),

H -1
ReSIG( (TTIGI(Q)) = EZD Trf{(ﬂgKg—l (Resg{ﬂi]Hg*1
g

Res (Tr§(a)) = 3 ¢,1(a).

geD

(cg-1(cv))). When H <G this becomes

Evens Norm

First defined in [6], the Evens norm, denoted A/, will be an important idea in this text.
The reader may reference that text for the more general statements.

Let X denote G/H and Y denote H. Let S = {s € S(XXY)|s(z,y) = (s(z),y) ¥ (z,y) €
X x Y}. The product of |X| copies of H, H¥, is in 1:1-correspondence with the set
{s € S(X xY)|s(x,y) = (x,h.(y)) V (z,y) € X xY for some h, € H} . It is easy to
see that S N HX consists only of the identity and that S is in the normalizer of HX in
S(X xY). We then define the wreath product of X and Y, W = H¥X x S and denote it by
W=S[H.

We now define the map 1 [« : H*(H;F,) — H*(S(G/H) | H;F,). To do so we require

Nakaoka’s theorem:

Theorem 1.4. H*(S(G/H) [ H;F,) ~ H*(S; H*(H;F,)®¢/H).

12



Note that H°(S; H*(H;F,)®%/#) consists of those classes in H*(H;F,)®%# invariant
under the action of S. For o € H**"(H;F,), the class

Pl = o ... @a € H*(H;F,)®H is such an invariant. Using Nakaoka’s result we
(G:H] ti
: times

define 1 [« as the corresponding class in H*(S(G/H) [ H;F,).

We construct the map ¥ : G — S(G/H) [ H, called the monomial representation, as
follows. Let T be a set of coset representatives for the cosets G/H and let M by an H-
module. Using the usual construction of the induced module we make F,[G]| ®p, g M ~

@tF,[H] ®p, ) M a G-module by letting gt = gthy, where hy, € H and 5 denotes the
teT

coset representative in T for s. Note G acts on T by left multiplication gt = gt. That is,

we have 7(g) € S(T') ~ S(G/H). We finally define ¥(g) = 7(g) [ hg.-

teT

Definition 1.5. If o € H*(H;F,) is of even degree, define N (a) = U*(1 [«).

Proposition 1.6. [7, Theorem 6.1.1 (N3), (N4)] Suppose H ‘s a subgroup of G of finite

indezx. If G = UDKxH is a double coset decomposition of G, then for all o € H*(H;F))
Te

of even degree, ResG.(NG(a)) = HD fgmHm,l(Resf{%ﬁ;x_l(cmq(a))). When H < G, this
Te

becomes Res% (NG (a)) = HD Ca—1(a)-
S

13



1.5 Representation Theory

In this section we gather some basic definitions and facts from modular representation theory
that will be used in this work. The reader is advised to see [2] for additional details. In
this section, A is a finite-dimensional algebra with unit element over F,, and U is a left

A-module that is finite-dimensional over F,.

Definition 1.7. The socle, soc4 (U ), is the largest semisimple (i.e. direct sum of simples)

submodule of U.

Definition 1.8. The radical, rad4 (U ), is the smallest submodule of U with semisimple

quotient.

Alperin [2] states the following theorem. The proof is omitted here since, in Alperin’s
words, ”...[it] presents no techniques we shall have any further use for” ([2, Pg. 17]). We are

interested in a corollary of this result which places important conditions on the structure of

F,[Z/pZ]-modules.

Theorem 1.9. [2, Theorem 2] The number of simple F,|G]-modules equals the number of

conjugacy classes of G of elements whose order is not divisible p.

Corollary 1.10. /2, Corollary 3] The only simple F,|Z/pZ]-module is the 1-dimensional

trivial module T, .

Proof: The trivial module is simple and by 1.9 the identity is the only conjugacy class

of order not divisible by p. O

In chapter 2 we will use the usual minimal resolution for the group Q) ~Z/pZ =< a >.

Let S be a F3[Q]-module.

14



Proposition 1.11. The socle and radical of S are given by:
i.) socr,q(S) = Ker(a—1)

i .) radp,g)(S) = Im(a—1).

Proof: i.) The socle socp,g(S) is a sum of simple F3[@]-modules. By 1.10 on the
preceding page, these simples are copies of the trivial module F, thus these simples are
contained in Ker(a — 1). Now, Ker(a — 1) is a trivial module and is therefore semisimple.
Since soc,[g)(S) is the largest semisimple submodule, Ker(a — 1) C socg,(q)(.5).

ii .) It is well known that radg,g(S) = rad(F3[@Q])S. The subalgebra of F3[Q],

rad(FF3[Q)]) is the collection of elements which annihilate every simple F3[Q]-module. Thus

rad(F5[Q]) = {¢ —1lq € Q}. O

Corollary 1.12. In addition,
i) SOC%B[Q}(S) = Ker(a—1)?

ii .) radg o (S) = Im(a—1)%.

Proof: i.) We define SOCIQFS[Q](S) = ¢! (soc(S/socryq(S)) where ¢ : S — S/socp,q)(S) is
the canonical quotient map. Using the alternative description of socg,jg)(S) as the collection
of all uw € S such that rad(F3[Q])u = 0 and part éi. of 1.11, the result is clear.

ii .) Clear: rad]zFS[Q](S) = rad(radg,g(5)). ¢

15



1.6 Massey products

The Massey triple product will be used throughout this text. Let P, be the bar resolution
for F, over F,[G]. Suppose z,y,z € H*(G;F,) with representative cocycles x,y,z in P*
satisfy zy and yz are both zero in H*(G;F,). Then, for some a € P9ztdegy=1 and
B € Plegytdegz=l §(q) = zy and 6(3) = yz.

For z,y and z as above, we call the collection of cochains A;; = (a;;) with
11 = X, Qoo =Y, a33 = 2, a1 = @ and ag3 = 3 a defining system for the Massey product
of 2,7 and z. The cocycle (—1)l*laz — 23 is a related cocycle for the Massey product of x,

y and z

Definition 1.13. The Massey product < x,y,z > is defined to be the class represented
by all such related cocycles. This operation is only well defined modulo zHWI=1(G;F,) +
H#W=1(G;F,)z since any cocycle representing a class in H*(G;F,) will have coboundary

zero. We call this set the indeterminacy of the product < z,y,z >.

Definition 1.14. Suppose the Massey product < x,x,x > is defined in H*(G;F,). If we
restrict the defining system for this product A;; to a; =  and a2 = ag3, then, we call the

resulting class a restricted Massey product and denote it < x >3.

It is not hard to see that < x >3 is defined without indeterminacy. This definition will
be useful in defining generating classes in cohomologies. The proposition below will be used

implicitly in later chapters.

Proposition 1.15. [8, Theorem 1.4] If u € H*™*Y(G;F,), then < u >P is defined as a

single class in H*™P*2(G;F,) and < u >P= —3(P™u).

Massey products satisfy the following well-known properties proofs may be found in [§]

or [10]: given u,v,w,z,y € G such that all of the products are defined,
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(a). Massey products are additive in each argument,

(b). <u,v,w >x+ (—1)"u <v,w,r >=0 mod uH*z,

(c). ()" <wu,v,w>+(=1)" <v,w,u>+(—1)" <w,u,v >=0
mod uH* +vH* +wH",

(d). < u,v,w > H(=1)llHRlviFlvl <0 9 4 > mod uH* + H*w.
Proposition 1.16. Suppose x € H'(G;F3), then — < z >3= (3(z) =< z, 2,2 > .

Proof: The first equality is from Proposition 1.15 and the second from [10]. O

Quadruple and higher Massey products are defined in various references [12], [8]. Mec-
Cleary [13] gives some interesting applications of Massey products to problems in Topology.
In [12] May introduced further generalizations to matric Massey products. A corollary of

his work there is the following.
Proposition 1.17. Every class in H*(G;F,) can be described as a matric Massey product.

We will not have use of these generalizations in this work and so will not pursue these

ideas further. ¢
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1.7 Goy

Let Ga7 be the extra-special group of order 27 and exponent 3. Ga; ~ UT3(F3). We may
present Gy as < a,b,cla® =3 = =[a,c] = [b,c] =1, [a,b] = ¢ >. As aring, H*(Gor;F3)
consists of nine generators which we label as follows:

xr1, Ty, Qq,Q9,0,T, M, v and 7.
—— N——

deg 1 deg 2 deg 3 deg 6

Since H'(Ga7;F3) =~ Homp,(g,,)(Gar, Fs), we may define z; € H(Gar; F3) as follows.

1 if g=a, 1 if g =0,
21(9) = and w2(g) = ;

0 otherwise. 0 otherwise.
a; = B(x;) =<z, 15, 1; >=< x; >> according to 1.16. Take o as < xy, 1,72 > and T
as < x1,T2,xy > (see 1.18). Let pu = fB(0) and v = [(7). The class v we define as an
Evens norm, v = N(0), where 0 is a degree two generator in H*(< a,c >;F3) which is the
inflation of the degree two generator in H*(< ¢ >;F3).

For g € Go7, let g = c'b%a*. In the bar resolution for Gy consider the cochains:

ulg] =u s[g] =s tlg] =t. Note that u represents z; and s represents xs.

Proposition 1.18. Let 0 = u?sy — u vy and T = uys3 — v183. The cohomology classes

represented by these cocycles 0 =< x1,T1,x2 > and T =< T1,Ta, Ty >.

Proof: The proof for 7 is similar so we only prove the claim for . We need show both
that the class represented by the cocycle is an element of the Massey product and that this
product is defined as a unique class in H?(Gy7; F3) (i.e. is defined without indeterminacy)
so that the equality makes sense.

By computing the coboundary of u? in the bar resolution for Gor: 6(u?)[ctb*a®|c!' b* a¥'] =

UQ{[Ct/bsfau’] o [Ct+t’+uS’bs+5’au+u’] + [Ctbsau]} — u/2 _ (u + ,u//)Q _'_ u2 — _,u/,u//’ we see that
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§(u?) = ujuy (ujuy represents the cohomology class z; U ). Similarly, §(s?) = s150 =
xo Uxg and §(t1) = —u18y = —x1 U xo. The system A with
a2 = u?,a93 = t,a1 = U, a9 = u and a3 = s is a defining system for < x1, 29,79 >. A
related cocycle is u2sy — uyv;.

The indeterminacy of o is 1 H'4+H'x,. As a set, this indeterminacy is {z121, 2129, T222 } .
But, 22 = 0 since these are both degree one classes and z1z5 = 0 also. Thus o is defined
without indeterminacy. Setwise, the indeterminacy of ¢ is the same as 7 and so is zero as

well. Alternatively, we could quote a suitably modified version of a result of Kraines, 1.19. O

Proposition 1.19. [8, Lemma 20] For an odd prime p, if x,y,z € H*¥(G;F,) such that

< x,y,z > s defined, then < x,y,z > has no indeterminacy.

The relations amongst the ring generators for H*(Gy7;F3) are:

2 __ 2 2 —
i =219 =p° =v"=puv =0
1T = T20 T10 = ToT = To(p = L1
— 2 __ _ 2 _
OT = 10y 0% = T = Tolb + Qo0 T = Qo

T = 010 — (12 1V = —Tal Tol/ = QT — (12
THW = —0V o = —V=—TV = Qa4 L1010 = T9090

2 _ 2 2. __ 2

Q1 = Qg0 — To0ig L T = —1 00 — (0

—1 Qo = 0V

alayo = aso.
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Additively, H*(Ga7;F3) is isomorphic to

F3[y] ®

Consider the four copies of (Z/3Z)* in Gor: Hyy, Hio, Hy and Hiy defined by

H;jj =<bal,c>.

Fslon (1, 21, 0, 1)@

3 [042] (22, (g, T, V, L1z, T20, (11O, (20, Lol CiafL, OV, 041Oé2<7>-

Proposition 1.20. The subgroups H;; form a collection of detecting subgroups for the

cohomology of Gar.

Proof: We will write H*(< b'a’,c >;F3) = F3|a,d](1,z,d, xd), where the d is the in-

flation of the one-dimensional generator of H*(< ¢ >;F3), ¢ its Bockstein and z,« anal-

ogously. The claim follows from Table 1.1 which lists the restrictions of the generators of

H*(Go7;F3) to the H;;. Restrict each class, z € H*(Gar;F3) to see that Resgj;(z) # 0 for

at least one H;;.

Table 1.1: Restrictions in Ga7:

G <ba,c> <ba?,c> <b,c> <a,c>
Res ;" Hyy His Hig Hy,
T T —x 0 T
To x T x 0
oq o - 0 o
o) « « « 0
o a—xd o+ xd 0 —xd
T o+ xd —a+xd xd 0
7 —ad + ad — xd 0 —ad + 6
v ad — x6 ad — x6 ad — x6 0
~ 5 —a?s 5% —a?s 5 —a?s 8% —a?s

20
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Proposition 1.21. Go; has no non-trivial essential cohomology. That is, H*(Gar;F3)

contains no non-trivial classes whose restriction to every subgroup is zero.

Proof: Directly from table 1.1. Or, by [14], H*(Ga7;F3) is free and finitely generated
over a polynomial subalgebra (i.e. is Cohen-Macaulay) and so, by [1] Go7 does not contain
non-trivial essential cohomology. It should be noted that the additive description given on

the preceding page does is not describe this cohomology as Cohen-Macaulay. a

The following table of transfers is included in this section for completeness.

Table 1.2: Transfers from < ¢ >~ 7Z/37Z in Gar:

Gor
Try 73 )
T4 0
Qy 0
L4004 —Tr1Qq + T20
ozZ —a% + a0 — T2l
r403 a1+ ov
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Chapter 2

A Non-central Split Extension

In this part, we consider the split extension
N—H=NxQ— Q, (2.1)

with N =< as,a4,a3,a; >~ (Z/3Z)* and Q =< a3 >~ Z/3Z. Recall that H*(N;F3) =
Fs[a, g, ag, as] @ Ap, (21,73, 74, 75). We define z; € H'(N;F3) ~ Homg,(N,F3) by
zi(alalalal) = ji; and, a; as the Bockstein of z;. Similarly, we write H*(Q;Fs5) =
F3[as] ® Ap,(x2) and define x5 and ay analogously. The action of @ on H*(N;F3) is given
by as(25) = 25, as(z4) = 24, as(z3) = 25 + 23, as(2z1) = 24 — 21 for z; = x; or «;.

We follow the approach used by Siegel in [17]. In this article Siegel gives a method for
constructing the Ey — page for a non-central extension where the quotient is cyclic. In
outline, he describes the Fy — page ~ H*(Q; H*(N;F3)) by decomposing H*(H;F3) as a
direct sum of indecomposable F3[Q]-modules.

As in Siegel, for a F3[Q]-module M we have

socr,[q (M) for r =0,
H"(Q; M) ~ 80CE, 1oy (M) /radsq) (M) for r odd, (2.2)

soc]F3[Q}(M)/rad%3[Q}(M) for r > 0 even.
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Equation 2.2 is clear when we consider the usual minimal resolution for Fs over F3[Q)],

X — Fgl
3.
S ade; 1 = (ay — 1)%¢;_1 for i even,

X; =F3[Qle; for i > 0, and d(e;) = =1
(ag — 1)e;_q for ¢ odd.

We must determine the F3[@]-module structure of H*(N;F3). There are, up to iso-
morphism, 3 indecomposable Fs[@Q]-modules (see [2, Pg. 24 ff.]). We denote these by J;,
for 1 <4 < 3, where J; has dimension i. Note that J; = F3, J, = F2 and J3 = F3.
J3 is projective, indeed J3 ~ F3[@Q]. The notation J; is used because the action of the
generator a, € () is given by a single Jordan block of size i. We will write Jo =< z,y >
and J; =< x,y, z > if these are F3-bases cyclic with respect to as — 1, that is (as— 1)z =y
and (ag — 1)y = x.

Let W = Faay, as](1, ay, a3)(1, a5, a2) and R = Ap, (w1, 3, T4, Ts5)
Proposition 2.1. R=5J, +4Js + J3 and W = 2J; + 2J5 + 3J3F5]as] + 3J5F3[aq, as).

Proof: We show that R and W are as claimed by exhibiting bases for these modules.
Let o1 denote xyx4, 0 = x3x5 and ™ = x1x5 — x314.
5J1: (1), (o1), (72), (7), (0172)
4]y : < —x1, x4 > (1, 72), < x3, x5 > (1, 01)
J3: < x1T3, —T3T4 — T1T5 — T1X3, T4Xy >
For W, let w denote ajas + asay.
2J1: (1), (w)
2Jo i < —aq, ag >, < ag, as >
3J3: < —a2, ajag + a2, ol > Fiag), < —ozg, —asas + a%, ag > Fslas],
< —asw, (a3 — as)w — alag, a4a§ > Fslas)

3J3 1 < aras, azoy — oo — araz, agos > Flag, as),
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< —aqw, (1 + ag)w + a3ag, a2as > Fi[ag, as),

< —w?— a%a%, w? + (a3 — agas)(azay — ayas) + a%a%, aiag > Fslag, as. O

Let S denote

H*(Z/3Z2)%F3) = RQW = (5Jy + 4J5 + J3) @ (2J1 + 2J5 + 3J3F3[as] + 3J3F3[y, as)).

Proposition 2.2. S =10J; ® 10J; & 15.J5F3[as] @ 15J3F5[aq, as] &
8J2 ) 8(<]1 D J3) D 12<J3 ) J3)F3[Oé3] () ].2(J3 b J3)F3[O&1, 063] )
2J3 P 2<J3 D Jg) D 3(J3 b J3 P Jg)Fg[O&g] & 3(J3 b J3 P Jg)Fg[Ozl, ag].

After collecting terms, S = 18J; @ 18.Jy @ 12J3 @ 48.J3F3[cs] @ 48J3F5]ary, ag).

Proof: By [2, Lemma 5, pg. 50|, Jo ® Jo ~ J; & J3. Of course, J; ® J ~ J. Since J; is
projective, Jo ® J3 >~ J3® J3 and J3® J3 >~ J3 B J3 D Js. O
We give bases for these modules. When constructing a basis for J, =< a,b > ®
< x,y >= Jy, the resulting J; & J3 can be given as:
<ay—bxr > @ < (ay — 1)%by, (az — 1)by, by >. Similarly,
Jo® J3 J3 & J3

<a,b>®<myz> — <(az—1)>2%az (a3 —1)az,az > @ < (az — 1)%bz, (ag — 1)bz, bz >
J3 ® J3 J3® J3 D J3

<a,bc>®<x,y,2> — < (az—1)2az, (a2 — 1)az,az > O < (az — 1)%bz, (ag — 1)bz,bz > &

< (az — 1)2%cz, (ag — 1)cz,cz > .
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In terms of our above labels, we may write:

Jo ® Jo J1® J3
<a,b>® <x,y> — <ay—bxr>® <ar,ar+ br+ ay,by >
Jo ® J3 J3® J3

<a,b>®x<z,9y,2> — <azx,ay,az > ® < —ax —ay + bx,ay + by + az,bz >
J3 ® J3 J3® J3 D J3
<a,bjc><x,y,z2> — <ar,ay,az>® < —axr —ay+bxr,ay +by+az,bz > &

<ar—ay—+az—bxr —by+cz,by+bz+cy,cz >.

Let py = r10q — w4001, V9 = T35 — T5Q3, K = T1Q5 + T4z, A = T3y + T5Q0,
G = (1+as + a3)(zaxsaias), G = (1+ ag + a3)(zgzsouad), 61 = (1 + az + a3)(zs03a?),
0y = (1 + ag + a3)(z5a3a?), and n = (1 + ag + a3)(z4zsaia?). To ease the notation and to
make the proof of later statements clear (e.g. 2.3 on the next page), in the list below, we
denote the copies of J; and J; only by the basis element for their socles. For example, {as}
denotes Jo with basis < ag, as > and {xix3} denotes < x1x3, —x3x4 — 2125, T4T5 > .
1041 0 (L, w)(1, o1, T2, ™, 0172)
10Jy: (1, 01,79, m, o172){1, 3}
15J5: (1, o1, T2, m, o1m2){1as3, oz%, asw HF3]as)
15J3: (1, 01,72, 7, 0172){a?, aqw, w?}F3[a1, as]
8Jy: (1,w){x1, x172, 3, x301}
8(J1® J3) : (1, m2)(p1, K) (1, »){z1001, 71003, }

(1,01) (2, A) (1,01){z301, x3003}
12(J3@ J3) : (1,01){x30103, 7303, Qzva, aivs — z3w, T303W, vow}Fs[as]

(1, ) {r101 013, xlag, asgk, asp + Tiw, r1asw, kwlFslas)
12(Js@ J3) : (1,01){z30?, a1\, I\, z30qw, 1302, 02} F3[ar, as]

(1, ) {z102, a1, pw, Troqw, r1w?, 01 }Fs[a, as]
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2Js: (1, w){z123}

2(J3 @ J3) : {z1x3001, 1303, T3U1 + T, TV — 3T}

3(Js® J3 d J3) : {x1x3001083, IIZ1{II3O£§, VoK, KA+ Tw, as(rivy — asm),
— Q13T + T1T3w — Q3T3UIT1T303w, (T1Ve — asT)w, (o, JFs[as]

3(Js3 @ J3 @ J3) : {z1m3ad, Mur, aq(zspn + oqm), arzizsw, (T3p + oaqm)w,
C1, w1z3w?, 0, 2101 }F3]os].

50Cks[Q)(15)
rad]2F3[Q](S)
x3(1, 01, w, 01w) & (1, 7)) (11, &) B (1, 01) (e, N).
S0CE, 1) (5)
radp, g (S)
(1,72)(p1, &) © (1, 00) (2, A).

Lemma 2.3. = (1, o1, 7o, T, 0172)(1, 1, a3,w) B x1(1, T2, w, ToW) B

= (1, o1, 7, m, o172)(1, Qu, a5, w) B w4(1, T2, w, Tow) B x5(1, 01, w, W) B

Proof: Here as in Siegel (see 1.11, 1.12), socp,(g)(S) = Ker(as — 1),
50Cg, 1) (S) = Ker((az — 1)?), radg,(g)(S) = Im(as — 1) and radg, () = Im((ay — 1)?). In
the notation < x >, < x,y >, or < x,y,z > for the J; given after Proposition 2.2 on

page 24, bases for the various submodules of interest are:

0

soc(J1) =< x> soc?(J;) =<z > rad(J;) =0 rad?(.J;)

soc(Jo) =< x> soc?(Jo) =<,y > rad(fy) =<z > rad’(Jy) =0

soc(Js) =< x> soc?(Js) =< z,y > rad(Js) =< z,y > rad’(Js) =<z >.

2
soc soc
Th - = _— =
us, radQ(Jl) <e> (J1) =<z >
2
soc soc
— (L) =<z> —(f)=<y>
radg( 2) x rad( 2) Yy
2
soc soc
—(J3) =0 —(J3) = 0. u
(1 o)
2 2
Let 74 = [[(aq + iaq) and v5 = [](as + ia3). Note that both of these are Q-
=0 1=0

invariant and that Fs[aq, as, ag, as] ~ F3[vs,75] @ W. So H*(H;F3) ~ Ap, (21, 3, 4, 25) @
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Fslan, as, au, as] = Ary (21, 73, 24, 05) @ Fa[va, 5] @ W = F3[v4,75] ® S. In addition,
soc]iFB[Q](H*(H; F3)) = F3[v4, 75]@800%3[@(5), i > 0 since F3[y4, 73] is a trivial F3[Q]-module;
similarly, radﬁ;g[Q](H*(H; F3)) = Fs3[y4,75] ® radfFS[Q](S), i > 0. Thus by equation 2.2 on

page 22 we get isomorphisms:

;

F3[v4, 75] @ socg,g(S), 7=10
T socZ_1(9)
Ey" = Filva, ] @ mdi‘;[%, r odd (2.3)
s0¢r[@) (5)
\ Fslys, v5] ® m, r > 0 even.

Write H*(Q;Fs) = Fs[an] @ Ap,(22), T2, defined as usual. z, generates F,° and
«p generates E22’0. A product on the E5 — page is given as follows: suppose x € Eg’t is

represented by x € H*((Z/37)*;F3) and ¢ € E5"" is represented by y € H* ((Z/37)*;F3).

o xy if s or s’ is even,
Then, (—1)¥*yy € E5™ """ is represented by: ' 4
> dy(z)ab(y) if s and s’ are odd.

0<i<5<3
Let Tl = X2Xy4,092 = XT2x5,V1 = To0 and M2 = X205 .
Corollary 2.4. E;’* = Fs[ya,75] @ {(1, o1, 72, m, o172)(x2,v1, 2, x2w) & 11(1, 72, w, Tow) &
02(1,01,w,01W) @ (72, T2T2) (1, K) © (T2, T201)(V2, A} ;

E227* = F3[747’75] & 052{(1, o1, T2, T, 0'17'2)(1,&17&3,0()) @ .Z'l(l,TQ,w,TQ(U) 2] 1'3(170'1,(4)70'10()) S

(1’7—2)(/1’17 ’i) 2] (17 Ul)(VZ’ A)}

Proof: Apply equation 2.3 to Lemma 2.3. O
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Theorem 2.5. The Ey — page is additively isomorphic to:

IFS [747 75] ®

Proof: Corollary 2.4 gives Ey* for r > 0. Ey* is the tensor product of Fs[yy,s)]
and socg,(q)(S), which is described in the proof of Lemma 2.3. The reader checking this
description may find the two relations useful: x3A = —x1v5 — agm and 1\ = —x3u1 + g7,
a16; may be rewritten by noticing that (as —1)?(ayrs030a2) = Maz — 1)2(a2a?) — x37y4(as —

1)?*(a3) — w0

(
2
Fslon, ag)(1,w,w*){1, 21, 23, 2123, T, 01, T2, U1, V2, T1T2, X301,

w31, 0172, pive} @ Fsla, as](1, w){o1va, o } &
Fs[on](L, w,w®) (ML, p1} @ Falaa] (1, w){o1A}®
Fsas)(1,w, w?){k(1,v2) ® 110} © F3[as](1,w){mkK}®
Fsas](1, w){za2(1,01)(1,72) & az(l,01)(1,72) & 71 (1, 72)®

o2(1l,01) ® xom @ x109(1, T2) ® x3ae(l,01) ® asm}d
Fslaol{v1(1,01)(1,m2) ® pa(l,01)(1,72) ® x2(p1, )(1, 72)®

x2(v2, A)(1,01) ® ag(ar, a3)(1,01)(1,72) & 17 @ pom®

as(p1, k) (1,72) ® as(ve, N)(1,01) ® aem(ag, as)}d

\ G ®CL®O1(1,01) D O2(1,m2) ®n(l, a1, a3) ® x16;.

2

(ag — 1)?(ayad) = AM(—w? — ala?) + 371402 + r30iazw. Similarly, a;- and

as-multiples of (1, (s, 601,02 and 1 can be rewritten.

Corollary 2.6. Es is generated as a ring by

Ty, T2, T3, 9[1,062,043,0'170'2,7'177'2,71', y17/$27V17V27I€7>J\7
——

s

V4, V5, C17C27 617927 -
—— g ~—~— ~—
deg 6 deg 8 deg 9 deg 10

Proof: Immediate from 2.5.
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Theorem 2.7. In this spectral sequence Ey = E.
Corollary 2.8. H*(H;F3) is given additively by 2.5.

Proof (of theorem): Define: 1, x9, x5 € H'(H;F3) ~ Homg, (H,Fs), by z;(a’a}*a?al?al) =
ji. Take 4 = /\f(g/gz)4 (o) and 75 = ./\/'(1%/32)4(045). We define (; as the transfer (or, core-
striction), TT&/32)4(x4x5aioz5), ¢y as TT&/32)4(1’4SL’5OZ405§>; 01 = B(C1), 02 = B(¢2) and
n= TT&/3Z)4(m4x5ozioz§).

We define the remaining generators as classes represented by particular related cocycles
of Massey products and their Bocksteins. For g € H, let g = afa’alasal. In the bar
resolution for H consider the cochains: wuf[g]=u slg] =s r[g|=7r tlg]=1t v[g] =v.
Note that w represents x;, s represents xs, 1 represents xz. Also note (see 2.9)

d(t1) = —uysy represents — xqy Uxg, O(v) = —s119 = —x9 U 3,
d(u?) = ugug = w1 Uxy, 6(s?) =s18o =195Uxs and 6(r?) = ryry = 23U 3.

In degree two, we define a; = ujus + uluy, o = $1835 + 8389, Qg = rira + 1379,

01 = U3Sy — UVy, T| = U185 — V1Sy, Oy = §:79 — Sity, Ty = s175 — t1r9 and m = uyty + v17s.
That these represent Massey products in shown in 2.10 on the following page. Now, let
Hi = 5(01'), Vi = 5(71)

We take x (see 2.10) as the class represented by
—vy (8513 — Saty — ror3 — rar3) + Uy (t3ts + tots + (to + t3)%sor3 + (to + t3)s3r3 — sit3).
Finally, we define A = sk + () and w = (k) = B(A).

We have shown that all the generators of the Ey—page represent generators for H*(H;F3)

and therefore, live to E. O
Lemma 2.9. 0(t;) = —uyss.

. vy t1 71 81 u1|,v2 ta T2 S2 u2] __ vy t1 71 81 U1, v2 ta T2 S2 U2 _

Proof: §(t1)[astay a5 astal* |ataaz?as?ay?] = t1{0([as ayt ay' a3t ai* |as?a as?as?al?])} =
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]_[ag1+v2+7"281ai1+t2+U182 r1+r2 g1+52a7111+w]+[ v t1 7r1 81 m]} — tg—(tl—i-

v2 to T2 S2 U2
ti{las?aias?as?al as'"™"a astagastastal

to + u1se) + t; = —uyS2. The other boundaries noted above are decided similarly. O

Lemma 2.10. 1. o; =< x;, x5, 2; >, 1. 01 =< T1,T1,Ty >, 1. T =< T1,To, Ty >,
Ww. T =<1I1,Ty,T3 >, V. 0y =< 1To,Ty, T3>, Vi.To =< To,T3,T3 >,
Vil K €< T1, X0, 09 — Q3 > .
Proof: Immediate from the definitions. For i. — vi. see also 1.19. For example, to show
vii. let p = 3ty + 11154 (t1 +t2)?s1ra+ (t1 +t2)s3r3. Then, 6(p) = (s155+s752)r3 — s1(rars+
ror3) = Qo3 — Torz. In addition §(s3ty) = s1(Satz — s373) + (5155 + $182)13 = —T209 + 213

and s0 6(p — s3ty) = x9(09 — a3).0

Proposition 2.11. i. 0y = ]nf%7(a), . T = Infgg?(T),
iii. 02 = Infl}y (0), iv. 72 =Infl ().

Proof: Easily seen by inflating the related cocycles defining the o; and 7; given in 1.18.0

Now that we have a set of generators for H*(H;F3), we may consider the automorphism

¢ : H — H defined by a1 <> as, Ao — a9 and ay < a5_1.
The ring automorphism of H*(H;F3), ®, induced by ¢ is given as follows:
1 <> X3 X9 — T (1 <> (g3 Q9 — Q2 01 <> To TL <> 02 T — T
1 Ve Ve fly Ko =AW —w e =Y (e G 00 ne .

Consider the collection of subgroups of H: four copies of (Z/37Z)3, Hi11, Hi12, Hio1, Hoi
defined as H,;, =< as, a4, (a4ahal) >; a copy of (Z/3Z)* generated by as, a4, as and ay;
and, two copies of Z/37Z x Go7 generated by < a5 > X < ay,a2,a; > and < a4 > X

< ag, as,as >. With these definitions, the proof of 2.12 is straightforward albeit laborious.

Proposition 2.12. The above subgroups form a collection of detecting subgroups for H*(H;F3).
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Proof: (We present table 2.1 on the next page for reference.) One begins by restricting
to the (Z/3Z)* since the kernel of this restriction is those elements of Ey° with r > 0.

Next, restrict to the two copies of Z/3Z x Ga7 and then, to the four copies of (Z/37Z)*. O
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<as,a4,(azazar)>

Table 2.1: Restrictions in H

<as 7(1,4,(1130,2!1%)>

<as 7(147(a3a§a1)>

<as,a4,(a2azar)>

Hi Hiqo Hioq Ho1q
T T —x T T
T2 T —x T
T3 T T x -
aq o' —Q 0"
[e%) o' 0" —Q 0"
as «a «a 0" —Q
o1 o — Ty o+ T2y —Q— T4 o — T4
eal o+ T2y —+ T2y o — Ty o+ Ty
o2 a — Ty o — Ty o+ x5 —Q — I
To a+ xxs a+ xxs —Q + T o — Ty
T —Q — Txy + x5 o — TTy — Ty o — TTy + TTs o+ xry + 2T
1 —QTy + Ty Qx4 — Ty —Qry4 + Ty —Qry4 + Ty
121 axry — X0y x4 — X0y —Qry + Ty ary — X0y
U2 —ors + rOs —ars + rOs QaTs — TAs —ors + TrOs
V9 axry; — Xoy axrs — Xoy axrs — Xoy —ors + rOs
K | T — Qx5 — TT4T5 | —TA5 + QT5 — TT4T5 | TAs — QAT + TT4T5 | TOs — QT5 — TLLAT5
A | Ty — Ty — TX4T5 | TOy — Ty — TXYT5 | TOy — QT4 + TT4X5 | —TOy + Ty — TT4T5
—QT4T5 + TOYTs —QT4T5 + TOYTs QX4TE — TOLTS —QXT4T5 + TOYT5
—Tr405 —IT405 +xxs05 —ZIT405
Ya ozi — a2a4 ai — a2a4 az — a2a4 ai — a2a4
Y5 ag — a2a5 ag — a2a5 ag — a2a5 ag — oz2a5
G 0 0 0 0
@) 0 0 0 0
01 0 0 0 0
05 0 0 0 0
7 0 0 0 0
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Table 2.1: Restrictions in H (continued)

<as,a4,a3,a1>

<as>X<az,a1,a4>

<aq>Xx<asz,a2,a5>

(Z/3Z)4 Z/BZ X G27 Z/BZ X G27
T T T 0
i) 0 i) )
XT3 T3 0 I3
(03] (03] a 0
(%) 0 (%) (0D
Q3 (0% 0 Q3
01 —X1T4 o1 0
T1 0 T1 Loy
09 0 —T9T5 09
T2 3T 0 T2
s T1T5 — X34 1Ty —X3X4
H1 —Q1Ty + T10y H1 0
1%} 0 1%} Qg — T20y
M2 0 —QaTs5 + 2005 M2
120} Q3T — X305 0 Vo
K 324 + X105 T105 — T1T5 3Ty — 09Ty
A 15 + T30 15 — T1 Ty g3 — 094
w Q30 + Q5 Q105 — V1T5 — T1Ql5 Q30y — Moy — 020y
Y4 ad — atay Y4 i —aday
V5 Oég - 043065 Ozg - OégOé5 V5
G | Na(zgzsadas) 1 (g + o1vy) x50 (303 — w309) L4007
Co | No(mywsaqa?) 1 (—z101 + To01 ) 502 (a3t + Tofin)Tq0uy
01 ﬁ(NQ(I4ZL’5OéZOé5))T —<C¥1,u1 + 0'17/1)Oé§ (Oé% + Toly — CYQTQ)ZL’4OéZ
—($3043 — .CE30'2)O&
Oy | B(No(wams50402))T | — (a2 — oy + Toi1)T502 — (a3 + Topin)
—(—z100 + T207) 3
n | No(rsrsala?) T (a1 + o1y Tsad (azvy + Topig) 140

' Ny here means (1 + ag + a3).
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Much work was done using extension 2.1 without using Siegel’s approach. E;J ~
H*(Q; H*(N;F3)). Rather than decompose the coefficients as a F3[@Q]-module, one uses
the definition of cohomology of the group . To wit, one uses the usual minimal resolution
for F3 over F3{Q] and then applies the funtor Homp, (-, H*((Z/3Z)* F3)). The coeffi-
cients are not trivial, indeed, we obtain a cochain complex:

o H((Z/32)5 Fs) =) H(2/32)%5Fy) V& e (2/32) Fs) "= H((2/32)%Fy).

When we construct the Es — page the vertical axis consists of those elements in the
kernel of ay — 1, the elements in the first column are those in Ker(as — 1)/Im(a3 + ag + 1)
and those in the second column in Ker(a2 + as + 1)/Im(as — 1). Let x5 and as denote
the basis elements in this resolution in degrees one and two, respectively. Use the same
notation to indicate the dual bases in the cochain complex. Clearly, x5 and g are as-
invariant. We may write the first column as zoKer(ag — 1)/Im(a3 + ay + 1) and the second
as agKer(a3 + as + 1)/Im(ay — 1). The remaining columns are a,-multiples of these.

A Java program was written to assist with these computations. The user creates
a separate file containing each element in the resolution. We need only consider ele-
ments of the form :z:’fx?xi“a:?ai“a? for 0 < dy,i3,04,75 < 1 and 0 < j4, 75 < 2 since
(ag — 1)a3 = ((az — 1)) = o and H*((Z/3Z)*;F3) is propagated by a; and az. Thus
this task is not as big as it may seem; also, a program was written that generates all ele-
ments of this form and creates files containing them. The program then reads these files,
evaluates as — 1 and/or a2 + as + 1 at these elements then, simplifies the result. While
this program makes deciding the image of an element under these maps immediate, one still
has to look through the output to find elements with equal images. Some observations and

results from this investigation follows. Table 2.2 on the following page is a sample output

from this program for some elements.
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Table 2.2: Java Output

2w | (ag — 1)(w) w (a3 +az + 1) (w)
oy — T2 42 0
as +a3x2 a5T9 0
T 0 T1T2 0
T3 0 Xr3x9 0
Ty —T1X9 T4T2 0
Ts +2x3T2 T5T2 0
ai +ai1oyx9 + a%ﬂfg aimg —a%ag
405 +0430é41'2 — 15T — (X1 (X392 405X 9 —1—0(10&30&2
a?) —Q3Q5T2 + a%l'g agxg —a%ag
Trioy | —a1x1x9 T4 | 0
rios | +Q3T1X2 ria5xe | 0
13 0 T1T3T2 0
14 0 T1X4X9 0
T1T5 | +x1x3%9 rix5x2 | 0
T304 — (1 X3T9 T3004T9 0
T30 | +Q3T3T9 r3asze | 0
X324 +T123%2 Xr3X402 0
I35 0 T3T5X9 0
T4y —X3T4T2 — T1T5X2 — T1L3T2 T4T5T2 +x1T3000
T1T305 | +Q3T1T3T9 Tix3asry | 0
T1z374 | O T1T3T422 | 0
T1X3T5 0 T1X3X5T9 0
T1T4004 | —Q1X1T4T2 T1T40422 | O
T1X405 | +O3L1T4T2 T1T40529 | 0
T1T4T5 | —T1X3T4X2 r1x42529 | O
L1504 | —X1T1T5TQ + 130049 — 1 T1X3T2 5610%1'2 —a%xlag

A glance at this table reveals that among others, (ay — 1)z; = (a3 — 1)z3 = 0 and
so (ag — Doy = (ag — 1)B(x;) = B((az — 1)z;) = 0 for ¢ = 1,2 as well, as expected.
Note also that (ay — 1)x1ay = (az — 1)x4aq, both equal to —ayz;. Thus we have element
T10y — Ty € E§’3. Continuing in this way, label the generators analogous to those of 2.6
as follows:

£y, T2,T3,01, 02, O3,
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o1 .
T -
(2

T .

Gi:
Go:

14

24

25

35

15 —34

(a2 + ay + 1)(z4xs50505)

(a2 + ay + 1)(zaws00402)

(a3 + as + 1) (z4ws50ia?).

M1 ¢ L1064 — T40

V1o IOy

M2 o Tals

Vo . XI305 — IT5(3

0, : (a3 + az + 1) (x4

V4t

Vs -

az)

Oy : (a3 + as + 1)(xs03a?)

T30y + Ts0
T105 + X403
Q105 + 30y
ai —a2ay

3 2

That these elements in fact generate E,™ is not difficult to see though it does require

a lot of work. Once we know these generate, we can appeal to Theorem 2.7 to see that in

this spectral sequence Ey = E, also. Without 2.7 one must resort to carefully describing

the various kernels and images and then decide the kernels modulo images, etc. to complete

this spectral sequence. This computer program lessens the burden but, a great deal of hand

work is required.

and ¢' : H — H by

ai <> as, ao — a;l and a4 < as.

and @', induced by ¢’ is given as follows:

T > T3

H1 <= —o

To — —T2

]/1(—)[,[/2

Q<> Qg

K< A

Ay — —(Qly

W — w
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Y4 < V5

T1 <> 029

G < —CQ

¢

™ — =T
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Chapter 3

A Non-cyclic Central Extension

We consider the extension

(2./37)* — H — (Z./37)3, (3.1)

with the subgroup the one generated by ay and as. Ey’ = H'((Z/3Z)% H'((Z/37)?Fs)).
The coefficients are trivial as this is a central extension.

Write H*((Z/3Z)%F3) ~ Fslay, as](1, x4, 5, 4275) and
H*((Z/3Z)*;Fs3) ~
Fslay, ag, as](1, z1, xe, T3, 129, T1T3, ToX3, T1Toxs). Then, we may write E;’jas
Fslav, o, a3, va, V5] (1, au, as, o3, @) (1, 2y, 5, 245) (1, 21, T, T3, T1T9, T1T3, T3, T1T2T3),
where 74 = a3 and 75 = 2. Hereafter, we will denote products of two or more degree one

classes by juxtaposition of their indices. For example, 12 denotes xixs.

Proposition 3.1. dy(z4) =12
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Proof: Let ¢ be the map of spectral sequences induced by the commutative diagram

7./37. Gy (Z/3Z)?
Lk
(Z,/37,)? H (Z,/3Z)3.

Then, t(ds(z4)) = da(t(z4)) = 12. So, in the spectral sequence associated to the lower ex-
tension, do(r4) = 12+ A where j*(A) = 0. H?*((Z/37)3;F3) consists of linear combinations
of the classes {ay, ag, as,12,13,23} and H?((Z/37Z)?;F3) consists of linear combinations of

the classes {ag, a3, 13,23}. The map j* is given as follows:

. 0 =1 0 rs=13
7 () = J*(rs) =
o 1#1 23 rs=23.
Thus, A is a linear combination of a; and 13. We say that as, a3 and 23 are ’detected’ in

this case.

One finds that dy(x4) does not involve «; or 13 using the diagram:

(Z/3Z)? —= (Z/3Z)* — (Z/3Z)?
(Z/3L)? i[ (Z/ijzyﬂ.

t(dy(zg)) = da(e(z4)) = 0 so that j*(A) = 0. j*(a;) = a; and j*(13) = 13 (note that
H?((Z/37)?;F3) consists of linear combinations of {1, a3, 13}) so that «; and 13 are de-

tected. Thus A = 0. O

By Serre’s transgression theorem, ds(ay) = 3(12) = ajxy — 102 and

ds(as) = ((23) = aaws —xaa3. The following picture depicts the differentials identified thus
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far appear in this spectral sequence:

oy
as

ds
x4

d
5 2

v

| | |

[ \\l \\I
172 ajr—T]a
T2T3 agrz—T9Q3z

Generators we have seen from Chapter 2 show up in this spectral sequence as follows:
do(14) = da(24) = do(25) = da(35) = da(245) = 0. Note that da(15) = 123 = do(34) so
that we have a generator 15 — 34. Also, ds(z104) = ds(za0y) = dz(z205) = dz(z305) = 0.
ds(x3ay) = —123 + @313 = @13 modulo the dy differential and d3(x1a5) = @213 as well,
thus we have another generator wsay — w1as. Also, d3(24as — 25a4) = 0. Both «of and
a2 live to the E,, — page by an Evens norm argument (they are in the image of restriction
from H to G%, and G, respectively. Use the Mackey formula for Evens norms.

Label the generators we've identified as follows: x1,x9, x3, a1, o, a3,

op: 14 1 T10y K : 245

T 24 Vi XaOy A X300y — TiO
o9 25 o 1 TaQs w: 24os — 250y
5 35 Vo T3z 4o Qb

m: 156 —34 Vs :oad.

It is not clear which elements correspond to (;,0; and n. There are several possibilities for
each and there is still room for differentials that may effect these possibilities.

The dy and ds differentials described above completely determine these differentials.
One thus obtains an additive description of the F, — page. As a ring, it consists of more

than thirty five generators. This description will not be noted here as it is large and unil-
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luminating.

Some classes to be discussed next are indicated in this picture:

E4 — page

alzy(arze—z1002)
agxg, (agz3—22003)

1 aixl azxg ai(oqa:g—xuxg)
ozgatg a%mg ozg(agrg—zgag)

agzg (1T —T1002)
aszs(aar3—r2003)

| | | [ ] ] | |
I I [ R [ I

Pl(a1x2 —ﬁPl(amcz
—zia2) —zria2)

Now, nonzero d, differentials certainly exist. For example, the elements ayzy(aixe —
T100), asxs(agrs — Taa3) € E2® must die by comparison with our result from Chapter 2. In
[9], Leary provides a result to give some of the nonzero d; differentials of certain elements
on the F;—page. Below are more broad results in this vein. The main difficulty in applying
these results in full generality is describing the Massey products as particular classes in the
groups’ cohomologies.

The inspiration for these results is fairly straightforward. Suppose x generates Eg’l and
o generates Ey° with representatives in Ey" and EJ” of the same names. If these elements
are to live to the E, — page, then we must have dy(z) = 0, dy(z) = dy(f) for some 6 € E,”
and that dy(f) = € is an element representing dy(z). Similarly there are elements 7, € Ey''
and n, € EY° with dy(a) = 0, dy(a) = do(m), di(m) = do(nz) and dy(5) = ¢, with ¢
representing ds(t).

So to determine the d, differential of an element, say z on the E, — page, we need
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construct a sequence of elements {¢;}}_; with roughly, di(z) = do(¢1), di(¢s) = do(dis1)

and dy(¢3) representing dy(z) modulo dy(¢4). Diagramatically,

Remark 3.2. 3./ on the next page and 3.7 on page 43 hold for a general
class of groups. Namely, those groups E that fit into a central extension
(2/372)" — E — G whereas Leary’s results in [9] are for groups that fit

into this extension with n=1.

In the Lyndon-Hochschild-Serre spectral sequence associated to the central extension
(Z/32)" — E — G, let {x;}, generate EY" and o; = B(z;) (so that {a;}, generates
E9?) and let dy(x;) = ¢;, and ds(;) = . The x; and o, are represented on the Ey — page
by elements of the same names. We fix these identifications so that from now on z;, o, 0;, €;
and (; refer to these elements.

We prepare the following technical lemma, proved in [9], used in the proofs of Theorems

3.4 and its corollary and 3.7.
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Lemma 3.3. [9, Lemma 2.] For all n > 1 there exist cochains m1(n), ..., n;(n) € E*"™
such that dy(a™) = do(m(n)),

di(m(n)) = do(nz(n)),

di(12(n)) = na” ¢ + do(13(n)),

dy(13(n)) = i (n = 1)¢ + do(1a(n)).

The proof is done by defining these 7; carefully and using cup-1 products. Note that
the existence of n;(n),n2(n) and n3(n) is immediate from our knowledge of ds(al*) so that

the content of this lemma is the existence of n4(n) and the equation for dy(ns(n)). O

Theorem 3.4. In the Lyndon-Hochschild-Serre spectral sequence with Fs coefficients as-
sociated to the central extension (Z/3Z)™ — E — G, let {x;}7, generate Ey" and
{a;}m, generate ES* and let dy(x;) = ¢;, and ds(a;) = (.

For fivzed 1 <'i,j5 <m, if p € H(G;F3) with ¢;p =0 and pe; = 0, then dy(afzjp) =0

and dz(alz;p) =0, and dy(alz;p) = nal™' < ¢, p,ej >

Proof: Let dy(0;) = di(x;),

do(wij) = do(wi;) = 0,d1(wi;) = pej, and di(wj;) = Gp-
Define

$o = i pr;

¢1 = 11 (n)pz; + af pb; — (—1)"lafuw;

)
bg = 15(n)p; + 1} (n)pb; — (1)l (n)wi; — naj ™ wiz;
n)px; + ny(n)pd; — (=1)Pini(n)wi; — nni(n — Dwya; — nai™ wyb;
)

(
n5(
i(

ny(n)pa; +ny(n)pd; — (=1)Pns(n)w; — nny(n — Dwyz; — nnj (n — 1)wi;6;.
By explicit calculation, dy(¢g) = 0, di(¢;) = do(¢ir1) for i = 1,2, and
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di(¢3) = do(¢s) — (—1)‘p‘na?_1(<}w,’~j +wije;). Note that —((w;; +wije;) is a related cocycle

for < G, p, €5 >. a

Corollary 3.5. /9, Part (a) of Theorem 3]: If m =1 in 3.4, then

da(ax1x) = 0,dz(aarx) =0, and dy(afxx) = nal™" < (i, x, 6 >

Serre’s transgression tells us ds(a3) = PY(¢4) = alzy — z1a3 and ds(ad) = PY((5) =
ajrs — roa. These elements live to the E., — page by an Evens norm argument. Thus
some earlier differential hits these Serre differentials. [9] shows that in the spectral sequence
associated to the central extension Z/3Z — Ga; — (Z/3Z)?, the corresponding elements
are hit by the d, differentials from 3.5. In fact, it is shown that < (4, (4, €4 >= a3zo — T1005.

We thus expect that in the spectral sequence under consideration, we have a similar

description, and so we do:

Proposition 3.6. In the spectral sequence associated to 3.1, d7(ad) = +dy(airs(y) and

d7(03) = £ds(azzs(s).
Proof: By 3.4 we need only show that < (4, (4,4 >= a3zy — 2103 and < (5, (s, €5 >=
asr3—woas modulo the dy and dj differentials. We calculate these products in H*(< oy, ay >; Fs)

and H*(< ag, a3 >;F3), where according to an example in [9] are afzy — z103 and adws —

T, O

Theorem 3.7. Given the hypotheses of 3.4, for fivzed 1 <i,j < m if x € H*(G;F3) with
Gx =0 and x¢; =0, then d;(a;xa;) =0 for i <5 and ds(cixa;) =< G, x, ¢ >
Proof: Let do(n}) = d (as).
do(¢) = do(¢) = 0,
() = Gix and dy(¥') = xG-
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Define

oo = A Xy

$1 = Xy + i

G2 = aixmb + mhxey + nixi — Yoy — (— 1)y
b3 = mixm, + X — ¢l — (=1)Xniy

b1 = mixms — Y — (—1)Xlniy.

Then, do(do) =0, and dy(¢;) = do(¢i1) for i =1,2,3, and di(¢s) = —(=1)X({" +9¢;).

Note that —(¢¢" + 9¢;) is a related cocycle for < ¢, x, (; >. a

Using Theorem 3.7 we recover differentials given by Kudo’s transgression which tells us
that ds(aj(a1my — T109)) = —B(PY(xe — 7102)) and d5(ad(anrs — 1203)) =

— ﬁ(Pl (Oégafg — .Tgag)).

Corollary 3.8. In the spectral sequence associated to 3.1, ds(a3y) =< {4 >3 and

d5(a3(s) =< (5 >°.

Proof: According to [8, Theorem 14|, —3(P!(azs — 1100)) =< (4 >3. Here x = (4 =
¢; = ¢ in the statement of 3.7. The related cocycle given in that proof is a (the) related

cocycle for the restricted product < ¢4 >*. The other differential is shown similarly. a
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Remark 3.9. Some comment should be made on the equalties given in results
3.4 to 3.7. At first one may be concerned that there are well-definedness
problems with the Massey products in the conclusions. However in each case
the indeterminacy is in the image of the dy and/or ds differential. Thus,
these Massey products are given as single elements in EZ’O. Note that although
the classes described in Theorems 3.4 and 3.7 have zero de and dz, or ds,
ds and dy differentials, they may be hit by some differential and so may not

appear on the Es — page.

Leary also proves the following which is applicable here.

Proposition 3.10. /9, Theorem 3 part (b)] With m = 1 in the hypotheses of 3.4, if x €
H*(G;F3) with {x = ex’ for some X' € H*(G;F3), then for all n > 2, a"x survives until

Ey and dy(a"x) = n(n — 1)a"2zCX’'.

Remark 3.11. ’Survive’ here means has zero dy and ds differentials, though

may be hit by one of these differentials.

Corollary 3.12. In the spectral sequence associated to 3.1,
(a). dy(airy) = 31 — agagoy (b). dy(adzs) = ayaeT — b0y

(c). dy(aizy) = asazoy — admy (d). di(aizs) = aioy — anasm

Proof: (a). For x = x1, {x = ex’ with X’ = —ay. Using [9], and naturality of spectral

sequence applied to the diagrams

< I > Gh. (Z.)37.)*
(Z/32)? I£ (Z/ iZ)?’,
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(Z/32)? — (Z/32)* — (Z/3Z)°

| |

(Z,/37,)? H (Z/37)3,

calculations like those of 3.1 give the result. (b). is found similarly. (c). and (d). follow by

applying the automorphism & introduced on page 30. O

Additional non-zero d, differentials certainly exist. The following discussion indicates
some such and conjectures on what these differentials might be. These examples show how
spectral sequences associated to different extensions can be compared to obtain information

about them.

Proposition 3.13. The following three elements in Ei’4 have non-zero dy differentials

(a). auzsas, (b). ayrias+ ajxs, (c). aurzas + i .

Proof: From chapter 2, |H°(H;F3)| = 44 but, in the spectral sequence under consider-
ation, 25 |E%7| = 51. Thus seven elements in this degree are either hit by differentials or
have noJZ—_zero differentials. Since E2’4 = 0 none of these classes are hit by a d4 or higher
differential. Also, since EJ> = 0 the only possibility is that the seven classes in Ey* all
have non-zero differentials. Since the elements in Eo° all must live to F., these must be

d, differentials. Non-zero d, differentials for four of these entries are given in 3.12. The

elements in the statement are the remaining three. a

It is not clear exactly what the differentials of the classes in Proposition 3.13 are. How-

ever, d4(cyroas) must be invariant under the automorphism @ of page 30, and
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dy(cyzios +adzz) = ®(dy(auwzas +airy)). By considering the elements in Ei’l and known
relations in H*(H;F3), I conjecture that dy(aursas) = k(aiasm £ ajasos & a3m) for some
k € F3; and that dy(cuzias + ades) = k(aim + ayaeoe + 27) whence, dy(oyzzas + ) =
k(adoy + agast + ®(2)7) for z of the form ol .

We note here that |[HS(H;F3)| =51 and > |E}’| = 57. Thus in degree six, six entries

i+j=6

have non-zero differentials or are hit. Kudo’s+éransgression and 3.12 account for these and
there are no more differentials in degree six.

Conceivably one could continue this analysis to find other non-zero differentials although

the utility of such a pursuit is not evident. We thus leave this spectral sequence. ¢
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Chapter 4

A Cyclic Central Extension

We consider the central extension

with the subgroup the one generated by as. Asusual, By’ = H(Gyy x Z/3Z; H (Z/3Z;F3)).
The coefficients are trivial as this is a central extension. We will use our shortened notation
for products of degree one generators, e.g. 12 denotes xix5, as in 3.

Let H*(Z/3Z;F3) = Fs[as](1, z5). According to the Kiinneth theorem, we may write
H*(Go7r x Z)3Z;F3) = Fslaq, as, 7] (1, 23)(1, 21,0, 1) B
F3lov, ag, V4l (1, x3) (22, Ao, T, v, 102, To0, Q1 (g, (o0, Tafb, Qi ft, OV, Oy 20,

Additively, the Fs — page is
Falo, as, va, 5] (1, 25) (1, a5, 02) (L, 23) (L, 21, 0, 1) ©
Fs[ava, s, 4, v5) (1, 25) (1, s, @2) (1, 23) (9, (v, T, U, Ty Qo 20, 1y g, AT, T, Qi fl, TV, (L (6207 ),

where 75 = .
Proposition 4.1. We have dy(x5) = 23.

Proof: H?(GY, x 7Z/37;F3) consists of linear combinations of {a, as, 01,71, 13,23}. We
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first look at the map of spectral sequences induced by the commutative diagram where the

upper extension is the inclusion of the center of Gl .

7./37 Gl (Z/37,)?
7./3Z i{ Gor le/SZ.

This diagram detects as and 23.

Z/SZHG}QG XZ/3Z G27

| |

Z/3Z H G27 X Z/3Z,

where the normal subgroup in the upper extension is the center of the copy of G, detects
aq,01 and 7.

Finally, 13 is detected on the diagram:

7./37 —~ (Z/3L)* —— (Z/3L)?

| |

Z/SZ H G27 X Z/3ZD

Using the labels x;, oy, 01,71, 1, 1,74 as classes in H*(Gar X Z/3Z;F3) of the same
names, the E3 — page is given additively as:
Fs[as, as, va]{15F3[1] @ 25{Fs[a1](1, az) ® @2Fs]an] ® o1} @
(11 — o) zs{Fs[an](1, o, 01, 71, 1) D aaF3[an]} @

(1735>{F3[051](17 S1,T2,02, 01, T1, U1, VlaxZCVQaO‘%aOQTla a2V1) S
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Fi%[a?] (55204%, Oéga 04571, 04%’/1) D ]F3($201, O207, Tlul} @

373{F3[0413](17 Ty, 002,01, U1, V1, 0437 062V1) D F:s[%](o‘%a O4%V1) D IE“3(7'1a o071, TLUI)}-

The ring generators we have seen from Chapter 2 show up in this spectral sequence as
follows: dy(15) = da(25) = do(35) = 0. By Serre’s transgression theorem, ds(as) = [£(23) =
a3 — Taaz. S0, d3((11 — ap)xs) = di(xr1a5) = ds(xaas) = ds(r3as) = 0 modulo the ds
differential. Lastly, ds((m1 — a1)as) = 0. We can then label the generators we’ve identified

corresponding to those of Chapter 2 as follows: x,xo, x3, a1, g, a3,

o1 . 01 M1t U K : (7’1—0&1)&75
T T v Al T
o2: 25 o Toas w: (1 —aq)as

Ty 35 Uy : X305 Y4 V4

m: 15 Vs :oab.

It is not clear which elements correspond to (;,#; and 7. There are several possibilities for
each and there is still room for differentials that may effect these possibilities.

The following picture sums up important differentials identified above and following:

5o+
-+ a%:pi a§13 ag(azngzgag)
ds
a5 —= d
ds 4
L5 — d2
\1 | | N

l\l \I IIII\}

r2x3 QaT3—To2(3 a%agfaga:i

There are higher differentials. Results 3.4 to 3.12 on pages 42-45 apply here. We may
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use Proposition 3.10 to find some elements with dy differentials.

Proposition 4.2. In the spectral sequence associated to 4.1,

(a). di(aiz)) = —1a97 + 309,
(b). dy(aizs) = —ajm + azasos,
(c). dy(0drs) = —anasTy + 309,
(d). ds(a13) = 0.

Proof: Apply 3.10.
a). For x =z, (x = ex’ with ¥ = a.

(

(b). For x = g, {x = ex’ with \' = as.
(c). For x = x5, (x = ex’ with ' = as,
(d).

d). For x = z3, {x = ex’ with x’' = 0. O

Since |H?(H;F3)| = 44 but in the spectral sequence under consideration
S° |Ey7| = 47, these three are the only non-zero differentials of degree five elements.
i+j=5

Note that dy(agadzs) = dy(azaizs) so that a?(asrs — zeaz) lives to the Es — page as

guaranteed by Kudo’s transgression theorem.

Proposition 4.3. ds(a?(aers — 2003)) = —B(P(asrs — 1303)) = —(a3as + azal) =<

Qo3 — ToQl3 >3

Proof: The first equality is from Kudo’s transgression theorem; the second is by calcu-

lation: —B(P(agws — x203)) = —B( 32 P'ag)Pl(xs) — > P'(x2)P(03)) =

ij=1 ifj=1
— B(adzz — 1903) = —(adas + apa3d), using the Cartan formulas; the third a consequence
of Theorem 3.7 and Proposition 1.15. a
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Theorem 3.4 gives some additional d, differentials.

Proposition 4.4. (a). dy(aszs(agrs — 1203)) =< a3 — Taqz, a3 — Totrg, 23 >
(b). dy(asrs(airs — T103)) =< Qo3 — Tz, 1 T3 — T3, 23 >
(C). d4(0[5$5(7’1 — Oél)Ig;) =< (g3 — To03, (Tl — 041)153, 23 >

(d) d4<055l'5((1/11'1 — ZL’QO’l)) =< (a3 — ToQ3, (11 — T207, 23 >

Proof: The statements are of the form dy(aszsx) =< (5, x, €5 >. So, each follows from
3.4; We should check that the hypotheses of the theorem are satisfied. That is, we need
see that e5x = 0 (which is obvious in each case) and (5x = 0. Based on the description of
H*(Go7;F3) in Section 1.7, myze = ayxe so that indeed, (aoxs — x9a3)((11 — ay)z3) = 0;

and ajaor = Taago; whence (aors — xoas) () — x9071) = 0. O

|HS(H;F3)| = 53 but, in the spectral sequence under consideration, 'ZG |EY| = 60.
Thus seven elements in this degree are either hit by differentials or have non—zzr; differentials.
Three degree six elements are hit by the non-zero differentials from 4.2, and 4.4 eliminates
the remaining four. There are no other non-zero differentials in degree six.

As in Chapter 3, one could conceivably continue such analysis to find other differentials.
But, since > |E.’| = 86 whereas |[HT(H;F3)| = 65 it is already clear that this would be

itj=T7
inefficient and ultimately of little value.

One may also consider applying Leary’s ’circle method’; as presented in his PhD thesis
[10], to this extension. His approach is to fix an embedding of Z/3Z into S' and con-
sider the extension Bgi — By — Bg,,xz/3z Where H is the central product H o S*

and B denotes the associated classifying space. The associated Serre spectral sequence is
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nonzero only in even rows since Bg1 has nonzero cohomology only in even degrees indeed,
H*(Bg1;F3) ~ Fs[as] for a degree two generator ;. This implies that the only nonzero
differentials are of odd degree. After H*(H;Fs) is known, one then considers the extension
S'/(2)3Z) ~ H/H — B — By . Now construct the F, — page of the associated Serre
spectral sequence according to the formula: FY/ ~ HY(BGy; x Z/3Z; H'(S';Fs)). In this
spectral sequence E3" is the only nonzero row since H*(S';Fs) is an exterior algebra on
one generator of degree one, H*(S';F3) ~ Ag,(75). Thus in this second spectral sequence,
we have at most a nonzero dy differential.

The drawback of the circle method is the lack of theorems that indicate differentials in
the first spectral sequence. Leary, for example, largely argued using ranks of the various
cohomology groups to show that certain non-zero differentials existed and what they were.
In the case of 4.1, since the cohomology grows rapidly, these dimension arguments are not
so efficient. For (Go7, Leary was able to complete his calculation since he had a relatively
small number of generators for the Fy —page, only four of them. In the case of H, however,
the Fy — page has twelve generators. He then argued that based on the known rank of low
dimension cohomology group certain elements in the spectral sequence died. Here this task
is less tractable.

In the Lyndon-Hochschild-Serre spectral sequence associated to the extension H*(S1;F3) ~
F3las], the diagram

Z/3Z*>H*>G27 XZ/3Z

R

Sl ]Z[ G27 X Z/3Z,

shows ds(a5) = agxs — xea3, which we will also write as (5. The additive description of the

E, = E5-page is messy and won’t be set down here.
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It is not clear where the expected generators for the F,, — page live in this spectral
sequence. None of the results from Chapter 3 apply here. Nonetheless, it is possible to do
some analysis on this spectral sequence. Since we know the only d3 differential, we can make
some conclusions in dimensions < 4. Relations arising from differentials that hit the bottom
row are actual relations in H *(ﬁ ;F3) so that we may make the following identifications by
rewriting the classes on the left with those on the right: asxs = azrs, asoix3 = ro0i30
and x3qeT = Toovia3.

To begin, H?(H;F3) has rank 9. The seven elements in E>° of the first spectral sequence
all must live to F,,. Thus on the F, — page of the second spectral sequence, there are seven
elements in £3° and three in Ey' making . |E2/| = 10. The d, differential lands on

i+j=2
the bottom row and so represents actual relajtions in cohomology. Since zsx3 = 0 is an
actual relation in H*(H;Fs3), zoxs € Fy° must die. Therefore, dy(z5) = zoxs. Thus,
S |EY| =9, as desired.
i+j=2

H3(H;F3) has rank 18. The twelve elements in E>° of the first spectral sequence all
must live to F,,. Thus on the Fy, — page of the second spectral sequence, there are twelve
elements in F3° and seven in Ey' making 3 |EL’| = 19. The only element whose ds

i+j=3
differential is non-zero is labeled ;x5 and ds (]alx5) = o1xox3 # 0. The dy differentials of
the elements in ;" are all zero and so 3. |E%/| = 18, as desired.
i+j=3

|H*(H;F3)| = 29. The nineteen elemerjlts in ;" of the first spectral sequence all must
live to Eo. Thus on the Ey — page of the second spectral sequence, there are nineteen
elements in Fy° and twelve in Ej" making Y. |Ey/| = 31. Thus, one element must

i+j=4
have a non-zero dy differential (the element 01.7:2]303 is hit by ds(o1x5), from the paragraph
preceding). This is do(p175) = p1wer3 = —ayT1x3 — e01a3 # 0. Thus Y |EY| =29, as
i+j=3

desired.

The graph below shows the ranks on the E., — page of the second spectral sequence in
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some low degrees.

We could continue such analysis however, the task quickly becomes overbearing. In

addition, without knowledge of the higher differentials that certainly must exist (for example,

the element a2(qurs — zoa3) € Eo in the first spectral sequence must die) completing this

second spectral sequence seems impossible.

¢
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Chapter 5

Future Considerations

The initial goal was to find H*(UTy(FF,);F5). We can begin by considering the extension
7)37 — U — H. (5.1)
We use the notation for elements in this group as in the previous chapters and addition-
ally, the 1,4-entry ag. Take H*(< ag >;F3) = F3|ag](1, x6), x¢, ¢ as usual. By the UCT
Ey ~ H/(H; H/ (< ag >;Fs)) ~ H*(H;F3) ® H*(< ag >;F3), since this central extension
implies trivial coefficients.
Theorem 5.1. dy(zg) = 7.
Corollary 5.2. ds(ag) = A — k.
Proof (of corollary): Immediate from 5.1 and Serre’s transgression theorem.

Proof (of theorem): Using the naturality of spectral sequences and the following two

diagrams, up to elements in the kernels of j*, we have dy(xg) = 0:

Z/37 —T — (Z/37)>

|

7./37 U H
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where in each case Z/3Z =< ag >, and T is one of < ag,a4,a1 >, < ag,as,a3 >, <

ag, az, a; >, or < ag, as,as >; and

Z/37 —T — (Z/37)?

|

7./37 U H

where T' =< ag, a5, a4, as >.

Also note that < ag, as, a3 >~ G97 and so according to the diagram

7/37 — Gy —= (Z/3L)?

|

7./3Z U H

we have dy(xg) # 0. Indeed, in the spectral sequence from the upper extension, ds(zg) =
T3T4.

This dy differential lands in H?*(H;F3). The degree two classes in H*(H;F3) are
r1%3, 01, g, (3, 04, T;, ™. Restricting these classes to H N'T', for each subgroup 7' above:

Table 5.1: Restrictions of degree two generators

<aq,a1 > | <as,a3 > | <az,a; > | <as,aq4,02 >

13 0 0 T1x3 0

oq 0 oq 0 aq

1e%) 0 0 0 %)

a3 0 a3 s 0

o1 T124 0 0 0

T1 0 0 0 ToX4

02 0 X35 0 0

T 0 0 0 oI

m 0 0 0 0
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Thus, dy(xg) = zm for some z € Fs. O

From Appendix A, zjz3m = 0 in H*(H;F3). Using this relation and Theorem 5.1 in
small degrees, we find a new generator labeled 136 & Eg’l. Additional information will
require a better understanding of the relations in H*(H;F3). We may employ the results of
Chapter 3 to obtain some higher differentials. It may be that Leary’s circle method works
better here than in the case of Chapter 4. There is a certain symmetry to the present
extension that is not in the one used in 4. Although, we will still have the difficulty of
higher differentials. Siegel’s approach doesn’t apply here and although we may use the circle
method it seems that we will have the same trouble as in the last part of Chapter 4. One
then must resort to using the more standard techniques (say like those of Chapters 3 and 4).
We may also use the long exact sequence - -- — H*(H;Fs) — H*(H;Z) % H*(H;Z) — - - -
induced by the sequence of coefficients Z 2 Z — Z /DZ.

We would also like to find H*(H;F,) for p > 3. Siegel [17] was able to give H*(Gar; F,)
for p arbitrary. The main difficulty in the case of H appears to be the additional indecom-
posable F3[@Q]-modules needed to describe W.

The closing pages of Chapter 3 contain some ad hoc arguments for non-zero differentials
of some elements on the F;—page of that spectral sequence. A theorem similar in statement
to 3.4 and 3.7 is desired that would yield precise descriptions of elements of the form, for
example, a;xo; with (;x and x(; not necessarily zero. Ultimately a theorem of the form
dn(afxas) for arbitrary r,s and x subject to weak conditions is sought. It does not seem
that the calculational approach used to prove those theorems are sufficient for more general
statements.

Based on the known results of UT,(F3), and UT3(F3), and as suggested by the results

of Chapters 3 and 4, I propose the conjecture: Given the hypotheses of 3.4, < (;,(;, € >=
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PY(¢;). Such a result implies that d;(a3) = dy(o;z;(;) since Serre’s transgression theorem
gives the d; differential and a3 lives to E., by an Evens norm argument.

These two results will allow us to begin considerations of groups G which fit into exten-
sions of the form (Z/3Z)" — G — Q. Most of the references cited in the discussion of
(o7 concerned the more general class of groups that fit into extensions
7/37 — G — (Z/3Z)™. A natural next step would be those with non-cyclic elementary

abelian kernels. ¢
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Appendix A

Relations in H*(H;F3)

The results of Chapter 2 only give the additive structure of H*(H;Fs). The 25 classes

given in 2.6 are ring generators for this cohomology. There are many relations amongst the

generators.

Some relations are immediate for degree reasons:

By restriction to G5, and G, we can get some others:

T1T1 = T201 T101 = T2T1 = X201 = T102
T302 = X272 T3T2 = X202 = L2003 = T30
0171 = Q12 0} = onTi = Tapn + 201 T = 01
ToO9 = Q30 T22 = (309 = Tl + Qo To 0'% = 9Ty
Tipl = 101 — Q2 TV = —T201 TolV] = QT1 — (12
T3V = Q3T — Q2Q3 T3 = —X2l2 Tolg = Q02 — Qi2Q3
Tl = —011 o141 = —Q1l1 = —TiV1 = Qo T110 = T2002071
OV = —T2M42 TV = —Qgl2 = —O2Ml2 = QL3 T3z = T2002T2
04%042 = Oz%O‘l — X202 ] a%ﬁ = X101 — ala%
agag = a%TQ — T2021/9 ang = (3T — a%ag
Qlaal] = o1l i3V = QT2 U2
a%agm = a%al agang = a%Tg.

Note that every other line is the images under the automorphism ® of the line above it.
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Some low degree relations are easy to find using table 2.1 on page 32:

1T — —X301 109 = X371 = —I2T T3W — —X179
13a9 = 1301 =131 = 1302 =130 =137 =0

T32 = —T2l2
O1T = —(109 7'1'2 = 0179 09T = —T1T9
T = —0102 0971 = (9T ToT — —Q3T]
T3] = Q1T + 0102 — T1A xipe = agm — T2(A — K) + ay09
x3vy = aom — T2(A — K) + agmy T1Vy = Q3T + T1To + X3K

T1K = 0109 — (301 $3)\:—T17'2+041T2
13v1 = 13us =0
T = —01A V9 = Tok
™ = —ajas03 TW = K\ = U119
G =7G =0
=0

Proposition A.1. Tr(lizr/gz)4(x4a5) = T103 — T3T1

Proof: We prove this statement as an example of the steps necessary to produce Table
A.2. See [5] or [7] for the double coset (Mackey formula) and transfer of a restricted class

formulas used below. We have:

(z./3Z
Resf(Trl] .4 (2405)) = ) T oayszyig—t (Reshol Z)?,Z) (e (za05))).

ge T\H/(Z/gz)

Recall that Trgg%r(z) = 0 for m > n so that for 7' = H,j),, this sum is zero. When

= (Z/37)* (note that T is normal) we have

Res&/32)4(Tr¥(x4a5)) = > TrE(Resh(cy1(z405))) = (1 4+ ay' + a3?)(w405) =
ge H/T ~7,/3Z

Taas + (4 + 21) (05 — a3) + (24 — 21) (a5 + a3) = T103.

For T =< a5 > XG5, there is only one double coset, and

Z./3Z)*
ReSII_{(TT&/?)ZM (.I‘4Oé5)) = TT£a5>><<a4,a1>(Res(<a/5>z<<a4 al>(l’40[5))

<as>xGar — 0N
«Q Tr<a5>><<a4,a1>( 4) - O’
and, for T =< ay > xG; there is also only one double coset, so

(z/32)*
Resib“[ (TT&/32)4 (z40i5)) = Tr<a4>><<a5,a3> (Res<a/4>z<<a5 as>(Ta05)) =
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<az>xGor _
x4Tr<a4>><<a5,a3> (as) = 0.

Thus TT&/32)4(x4a4) = z1a3 + A for some A with Res}j  (A) = Res};, (A) = —za,

Resgnz (A) = Resgml(A) = Ia, RGS&/3Z)4 (A) =0, Resga5>><G§7(A) =0 and
Resfa4>><G127(A) = 0. According to table 2.1, A = —x37,. We conclude

TT&/?;Z)‘I (T40) = T1083 — T3T1. O

Table A.2: Transfers in H

H
TT(Z 3Z)4( )
T4 0
L4004 —I101 + X207
z407] aipy + o1y
405 T1Q3 — T2T
1‘40% TTH2 — 3K
T4004005 a1k — o1l + 21w
T403as pw + r1afas + raa3mw
x4a4a§ —KW — x1a1a§ + xo0i201T2
xIs 0
5004 T3] — I37T1
1‘504?1 T — oA
T5005 —T3a3 + X272
1’5C¥§ —Qiglp + 022
T504005 1V — T3wW + T o
$5aia5 —Aw — xgoz%ozg + Xoaiuo 1Ty
x50z40452) —lVow + x3a1a§ + .’L‘QOé%ﬂ'
T45 13
T4T504 —QT — T3] — 0102
T4T503 A + r12303
T4T5005 —Q3T — T1Vy — T|TY
:L’4x5oz§ ok + 11313330(%
T4T5004005 WT + 1V — 130103
[67) 0
04421 —Oz% — (X1T1 — (01
Qs 0
2 2
Qag —a3 — Xal2 + To

continued on next page
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Table A.2: Transfers in H (continued)

[ 710 7%; Q13 — QT — (3T] — (102

e —0qWw — [1fi

aer —Q3w — V1l

aﬁa% —a%a% — QpT2V201 — Q21T + 0430'17'2 - u?

Table A.2 is useful for finding relations in H*(H;F3). For example:
11( = 51 Tr(4503as) = Tr((14)zsaias) = o1 Tr(zsaias) = 01 (—Iw — 30303+ Toqe01 7o) =
—(Aopw — (w301)atas + Toa(Tapy + o)y = —(Aoy)w — (2301)3a3 + 22030,T =
—(Ao1)w — (w301) a2 as + asaso; . We immediately get other relations from this information.
Using the automorphism @ discussed in 2, —x1(s = —(kT)w — (z172)3a; + a3a 7. Since
the Bockstein is natural with respect to group homomorphisms, applying the Bockstein
gives a1(; = 110; — 01w? + A\iw — a2a3oy + rzadaspy + m; and ® to this Bockstein,

2 2. 2 2 3
a3y = —x30s — Tow” + Klow — QTO5Te + T10 05V + Q0 Vs ¢
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