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Abstract

This thesis establishes bounds (primarily upper bounds) on Waring’s number in finite
fields. Let p be a prime, ¢ = p”, IF, be the finite field in ¢ elements, k be a positive integer
with k|(¢—1) and t = (¢—1)/k. Let Ay denote the set of k-th powers in F, and Aj = AxNF,.
Waring’s number 7(k, ¢) is the smallest positive integer s such that every element of F, can
be expressed as a sum of s k-th powers. For prime fields F, we prove that for any positive
integer 7 there is a constant C(r) such that y(k,p) < C(r)k/" provided that ¢(t) > r. We
also obtain the lower bound ~y(k,p) > “2EV/E=D — ¢ 41 for ¢ prime. For general finite

fields we establish the following upper bounds whenever 7(k, q) exists:

1/n
v(k,q) < 7.3n [!ffl)— J log(k),

(k+1)Y" —1
k.g) < —_—
7(761)_8%[ =1 |
and
log(4)

v(k,q) < n(k + 1)"*=14%k log log (k).

We also establish the following versions of the Heilbronn conjectures for general finite fields.
For any € > 0 there is a constant, ¢(¢), such that if | A}| > 4% then (k, q) < c(e)k*. Next, if
n > 3 and y(k, q) exists, then y(k, ¢) < 10vk + 1. For n = 2, we have v(k, p?) < 16vk + 1.
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Chapter 1

Introduction

Waring’s problem asks the question: Given a positive integer k£ does there exist a positive
integer s such that every element in a given ring can be represented as a sum of at most
s k-th powers? This was originally posed in 1770 for positive integers and answered in the
affirmative for integers by Hilbert in 1909. The next obvious question once we know every
element can be represented is: What is the least number of summands needed? While these
two questions are essentially answered for the integers [28], in the finite field setting the
second question is far from settled.

Let p be a prime, n be a positive integer, ¢ = p" and I, be the field of ¢ elements. The

smallest s (should it exist) such that
b4 b= (1.1)

has a solution for all a € F, is called Waring’s number, denoted ~y(k, ¢). Similarly we define
d(k,q) to be the smallest s (should it exist) such that every element of F, can be represented

as sums or differences of s k-th powers, that is, such that
e e A = e e e Y

is solvable for all o € IF,. We will assume throughout that % is such that Waring’s number
exists for F,; see Theorem 6.1 below for necessary and sufficient conditions for the existence

of v(k, q). Tt is also plain from this theorem that d(k, q) exists if and only if v(k, q) exists.



It is easy to show that v(k,q) = v(ged(k,q — 1), q) since the set of k-th powers in [F, is the
same as the set of /-th powers, where ¢ = ged(k, ¢ —1). Thus we may assume k|(¢ —1). Let
Ay, denote the set of all k-th powers in F,, and let A} denote the multiplicative subgroup of

nonzero k-th powers,
A= {Ik T ]Fq}, AZ = A \ {O}

Tornheim showed [30, Lemma 1] that the collection L of all possible sums of k-th powers
in F, forms a subfield of F,. To prove this, first note that L is obviously closed under
addition and multiplication. Also, for a nonzero element [ € L we have —l = (p— 1)l € L

and 1/1 = (1/1)*1*=! € L. Bhaskaran showed [2, Theorem G] that this subfield is proper if

'3

and only if there is a d|n, d # n such that Z;—|k. The work of Tornheim and Bhaskaran

p

can be stated more precisely as follows:

Theorem (6.1). The following are equivalent for any q = p™ and k|(q — 1).

(1) v(k, q) exists, that is, every element of F, is a sum of k-th powers.

(ii) Ay is not contained in any proper subfield of F,, that is, Ay contains a set of n
linearly independent points over IF,.

(iii) |A;| does not divide p’ — 1 for any jln, j < n, that is, % does not divide k for

any jln, j < n.
Note that throughout the Introduction, theorems are numbered according to where they

appear in the thesis together with proofs. Thus the complete proof of the preceding theorem

is given in Chapter 6.

1.1 Waring’s problem over F,

The earliest result on Waring’s problem over a finite field is due to Cauchy [7] who showed
that y(k, p) < k for any prime p; see Theorem 6.2. The result was discovered again by Hardy
and Littlewood [19]. Clearly v(p — 1,p) = p — 1 and fy(p%l,p) = p%l for any odd prime p,

p—1

since a?~! =1 for any a € F, and a'2 = =£1 for any a € F,. Thus the bound v(k,p) < k is
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optimal for arbitrary k. To make any improvement, we must restrict our attention to values
of k not divisible by (p — 1)/2. Under this assumption the Cauchy bound was refined by S.

Chowla, Mann and Straus [9] to
v(k,p) < [k/2] + L. (1.2)

Let t denote the number of nonzero k-th powers,

Then the bound (1.2) holds provided that ¢t > 2. In the work of Cipra, Cochrane and Pinner
[10, Theorem 2] it is shown for ¢ = 3,4 or 6 that

V2k —1 < ~y(k,p) < 2Vk. (1.3)

Indeed, the exact value of v(k,p) is given in these three cases.

Heilbronn [21], in his Cal Tech Lecture Notes, made the following conjectures:

I: For any ¢ > 0, there exists a constant ¢, such that v(k,p) <. k° for ¢ > .. (1.4)

II: For t > 2, vy(k,p) < k'/2. (1.5)

Where f(z) < g(x) means there is a constant ¢ such that f(z) < cg(z) for all x, and
f(z) <. g(x) means given ¢ there is a constant c(e) such that f(z) < ¢(e)g(x) for all .

In view of the estimate (1.3) it is plain that the exponent i in the second Heilbronn
conjecture is best possible for arbitrary ¢ > 2.

I. Chowla [8] proved v(k,p) < k%7, Dodson [13], v(k, p) < k7/8, for k sufficiently large;

Tietéviinen [29], v(k, p) <. k37 ; Dodson and Tietévéinen [14],
v(k,p) < 68(log k)?k/2. (1.6)

Bovey [6] also obtained the similar but slightly weaker bound ~(k,p) <. k27 The latter

bounds fall just short of the second Heilbronn conjecture.



From the classical estimate of Weil [31], and Hua and Vandiver [22], on the number of
solutions of (1.1) (see (3.2)) one obtains a very small value for v(k, p) for p sufficiently large

relative to k:

2s

v(k,p) <s for p>(k—1)sT1. (1.7)

In particular y(k,p) < 2 for p > k*, y(k,p) < 3 for p > k3 and y(k,p) < 1+ log(k)/log(e)
for p > (1 + €)k%. Note that as p approaches k? this bound tends to infinity. Dodson [13]

obtained a similar bound
v(k,p) <[32logk] +1 for p> k> (1.8)

Exponential sums have proven to be a very valuable tool in the estimation of Waring’s

number. Let e,(-) denote the additive character on F,,
ep(-) = T,

It is well known that a uniform bound on a Gauss sum of the type

p
> eplaat)| < @, (1.9)
=1
for p t a, leads immediately to the estimate
v(k,p) <s for p> 1, (1.10)
and so we define
p
® = &(k) := max e,(az®)] . 1.11
(0= i | ey (111)
We readily obtain,
logp
v(k,p) < [——‘ . 1.12
% 2) log(p/®) (112)

A generalization of (1.12) to any finite field is given in Corollary 3.1; inequality (1.10)
corresponding to (3.4).

From the bounds of Heath-Brown and Konyagin [20], ® < kips, ® < kip1, one obtains
respectively,

y(k,p) <s for p> kTS, p> ks, (1.13)

4



Further estimates along these lines can be gleaned from Konyagin’s [24] refinement of his
joint work with Heath-Brown [20], in which he obtains a nontrivial estimate for ® for
p> kate.

Bourgain and Konyagin [5] and Bourgain, Glibichuk and Konyagin [4] introduced a new

kind of upper bound for ®: Given € > 0 there exists a § > 0 such that if ¥ < p'~¢ then

O(k) <p'™, (1.14)

for p sufficiently large. It follows that

v(k,p) < < for p> kT (1.15)

1
o
for any € > 0, where ¢ is the value given in (1.14). Although this bound is stronger than
what is asked for in the first Heilbronn conjecture, it requires ¢ > k° rather than ¢ larger
than a constant depending on ¢.

Konyagin [23, Theorem 1] was the first to obtain a nontrivial estimate of ® for values of

k very close to p in size, obtaining

o(k) < p (1 - W) , (1.16)

for k> 2 and p > mg(&%' Although this bound is very weak, it yields the estimate
klogk

(log(log k + 1))’

which implies, in particular, that v(k,p) < (logk)® for t > logk. Combining this with

vk, p) < (loghk)*** for p> (1.17)

the work of Bovey [6], Konyagin was able to establish the validity of the first Heilbronn
conjecture. Improvements on (1.16) and (1.17) were made by Cochrane, Pinner and Rosen-
house [12]; see Lemma 3.4 and Lemma 3.2.

Finally we note the estimate of Garcia and Voloch [15],

7/3

v(k,p) < 170 73 logp, for p<k"*+1, (1.18)

(r—1)
and, for historical interest, the result of Sister M. Anne Cathleen Real [27] : For any prime

p =1 (mod 22) with p > 89 we have v(11,p) = 2,3 or 4.

5



1.2 Statement of results for Waring’s Number over [,

In chapter 4 we establish the following results for the case of prime fields.

Theorem (4.1). Let r be a positive integer and ¢(t) be the Euler ¢-function. If ¢p(t) > r
then ~v(k,p) < C(r) k¥" for some constant C(r).

Letting r = 2 we see that there is an absolute constant C'(2) such that for ¢ > 2, that is,
(k,p—1) < (p—1)/2, we have
(k. p) < C(2)KY?,

establishing the second Heilbronn conjecture. Letting r = ¢(t) we get
y(k,p) < C'(t) K0,

for some constant C’(t) = C(¢(t)) depending on t. We also establish the following lower
bound, showing that the exponent 1/¢(t) cannot be improved, at least for the case of prime

t.

Theorem (4.2). Fort prime,

v(k,p) > (=D ey _y + 1.
(&

1.3 Waring’s problem over F,

Let ¢ = p™ and F, be the finite field in ¢ elements. The earliest bound for y(k, ¢) is just the

analogue of Cauchy’s bound (k,p) < k, for prime fields.
Theorem (6.2). If v(k,q) is defined then y(k,q) < k.

As noted for the case of F, this bound is sharp if |A;| = 1 or 2. For |A;| > 2 it was
established by Tietdvéinen [29, Theorem 1], for odd p, and Winterhof [32, Theorem 3], for
p = 2, that

v(k,q) < [k/2] + 1. (1.19)

6



Winterhof showed [33, Theorem 1] that provided ~y(k, q) exists,
v(k,q) < 6.2n(2k)Y"log(k). (1.20)

Winterhof and Woestijne [34] proved that for p and r primes with p a primitive root

pT?:_lypr_l) = DU Thus with k = 1f+1_1 and n = r — 1 one has

(mod 7) we have ~y (
the estimate,

g(kl/" 1) < y(k,p") < nlk + D)V (1.21)

In light of inequality (1.21), we see that nk'/™ is essentially the best possible order of
magnitude for Waring’s number without further restrictions. For F, the usual restriction
to improve upper bounds on Waring’s number is to impose a lower bound on the number
of k-th powers. However Winterhof and Woestijne’s result indicates that such restrictions
pose problems for improving a bound of the form nk/™ for a general finite field. Under their
conditions, the number of k-th powers is equal to r 4+ 1, which can be made arbitrarily large
for an appropriately chosen p and r.

In the general finite field setting the restriction we use is thus more subtle. Instead
of placing constraints on the number of elements of Ay, we restrict the minimum size of
the intersection of k-th powers with the subfield of prime order: A; NIF,. In the case of
Winterhof and Woestijne, with r # 2, we have |4, NF,| = (p — 1,7) + 1 = 2. Lemma 6.1
provides the first equality and conditions on p and r provide the second equality. This is
the smallest such intersection since 0 and 1 are always k-th powers. For r = 2 we have the
classic result fy(p%l, p) = p%l.

1.4 Statement of Results for Waring’s Number over [,

Our first improvement of Winterhof’s work comes from just a modest refinement of his
method. Let A) = A;NT,, the set of k-th powers of elements in F, that belong to F,. Note

that |A}| > 2, since 0 and 1 are always k-th powers.



Theorem (6.3). If y(k,q) exists then we have

1/n 1/n
v(k,q) < 7.3n {ﬁﬁ-‘ log(k) = 7.3n ’V|f/f|)_ 1—‘ log (k).

By combining Winterhof’s methods with results from additive combinatorics we are able

to remove the log k factor, giving the stronger result,

Theorem (6.4). If y(k,q) exists, then

(k+ 1)V — 1}

(ks q SSn[ -
(k. A1

Furthermore, if |A}| > 3, then

(k+ 1)V —1
kyq) <dn (-~~~ 4+ 12n.
7(,Q)_n( S

Next we show that the exponent 1/n can be improved if we impose extra constraints on

the size of Aj.

Theorem (6.5). If v(k,q) exists, then

log(4)

v(k,q) < n(k+1)""="l loglog(k).

log(§ (k4 1)1/ ™)

a 8/7
Furthermore, if ]A;M s l

< p%l, then

log4

y(k,p) < n(k + 1)mlos 4l

Finally, we address the analogues of the Heilbronn conjectures for general finite fields,

proving the following theorems.
Theorem (6.6). For any ¢ > 0, if |AL] > 4%, then ~(k, q) <. k*.

Theorem (6.7). If n > 3 and y(k, q) exists, then v(k,q) < 10vk + 1.
For n =2, we have v(k,p?*) < 16vk + 1.

Theorem 6.6 establishes an analogue of the first Heilbronn conjecture (1.4), and Theo-

rem 6.7 establishes an analogue of the second Heilbronn conjecture (1.5).



Chapter 2

Sum and Difference Sets

We begin with some notation. For any subsets A, B of a group (G, +), and positive integer

n we define

A+B:={a+b:a€ A bec B},
A—B:={a—-b:a€ Abe B},

and

nA==A+A+---+ A, (nsummands).

In particular, Waring’s number ~(k, ¢) can be defined as the minimal s such that sA, = F,,
where Aj, is the set of k-th powers in F,.

For subsets A, B of a ring R and positive integers m,n we define
AB:={ab:a € Abec B},
nAB :=n(AB) = {iaibi ca; € Ab; e By1<i < n} ,
A™ = {ala;'_'l- Ay a; € A)1 < i <m},

and consequently

n
nAm:{Zaﬂaig---aim:aijGA,lgiSn,lgjgm}.

i=1

The following two lemmas have proven quite useful.



Lemma 2.1. If A and B are subsets of a finite abelian group (G,+), such that
|A| + |B| > |G|, then A+ B =G.

Proof. Let A and B be subsets of G with |A| + |B| > |G|. Let g € G and consider the set
{9} —A={g—a : a € A}. Note that |A| = |{g} — 4|, and so |{g} — A|+ |B| > |G|. Thus,
by the pigeonhole principle, ({g} — A) N B # (), that is there exists a € A and b € B such
that a +b=g. m

Lemma 2.2 (Rusza). For A, B, and C finite subsets of an abelian group,
|A||B—C| <|A+ B||A+C]|.

Proof. For each element d € B —C' fix by € B and ¢4 € C' such that d = by — c4. Now define
f:Ax(B-=C)— (A+B)x (A+C) by f(a,d) = (a+ bg,a+ cgz). We will now show this

map is injective thus establishing the required inequality. If f(a,d) = f(d’,d’), then

a+bd:a’+bd/,

a+cg=ad +cg.
Subtracting these equations, we have
bd — Cq = bd’ — Cqr,

or equivalently

d=d.

Hence a = o’ and f is injective.

Applying Rusza’s Lemma with B = C' gives the useful reformulation:

|A+ B| > |A|Y|B - B|V2. (2.1)

10



Lemma 2.3. [11, 2.2] For any subset S of an abelian group and any positive integer j,
58] = 18 — S|
The inequality is strict for |S| > 1.

Proof. The proof is by induction on j. The lemma is obvious for 7 = 1 and inequality (2.1)
with A = B = S establishes the lemma for j = 2.
Assume the lemma holds for 7 — 1. Applying inequality (2.1) with A = (j — 1).S and
B = § gives
551 =1 = 1S + 8| > |(j — 1S|'?|S — 5|2

The induction hypothesis on |(j — 1)S| gives

1

5S| > (IS — 8|28 — S|V = |5 — S|\,

]

Lemma 2.4 (Cauchy-Davenport Theorem). Let A and B be non-empty subsets of F,,. Then
A+ B| > min{|A| + |B| - 1,p}.

Proof. We follow the proof of Alon, Nathanson, and Ruzsa [1]. Let |A| = k, |B| = [ and
|A+ B| =n. If n > k+1— 1, the assertion is true, and so we assume that n < k41 — 1.
Our goal is to prove that A+ B =T, in this case, that is, n = p.

Form the polynomial f € F,[z,y] by

flay) = H (x+y—c)= Z Far'y.

ceEA+B i+j<n

The sum is over 4, 7 with ¢ + j < n, because there are n factors in the product.

Since F, is a field, there are polynomials g; € F,[z] of degree less than k and h; € F,[y]
of degree less than [ such that g;(x) = 2" for all z € A and h;(y) =y’ for all y € B. Define
a polynomial p € F,[x,y] by

plry) = Y fyr'y + D fug@)y + D fur'hy(y). (2.2)

i<k, j<l i>k, j<n—i >, i<n—j

11



This polynomial coincides with f(x,y) for all (z,y) € A x B, but for such (z,y) we have,
however, f(z,y) = 0. Thus p(x,y) = 0 for all (z,y) € A x B. The polynomial p(z,y) is of
degree < k in x and of degree < [ in y. Let # € A, then p(z,y) = Y p;(x)y’ is zero for all
y € B, and so all coeflicients must be zero. Finally, since p;(x) is zero for all z € A and of
degree less than k = |A], all coefficients p;; of p(x,y) = Y pi;z'y’ must be zero.

Sincen < k+1—2=(k—1)+ (Il — 1) there exist nonnegative integers u, v with u < k,
v <l and u+v = n. We claim that the monomial z"y” cannot appear in the second or
third sum of (2.2). To appear in the second sum we must have j = v, and so v < n—i. But
then : <n —v =wu < k. To appear in the third sum we must have : = u, and so u < n — J.
But then j < n —u = v. Therefore this monomial can only appear in the first sum, and
SO fuv = Puv = 0. Since u + v = n, it is plain from the definition of f(z,y) that f,, = (n)

v

Thus (Z) =0 (mod p) and we conclude that p|n, that is, to prove that n = p. O
This next lemma is a special application of the Cauchy-Davenport Theorem.
Lemma 2.5. For any A C T,
[IA] > min{l(|A] — 1) + 1, p}.

Proof. We use induction on [: For [ = 1 the result is obvious. For [ = 2 we use Cauchy-

Davenport with A = B. Now assume the lemma holds for [ — 1, namely
(1= 1)A] > min{(l - 1)(JA| = 1) + 1,p}. 23)
Using Cauchy-Davenport (Lemma 2.4) with B = (I — 1) A, we have
IA| = A+ (I = 1)A| > min{|A| +|(l — DA| — 1,p} > min{{(|A| — 1) + 1, p}.
The last inequality is due to the induction hypothesis (2.3). ]

The next few statements are useful for estimating the growth of additive sets in IF,.
The first is a sharpening of the Cauchy-Davenport Theorem for multiplicative groups from
Nathanson’s book, [26], and the second is a recent lemma due to Glibichuk and Konyagin

[17, Lemma 5.2 & 5.3].

12



Lemma 2.6. [26, Theorem 2.8] For any k and | € N and A := {z*|z € F,} C F, with
1 <ged(k,p—1) < p%l,

IA] > min{(2l — 1)(|A| — 1) + 1, p}.
Lemma 2.7. [17, Lemma 5.2 € 5.3] Forl € N, 1 > 2, let N, = %éﬂ — % If ACF,, then
NAT— N > 2 minf AT (p — 1)/2}
Furthermore, if 2 <1 <1+ %, then

N > S]Af

13



Chapter 3

Exponential Sums

Exponential sums are just examples of character sums and so we start with a general dis-

cussion of characters over finite groups.

Definition 3.1. Let G be a group with binary operation +. A function ¢ : G — C\ {0} is
called a character on G if 1 is a group homomorphism, that is, ¥ (x +y) = ¥ (x)(y) for all

x,y € G. The character is called trivial if it is identically 1.
A fundamental character sum that we make frequent use of is the following.
Lemma 3.1. If v is a nontrivial character on a finite group G then ) v (z) = 0.

Proof. Since 1) is nontrivial, there exists a g € G with ¥(g) # 1. Then
D wa) =) dla+g) =vig) ) v(),
zeG zeG el

and since 1)(g) # 1 we conclude that ) _.v(z) = 0. O

The exponential sums we make use of in our thesis are character sums on finite fields.
For prime fields F,, the additive characters are functions of the type e,(A\z) = e*™*/P with
A € F, fixed, while for a more general finite field F, they take the form W(Ax), where
A€ F, and ¥(x) = e,(Tr(x)). Tr denotes the trace from F, to [, and is defined by

Tr(a) =a+aP +---+ o?" ! for a € [F,. For these cases, Lemma 3.1 takes the form,

14



Lemma 3.2. For any prime p and integer X,
p .
0 A
Z ep()\.’lf) _ ) pr+ ’
=1 p7 pr|)\
Lemma 3.3. For any prime power ¢ = p" and \ € F,

o, ira#o,
Q;FQKI](A:E) B {q, if A= 0.

Next we show how exponential sums can be used to count the number of solutions of an

equation over a finite field. Asin (1.11) we define

O(k) = max | > ("), (3.1)

AEFy
z€lF,

For o € F, we let N(a, s) denote the number of representations, counting multiplicity, of «

as a sum of s k-th powers in [Fy,

N(a,s)=|{xeF:af +af+-- + a2t =a}|

s —

Theorem 3.1. For any o € F, we have

LN@@)—f*|§(1—1)®%ﬁ

q

In comparison, the classical estimate of Hua and Vandiver [22], and Weil [31] for N(a, s)

is

s—1

IN(a,s) —¢" | < (k=1)'¢= . (3.2)

Note that if one inserts the classical bound for a Gauss sum ®(%k) < (k — 1),/q into Theo-
rem 3.1, one obtains the slightly weaker bound |N(a,s) — ¢°~!| < (k — 1)%¢>. Thus, Theo-

rem 3.1 is only of interest when the classical bound can be beaten.

15



Proof. By Lemma 3.3 we have

gN(a,8) = > > WA} + -+ 2k — )

x€F3 AeFy

=¢"+ ) _U(=Aa) Y W(A(zf + - +2k))

AF£0 x€Fy

=¢+ ) V(=) [[ D v(rah).

A£0 i=1 z;€F,

Thus by the triangle inequality,
[gN(a, s) —¢°] < (¢ = 1)@(k)”.
Dividing by ¢ completes the proof. O

Corollary 3.1. For any prime power q and positive integer k, we have

log g
k) < [mg(q/@(/ﬁ)ﬂ '

Proof. By Theorem 3.1 we have N(a,s) > 0 provided that

¢ (1 - %) D (k)" (3.3)
that is, (¢/®(k))® > ¢ — 1. It suffices to have (¢/®(k))® > ¢q. Thus v(k,q) < s provided that
g > ®(k) 6D, (3.4)
or equivalently
1
5> %. (3.5)
[

In the Introduction we noted a number of established bounds for ®(k) and the consequent
bounds for v(k, p) for the case of prime fields. Many of these bounds extend to a general finite
field, including the Gauss bound ®(k) < (k —1),/q and the Bourgain, Glibichuk, Konyagin

bound [4], ®(k) < ¢*~%, provided k < ¢'~¢, and ¢ is sufficiently large (see Bourgain and

16



Chang [3, Theorem 1]). Here 0 is a positive constant depending on e. The latter bound
gives

1
vk, q) < 3 for q> k'te. (3.6)

For our purposes we need the Gauss sum estimate of Cochrane, Pinner and Rosen-

house [12, Theorem 1.1] for the case of prime fields.

Lemma 3.4. There exists an absolute constant py such that for p > pg and any integer a

with p 1 a,

p
1
ep(ax® <p(1— >’ o
; plaz®)| < p*® logp (loglog p)> &0

where t = (p — 1)/k and ¢(t) is the Euler ¢-function.

One immediately deduces from Corollary 3.1 and the inequality |log(1 — x)| > x for

0<z <,
Theorem 3.2. If p > po then for any positive integer k we have,
v (k. p) < p*0 (log p)°(log log p)°.

A bound of this general type, namely v(k,p) < c(r)tp?" logp for ¢(t) > r, also follows

from Theorem 4.2 of Konyagin and Shparlinski’s book [25], which gives the exponential sum

r(1-22)

This bound on ~y(k, p) is better when the number of nonzero k-th powers ¢ is very small.

bound

p

Z ep(az®)

r=1

3.1 Exponential Sums applied to Sum Sets

Cochrane and Pinner [11] established the following for F,, but their result and proof can be

extended to [Fy:

Theorem 3.3. Let A, B be subsets of F, with 0 ¢ A and m be a positive integer. If
| B| |A|1_% > q, then mAB =F,.

17



Proof. Let a € F, and N denote the number of 2m-tuples

(T1y o Ty Y1y - - - Ym) € Fgm with 191 + - -+ + ym = a. We first note that

SIS v = Y Y Y vy - 2a)

AeF, |z€eA yeB z1,22€A y1,y2€B \eFy

= Q|{(x17$27y1ay2) 1T,Tg € Avylay2 € B#Fﬂh = $292}| S (J|A|2|B| (38)

Then

gN = [A"[BI™ +> 3> W(A@yr + - + T — a))

AAOQ z, €Ay, EB
= [A"[BI" + ) ¥(-a) (szp(m)> : (3.9)
AF£0 r€A yeB
To bound the inner sum we use the triangle inequality and then the Cauchy-Bunyakovskii-

Schwarz inequality to obtain (for A # 0),

S Tay)| <Y 1D T(ay))|

r€A,yeB yeB x€A

1/2
< B2 z@wyw)

yeEB xz€A

1/2

< B | 13 Wy

yeF, z€A

=B >3 wwy(ar —22))

r1€EA x2€Ay€elRy

= | B|'*(qlA])"?,

1/2

the last equality following from Lemma 3.3. Therefore, by the triangle inequality, pulling

off m — 2 factors of

Y weAyeB ‘I!()\xy)‘ and using (3.8), we have

2

< (gBllA)"T >

AeFy

> D U (Aay)

r€A yeB

> U(-Aa) (Z > \P(Axy))m

A#£0 z€A yeB

m—2

< (a|BIIA)"= qlAP|B| = ¢%|A]= | B|%.

18



We conclude from (3.9) that N is positive provided that
[A"|BI™ > ¢*|A|=BI%,

yielding the result of the theorem.
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Chapter 4

Waring’s Number over )

Let p be an odd prime, k be a positive integer with k|(p—1), ¢t = (p—1)/k, and ¢(t) denote
the Euler ¢-function.
We recall the Heilbronn conjectures stated in the Introduction:

I: For any € > 0, there exists a constant ¢. such that vy(k,p) <. k° for ¢t > t..
IT: For t > 2, v(k,p) < k'/2.

In this chapter we establish the validity of the second Heilbronn conjecture, proving in

fact a more general result.

Theorem 4.1. Let r be a positive integer. Then there exists a constant C(r) such that if

¢(t) > 7 then y(k,p) < C(r)k'/".

The second Heilbronn conjecture is implied by the case r = 2, since ¢(t) > 2 for ¢ >
2. To prove the theorem we need the estimate of Cochrane, Pinner and Rosenhouse [12,

Theorem 1.1] given in Lemma 3.2 and the following result of Bovey [6, Theorem 1].

Lemma 4.1. For any positive integer r, there exist constants c¢(r) and to(r) such that
i) y(k,p) < c(r)op(t)k" for t > to(r), and
ii) y(k, p) < c(r)kY for t < to(r).

Proof of Theorem 4.1. Let r be a positive integer and suppose ¢(t) > r. Dodson’s result

20



(19)
v(k,p) < [32logk] +1 for p > k*

lets us restrict our attention to k* > p. (Alternatively, we could use the improvement of
Glibichuk [16] which states in fact that y(k,p) < 8 for p > k?; see Corollary 5.1). For
o(t) > 2(2r 4+ 1) we use Lemma 3.2: For p > py

(k, p) < p?3 (log p)*(log log p)°

< p7i (log p)*(loglog p)° < p2r < k'/".

For p < pg, we have trivially v(k, p) < p—1 < po. In the remaining case, r < ¢(t) < 2(2r+1),

Lemma 4.1 immediately gives
v(k,p) < e(r)2(2r + 1)KV
Taken together we see that v(k,p) < C(r)k*/" for some constant C(r). O
In particular, taking r = ¢(t), Theorem 4.1 gives the bound
y(k,p) < C(t)kV*Y,

for some constant C(t). The exponent 1/¢(t) on k is best possible in general as the following
lower bound makes clear. The lower bound also shows that the best order of magnitude one
can have for the constant C(t) is C(t) ~ t. We are still a long way from obtaining such a

tight upper bound.

Theorem 4.2. Fort prime,

t—1
v(k,p) > ( )kl/(t’l) —t+1.
e

Proof. Let R denote a primitive ¢-th root of 1 (mod p), so that the set A} of nonzero k-th

powers is just

At ={1,R,R%... R}
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Let sA; denote the set of all sums of s k-th powers. Using the fact that
Rt—lz_l_R_RQ__“_Rt—Q
we have

sAy={r 1+ xR+ -+ xR i, €22, >0,1<i<t,0<ax +-+x < 8}
:{(LEl—l't)+($2—$t)R+"'+(.’Et71—l't)Rt722
v, €%, 1,20, 1 <i<t, 0< a4+ +2, < 5}

C{y+pR+  +y R
t—1 t—1
yi €L, 1<i<t—1, ) y; <s, (ZyJ) —typ <s, 1<k<t—1}.
j=1 j=1
The latter inclusion is seen by letting y; = x; — x; and noting that since x; > 0,

t—1 t—

Zyz—z _wt>§ ZL‘,‘SS

=1 7

—_

Il
—

and

(Z yz> — Y = (Z(% - xﬁ) — t(zk — )

1=1
:<Zx> (t =Dy — t(oe —x) = (Z$z>_txk<5

Thus the cardinality of sAj is no more than the number of integer (¢ — 1)-tuples in the
pyramid

t—1 t—1
P .= {xERt1:in§s, <in)—t:ck§s, 1§k§t—1}.

i=1 i=1

Intersecting the faces of P, we see that P has vertices,
(s,0,...,0),...,(0,...,0,8),(=s,...,—S$).

To estimate the number of integer points in P, we place a cube B(x) of volume 1 centered
about each integer point x € P to obtain a new region
U B.
xePNZt—1
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whose volume equals the number of such points. We claim that this new region is contained
in the fatter pyramid
t—1 t—1
P = {xeRt_1:in§$—|—t—1, <Zm) —trp <s+t—1, 1§k§t—1},
i=1 i=1

with vertices
(s+t—1,0,...,0),...,(0,...,0,s+t—1),(=s—t+1,...,—s—t+1).

Indeed, let x € PNZ" andy = x+ € with |g;] < 1/2,1 <i<t—1,so that y represents
a typical element of P. Then,

t—1

Zyz—zxz+si>s8+<t—1)/2s's+t—17

=1

and for 1 < k<t —1,

t—1 t—1
(Z yl-> — ty, = <Z(£L‘Z + a)) — t(xg + er) <Z xl> —txy, + (Z 5Z> (1—1t)e
i=1 i=1 i#k
st oD ms it syt
<st g 5 =35 5 <8 .
Lemma 4.2. The volume of a pyramid in R™ with vertices at
(b,0,...0,0),...,(0,0,...0,b),(=b,—=b...,—b, —b)

is b"(n+1)/nl.

Proof. The volume is just %BH where the B is the area of the base Y "  x; = b, z; > 0,

1 <i<mn, and H is the distance from the base to the vertex (—b,—b, ..., —b). Plainly

H=d((=b,...,—=b),(b/n,...,b/n)) =b(1+ 1) /n,

where d(P, Q) denotes the Euclidean distance. To calculate the base area, we express the
base as the surface

Tp=b—21 —T9g— - — Ty
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over the region R with z; > 0, Zl 1 ; <b. The surface area is then given by

2
/ / 14+ 6% cee Oz, dry..dx,—1 = \/ﬁ/ .. / ldzy...dx,_1
aiEl 0%y R

i
C(n—=1)

Thus the volume is £ - b(1 + 2)y/n - /nb"/(n — 1)! = (n + 1)b"/n!. O

By the lemma, the volume of P is (s +t — 1)'¢/(t — 1)!, and consequently this is an
upper bound on |sAg|. Therefore if [sAx| = p, that is, if every point is a sum of s k-th
powers, we must have

(s+t=1)"""t/(t-1)! > p.
and so, using p/t > k,

t— DNV t—1
s> (%) —t41> (k@ —DHYED 1S VD Z g
(&

the latter inequality using n! > (n/e)™. O
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Chapter 5

Further Sum—Set Results for I,

In this chapter we will extend some results of Glibichuk [16] from [, to a general finite field
[F,. This was also done independently by Glibichuk and Rudnev in [18], although they do

not state Corollary 5.1 below. To state our main theorem we need the following definition.

Definition 5.1. A subset A C [F, is said to be symmetric if A = —A, where —A ={—a:
a € A}, and antisymmetric if AN (—A) = 0.

Theorem 5.1. [16, Theorem 162] If A C F, and B C F, with B symmetric or antisym-
metric and |A||B| > q, then 8AB =F,.

This result should be compared with Theorem 3.3 which obtained mAB = I, provided
that A, B are subsets of F, with 0 ¢ A and |B)| |A|17% > q. The latter result is thus obsolete

for values of m > 8. An immediate application of the theorem yields the following:
Corollary 5.1. For any positive integer k with k < \/q we have y(k,q) < 8.

Proof. The statement is trivial for ¢ < 5, and so we may assume that ¢ > 6. We apply
Theorem 5.1 with A = Ay, B = A} where Ay, is the set of k-th powers in F,. Note that Aj
is symmetric or antisymmetric depending on whether —1 is a k-th power or not. If k <, /g,

then |Ag||Af| > ¢ provided that <‘I;\/§1 + 1> (%) > ¢, that is, ¢*/% > 2¢ + V@ — 1. The
latter holds for ¢ > 6. Thus by Theorem 5.1, 8A4;A; = F,. But, AyA; = A; so we have

8A, =TF,. 0
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We note that the hypothesis k < /g is tight. Indeed, if £ exceeds /g then (&, q) may
not exist. For instance if ¢ = p? and k = p + 1, then every k-th power is in F, (since
(zPthP~1 =1 for x € F,), and so any sum of k-th powers is in F,. On the other hand, if
k = p—1 then the corollary asserts that every element of F, is a sum of at most 8 (p — 1)-th
powers.

The proof of Theorem 5.1 uses methods of additive combinatorics. We start with the

following definition.
Definition 5.2. (i) For any A C F, and B C F,, set
I(A; B) := {(by — ba)ay + (az — a3)bs : a1, as,a3 € A, by, by, b3 € B}.
(ii) For any subset A C F,, set
I(A) = 1(A; A) = {(a1 — az)as + (ag — as)ag : a1, az, as, ag, a5, a6 € A}.

The next 3 lemmas are extensions of results in [16] from prime fields to general finite

fields.

Lemma 5.1. [16, Lemma 1] Suppose that A, B are nonempty subsets of F, and G is a

nonempty subset of F,. Then there exists a & € G such that

AlBG
(1Al =DUBI =D+ |G

A+ {38l >

and
|A|| B|G]|

R S e

We note that in the statement of [16, Lemma 1], for F,, the value (JA| —1)(|B| — 1) in
Lemma 5.1 is replaced by the larger value |A||B|. The weaker bound this leads to would
suffice for our purposes below for the case of odd ¢, but for ¢ = 2" we need the stronger

bound in our lemma.
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Proof. For any £ € G and s € F, define the functions fg“ (s) and f; (s) as follows:
FE) = [{(0h) € Ax B a+ b = s},
fi (s) :=1[{(a,b) € AX B:a—0b§=s}

Then

D (fF(9))* = [{(a1,b1,a2,b0) € Ax B x Ax B:ay+ b = ay + b}

s€lFy

= |A||B| + |{(a1,b1,a2,b2) cAx BxAxB: aq 7é ag, a1 +b1§ = Q9 +bg§},

Z(fg(s)f = |{(a1,b1,a2,b2) €EAXBxAXB: a; — blg = Qg — b2§}|
= |A||B| + |{(a1,bl,a2,b2) €EAxBxAXxB: ai 7é Q2,01 — blf = a9 — bng

Hence,

D)= (e ()™

s€lfy s€lfy
Note that for all a;,as € A and by,by € B such that a; # as, there exists at most one &

satisfying a; + 01§ = ag + be§. Then the number N of 5-tuples (aq, as, by, be, &) with a; € A,
b; € B and £ € G satisfies
N =>"> (f(s))” < |AIBIIG| + |Al(JA| — 1)|B|(|B| - 1).

£eq sely

In particular, there exists a £ € GG such that

2 Al(|Al = D|B|(|B] — 1
SO () < 141|B| + AIUA] \)(|}\ B[ -1)

s€lg

For this value of &, we have fgr (s) =0 for s ¢ A+ {¢}B. Thus, the Cauchy-Bunyakovskii-

Schwarz inequality yields

(1Al1B])* (ng ) < A+{EBI Y (ff(5)?

s€Fy s€fq

Al(A] = DIBI(| Bl —1))
|G ’

<A+ {6)B] <\AHB! n
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and

2

(AIBN? = [ D fe(s) | <IA—{EBID (fe ()

s€lfy s€lfy
[Al(A[ - D)IB|(1B| - 1)
<14~ 51 (11151 + o .
Simple algebra gives the desired result. O]

Lemma 5.2. [16, Lemma 2] Suppose that A, B are nonempty subsets of F, such that
|A||B| > q. Then there exists & € F such that

A+{&}Bl > 3,
[A—{&}B > 2.

Proof. Letting G = F; in Lemma 5.1 we see that there exists a { € G such that

[AllBl(¢ = 1)

AT B (B - Dt @)

and
|A||B|(¢ —1)
(|A =B -1+ (¢g—1)

The latter quantity is greater than ¢/2 provided that

|A—{¢}B] >

[AllBl(g = 1) >

N [

(1Al =1D)(B] = 1) + (¢ = D],

that is, provided that
|Al|Bl(¢/2 - 1) >

DO [

(¢ —[A] = BJ).

Y]

Inserting the hypothesized inequality |A||B| > ¢ into the left-hand side, we see that it

suffices to have

(Al +[B))/2 > 1,

and this inequality is trivial since |A||B| > 2.
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Lemma 5.3. [16, Lemma 3] Suppose A, B C F,. For any & € F, with |A+{£}B| < |A]|B|,
we have |I(A; B)| > |[A+ {£}B].

Proof. This is obvious for £ = 0, so assume £ # 0. The hypothesis |A + {{}B| < |Al|B]
implies there are a;, as € A and by, by € B with (a1, b1) # (ag, be) such that a;4+b1§ = ag+b€,
by the pigeon-hole principle. Since £ # 0 we have by # by, else (a1, b1) = (ag,bz). Set § :=
{b1—b2}(A+{&}B). Note that |S| = |[A+{£}B|. Given s € S, thereisana € Aandab € B
with s = (bi—bs)(a+b§). Since (by—by) = #%*, we have s = (b1 —bz)a+(az—a1)b € 1(A; B).
Hence S C I(A; B) and |I(A; B)| > |S| = |A+ {¢}B. O

The main ingredient in the proof of Theorem 5.1 for symmetric B is the following estimate

first proven by Bourgain, Glibichuk and Konyagin [4] for I(A) in prime fields F,. It is an

easy consequence of the preceding three lemmas.

Theorem 5.2. Let A and B be subsets of F, such that |A||B| > q. Then |I(A; B)| > ¢q/2.

Proof. Lemma 5.2 supplies £ € I} such that |A+ {£} B| > ¢/2 and by assumption
|A+{B] < q<|A]|B|
. Hence by Lemma 5.3, we have
[1(A; B)| = |[A+{&}B| > q/2.
O

Proof of Theorem 5.1. Let A C F, and B C F, with B symmetric or antisymmetric and
[AllB] > g.

Case 1. Assume B is antisymmetric. Since |A||B| > ¢, Lemma 5.2 supplies { € [}, such
that |[A + {{}B| > ¢/2 and |A — {{}B| > ¢/2. In particular, by the pigeon-hole principle,

(A+{&B)N(—A - {¢}B) # 0. Hence there exist aj,as € A and by, by € B such that

(a1 4+ b1&) = —(az + b€) or equivalently £ = —%. (Note, the denominator is nonzero

since B is antisymmetric.)
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The second inequality |A — {£}B| > /2 yields

4/2 < |A— {€}B| = {a3+ (‘“*—“2) by : as € A, by eBH
by + bo

= |{(l3(b1 + bg) + b3(a1 —|—CL2) las € A, b3 & B}|

Thus |[4AB| > ¢/2 and by Lemma 2.1, 8AB =F,,.
Case 2. Assume B is symmetric. Theorem 5.2 establishes |I(A; B)| > ¢/2. Since B is
symmetric, I(A; B) C 4AB and applying Lemma 2.1 gives 8AB =F,,. O
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Chapter 6

Waring’s Number over I,

In this chapter we obtain new bounds on ~y(k, ¢) for arbitrary finite fields IF,. In particular,
we show that if v(k, ¢) exists, then

2/{})1/"
A =1

v(k,q) < 7.3n { —‘ log k,

where A), = Ay NTF,. We also get

(k+1)1/”—1w

k,q) <
ol 7q)_8n[ A =1

and
log(4)

v(k,q) < n(k 4 1)"*=1%%I loglog k.

Finally we establish the second Heilbronn conjecture in Theorem 6.7 and prove an analogue

of the first Heilbronn conjecture in Theorem 6.6.

6.1 Preliminaries

We begin with proofs of Theorems 6.1 and 6.2 stated in the Introduction. We recall that

Ay, denotes the set of k-th powers in F, and Aj the set of nonzero k-th powers.

Theorem 6.1. The following are equivalent for any q = p™ and k|(q —1).
(1) v(k,q) exists, that is, every element of F, is a sum of k-th powers.
(ii) Ay is not contained in any proper subfield of F,, that is, Ay contains a set of n

linearly independent points over IF,.
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(iii) |Az| does mot divide pP — 1 for any jln, j < n, that is, ’ﬁ does not divide k for

7
any jln, j <n.

Proof. (i) implies (ii): Suppose that v(k, ¢) exists. Then Ay cannot be contained in a proper
subfield of F, else every sum of k-th powers is contained in that subfield.

(ii) implies (i): Let {z1,...,x,} be a set of n linearly independent k-th powers. Then
since every element of F, is of the form kyzy + - - - + k,x,, with the k; nonnegative integers,
we see that every element is a sum of k-th powers.

(i) implies (iii): If | A3| divides (p — 1) for some j|n with j < n, then A} is contained in
the cyclic subgroup of F; of order p’ — 1, which is F;j. Thus, every k-th power is contained
in the proper subfield IF,;.

(iii) implies (ii): If Ay is contained in a proper subfield F

»i» then Aj is a subgroup of F,

and so |Af| divides p’ — 1. O
Theorem 6.2. For any k,q such that v(k,q) ezists, we have v(k,q) < k.

Bounds of this type hold even without the assumption k|(g — 1), since

Proof. Let k|(¢g—1) and Ay be the set of k-th powers in F,. For any positive integer n, nA

is closed under multiplication by elements in A} and so we can write
nAr = {0} U A {1} - U A {x},
for some distinct cosets Ap{z;} of Ay, 1 <i <[. Thus, if nA; # F,, then
[(n 4+ 1) Ax| = [nAk] + [Ax]
By induction we get a Cauchy-Davenport type inequality,
|nAg| > min{q, 1 + n|A;|}, (6.1)

and see that nA, = F, provided that 1+ n|Aj| > ¢, that is, n > ‘qg*l‘ = k. Thus
k

v(k,q) < k.
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]

Next we recall that A} denotes the set of k-th powers of elements in I, that belong to

A = AgNF,.
Lemma 6.1. For any q and k|(q—1), |A}] = (p— 1, %) + 1.

Proof. The set of nonzero elements of A} is just the intersection of the subgroups Aj and

[, of F}. Since the latter group is cyclic, the order of the intersection is just

(Alp=1) = (g =1)/k,p = 1),
O

The next lemma, generalizing Cochrane and Pinner’s result [11, Theorem 4.1c] from F,
to F,, deals with the relationship between v(k, ¢) and d(k, ¢), where (as before) §(k, ¢) is the
minimal s such that every element of F, can be written in the manner +zf £ --- £ 2% One
trivially has d(k,q) < v(k, ¢). It would be nice if the loglog ¢ factor in the lemma could be

replaced with an absolute constant, but it is an open question whether this is possible.

Lemma 6.2. For any k,q such that v(k,q) is defined we have

v(k,q) < 2[log,log, q]d(k, q).

Proof. We start by noting that by definition of d(k,q), 0(k,q)Ar — d(k,q)Ar = F,. Let

J > logylog, ¢ be an integer. By Lemma 2.3 with S = d(k, ¢) Ay, we have
70k, @) Ax] > 18(k, ) A — 6(k, ) A3 = ¢'737 > q/2.
Hence by Lemma 2.1, 25(k, ¢)Ar, = Fy, that is, v(k,q) < 25(k, q). ]
In our application of Lemma 6.2, we will actually use the less precise bound
(k. q) < (loglog q)d(k, q).

33



6.2 Winterhof-Type Bounds for ~(k, q).
Winterhof showed [33, Theorem 1] that provided ~(k, q) exists,
v(k,q) < 6.2n(2k)Y"log k. (6.2)

The key lemma in his proof is the following result.

Lemma 6.3. [33, Lemma 4]. Suppose k|(q —1). If |sAx| > 2k, then

Y(k,q) < s(1+ |(2logg/log2]).

Our first theorem is a mild improvement of Winterhof’s result (6.2). The proof follows

his original proof quite closely.

Theorem 6.3. If v(k,q) exists, then we have

1/n 1/n
~v(k,p") < 7.3n {ﬁ—;il)—‘ logk =7.3n [l(jj—)_/l—‘ log k.
Proof. The result is trivial for k = ¢ — 1, so we assume k < ¢q/2. If k¥ < /g, then Corollary
5.1 gives the result and so we may assume k > ,/q. Since 7y(k,q) exists, there is a basis
{b1,...,b,} C Ay of F, over F,. For a given positive integer r, examine elements of the

type (x11 + -+ x1,)b1 + -+ + (Tp1 + -+ + Tpy)by, where the x;; are k-th powers of

elements in [F, lying in ,,. These are sums of at most rn k-th powers with each coefficient

xi1+---+x;, representing at least min{p, r(q;kl, p—1)} distinct elements in F,, by Lemma
6.1 and the application of the Cauchy-Davenport Theorem, Lemma 2.5. Taking r > ( ﬁ);/i)
k ).

1/n

guarantees that each coefficient represents at least (2k)'/™ elements in F, and thus that such

sums represent at least 2k elements in F,. Using Lemma 6.3 and the assumption k > |/q,
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we see that

2log q (2k)1/m 2log q
k,q) < <n 1
vk q) m“< log 2 ) - { p—1) * log 2
(2k)1/m 41 2k)1/m 1 4
<n k) ng <n quk) ( + )1ogk;
,P—l 10g2 (%=, p—1) | \logk log2

5 (28) en T,
§(10g2)n|7(%7p_1>“logk<73n|r(%7p_1>—‘lgkz.

Winterhof and Woestijne [34] prove that for p and r primes with p a primitive root
(mod ) we have ~ (pT : Lo > = (7"_1)2& Thus with k = Z—=' and n = r — 1 one has

the estimate,

g(kl/n —1) <~(k,p") < n(k+ 1)1/n. (6.3)

In light of inequality (6.3), we see that nk'/™ is essentially the best possible order of
magnitude for Waring’s number without further restrictions. By combining Winterhof’s
methods with results from additive combinatorics we show that the log & factor in Winter-

hof’s bound (6.2) can be dropped.

Theorem 6.4. If y(k,q) exists, then

(k+1)/n — 1}

(ks q SSn[ -
(k) A1

Furthermore, if |A}| > 3, then

(k+ 1Y —1
<dn () + 120,
vk q) < n( A =1 )T

(We note that A}, always contains 0 and 1, so |A}| > 2.)

The result from additive combinatorics that we need is the following:

Lemma 6.4. If v(k,q) exists and |sAg| > k + 1 for some s € N, then ~v(k,q) < 8s.
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Proof. If k = q— 1, the result is trivial, so we assume k < ¢ — 1. We use Theorem 5.1, with
A = sAj and B = Aj. Recall that A} is symmetric or antisymmetric depending on whether

—1 is a k-th power or not. Also note:
(SAk)AZ = SAk

and

-1 —1
AillsAd > =+ 1) =g -1+ =>4

Thus by Theorem 5.1, 8sA;, = F,, that is, v(k, ¢) < 8s. ]

Proof of Theorem 6.4. The proof again follows the line of argument in Winterhof’s original
proof [33, Theorem 1]. Namely, we look at the growth of sum sets formed from linear
combinations of a basis of k-th powers and carefully chosen coefficient sets. Let {by, bo, ..., b, }
be a basis of [F, over [F,, consisting of k-th powers of elements of F,. For any positive integer
[ the set
By :={aiby + - - + apbyla; € LA}
is a subset of nl Ay with |B;| > |lA}|" (since the coefficients a; belong to F,,) and so
LAy > [LAL]" (6.4)

If we take [ > %, then by the Cauchy-Davenport theorem, Lemma 2.5,

k

lA}| > min {I(J4}| — 1) +1,p} > min {(k + 1)"/", p}.
If lA,| = p then B, = F,, that is, y(k,q) < nl. If [IA,| > (k + 1)Y™ then by (6.4)
|nlAg| > k+ 1 and Lemma 6.4 yields the first result of the theorem.

Next, if we take [ > (k)71

1
EPEDE + 5 then by Lemma 2.6,

lA,| > min {(k + 1)V, p}.

Again, if |IA}| = p, then v(k,q) < nl; while if [IA}| > (k + 1)/, then |nlAy| > k + 1 and

Lemma 6.4 yields the second result of the theorem.
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Under more stringent conditions on the number of k-th powers falling in the base field

we can improve the exponent 1/n at the cost of increasing the constant.

Theorem 6.5. If v(k,q) exists, then

log 4

v(k, q) < n(k + 1) =% log log k.

log(§ (k+1)1/7

e
7 +8/7 _
Furthermore, if |A§C|[ tog 14| / < L then

log 4
Y(k,p) < n(k+ 1)l
Proof. Corollary 5.1 implies the theorem is trivial for £ < ,/q. Thus, we assume k£ > /g,
og(3 /n
and for convenience let [ = [% +8/ 7}.
k

Case 1: If [A}|' > 221, then we use the first part of Lemma 2.7 with A = A4 and noting

that (A})! = A}, to establish |[N;A}, — NJA}| > 3min{|A4,|",(p — 1)/2} > Z(p—1). By

Lemma 2.5,

|48(]\7514;g - NZA;” 2 I11111{48(|]Vlz4;C — NZAU - 1) + l,p}

3
> min {48(E(p— 1)—1) —l—l,p} > 9p — 56 > p,

for p > 7. If p < 7 we use the facts that |A}| > 2 > ’%1 and
p > US(NAL — NiAL)| > 44 = p

to establish [48(V; A} — N, AL)| = p. We now have an upper bound on d(k, ¢) and hence on
v(k,q) via Lemma 6.2.

log 4

v(k,q) < (loglog q)d(k,q) < (loglog ¢)nN; < n(k + 1)""=14I loglog k.

Case 2: If [4}|' < E-1, then we use the second part of Lemma 2.7 with the result that
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|N;AL| > (k+1)Y" and so [nN;Ag| > k + 1. Hence by Lemma 6.4

5 1 5[%%/7} 1
Ea) <8N =8n | —4' —Z ) =8n | =41 leslal _
R R R (Y

log(§ (k+1)1/™) log 5 log(k+1)
< 8n (2_544g T T15/7 _ l) . <§2$410ggf;€|4i1i;|:2 _ 1/3>

3

log 4 log 4

5o g8 : :
= 8n <§2?4log'% (k4 1) sl — 1/3) < nlk 4 1),

Alone, this case gives the second part of the theorem. Combined with case 1, we have the

first part of the theorem. O

6.3 Proofs of Heilbronn-Type Results

In the case when ¢ is prime, Heilbronn conjectured in [21] (and Konyagin proved in [23])
that for any ¢ > 0, y(k,p) <. k° if |Ax| > c(e). It is interesting to note that in this
case A, = Aj. By placing the size condition on Aj instead of Ay, we extend Heilbronn’s

conjecture to a general finite field, and obtain an explicit value for ¢(¢).
Theorem 6.6. For any € > 0, if |A}| > 4%, then ~v(k,q) < k*.

Proof. Again, we first note that Corollary 5.1 lets us restrict our attention to k > /g, or

2log(

equivalently n < W;)' We make the further assumption: |A}| > 42/¢. Using Theorem

6.5, we see that

log 4 log 4

v(k,q) < n(k + 1)l loglog k < (log(k))*k™ 514 < (log k)*k*/%.
O

Heilbronn further conjectured that for 2 > 2, v(k,p) < k¥/2. This was established by
Cipra, Cochrane and Pinner [10, Theorem 1]. Furthermore, Cochrane and Pinner [11] give

an explicit constant: v(k,p) < 83k'/2. For n > 2 we obtain here,

Theorem 6.7. If n > 3 and v(k, q) exists, then v(k,q) < 10v/k + 1.
For n =2, we have y(k, p*) < 16vk + 1.
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Proof. We first note that for & < 396 the result follows from the bound, (1.19) v(k,q) <
[g] + 1. Thus we may assume k > 396. Corollary 5.1 lets us also assume k > /q. In

particular, k > 2"/2. By Theorem 6.4, we have for n > 18,

vk, q) < 8n(k +1)Y/"Y2 < 8n23 1) — 8v2n <10.
vk+1 on/4
For 2 <n <17, we have
fY(k)? q) 1/n—1/2 8n 10, ifn > 2,
< 8&n(k+1)/" < — <
VE+1 7~ ( ) — 396121/ — 116, ifn=2.
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