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Abstract

Stochastic hybrid systems consist of software-controlled physical processes, where uncer-

tainties manifest due to either disturbance in the environment in which the physical systems

operate or the noise in sensors/actuators through which they interact with the software. The

safety analysis of such systems is challenging due to complex dynamics, uncertainties, and in-

finite state space. This thesis introduces fully automated methods for bounded/unbounded

safety analysis of certain subclasses of the stochastic hybrid systems against given safety

specifications.

Our first contribution is to compute the maximum/minimum bounded probability of

reachability of polyhedral probabilistic hybrid systems, where plant dynamics are expressed

as a set of linear constraints over the rate of state variables, and uncertainties are involved

in discrete transitions represented as discrete probability distributions over the set of loca-

tions/modes. Our broad approach is to encode all possible bounded probabilistic behaviors

into an appropriate logic along with the given safety specifications. Then, we perform op-

timization over all possible behaviors for the maximum/minimum probability via state-of-

the-art optimization solvers.

The second contribution is to present fully automatic unbounded safety analysis of the

polyhedral probabilistic hybrid systems (PHS). We present a novel counterexample guided

abstraction refinement (CEGAR) algorithm for polyhedral PHS. Developing a CEGAR algo-

rithm for the polyhedral PHS is complex owing to the uncertainties in the discrete transitions,

and the infinite state space due to the real-valued variables. We present a practical algorithm

by choosing a succinct representation for counterexamples, an efficient validation algorithm

and a constructive method for refinement that ensures progress towards the elimination of

a spurious abstract counterexample.



The third contribution is to extend unbounded safety analysis to the class of linear prob-

abilistic hybrid systems (PHS). Developing an abstraction for the linear PHS is a challenge

when the dynamics is linear, because the solutions are exponential and require solving ex-

ponential constraints to construct the finite state MDP. Hence, we consider a hierarchical

abstraction, where we first abstract a linear PHS to a polyhedral PHS using hybridization

and then apply predicate abstraction to construct the finite state MDP.

Finally, we consider uncertainties in plant dynamics, and develop an abstraction based

method for both bounded/unbounded safety analysis of linear stochastic systems. The

bounded safety analysis is similar to the encoding in bounded model checking, where we

encode bounded stochastic behaviors instead of continuous behaviors and solve the encoding

using a semi-definite program solver. For the unbounded safety analysis, we abstract the

linear stochastic system into a finite state system, and analyze its safety using graph search

algorithms.
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The third contribution is to extend unbounded safety analysis to the class of linear prob-

abilistic hybrid systems (PHS). Developing an abstraction for the linear PHS is a challenge

when the dynamics is linear, because the solutions are exponential and require solving ex-

ponential constraints to construct the finite state MDP. Hence, we consider a hierarchical

abstraction, where we first abstract a linear PHS to a polyhedral PHS using hybridization

and then apply predicate abstraction to construct the finite state MDP.

Finally, we consider uncertainties in plant dynamics, and develop an abstraction based

method for both bounded/unbounded safety analysis of linear stochastic systems. The

bounded safety analysis is similar to the encoding in bounded model checking, where we

encode bounded stochastic behaviors instead of continuous behaviors and solve the encoding
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Chapter 1

Introduction

1.1 Motivation

Embedded systems consist of software-controlled physical processes that are integral parts of

automotive systems (cruise control1;2, lane assistants3–5, self-driving cars6–8), medical devices

(pacemakers9;10, infusion pumps11;12), robotics (Roomba13;14, surgery robots15;16), aeronau-

tics (autopilot17;18, collision avoidance modules19;20), and smart grid21;22, where stochastic

disturbances manifest due to either disturbance in the environment in which the physical sys-

tems operate or the noise in sensors/actuators through which they interact with the software.

These systems manifest uncertainties either in physical systems or digital controllers that

arise due to either noise in the environment, modeling errors, or sensors/actuators’ error. We

also refer such systems to “probabilistic/stochastic hybrid systems” which formally extend

finite state automaton with probabilistic transitions and continuous (stochastic) differential

equations. One of the grand challenges is to build safe and reliable stochastic hybrid sys-

tems that can be deployed in the real world with high confidence. Towards this end, we need

rigorous formal methods and accompanying software tools for the analysis to be automated

and scalable.
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1.2 Formal methods

Formal methods23;24 are a special kind of mathematically rigorous techniques that have been

used for the modeling of complex systems, the specification development and its verification

for the systems. The goal of formal methods is to verify system’s properties in a more

thorough fashion than the empirical testing. While empirical testing increases confidence

about the performance of the system, formal methods provide strong guarantees about the

correctness of the systems. The formal techniques are mainly classified into two categories

Model Checking25–27 and Theorem Proving28–31.

Model Checking verifies specifications against a system model to prove that system’s

behaviors conform to the specification. More precisely, given a mathematical model of

the system, and a specification, it provides correctness of the system’s behaviors with re-

spect to the specification. This techniques suffer from the state space exploration due to

exponential growth in number of states with the number of variables . To overcome the

problem, researchers have developed techniques for the reduction of the state space; thus

allowing verification to the large scale systems. The popular available Model Checking tools

are UPPAAL32, NUSMV33, SPIN34, and probabilistic Model Checking tools are PRISM35,

STORM36.

Figure 1.1: Formal methods

Theorem Proving is used for evaluating higher order logic that corresponds to the sys-

tem’s behaviors. It uses mathematical structure to build the logic. Theorem Proving does
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not deal with the states, but with formulas. Although it does not take system’s model as

an input explicitly, it requires high degree of knowledge about the system under verifica-

tion. The popular available Theorem Proving tools are Theorem Proving: ACL237, Coq38,

Isabelle/HOL39, STeP40, PVS41 and Z342.

A general framework for the verification is shown in Figure 1.1. This framework takes as

input either system model and a formal specification or a formal specification, and outputs

either proof/certificate for the correctness if the specification is true or a counterexample,

that is, a system’s behavior violating the specification, which supports the correction of bugs

if the specification is false.

1.3 Modeling of stochastic hybrid systems

Stochastic systems43–45 have received extensive attention in recent years toward modeling

and analyzing uncertain systems. In general, stochastic systems are modeled as a mixture

Figure 1.2: Stochastic hybrid systems

of continuous and discrete dynamics, where the continuous dynamics capture stochastic

behaviors, which is described by stochastic differential/difference equations as shown in

Figure 1.2, where wt is a zero mean Gaussian process, and the discrete dynamics capture

the control law, which is described by probabilistic systems, such as Markov chains, Markov
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decision processes, where sensor/actuator noises are captured as probability distributions. In

this thesis, we develop methods/techniques for the safety analysis of probabilistic/stochastic

hybrid systems and its subclasses.

1.4 Main results of the thesis

We consider safety verification problems of probabilistic/stochastic hybrid systems that con-

sist of either stochastic processes or probabilistic discrete transitions. The safety problem

turns into probabilistic safety, that is, whether probability of reaching an unsafe region is

below a given probability threshold. Probabilistic bounded/unbounded safety analysis of

probabilistic/stochastic hybrid systems relies heavily on probabilistic reachability analysis.

In general, the reachability analysis of stochastic hybrid systems is undecidable, however,

it is decidable for certain subclass of the systems46–48. Probabilistic reachability problem

for the general class of probabilistic hybrid system has been solved using abstraction tech-

niques49;50 applied in papers51;52, that give the bound on the maximum/minimum probability

of reachability. However, it is challenging to compute a precise probability of reachability.

Hence, we have developed methods for the safety analysis of probabilistic/stochastic hybrid

systems. In this thesis, we first focus on polyhedral dynamical systems to model the physical

systems, and develop a method to compute the maximum/minimum probabilistic reacha-

bility, and counterexample guided abstraction refinement algorithm for the safety analysis

of polyhedral probabilistic hybrid systems. Then, we consider linear dynamical systems to

model the physical systems, and develop a hierarchical abstraction for the safety analysis of

linear probabilistic hybrid systems. Finally, we consider linear discrete-time stochastic sys-

tems for modeling the physical systems, and develop a method for its parametric property

verification.
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1.5 Thesis outline

In this section, we outline the thesis. In Chapter 2, we provide an overview of related works.

We present all the preliminary details in Chapter 3. In Chapter 4, we present the details

of computing the maximum/minimum probabilistic reachability of polyhedral probabilistic

hybrid systems(PHS). Then, we present a counterexample guided abstraction refinement

algorithm for the probabilistic safety of the polyhedral PHS in Chapter 5. Next, we present

a hierarchical abstraction for the probabilistic safety of linear PHS in Chapter 6. Then,

we present a bounded model checking and an abstraction based method for bounded and

unbounded parametric verification of stochastic systems, respectively, in Chapter 7. Finally,

we present the conclusion of the thesis in Chapter 8.
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Chapter 2

Background

In this chapter, we provide a literature background of different classes of finite and infinite-

state probabilistic systems. Finite state probabilistic systems, such as Markov chains,

Markov decision processes are often used to model behaviors of discrete systems, such as

biological and power generator systems. Infinite-state probabilistic systems, such as stochas-

tic systems, stochastic hybrid systems, and probabilistic hybrid systems are used to model

software-controlled physical systems. The most popular problems for these classes of sys-

tems are reachability and safety analysis. Although efficient methods have been discovered

for the finite state systems, it is a challenge for infinite-state systems. One promising direc-

tion to deal with the infinite-state systems is an abstraction, where an infinite-state system

is abstracted into a finite state system. Next, we will discuss methods for different classes of

probabilistic systems for different related problems.

2.1 Markov Chains

Markov Chains53;54 are stochastic models. The model is a sequence of random events, where

the probability of the next event depends only on the current event and does not depend

on the past events. This property is referred to as Markovian property55;56, and stochastic

information is stored in the form of transition probability. Markov Chains are widely used for
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modeling the dynamics of biological systems57;58, power generator59, and financial systems60,

such as risk management, inventory control. Modeling of transition probabilities depends

on the type of systems, such as discrete/continuous-time and their parameters. This leads

to the investigation of different variants of Markov chains, such as discrete-time Markov

chains (DTMC)61, where events occur in discrete time, continuous-time Markov chains62,

where events occur in continuous time; interval (Int.) Markov chains63, where transition

probabilities are modeled as intervals, parametric (Par.) Markov chains64, where transition

probabilities are expressed in the form of parameters. Different properties of the stochastic

models are often expressed in the form of probabilistic computation tree logic (PCTL)65,

continuous stochastic logic (CSL)66;67, linear temporal logic (LTL)68, and temporal compu-

tation tree logic (TCTL)69. For each variation of Markov Chains, several techniques, have

been developed for the verification of the above properties.

For the verification of PCTL and CSL, three value abstraction method70 has been de-

veloped for DTMC, where an abstract state-space model is generated over the values true,

false, and unknown. The properties can then be evaluated on such three-valued models.

If the evaluation is unknown, then the abstract model is refined until the properties of

interest can be either proven or refuted. Traditionally, probabilistic model checkers, such

as PRISM35 is time-consuming for large DTMC due to state-space exploration. Hence,

bi-simulation minimization71 is developed that reduces the state space (up to logarithmic

saving). Another approach is Statistical Model Checking (SMC) that infers the correct-

ness of the probabilistic systems by evaluating certain test statistics on random samples

(paths) generated from the probabilistic models. Different methods based on frequentist

and Bayesian approach have been developed for SMC. A frequentist based algorithm for

SMC of non-nested CSL on Discrete-time Markov chain (DTMC) has been presented in the

paper72 by conducting the sequential Wald Probability Ratio Test73. However, for nested

CSL, a Bayesian statistical model checking algorithm74 is developed that a correct answer

with a certain confidence. Also, a method75 based on run time model checking has been

7



Systems Problems Approaches
D(C)TMC PCTL65, CSL66;67 Three-valued abstraction70

- - Bisimulation minimization71

- TCTL69, PCTL65, CSL66;67 Statistical Model Checking78

CTMC Synthesizing parameters for PTBR Discretization with refinement79

- Counterexample for CSL66;67 Heuristic guided search based80;81

DTMC Reliability checking Run time model checking75

- Counterexample for PCTL65 Reducing into graph problem76

- ω-regular event under condition ω-regular Reducing into unconditional DTMC77

Int. MC max. prob. of ω-regular Exp.-max. and LTL to unamb. automata82

Par. MC Rational fun. expressing prob. reachability Tightly interwining Reg. exp.64

Table 2.1: Background works on Markov chains

developed for the reliability checking on DTMC. Other problems, such as counterexample of

PCTL65 and the conditional probability of ω-regular events under ω-regular condition, have

been solved by reducing PCTL property over DTMC into weighted graph problem76 and

reducing conditional probability problem over DTMC into unconditional probability prob-

lem77, respectively. Also, Statistical model checking78 has been developed for the verification

of temporal computation tree logic (TCTL).

For CTMC, synthesizing parameters for probabilistic time bounded reachability and

counterexample for CSL66;67 problems have been solved by discretization of parameter ranges

with refinement79 and explicit state model checking based heuristic guided search80;81, re-

spectively. For IMC, maximizing the probability of satisfying ω-regular expressed as LTL68

has been solved by expectation-maximization procedure and reducing LTL68 into unambigu-

ous automata82. For PMC, computing rational function expressing probabilistic reachability

has been solved by reducing PMC into tightly interwining regular expression by its evalua-

tion64. The above works are summarized in Table 2.1.

2.2 Markov decision processes

Markov Decision Processes (MDP) is an extended version of Markov chains where multiple

probability distributions may be associated with each state. Different techniques have been

8



developed for the verification of different properties on MDP.

For safety property, the maximum/minimum probability of reaching a desired set of

states is required to compute. For this, policy resolving non-determinism methods, such as

value iteration, have been used to compute the bound on maximum/minimum probability of

reachability with some precision, but they do not have stopping criteria. However, stopping

criteria is straightforward in interval iteration algorithm83. Also, abstraction and refine-

ment based method84 has been developed for computing the upper and lower bound on the

probabilistic reachability. In addition, counterexample generation for bounded probabilistic

LTL property over MDP has been produced by reducing MDP into Acyclic Markov Chains

and generating counterexamples for reachability property over Acyclic Markov Chains85.

Reachability property over infinite-state MDP has been proposed based on abstraction86

and implemented in tool PASS87. Bounded MDP (BMDP) is a generalization of MDP

where the probability of each transition is uncertain. Reachability property over BMDP has

been solved using the Interval value iteration method88. Reachability property for partially

information probabilistic systems (PIPS) is undecidable89, so an algorithm introduced in

the paper90 checks whether a total information scheduler complies with the partial informa-

tion assumptions. If they do not comply with the assumptions, the model is modified using

refinement.

For PCTL property, different methods, namely, game based abstraction91;92, predicate ab-

straction with SMT solver93, counterexample guided abstraction refinement (CEGAR) with

predicate abstraction and interpolation based refinement94, linear programming95, successive

refinement96, value iteration97, decomposition of MDP into strongly connected components

(SCC) and application of policy iteration on each SCC90, probabilistic model checker98, have

been developed. Also, conditional probability on CTL property over MDP has been solved

via reducing MDP into acyclic MDP99.

For qualitative property, a counterexample guided abstraction refinement (CEGAR)100

has been developed over multiple MDPs, where simulation relation is first obtained for MDP
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Systems Problems Approaches
MDP Reachability Interval iteration algorithm83

- - Abstraction-refinement based84

- PCTL Mutl-valued abs., CEGAR, and game based abs.91;92

- - predicate abstraction and SMT93

- - CEGAR (Pred. abst. and iterpolation based refine.)94

- - Linear programming95

- - Decomposing into SCC and apply Policy iteration90

- reachability of PIPS CEGAR90

- PCTL, LTL, pSafe Model checker, Automata based techniques102

- cpCTL Reducing into Acyclic MDP99

- Counter. gen. for bounded pLTL Reducing into Acyclic MDP85

- PCTL, CSL, PTCTL Sampling and monte carlo approximation95

- CE for safety, liveness frag. of PCTL based on simulation relation101

- Counterexample for ω regular Critical subsubsystem based on MILP86

MDPs Qualitative property CEGAR for simulation relation100

Infinite MDP Reachability Tool PASS86

BMDP Reachability Interval value iteration method88

Table 2.2: Background works on Markov decision processes

with respect to the qualitative property, and then CEGAR is used to obtain the combined

simulation. A notion of a counterexample for the rich classes of specifications, such as safety,

liveness fragment of PCTL over MDP have been introduced as a lexicographic ordering of

a pair of MDP M and canonical simulation relation between M and M (original MDP)101.

A method based on Mixed Integer Linear Programming (MILP)86 has been developed for

finding a counter-example of ω regular expression expressed in the form of a sub-DTMC of

a model. The above works are summarized in Table 2.2.

2.3 Stochastic systems

Stochastic systems103;104 are continuous systems, where randomness is involved in their be-

haviors. These systems are broadly classified into discrete/continuous-time stochastic sys-

tems. In the discrete-time stochastic systems, randomness appears at each discrete-time, and

they are often in the form of Gaussian noise. While in continuous-time stochastic systems,

they evolve over time.

Different subclasses of discrete-time stochastic systems, namely, discrete-time Max-plus
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linear stochastic systems (DtMPLSS), Linear stochastic systems (DtLSS), non-linear stochas-

tic systems (DtNLSS), and Interconnected discrete-time linear stochastic systems (IDtLSS),

have been studied for time-difference and PCTL specifications, where the time-difference

specification is the difference between states with/without delay at some iteration k.

For the Max-plus linear stochastic systems, a bounded model checking algorithm105 has

been developed based on predicate abstraction for the time difference specifications. For

Discrete-time linear stochastic systems (DTLSS), where continuous dynamics is monotone,

a model checking algorithm106 has been developed for the PCTL specification, where the

system is abstracted into a finite state interval Markov chain that over-approximates sys-

tem’s behavior, and state-space heuristic has been discussed when the specification is false

on the interval Markov chain. While a counterexample guided abstraction refinement al-

gorithm107;108 for the verification and synthesis of DTLSS for the PCTL specification have

been presented, where the system is abstracted into an interval Markov chain and a bounded

Markov decision process, respectively, and refinement schemes for both verification and syn-

thesis are discussed. An abstraction and aggregation method109 of DTLSS is developed,

where the system is abstracted as a finite state Markov chain via a finite partitioning of the

continuous state space. In the above methods, the error between DTLSS and its abstraction

has not been quantified. However, an approximate Markovian abstraction procedure110 is

developed by combining an existing approximate abstraction procedure with a bi-simulation

like a refinement algorithm, where adaptive refinement algorithm is employed to achieve a

given desired error bound. A set-theoretic approach111 for the verification of robust ob-

stacle avoidance is discussed based on inner and outer convex approximation of the exact

non-convex capture set.

For Discrete-time non-linear stochastic systems, a discrete abstraction method112 is pre-

sented based on bi-simulation function and convex optimization. For interconnected discrete-

time linear systems, a composition approach113 based on a stochastic simulation function,

which makes the relationship between the original and abstract system, is discussed. The

11



Systems Problems Approaches
DtMPLSS Bounded model checking Predicate abstraction105

DtLSS Model checking Approximate as IMC106

- PCTL Counterexample guided abstraction refinement107;108, abstraction109

- Abstract system Approximate abstraction110

- Obstacle avoidance Set-theoretic approach111

DtNLSS Abstract system Bi-simulation112

IDtLSS Model checking Stochastic simulation113

CtSCSS Synthesis Discrete time abstraction114

Table 2.3: Background works on stochastic systems

stochastic simulation function can be used to quantify the error between the original and

abstract systems. The above works are summarized in Table 2.3.

However, there are limited works for continuous-time stochastic systems. A discrete

abstraction based approach114 has been investigated for the synthesis of continuous-time

stochastic control stochastic systems (CtSCS), where the system is abstracted into a finite

Markov decision process, and their probabilistic distance is quantified based on stochastic

simulation function.

2.4 Stochastic hybrid systems

Stochastic hybrid systems (SHS)115–118 exhibit a combination of continuous and discrete

behaviors where randomness is involved in both the behaviors. Different methods have been

investigated, specifically for LTL and safety/reachability specification for different subclasses

of SHS, namely, discrete-time stochastic hybrid systems (DtSHS) where continuous behaviors

are evaluated at discrete time instant, controlled DtSHS where stochastic behaviors are

affected by control inputs.

For LTL verification on DtSHS, a product-construction based method119 has been de-

veloped, where the system is abstracted via discrete abstraction, and product between the

abstract system and Buchi automata for LTL is construction. Safety verification problem

on controlled DtSHS is dealt via optimal control problem120 of a certain controlled Markov
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Systems Problems Approaches
DtSHS LTL Product construction and discrete time abstraction119

Controlled DTSHS Reachability Stochastic optimization prob.120

- safety Optimal control problem121

SHS safety/reachability Testing based methods122

- safety finite abstraction123

- reachability Numerical approximation124, Barrier certificate125

- Control Discrete abstraction126

Table 2.4: Background works on stochastic hybrid systems

process121, where safety verification problem is formulated as an optimal control problem.

Next, a testing based method122 has been developed for the safety/reachability of SHS using

the notion of robustness for test runs. Safety property of SHS has been proposed based on

abstraction which is computed by a solver for reachability in a non-probabilistic version of

the hybrid systems in123. In addition, reachability analysis of large-scale SHS as a problem of

rare event estimation has been developed in127 based on an aggregation of the discrete mode

process and important sampling approaches for the system. Reachability analysis of SHS124

has been presented based on numerical approximation by the discretization of the state

space and using an interpolated Markov chain to approximate the switching diffusion weakly.

Also, reachability analysis of SHS has been presented based on barrier certificate125, which is

super-martingale (i.e, its expected value is non-increasing along time) under the given system

dynamics. They put the condition on the barrier certificate function that its value at the

initial state should be lower that its value at any point in the unsafe region. The probability

of reaching the unsafe region is then bounded from above using a Chebyshev-like inequality

for super- martingales. A discrete abstraction based method126 has been presented in based

on the notion of bounded bi-simulation, where the original system is transformed into a

finite state system by abstracting state space into finite states and continuous probability

distributions into discrete probability distributions. The above works are summarized in

Table 2.4.
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2.5 Probabilistic hybrid systems

Probabilistic hybrid systems (PHS) are a special subclass of SHS, where randomness occurs

either in the initial state or on the discrete transitions. Safety/reachability analysis problems

have been studied via different methods.

A δ-reachability based method128 has been discovered for PHS, where randomness ap-

pears in the initial state. In the method, a weaker notion of δ-reachability is used in which

the unsafe set is over-approximated by a user defined parameter δ. A statistical testing based

method? has been developed for the reachability analysis. Also, a stochastic satisfiability

modulo theory (SSMT)129 based method130 has been discovered for probabilistic bounded

reachability problems of concurrent PHS. Safety verification of PHS131 has been solved by

lifting probabilities from PHS, abstraction on non-probabilistic systems, and introducing

probabilities in the abstracted system.

In this thesis, we explore probabilistic hybrid systems, where continuous dynamics are

expressed in the form of linear/polyhedral dynamics, and randomness appear on discrete

transitions which we capture via non-deterministic probability distributions over the set

of discrete locations. We focus on developing efficient methods for the reachability/safety

analysis problems of PHS.

First, we consider bounded probabilistic reachability analysis of polyhedral PHS. Al-

though the paper132 has discovered to solve the bounded probabilistic reachability problem

using bounded reachability of non-probabilistic hybrid systems133;134, it is only applicable for

deterministic probabilistic choices. However, we are interested in bounded reachability anal-

ysis of polyhedral PHS consisting of non-deterministic probabilistic choices. Since different

probabilistic choices will lead to different probability of reachability, we consider computing

exact maximum/minimum probabilistic reachability, which is an optimization problem.

Next, we consider probabilistic safety analysis of polyhedral PHS. The problem for the

linear probabilistic hybrid systems has been solved using abstraction techniques49;50, which

have been applied in papers51;52, that give the bound on the maximum/minimum probability
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of reachability, and the safety is concluded by comparing the probabilistic reachability with

the given probability threshold. However, this does not provide precise probabilistic safety

analysis.

Our broad approach for precise probabilistic safety analysis of polyhedral PHS is based on

counterexample guided abstraction refinement (CEGAR) framework. CEGARbased meth-

ods have been developed in the context of finite state probabilistic systems101;135 and non-

probabilistic hybrid systems136–138, that have shown promising results. However, to the best

of our knowledge, CEGARbased method has not been discovered for stochastic/probabilistic

hybrid systems. Hence, we have discovered first CEGAR algorithm for models that have both

probabilities and polyhedral continuous dynamics.

Next, we consider the probabilistic safety analysis of linear PHS. Developing an algorithm

like CEGAR is complex for linear PHS due to two reasons. First, constructing an abstract

system for the linear PHS is difficult because the solution of a linear dynamical system

consists of an exponential expression, and there is no known efficient solver for a formula

consisting of exponential expressions. Second, validating an abstract counterexample require

exact reachability analysis of linear dynamical systems, which is not known. Hence, we have

developed a hierarchical abstraction and compared it with the tool ProHVer52.

Finally, several probabilistic properties have been investigated including probabilistic

safety, as well as those expressed using probabilistic computation tree logic (PCTL)65, and

continuous stochastic logic (CSL)66;67. Here, we investigate the parametric property verifi-

cation of discrete-time linear stochastic systems, which is different from traditional predicate

abstract techniques for stochastic systems. We present a novel predicate abstraction based

method. In traditional predicate abstraction, a finite-state system is constructed based

on the partition of the continuous state-space; however, in our approach, we partition the

set of random states, which are random vectors defined over the continuous state-space.

Our approach provides a promising direction for the verification of parametric properties of

stochastic systems.
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Chapter 3

Probabilistic hybrid systems

3.1 Preliminaries

In this section, we present basic notations and definitions that we use in the rest of this

thesis.

Numbers and sets: Let R,R≥0, Z, and N denote the set of real numbers, non-negative

real numbers, integer numbers, and natural numbers, respectively. Given a countable set S of

real numbers,
∑S denotes the sum of all elements in the set, that is,

∑S =
∑
s∈S

s. We use [n]

and ζ(n) to denote the set {1, . . . , n} and the set of all subsets of Rn, respectively. Given an

element q and a set S, we use (q,S) for {q}×S and (S, q) for S×{q}. Given a set S, we use SN
to denote the set S ×N. Furthermore, relation Id ⊆ Rn×Rn expresses the identity relation.

=(f) denotes the set of restricted reverse onto functions of f as =(f) = {f1 : B → A | B ⊆

S2, A ⊆ S1, f1 is an onto function and fof1 = Id}. Given two sets S1, S2, C(S1,S2) denotes

the Cartesian product of the sets S1 and S2, that is, C(S1,S2) = {(s1, s2) | s1 ∈ S1, s2 ∈ S2}.

In addition, given a set S = C(S1,S2), we use S�1, and S�2 to denote the components S1,

and S2, respectively.
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Vectors, tuples and matrices: Let Rn denote the n-dimensional Euclidean space. Let

x = [x1, x2, . . . , xn] ∈ Rn denote the n-dimensional vector. Also, we use (t, j) to express the

jth projection of a tuple t = (x1, x2, . . . , xn), that is, (t, j) = xj. We use xi to denote the ith

element of x, that is, xi = xi. Given a matrix A ∈ Rm×n, A[i, j] denotes (i, j)th entry of the

matrix A. A square matrix A ∈ Rn×n is called a symmetric matrix if A = AT, where AT

denotes the transpose of the matrix A. In addition, a square matrix A ∈ Rn×n is called a

positive semi-definite matrix if xTAx ≥ 0 for all x ∈ Rn. We use S+
n to denote the set of all

real symmetric and positive semi-definite matrices of size n × n. Given an n2 dimensional

real vector x, 〈x〉 denotes the matrix of size n × n corresponding to the vector x obtained

by splitting x into rows with n elements, that is,

〈x〉 =


x1 x2 . . . xn
...

...
...

...

xn2−n+1 xn2−n+2 . . . xn2

 .

Also, given a set S ∈ ζ(n2), 〈S〉 denotes the set of all matrices of size n × n corresponding

to the set S that is, 〈S〉 = {〈x〉 | x ∈ S}.

Polyhedra: A set S ∈ ζ(n) is called an n-dimensional polyhedron if there exist a matrix

A ∈ Rm×n and a constant vector b ∈ Rm for some m ∈ N such that S = {x | Ax ≤ b}. We

use Poly(n) to denote the set of all n-dimensional polyhedra.

Partition of a Set: A partition of a set S is a set of subsets {S1,S2, . . . , Sk} such that⋃k
i=1 Si = S and

0

S i ∩
0

Sj = ∅, 1 ≤ i, j ≤ k, i 6= j, where
0

S denotes the interior region of S.

In addition, a partition P is called a polyhedral partition if each set S ∈ P is a polyhedron.

A partition element Si is adjacent to Sj denoted as Si�Sj if Si∩Sj is non empty and i 6= j.

Probability distributions: We use Dist(S) to denote the set of all probability distribu-

tions over the set S, that is, Dist(S) = {π : S → [0, 1] | ∑
s∈S

π(s) = 1}. We use support(π) to
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denote the set of elements s ∈ S for which π(s) 6= 0.

3.2 Timed Markov decision processes

In this section, we define timed Markov decision processes and its certain subclass.

Let Dist(S) denote the set of all probability distributions over the set S, that is, Dist(S) =

{ρ : S → [0, 1] | ∑
s∈S

ρ(s) = 1}. We use support(ρ) to denote the set of all elements s ∈ S for

which ρ(s) 6= 0. We assume that for any probability distribution ρ ∈ Dist(S), its support is

finite. Next, we formally define syntax and semantics of the timed Markov decision processes.

Definition 1 (Timed Markov Decision Process (TMDP)). A TMDP is a structure T =

(S,−→), where:

• S is a set of states;

• −→⊆ S × R≥0 × Dist(S) is a transition relation capturing a set of timed probabilistic

edges.

We denote a timed probabilistic edge (s, t, ρ) ∈−→ by s
t−→ ρ. Note that a state may have

multiple timed probabilistic edges associated with it, that is, distinct edges (s, t1, ρ1), (s, t2, ρ2)

∈−→, where t1 6= t2 or ρ1 6= ρ2. Thus, the transition relation allows non-determinism.

A path of TMDP T = (S,−→) is a finite sequence of states and times, σ = s0t1s1t2s2 . . . tnsn

such that there exists a sequence of probability distributions ρ1ρ2ρ3 . . . ρn which satisfy

si
ti+1−→ ρi+1 and ρi+1(si+1) > 0 for 0 ≤ i ≤ n − 1. σ[i] denotes the ith state of the path

σ, that is, σ[i] = si; len(σ) represents length of the path σ, that is, len(σ) = n, and L(σ)

represents the last state of the path σ, that is, L(σ) = σ[len(σ)].

Also, D(σ) denotes the duration of the path σ, that is, D(σ) =
len(σ)∑
i=1

ti. Paths(T ) denotes

the set of all paths of T , and Pathsk(T , s,F) = {σ ∈ Paths(T ) | len(σ) = k, σ[0] = s, σ[k] ∈

F, for 0 ≤ i < k, σ[i] /∈ F}. Paths(T , s,F) represents the set of all paths that start at
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state s and end at some state t in F and no states in between s and t are in F, that is,

Paths(T , s,F) =
⋃
k

Pathsk(T , s,F).

Furthermore, we define a special subclass of TMDP, where there will be a unique prob-

ability distribution associated with each state.

Definition 2 (Timed Markov Chain (TMC)). A TMC is a TMDP T = (S,−→) where the

following condition holds:

• For each state s ∈ S if there exist s
t1−→ ρ1, s

t2−→ ρ2, then t1 = t2 and ρ1 = ρ2.

Since TMC allows only one timed probabilistic edge for each state, we can define a

probabilistic transition function Pr : S × S → [0, 1], where Pr(s, s′) = ρ(s′) if there exists

s
t−→ ρ.

Next, we explain how to resolve the non-determinism in a TMDP T = (S,−→) and

obtain a TMC. First, we define a scheduling function to be a partial function γ : Paths(T )→

R≥0 × Dist(S) such that if γ(σ) = (t, ρ), then L(σ)
t−→ ρ. Let Γ(T ) denote the set of all

scheduling functions for a TMDP T .

Definition 3. Given a TMDP T = (S,−→) and a scheduling function γ, we obtain a TMC

Tγ = (Sγ,−→γ), where Sγ = Paths(T ); for each path sγ ∈ Paths(T ), sγ
t−→γ ργ if ∃ ρ such

that L(sγ)
t−→ ρ and for all s ∈ S, ργ(sγts) = ρ(s).

Markov decision processes

Markov decision processes are a special class of timed Markov decision processes, where time

is unconstrained on the probabilistic edges.

Definition 4 (Markov Decision Process (MDP)). An MDP is a structure M = (S,−→),

where

• S is a finite (infinite) set of states;

• −→⊆ S × Dist(S) is a transition relation.
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Next, we define discrete time Markov chains, which are MDPs, with at most one proba-

bilistic edge associated with each state.

Definition 5 (Discrete-Time Markov Chain (DTMC)). A DTMC is an MDP T = (S,−→)

such that for each state s ∈ S, if there exist s −→ ρ1 and s −→ ρ2, then ρ1 = ρ2.

An execution of an MDP can be interpreted as a DTMC that is obtained by resolving

the non-determinism in each step with a particular state distribution. We use Exec(M) to

denote the set of all DTMCs obtained by resolving the non-determinism.

3.2.1 Probabilistic reachability

Let us consider a TMC/DTMC T = (S,−→). Let PT (σ) denote the probability associated

with a path σ in T ; we will drop the subscript T when it is clear from the context. We

define P(σ) inductively as follows. If len(σ) = 0, then P(σ) = 1.

P(σ) =

len(σ)∏
i=1

Pr(σ[i− 1], σ[i]).

Bounded probabilistic reachability

We define bounded probabilistic reachability of both TMC and TMDP.

• For TMC T = (S,−→), the probability of reaching a target set F from a state s with

path length exactly k and at most k within time T , respectively, are defined as,

P(T,=k,F)(T , s) =
∑
{P(σ) | σ ∈ Pathsk(T , s,F), D(σ) ≤ T},

P(T,≤k,F)(T , s) =
k∑
i=0

P(T,=i,F)(T , s).

• For TMDP T = (S,−→), we define the maximum and minimum probability of reaching

a target set F from a state s with path length at most k within time T , respectively,
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to be:

Psup
(T,≤k,F)(T , s) = sup

γ∈Γ(T )

P(T,≤k,F)(Tγ, s),

P inf
(T,≤k,F)(T , s) = inf

γ∈Γ(T )
P(T,≤k,F)(Tγ, s).

Inductive definition of bounded probabilistic reachability

Here, we provide an alternate inductive definition for both P inf
(T,≤k,F)(T , s) and Psup

(T,≤k,F)(T , s).

• Base case:

P inf
(T,≤0,F)(T , s) = Psup

(T,≤0,F)(T , s) =


1, if s ∈ F

0, otherwise

• Induction step:

If s ∈ F, then

P inf
(T,≤k,F)(T , s) = Psup

(T,≤k,F)(T , s) = 1.

Otherwise,

P inf
(T,≤k,F)(T , s) = inf

s
t−→ρ

(∑
s′∈S

ρ(s′)P inf
(T−t,≤k−1,F)(T , s′)

)
;

Psup
(T,≤k,F)(T , s) = sup

s
t−→ρ

(∑
s′∈S

ρ(s′)Psup
(T−t,≤k−1,F)(T , s′)

)
.

Unbounded probabilistic reachability

We define unbounded probabilistic reachability of both DTMC and MDP.

• For DTMC T = (S,−→), the probability of reaching a set of states F from a state s

is defined as,

P(T , s,F) =
∑

σ∈Paths(T ,s,F)

P(σ).
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• For MDPM = (S,−→), we define the minimum and maximum probability of reaching

a set of states F from a state s, denoted as Pinf(M, s,F) and Psup(M, s,F), respectively.

Let ./ ∈ {inf, sup}.

P./(M, s,F) = ./
T ∈Exec(M)

P(T , s,F).

3.3 Case study: vehicle navigation

In this section, we present a case study involving vehicle moving on a specific navigation

scenario given in Figure 3.1. Here, we consider dubbin’s dynamics for the vehicle. The

continuous dynamics of the vehicle is given below:

ẋ(t) = v cos(θ(t))

ẏ(t) = v sin(θ(t))

θ̇(t) = u(t)

(3.1)

where (x(t), y(t)) denotes the position at time t; θ(t) denotes the rotational angle; v denotes

the linear velocity; u(t) denotes the control input at time t which is angular velocity ω. Note

that Equation 3.1 is a non-linear system, and angular velocity is constant in each of the

control modes (horizontal, left turn, and vertical). However, Equation 3.1 can be expressed

into a linear system as given below:

ż = A(c1, c2, ω)z, c1, c2 ∈ {0, 1}, where c1 + c2 ≥ 1 (3.2)
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Figure 3.1: Vehicle navigation

where z = (x, y, vx, vy) denotes the state variable consisting of horizontal and vertical position

(x, y), and horizontal and vertical velocity (vx, vy), and

A(c1, c2, ω) =



0 0 c1 0

0 0 0 c2

0 0 0 −ω

0 0 ω 0


.

The values of c1, c2, and ω vary depending on the control modes. For example, for horizontal

motion, c1 = 1, c2 = 0, and ω = 0; for vertical motion, c1 = 0, c2 = 1, and ω = 0; for left

turn with π/4 angular velocity, c1 = 1, c2 = 0, and ω = π/4.

We assume that there are errors in sensors. The vehicle may not detect guard regions G1

or G2 when it is actually there due to sensor errors. Hence, the vehicle switches probabilisti-

cally from one mode to another mode as described below. In Figure 3.1, initially, the vehicle

is moving horizontally. When it reaches the yellow region (G1), there are two possibilities,

namely, (a) it could take left turn; (b) it could still move horizontally. Since, the chances

of taking a left turn are high, we consider 9/10 as its probability of taking left turn, and
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1/10 as its probability of moving horizontally. Next, if the vehicle crosses the yellow region

and misses the left turn, then the chances of moving it in a horizontal direction are high.

Hence, we consider 9/10 as its probability of moving horizontally, and 1/10 as its probability

of taking left turn. Further, if the vehicle takes a left turn, and reaches the blue region (G2),

the vehicle could either continue turning or switch to move vertically. Since the chances

of switching to move vertically are high, we consider 9/10 as its probability of moving ver-

tically, and 1/10 as the probability of continuing turning. Next, if the vehicle crosses the

blue region and misses switching to move vertically, then the chances of continuing turning

are high. Hence, we consider 9/10 as its probability of continuing turning, and 1/10 as the

probability of switching to move vertically.

Our objective is to check whether the maximum probability of the vehicle reaching beyond

the lane is less than or equal to a desired probability threshold p > 0.

3.4 Probabilistic hybrid systems and its subclasses

In this section, we introduce the class of probabilistic hybrid systems and provide their formal

syntax and semantics. In addition, we introduce a certain subclass of probabilistic hybrid

systems that we study in this thesis.

Syntax

Probabilistic hybrid systems capture the discrete, continuous and probabilistic behaviors.

The continuous behaviors are captured using differential equations, while the discrete and

probabilistic behaviors are captured using probabilistic edges, guards, and resets. Next, we

introduce the syntax of probabilistic hybrid systems.

Definition 6 (Probabilistic Hybrid Systems). A probabilistic hybrid system (PHS) is a tuple

H == (Q,X ,Q0,X0, Inv,Flow,Edges,Guard,Reset), where:

• Q is a set of locations;
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• X ⊆ Rn is a continuous state space;

• Q0 ⊆ Q is a set of initial locations;

• X0 ⊆ X is a countable set of initial continuous states;

• Inv : Q → 2X is an invariant function;

• Flow : Q × X → 2X is a flow function which assigns a vector to each state (q, x) ∈

Q× X ;

• Edges ⊆ Q× Dist(Q) is a finite set of probabilistic edges;

• Guard : Edges→ 2X is a guard function;

• Reset : Edges×Q×X → X is a reset function.

Notation: Given a PHS H, we will represent its elements using H as a subscript. For

instance, the invariant and flow functions of H, are represented as InvH and FlowH, respec-

tively.

Next, we describe two different semantics for a given polyhedral PHS, namely, in terms

of timed Markov decision processes and Markov decision processes.

Semantics

We describe the semantics of PHS in terms of an infinite state TMDP. A state of the PHS

is a pair (q, x), where q ∈ Q is a discrete location, and x ∈ X is a continuous state. A timed

probabilistic edge associated with a state (q, x) consists of a time T elapse in which the state

x evolves according to the dynamics to some state x′ and then x′ transitions instantaneously

to other states governed by guards and resets. The timed probabilistic edges correspond

to a continuous evolution using the flow function which remains within the corresponding

invariant, followed by an instantaneous probabilistic transition governed by the guards and

the resets. More precisely, a continuous transition from a state (q, x) to a state (q, x′) is
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possible in time T if there exists a function φ : [0, T ] → X such that φ(0) = x, φ(T ) = x′,

dφ(t)
dt
∈ Flow((q, φ(t))) and φ(t) ∈ Inv(q) for 0 ≤ t ≤ T . A probabilistic transition from a state

(q, x) to a state (q′, x′) with probability p is possible if there exists an edge (q, ρ) ∈ Edges

such that x ∈ Guard((q, ρ)), x′ = Reset(((q, ρ), q′, x)) and ρ(q′) = p.

Definition 7. Given PHS H = (Q,X ,Q0,X0, Inv,Flow, Edges,Guard,Reset), the semantics

of H is defined as TMDP [[H]] = (S,−→[[H]]), where:

• S = Q×X ;

• ((q, x), T, π) ∈−→[[H]] if ∃ (q, ρ) ∈ Edges and ∃ φ : [0, T ]→ X such that

1. φ(0) = x and φ(T ) ∈ Guard((q, ρ));

2. φ(t) ∈ Inv(q) and dφ(t)
dt
∈ Flow((q, φ(t))) for all t ∈ [0, T ];

3. For each (q′, x′) ∈ Q × X , π((q′, x′)) = ρ(q′) if x′ = Reset(((q, ρ), q′, φ(T ))) else

π((q′, x′)) = 0.

The TMDP has an infinite number of states because each state is a pair of discrete location

and a continuous value, where the number of values of the continuous variables is infinite.

Note that although we have an infinite number of states, for every timed probabilistic edge

(q, x)
T−→[[H]] π, π has finite support.

Remark 1. The semantics of PHS in terms of Markov decision process is the same except

the probabilistic edges, where the edges will be in the form of ((q, x), π) instead of ((q, x), T, π)

in Definition 29, that is, time T will also be the existential variable.

Subclasses of probabilistic hybrid systems

We define subclasses of probabilistic hybrid systems. Next, we define the syntax of linear

probabilistic hybrid systems, where the flow function is restricted to linear, and invariant

and guard functions are restricted to polyhedral sets.
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Definition 8 (Linear PHS). A linear probabilistic hybrid system is a PHSH = (Q,X , Inv,Flow,

Edges, Guard,Reset) where:

• Flow(q, x) = {Aqx+Bq} for some square matrix Aq and constant vector Bq;

• Inv : Q→ Poly(n);

• Guard : Edges→ Poly(n);

• Reset : Edges×Q → Poly(2n);

The rest of the tuple entities are the same as defined in Definition 6.

Example 1. Consider the vehicle navigation case-study given in Figure 3.1, which can be

modeled as a linear probabilistic hybrid system shown in Figure 3.2.

Figure 3.2: Linear PHS

It has four continuous state variables, namely position and velocity in horizontal and

vertical direction represented by z = (x, y, vx, vy). Formally, it can be modeled as a linear

PHS H = (Q,X , Inv,Flow, Edges, Guard,Reset), where

• Q = {East,Left Turn,North};
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• X = {(x, y, vx, vy) | − 4 ≤ x ≤ 2, −2 ≤ y ≤ 4, 0 ≤ vx, vy ≤ 2};

• Inv(q) = X for all q ∈ Q;

• The flow function which is given by Flow(East, z) = A(1, 0, 0)z, Flow(Left Turn, z) =

A(1, 1, π/4)z, and Flow(North, z) = A(0, 1, 0)z, where A(c1, c2, ω) is defined in Subsec-

tion 3.3 of Chapter 3;

• Edges = {(East, ρ1), (East, ρ2), (Left Turn, ρ3), (Left Turn, ρ3)}, where:

– ρ1(East) = 1
10

, ρ1(Left Turn) = 9
10

, ρ2(East) = 9
10

, ρ2(Left Turn) = 1
10

;

– ρ3(Left Turn) = 1
10
, ρ3(North) = 9

10
, ρ4(Left Turn) = 9

10
, ρ4(North) = 1

10
.

• Guard(East, ρ1) = {(x, y, vx, vy) | − 1.15 ≤ x ≤ −1, −1 ≤ y ≤ 1, 0 ≤ vx, vy ≤ 2},

Guard(East, ρ2) = {(x, y, vx, vy) | − 1 ≤ x, y ≤ 1, 0 ≤ vx, vy ≤ 2},

Guard(Left Turn, ρ3) = {(x, y, vx, vy) | − 1 ≤ x ≤ 1, 1 ≤ y ≤ 1.15, 0 ≤ vx, vy ≤ 2},

Guard(Left Turn, ρ4) = {(x, y, vx, vy) | − 1 ≤ x ≤ 1, 1 ≤ y ≤ 4, 0 ≤ vx, vy ≤ 2}.

• All resets are identity functions, that is, Reset(ρ, q) = Id for ρ ∈ {ρ1, ρ2}, q ∈

{East,Left Turn}, and Reset(ρ, q) = Id for ρ ∈ {ρ3, ρ4}, q ∈ {North,Left Turn}.

Furthermore, we introduce the syntax of polyhedral probabilistic hybrid systems, where

invariant, flow, guard, and reset functions are restricted to polyhedron.

Definition 9 ((Polyhedral PHS). A polyhedral probabilistic hybrid system is a linear PHS

H = (Q,X , Inv, Flow,Edges,Guard, Reset) where Flow : Q×X → Poly(n) is a flow function

which assigns a polyhedral set to each state (q, x) ∈ Q×X . The rest of the tuple entities are

the same as defined in Definition 8.

Example 2. Consider the vehicle navigation case-study given in Figure 3.1, and its lin-

ear PHS shown in Figure 3.2. We can reduce linear PHS into a polyhedral PHS by over-

approximating the linear dynamics into a polyhedral dynamics. It can be obtained by collecting

all the vector fields from the linear dynamics over the invariant set at respective location.
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The polyhedral PHS corresponding to the linear PHS is shown in Figure 3.3 which can be

Figure 3.3: Polyhedral PHS

formally specified as H = (Q,X , Inv,Flow, Edges, Guard,Reset), where all the components

are the same as given in Example 1 except the flow function. Here, the flow function is given

by Flow(East, z) = PE, Flow(Left Turn, z) = PLT , and Flow(North, z) = PN , where:

• PE = {(ẋ, ẏ, v̇x, v̇y) | 0 ≤ ẋ ≤ 2, ẏ = v̇x = v̇y = 0};

• PLT = {(ẋ, ẏ, v̇x, v̇y) | 0 ≤ ẋ, ẏ ≤ 2, v̇x + 157
200
vy = 0, v̇y − 157

200
vx = 0};

• PN = {(ẋ, ẏ, v̇x, v̇y) | 0 ≤ ẏ ≤ 2, ẋ = v̇x = v̇y = 0}.
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Chapter 4

Probabilistic reachability analysis

In this chapter, we consider probabilistic hybrid systems139 (PHS) to capture discrete, contin-

uous, and probabilistic behaviors. A PHS consists of a finite number of modes and a finite

number of continuous variables. Each mode is associated with continuous dynamics that

specify the evolution of the continuous variables using differential equations or inclusions.

This is similar to that of a hybrid automaton. In addition, a PHS consists of transitions that

are non-deterministic as well as probabilistic. Hence, our underlying model is a Markov De-

cision Process (MDP), which is then extended with continuous dynamics in each mode. We

are interested in analyzing the probability of reaching a target set of states F within a given

amount of time T and a bound on the number of discrete/probabilistic transitions k. Note

that since our model encompasses both non-deterministic as well as probabilistic transitions,

depending on how a scheduler resolves the non-determinism, there are different probabilities

associated with reaching the target set F. Hence, we consider the problem of computing the

maximum and minimum probability of reaching the target set among all schedulers. The

bounded verification problem, in general, captures the behavior of an under-approximation

of the system where the number of transitions and the time of execution is constrained.

However, it provides conservative bounds on the actual probabilities of an actual system.

Also, in many cases, there is a practical upper bound on the total time, and a lower bound
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on the dwell time (how fast the system can switch), which justifies the problem of bounded

verification as a complete method for verification of the full system.

Here, we restrict ourselves to polyhedral dynamics that are an important and widely

prevalent class of dynamics for modeling physical processes. The main challenge towards the

probabilistic analysis of reachability is the computation of maximum and minimum prob-

ability of reachability which involves solving a complex optimization problem. To address

the problem, we consider an encoding into a problem that involves optimization over SMT

formulas with linear constraints, that can be solved efficiently using recent tools such as

Z3opt140 and SYMBA141. More precisely, our broad approach consists of computing exact

bounds on the probability of reachability in the system. Next, we encode the computation

trees of polyhedral PHS using SMT formulae. We use Z3opt and SYMBA solvers to find

the maximum and minimum probabilities of reachability by optimizing the probability over

constraints encoded in SMT. We have implemented our approach in a Python toolbox, and

conducted experimental evaluation on a vehicle navigation case study for the probability of

reaching beyond the lane/road and maintaining a safe distance among the vehicles. The

experimental results demonstrate the feasibility of the proposed approach. The main chal-

lenge towards scaling the approach will be the exponential growth of the variables and the

size of the encoding with the number of discrete transitions. In many cases, certain tim-

ing constraints can enforce a practical bound on the number of transitions. However, this

bound could be large and the SMT solver might fail to return. Our future work will focus

on efficient encodings and heuristics for reducing/pruning the computation tree.

Remark 2. We use the timed Markov Decision Process for the semantics of polyhedral

probabilistic hybrid systems in the rest of this chapter.

4.1 Problem definition

Problem 1. [Probabilistic bounded reachability problem] Given a polyhedral PHS H =
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(Q,X , Inv,Flow, Edges, Guard,Reset), a set of initial states I, a set of final states F, find the

maximum/minimum probability of reaching F from I within a given time horizon T > 0 with

at most k ≥ 0 discrete transitions, that is, ./
s∈I

(
P./(T,≤k,F)([[H]], s)

)
, where ./ ∈ {inf, sup}.

Next, we illustrate the problem through the case-study shown in Figure 3.1 and its

corresponding polyhedral PHS shown in Figure 3.3. Here, we want to compute the maximum

probability of the vehicle starting from I = {East}×{(x, y, vx, vy) | −4 ≤ x ≤ −3.5, −0.2 ≤

y ≤ 0.2, 1 ≤ vx, vy ≤ 2} reaching beyond the lane within T = 5 units of time with

at most k = 2 discrete transitions. Here, F is the space beyond the lane, that is, F =

{East,Left Turn,North} × ({(x, y, vx, vy) | − 4 ≤ x ≤ −1, 1 ≤ y ≤ 4, 0 ≤ vx, vy ≤

2}∪ {(x, y, vx, vy) | − 4 ≤ x ≤ 2, −2 ≤ y ≤ −1, 0 ≤ vx, vy ≤ 2}∪ {(x, y, vx, vy) | − 4 ≤ x ≤

1, −1 ≤ y ≤ 4, 0 ≤ vx, vy ≤ 2}).

4.2 Computing probability of reachability

Our main problem is to compute the probability of reaching a target set F within k discrete

transitions and time T in a polyhedral probabilistic hybrid system. Our broad approach

consists of reducing the problem of computing the minimum and maximum probability of

reachability in a polyhedral PHS into two optimization problems with constraints expressed

using a satisfiability modulo theory formula, which encodes the computation trees of the

polyhedral PHS. From the inductive definition of the probability of reachability, we are

required to unroll the polyhedral PHS for k steps to construct a tree with k levels (height

k). The minimum/maximum probability of reachability at each node is expressed iteratively

as a solution of an optimization problem over constraints which themselves recursively con-

tain other optimization problems. Note that all the entities of a polyhedral PHS such as

invariants, dynamics, guards, and resets, can be expressed as linear constraints. However,

we have non-deterministic probabilistic edges, hence, each recursive call to the optimization

problems is in the form of a linear optimization problem subject to constraints consisting
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of conjunctions and disjunctions of linear constraints. Though theoretically this problem

can be solved by encoding it in first-order logic, we do not know of any tool that efficiently

solves optimization problems of this kind. Our broad idea is to lift the recursive optimiza-

tion problem at each node of the computation tree up to the root level, that is, develop

an encoding that solves a single optimization problem at the root of the computation tree.

Linear optimization problems over conjunctions and disjunctions of linear constraints can be

efficiently solved using the tools Z3opt SMT- solver140 and SYMBA141, which add optimiza-

tion capabilities to SMT solving. Next, we explain the construction of the encoding of the

computation, which will be the important part of the optimization problem we formulate.

Encoding

Figure 4.1: Illustration of computation tree for k = 2

We fix the following ordering on the locations of H, namely, q1, . . . , qn and we assume

that q1 is the initial state we are interested in. Let us fix a polyhedral PHS H. Let n be

the number of locations in H. A computation tree of level k is essentially an n-ary tree of

height k as shown in Figure 4.1. We define the names of the node in the tree as follows. The

name of the root node is 1. Inductively, the names of the i-th child of a node named α are

α.i, where i ranges over 1 to n. Hence, the node 1.2.1 refers to the first child of the second

child of the root node. We annotate the tree with states reached along an unrolling of k
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steps of [[H]]. We annotate the root with an initial state of [[H]]. The children of a node α

are annotated by the states reached by taking a timed probabilistic edge of [[H]]. Note that

in each timed probabilistic edge ((q, x), t, π) of [[H]], π has finite support; more importantly,

for each q′, π(q′, x′) 6= 0 for at most one x′. Hence, we will fix an ordering of the locations

QH and assume that the i-th child is annotated by a state whose location is the i-location

in the ordering, and the i-th continuous state is given by the reset function corresponding

to the edge taken and the i-th location (target). (Recall Reset : Edges × Q × X → X ,

where Q captures the target location.) Next, we describe the SMT formula that encodes the

computation tree.

First, we fix some notations that will be used in the rest of the section. Let Iq(x)

be a predicate corresponding to Inv(q), that is, Iq(x) evaluates to true if and only if x ∈

Inv(q). Similarly, F lowq(x, r),G(q,ρ)(x), and R(q,ρ,q′)(x, x
′) be the predicates that capture

r ∈ Flow(q, x), x ∈ Guard(q, ρ), and x′ = Reset((q, ρ), q′, x′), respectively. Also, let Fq(x) be

a predicate for (q, x) ∈ F. First, we explain how to capture the discrete, continuous and timed

probabilistic edges of [[H]] using first-order formulas with only existential quantification,

conjunctions and disjunctions, that is, as a satisfiability modulo theory (SMT) formula.

Encoding of transition relation

We provide the details of the construction of transition relations in terms of continuous and

discrete transitions given below.

Continuous transitions. We construct a formula Cont q(x, t, x
′) that encodes whether

there exists an execution that starts from the state (q, x) and reaches the state (q, x′) at time

t demonstrate in Figure 4.2.

Figure 4.2: Continuous transition

Cont q(x, t, x
′) = ∃ r,F lowq(x, r) ∧ x′ = x+ rt ∧ Iq(x) ∧ Iq(x′)
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Note that ifH is a polyhedral PHS, then all the constraints in Cont q(x, t, x
′) will be linear

expressions except for the multiplication of rate and time, that is, rt. We can eliminate the

nonlinear expression rt by converting it into an equivalent linear expression. From the

definition of polyhedral PHS, the predicates F lowq(x, r) and Iq(x) can be expressed as the

conjunctions of linear constraints of the form a · r ≤ b, where a is a constant n dimensional

vector and b is a constant number. We introduce a new variable (vector) y = rt (note r is

a vector and t is a scalar), and then replace all linear constraints a · r ≤ b in F lowq(x, r)

by the linear constraints a · y ≤ b.t, and the constraint x′ = x + rt by x′ = x + y. The two

constraints are equivalent, since we will have assumed that the domain of t is the non-negative

real numbers.

Discrete probabilistic transitions. We construct a formula Discq(x,x,p) that en-

codes the distribution over the states reached by taking some probabilistic edge ρ from the

state (q, x) demonstrated in Figure 4.3. If no such edge exists, we allow a dummy transition

with 0 as the probabilities. The (q, ρ)’s range over Edges.

Figure 4.3: Discrete transition

Discq(x,x,p) =
[( ∧

(q,ρ)

¬G(q,ρ)(x)∧
n∧
j=1

pj = 0
)
∨

∨
(q,ρ)

[G(q,ρ)(x)∧
n∧
j=1

(
R(q,ρ,qj)(x, xj) ∧ pj = ρ(qj)

)
]

Transition relation. The formula Transq(x, t, x
′,x,p) encodes a timed probabilistic

edge, that is, a combination of a continuous transition followed by a discrete probabilistic
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transition.

Transq(x, t,x,p) = [∃ x′,Cont q(x, t, x
′) ∧ Discq(x

′,x,p)]

We will use Trans as a primitive to encode computation tree of H. We need variables to

capture different entities at each of the nodes of the computation tree. Hence, we introduce

some notation. Let Ik = {α | α = 1.i1.i2. . . . .im, 0 ≤ m ≤ k, ij ∈ [n] for 1 ≤ j ≤ m} denote

the set of all paths starting from root node in the computation tree. Note that the location

at node α is L(α). Given a variable z, Vkz will denote a set of variables for each node in

the tree corresponding to z, that is, Vkz = {zα | α ∈ Ik}. The free variables of our formula

will include Vkx , Vkt , and Vkp , where xα denotes the continuous state in the computation tree

at α; similarly, tα denotes the time spent at location qL(α), and pα.i denotes the probability

of the transition from (qL(α), xα) to (qi, xα.i) in the computation tree. We will assume that

p1 = Init(q1, x1).

Encoding of execution tree

We need to ensure that the total time spent on the executions is bounded by some value T .

Hence, we track the total time spent along any path from the root in the computation tree

using the variables in VT . Our goal is to optimize the probability of reaching a final state.

Hence, we use the variables in VP to capture the probabilities along the paths of the com-

putation tree, that is, Pα captures the probability associated with execution corresponding

to α. Finally, we need to add the probabilities of all those paths that end in a final state

and don’t reach a final state before that. Hence, we have boolean variable sets VF and VB,

where Fα is a boolean variable that is true when α corresponds to an execution that ends in

a final state without having visited a final state before, and Bα is a boolean variable that is

true if a final state has been visited along α.

Next, we construct a formula Exec≤k,T,F that captures the sum of the probabilities of the

executions of computation tree with level k that reaches the target set F (for the first time)

within time T .
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Validation of tree edges. The formula Tree validates all the edges in the computation

tree for given values of Vx,Vt,Vp. It also checks that the initial state and probability (at the

root) are valid. Here Iq(x, p) is a predicate such that Init(q, x) = p. We use zᾱ to denote

(zα.1, . . . , zα.n).

Tree(Vx,Vt,Vp) = Iq1(x1, p1) ∧
∧

α∈Ik−1

[TransqL(α)(xα, tα, xα, , pα)]

Timing constraints. The formula TimeT checks the relation between global times

in VT and local times in Vt, and ensures that the total times are less than T along any

executions. The local and global time variables for a probabilistic edge are demonstrated in

Figure 4.4.

Figure 4.4: Time variables

TimeT (VT ,Vt) = [(T1 = 0) ∧
∧

α∈Ik−1

( n∧
j=1

Tα.j = Tα + tα
)
∧
∧
α∈Ik

(0 ≤ Tα ≤ T )]

Probability checking. The formula Prob checks the relation between the total probabil-

ity along a path captured using VP and the local probabilities along the individual transitions

captured using Vp. The local and global probability variables for a probabilistic edge are

demonstrated in Figure 4.5.

Figure 4.5: Probability variables
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Prob(VP ,Vp) = [P1 = p1 ∧
∧

α∈Ik−1

( n∧
j=1

Pα.j = Pα ∗ pα.j
)
]

Checking if final state has been reached. The formula Before captures using VB
whether a state from the target set has been seen at any previous node in the path from

root node to that node in the execution of computation tree using the values in Vx.

Before(VB,Vx) = [(B1 = Fq1(x1)) ∧
∧

α∈Ik−1

( n∧
j=1

Bα.j = (Bα ∨ FqL(α.j)(xα.j))
)
]

Final target state checking. The formula Final captures using VF whether a target

set is visited for the first time at a node in a path from the root node to that node in the

execution of the computation tree using the values in VB.

Final(VF ,VB) = [(F1 = B1) ∧
∧

α∈Ik−1

( n∧
j=1

(
Fα.j = (¬Bα ∧Bα.j)

))
]

Sum of probabilities. The formula Sum checks whether given VP ,VF and ps, if ps is the

sum of all the probabilities associated with nodes in the computation tree which correspond

to executions that reach the final state only in the last state.

Sum(VP ,VF , ps) = [ps = (
∑
α∈Ik

FαPα)]

Finally, we can put all the formulas defined above to construct the formula Exec≤k,T,F(Vx,

Vt,Vp,VT ,VP ,VB,VF , ps) that captures the values of the variable Vx, Vt, Vp, VT , VP , VB and

VF for a computation tree, along with the total probability of reaching the target set F for

this computation tree in ps.

Exec≤k,T,F(Vx,Vt,Vp,VT ,VP ,VB,VF , ps) = Tree(Vx,Vt,Vp) ∧ Time(VT ,Vt)∧

Prob(VP ,Vp) ∧ Before(VB,Vx) ∧ Final(VF ,VB) ∧ Sum(VP ,VF , ps)
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Note that the formula Exec≤k,T,F does not check for the minimum/maximum probabilistic

reachability. Therefore, we need to solve an optimization problem with ps as the objective

function over Exec≤k,T,F as the constraints. Note that the formula Exec≤k,T,F has conjunc-

tions and disjunctions of linear expressions which can be solved by existing SMT optimization

tools Z3opt SMT-solver140 and SYMBA141.

4.3 Experimental analysis

In this section, we present an implementation details of the SMT based approach for comput-

ing the bound on the minimum/maximum probability of reachability for a polyhedral prob-

abilistic hybrid system. Our implementation has probabilistic reachability analysis module

that takes as input a polyhedral PHS, number of discrete transitions k, total time T , an

initial set I, and a target set F, and outputs an SMT formula that captures all the compu-

tation trees corresponding to the polyhedral PHS. The latter module calls either Z3opt to

solve the optimization problems over the SMT formula that returns the minimum/maximum

probability of reachability. Next, we explain a systematic way of constructing polyhedral

PHS of different number of modes and dimensions associated with vehicle navigation. All

the computation times are measured in seconds. The evaluation of the experiment has been

conducted on Ubuntu 18.04 OS, 2.5 GHz Quad-Core Processor, 8GB RAM.

Polyhedral PHS for vehicle navigation

We consider a 2D field, where different number of horizontal and vertical roads intersect

with each other. For example, two horizontal and vertical roads on a 2D field is shown in

Figure 4.6. Here, dark grey regions are part of the road, and light grey regions are the blocks

beyond the road. To construct a polyhedral PHS, we randomly generate a simple route,

where the same cell does not appear again, as shown by black solid line in Figure 4.6, and

consider uncertainties at each turn involved in the route. For example, when the vehicle is
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Figure 4.6: Vehicle navigation

in the region G1, the vehicle could either take left/right turn. Here, we assign probability

value 0.95 to the desired direction and probability value 0.05 to the undesired direction as

shown in Figure 4.6. Finally, we generate a polyhedral PHS corresponding to the route as

shown in Figure 4.7. In Figure 4.7, we create a location for each cell involved in the route.

Then, for each location, we assign appropriate dynamics based on the route. For example,

in the location L1, the vehicle moves in upward direction. Hence, we assign the dynamics

of vertical motion, that is, ż = A(0, 1, 0)z. Here, the motion in anticlockwise and clockwise

direction are annotated by AW and CW respectively.

We first evaluate our method for the case study demonstrated in Section 3.3 of Chapter 3.

Let U be the region beyond the lane. Here, we want to compute the probability of the vehicle

reaching U and ¬U in the North direction starting from I = [−4,−3.9]× [−0.1, 0.1] towards

the East direction, respectively. Further, for measuring the scalability of our method, we

consider a set of examples. We generate different polyhedral PHS of different number of
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locations and probabilistic edges. We consider a scenario consisting of 20 horizontal and 20

vertical roads intersection with each other in a 2D plane. Then, we randomly generate a

simple route of different length and its corresponding polyhedral probabilistic hybrid system

as described in the previous paragraph. Here, we want to compute the probability of the

vehicle reaching the end cell(F) from the initial cell.

Figure 4.7: Polyhedral PHS for the Navigation shown in Figure 4.6

Experimental results

The experimental results are summarized in Tables 4.1, 4.2, and 4.3. In the tables, Prob

denotes the maximum probability of reachability; K and T denote the number of discrete

transitions and time horizon, respectively. Etime and Ctimedenote the time taken for encoding

the bounded probabilistic behaviors, time for computing the maximum/minimum probability

by the tool Z3opt, respectively. In Table 4.3, Nodes and Edges denote the number of locations

and probabilistic edges, respectively.
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Row K Prob(U) Prob(¬U) Etime(sec.) Ctime (sec.)
1 2 0 0.81 0.063 0.049
2 4 0 0.9963 0.107 0.082
3 6 0 0.999945 0.189 0.195
4 8 0 0.99999927 0.190 0.580

Table 4.1: Probabilistic reachability of the case-study for T = 5

Next, in Tables 4.1 and 4.2, we report the results of analyzing the case study for different

number of discrete transitions K and time horizon T , respectively. In Table 4.1, we have

fixed the value of T , and varied the number of discrete transitions K. We observe that

the probability of the vehicle reaching beyond the lane in the North direction is zero for all

values of discrete transitions. However, the probability of the vehicle being in the lane in

the North direction increases as we increase the value of K. This is expected because the

number of paths reaching ¬U in the North direction increases when the value of K increases;

thus increasing the probability. In adition, both the encoding and computation time grow

linearly as we increase the number of discrete transitions as it can be seen in the Table 4.1.

Row T Prob(U) Prob(¬U) Etime(sec.) Ctime (sec.)
1 2 0 0 0.118 0.080
2 3 0 0 0.78 0.075
3 4 0 0.9963 0.105 0.095
4 5 0 0.9963 0.117 0.070

Table 4.2: Probabilistic reachability of the case-study for K = 4

In Table 4.2, we have fixed the number of discrete transitions K, and varied time horizon

T . We observe that the probability of the vehicle reaching beyond and on the lane in the

North direction is zero for T = 2, 3. This is because 3 units of time are not sufficient for the

vehicle to move from East direction to North direction. For T = 4, 5, the probability of U

in the North direction is zero; however, probability of ¬U in the North direction is 0.9963

because all paths up to length 4 may have been explored for T = 4. In addition, both the

encoding and computation time remain constant because size of the encoding does not grow
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when we increase the time horizon T .

Row Length Nodes Edges (K,T ) Prob(F) Etime(sec.) Ctime (sec.)
1 5 7 4 (5,5) 0.9025 0.11 0.062
2 10 12 9 (10,10) 0.8145 0.19 0.057
3 15 17 14 (15,15) 0.73556 0.27 0.06
4 20 22 19 (20,20) 0.63024 0.35 0.105

Table 4.3: Probability of reaching F

In Table 4.3, we report the results of analyzing polyhedral PHS of different number of

locations and edges generated from different lengths of route. Here, we choose number of

transitions K and time horizon T to be the same as the length of the respective route. In

Table 4.3, we observe that the probability of reaching end cell (F) of the respective route

decreases, when we increase the length of the route. This is because there is only one path

reaching the location corresponding to the end cell F as can be seen in Figure 4.7. Hence,

the probability of a shorter path is high, and the probability of a longer path is less.

Remark 3. Methods similar to Bounded model checking require solvers to solve the encoding

capturing all potential bounded executions. For solvers like Z3, scalable is limited due to

the computational complexity which increases with the number of quantified variables. An

alternative approach to deal with bounded probabilistic reachability analysis is sampling based

approach, such as statistical model checking (SMC)142. Different methods, such as frequetist

sequential probability ratio test (SPRT)72, Bayesian SMC74 have been explored. However,

there is trade-off between accuracy and computational effort. While SMC based approaches

provide approximate results, it is beneficial for bounded reachability analysis of probabilistic

hybrid systems with complex dynamics. Note that such an approach can not be directly

employed for unbounded probabilistic reachability analysis because paths of infinite length

need to be sampled.
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Chapter 5

Safety analysis of polyhedral

probabilistic hybrid systems

In this chapter, we consider safety verification problems of polyhedral probabilistic hybrid

systems. We present a counterexample guided abstraction refinement (CEGAR) based algo-

rithm. The broad approach consists of starting with abstraction and iteratively refining the

abstraction based on a counterexample in the the abstract system that points to a potential

violation of the property. To the best of our knowledge, this is the first CEGAR algorithm

for probabilistic hybrid systems.

Developing a CEGAR algorithm for PHSs is challenging because it needs to address

the branching behavior due to probabilities and the infinite state space due to continuous

variables simultaneously. We view a given concrete PHSH as an infinite state MDP and start

by constructing an abstract finite state MDP Ĥ that simulates H. We use the model-checker

PRISM to obtain a counterexample of the abstract MDP, which is a DTMC in the form of a

layered directed acyclic graph (LDAG), that is obtained by a finite unrolling of the DTMC

returned by PRISM. Unlike DTMC, the LDAG has bounded paths and is more succinct than

a tree unrolling. While the validation problem is a bounded model-checking problem, an SMT

based approach for validation typically requires an exponential number of variables in the
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length of the counterexample143. We present an efficient validation procedure that performs

a bottom-up backward reachability analysis and either finds a concrete counterexample or

points to a node in the LDAG that needs to be refined. The refinement procedure is more

involved as compared to the non-probabilistic setting due to the absence of clear disjoint

sets that can be separated in the refinement step. Let us say that the validation fails at

the layer k from the top at a node v, which corresponds to a set of concrete states Sv. Let

R1, R2, · · · , Rn be the nodes reached using the backward reachable set computation at layer

k + 1. We know that the set of predecessors of the states R1, R2, · · · , Rn which are in Sv

is empty (because the validation failed). This implies that the successors of the states Sv

which correspond to a set of n tuples, say Pv, is disjoint from R1×R2× · · · ×Rn. However,

this does not immediately imply that the projection of Pv to the i-th component, namely, P i
v

is disjoint from Ri. Refinement in the purely hybrid setting is based on finding two disjoint

sets, and splitting the corresponding node in the abstract system to separate a post set and

a reach set. We observe that in general, we do not find two disjoint sets P i
v and Ri for

every i, nevertheless, we can split in a manner that ensures progress, that is, guarantees the

elimination of the abstract counterexample in a finite number of refinements.

We implemented our algorithm in a Python toolbox called Procegar, and we compared

our method with the tool ProHVer131. Our method concludes safety in many more instances

than ProHVer. The method can return concrete counterexamples and it scales to higher

dimensions than ProHVer.

Remark 4. We use the Markov decision process for the semantics of polyhedral probabilistic

hybrid systems in the rest of this chapter.
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5.1 Preliminaries

Notations and Definitions

Definition 10 (Layered Directed Acyclic Graph (LDAG)). An LDAG D = (S ′,−→′) is a

special case of DTMC where S ′ ⊆ S × N for some set S such that

? There is a unique state s ∈ S such that (s, 0) ∈ S ′;

? If ((s, i), ρ) ∈−→′, then for all t ∈ S, ρ(t, j) = 0 for j 6= i+ 1;

? If (s, i) ∈ S ′, then there exists (s′, i − 1) −→′ ρ for some (s′, i − 1) ∈ S ′ such that

ρ(s, i) 6= 0.

The LDAG begins with a unique root state at layer 0. All state transitions with positive

probability correspond to jumps to states in the next layer. The last condition ensures

that each state in the LDAG can be reached from the root. The depth d of a finite LDAG

D = (S ′,−→′) is the maximum length of any path in D, that is, d = max{i | (s, i) ∈ S ′}.

Next, we define a sub-LDAG as a substructure of an LDAG rooted at a certain state/node.

Definition 11 (Sub-LDAG). Given an LDAG D = (S,−→), a sub-LDAG D′ = (S ′,−→′)

rooted at (s, j) ∈ S is defined as

? S ′ = {(s′, i− j) | (s′, i) is reachable from (s, j) in D};

? −→′= {((s′, i), ρ′) | (s′, i) ∈ S ′,∃((s′, i + j), ρ) ∈−→, ∀ (s′′, i + 1) ∈ S ′, ρ′((s′′, i + 1)) =

ρ(s′′, i+ j + 1)}

We consider executions of M as LDAGs that arise due to unrolling of M.

Definition 12. Given an MDP (S,−→), Exec(M) is the set of all LDAGs D = (S ′,−→′)

where S ′ ⊆ S × N; and for every ((s, i), ρ′) ∈−→′, then there is ρ such that (s, ρ) ∈−→ and

for every (t, i+ 1) ∈ S ′, ρ′(t, i+ 1) = ρ(t).
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Probabilistic simulation

Probabilistic simulation captures a relation between states of two MDPs wherein if two states

are related then any probabilistic transition from the simulated state can be mimicked by

the simulating state. In this section, we consider a restricted version of the probabilistic

simulation relation between two probabilistic systems as defined in144, which is sufficient to

capture the relation between the concrete system and its abstraction defined in this paper.

In particular, we enforce a bijection between the probability distribution associated with the

two states. We consider this restricted version because it simplifies our technical discussion

and suffices for our purposes.

Definition 13. Let M1 = (S1,−→1) and M2 = (S2,−→2) be two MDPs. An onto function

α : S1 → S2 is a probabilistic simulation from S1 to S2 if for all s1 ∈ S1, s2 ∈ S2 such that

α(s1) = s2 and s1 −→ π, ∃ ρ ∈ Dist(S2) such that s2 −→ ρ, and

? π(s) = ρ(α(s)), for all s ∈ support(π);

? For s, s′ ∈ support(π) if s 6= s′, then α(s) 6= α(s′).

We say that α is a probabilistic simulation fromM1 toM2, denoted byM1 ≤αM2. In

addition, given F ⊆ S1, we say that α respects F if for s ∈ F and t ∈ S1 \F , α(s) 6= α(t).

Next, the following theorem states the fact that if two MDPsM1 andM2 are related by

a probabilistic simulation α, that is, M1 ≤αM2, then MDP M2 is an over-approximation

of M1, that is, M2 has a larger number of executions than M1; thus the minimum and

maximum probability of reaching a set of states in M1 is lower bounded by the minimum

and upper bounded by the maximum probability of reaching the related set of states inM2.

The following theorem is similar to the theorem given in the paper96.

Theorem 1. LetM1 = (S1,−→1) andM2 = (S2,−→2) be two MDPs and F1 ⊆ S1. If α is

a probabilistic simulation from M1 to M2 which respects F1 then for any s1 ∈ S1, we have

(a) Psup(M1, s1,F1) ≤ Psup(M2, α(s1), α(F1));
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(b) Probinf(M2, α(s1), α(F1)) ≤ Probinf(M1, s1,F1).

Next, we define a function αN that extends probabilistic simulation relation between

states of MDPs to states of corresponding executions.

Definition 14. Given a probabilistic simulation α : S1 → S2 between two MDPs M1 =

(S1,−→1) andM2 = (S2,−→2), we define αN : S1×N→ S2×N such that αN(s, i) = (α(s), i)

for each s ∈ S1, i ∈ N.

Furthermore, we define the set of all executions D1 of an MDP M1 which simulate an

execution D2 of an MDP M2 with respect to the probabilistic simulation α between M1

and M2.

Definition 15. Given a probabilistic simulation α : S1 → S2 between two MDPs M1 =

(S1,−→1) and M2 = (S2,−→2), an LDAG D2 ∈ Exec(M2), we define α−1(D2) as follow:

α−1(D2) = {D1 ∈ Exec(M1) | D2 ≤γ D1 for some γ ∈ =(αN)}.

Additionally, we define an abstraction of an MDP M = (S,−→) denoted α(M) with

respect to an abstraction function α : S → S ′ for some S ′. The abstraction function is

formally defined as follows.

Definition 16. Given an MDPM = (S,−→), an abstraction function α : S → S ′ for some

set S ′ is a function such that for any (s, ρ) ∈−→, if s1, s2 ∈ support(ρ), then α(s1) 6= α(s2),

where s1 6= s2.

The above definition appears to be a restricted notion of abstraction on the MDPs,

however, the particular abstractions we consider on probabilistic hybrid systems in the sequel

will correspond to abstraction functions of this kind on the underlying MDPs. Furthermore,

the formal definition of α(M) is given as below.

Definition 17. Given an MDP M = (S,−→) and an abstraction function α : S → S ′,

α(M) = (S ′,−→′), where −→′= {(s′, ρ′) | ∃(s, ρ) ∈−→, α(s) = s′,∀t, ρ(t) = ρ′(α(t))}.
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The theorem below states that α(M) is an over-approximation of M.

Theorem 2. Given an MDP M = (S,−→), an abstraction function α : S → S ′ for some

set S ′, we have M≤α α(M).

5.2 Problem definition

Problem 2 (The Maximum Probabilistic Safety Problem). Given a polyhedral PHS H, an

initial location q0, a set of final locations F and probability bound θ ∈ [0, 1], check whether

the maximum probability of reaching F × X from {q0} × Inv(q0) is less than or equal to θ,

that is, max
s ∈ {q0}×Inv(q0)

Psup([[H]], s,F×X ) ≤ θ.

Similarly, the minimum probabilistic reachability problem can be defined. Here, we focus

on the maximum probabilistic safety problem. However, our results extend in a straightfor-

ward manner to verify lower bound on the minimum probability of reachability.

5.3 Running example

We consider a one dimensional example shown in Figure 5.1 as a running example throughout

this chapter to illustrate each step of our CEGAR algorithm.
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1  ẋ  2
<latexit sha1_base64="IhrJM9Akvj9Qxw+5SDrAytxSRJU=">AAAB/XicbVDLSgMxFL1TX7W+RsWVm2ARXJWZIqi4KbhxWcHaQjuUTHqnDc08TDJiGQr+ihsXKm79D3f+jWk7C209EDg5596bm+MngivtON9WYWl5ZXWtuF7a2Nza3rF39+5UnEqGDRaLWLZ8qlDwCBuaa4GtRCINfYFNf3g18ZsPKBWPo1s9StALaT/iAWdUG6lrH7ikI/CedHqxzh7Hs0u1a5edijMFWSRuTsqQo961v8wAloYYaSaoUm3XSbSXUak5EzgudVKFCWVD2se2oRENUXnZdP0xOTZKjwSxNCfSZKr+7shoqNQo9E1lSPVAzXsT8T+vnerg3Mt4lKQaIzZ7KEgF0TGZZEF6XCLTYmQIZZKbXQkbUEmZNomVTAju/JcXSaNauag4N6fl2mWeRhEO4QhOwIUzqME11KEBDDJ4hld4s56sF+vd+piVFqy8Zx/+wPr8ASDVlHs=</latexit><latexit sha1_base64="IhrJM9Akvj9Qxw+5SDrAytxSRJU=">AAAB/XicbVDLSgMxFL1TX7W+RsWVm2ARXJWZIqi4KbhxWcHaQjuUTHqnDc08TDJiGQr+ihsXKm79D3f+jWk7C209EDg5596bm+MngivtON9WYWl5ZXWtuF7a2Nza3rF39+5UnEqGDRaLWLZ8qlDwCBuaa4GtRCINfYFNf3g18ZsPKBWPo1s9StALaT/iAWdUG6lrH7ikI/CedHqxzh7Hs0u1a5edijMFWSRuTsqQo961v8wAloYYaSaoUm3XSbSXUak5EzgudVKFCWVD2se2oRENUXnZdP0xOTZKjwSxNCfSZKr+7shoqNQo9E1lSPVAzXsT8T+vnerg3Mt4lKQaIzZ7KEgF0TGZZEF6XCLTYmQIZZKbXQkbUEmZNomVTAju/JcXSaNauag4N6fl2mWeRhEO4QhOwIUzqME11KEBDDJ4hld4s56sF+vd+piVFqy8Zx/+wPr8ASDVlHs=</latexit><latexit sha1_base64="IhrJM9Akvj9Qxw+5SDrAytxSRJU=">AAAB/XicbVDLSgMxFL1TX7W+RsWVm2ARXJWZIqi4KbhxWcHaQjuUTHqnDc08TDJiGQr+ihsXKm79D3f+jWk7C209EDg5596bm+MngivtON9WYWl5ZXWtuF7a2Nza3rF39+5UnEqGDRaLWLZ8qlDwCBuaa4GtRCINfYFNf3g18ZsPKBWPo1s9StALaT/iAWdUG6lrH7ikI/CedHqxzh7Hs0u1a5edijMFWSRuTsqQo961v8wAloYYaSaoUm3XSbSXUak5EzgudVKFCWVD2se2oRENUXnZdP0xOTZKjwSxNCfSZKr+7shoqNQo9E1lSPVAzXsT8T+vnerg3Mt4lKQaIzZ7KEgF0TGZZEF6XCLTYmQIZZKbXQkbUEmZNomVTAju/JcXSaNauag4N6fl2mWeRhEO4QhOwIUzqME11KEBDDJ4hld4s56sF+vd+piVFqy8Zx/+wPr8ASDVlHs=</latexit>

x 2 [0, 4]
<latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit>

�2  ẋ  �1
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x 2 [0, 4]
<latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit>

0  ẋ  1
<latexit sha1_base64="9SkkJIFTZsvGasOj3OflqHmrTPc=">AAAB/XicbVDLSgMxFL3js9bXqLhyEyyCqzIjgoqbghuXFRxbaIeSSe+0oZmHSUYsQ8FfceNCxa3/4c6/MW1noa0HAifn3Htzc4JUcKUd59taWFxaXlktrZXXNza3tu2d3TuVZJKhxxKRyGZAFQoeo6e5FthMJdIoENgIBldjv/GAUvEkvtXDFP2I9mIecka1kTr2vkPaAu9Ju5vo/HE0vbgdu+JUnQnIPHELUoEC9Y79ZQawLMJYM0GVarlOqv2cSs2ZwFG5nSlMKRvQHrYMjWmEys8n64/IkVG6JEykObEmE/V3R04jpYZRYCojqvtq1huL/3mtTIfnfs7jNNMYs+lDYSaITsg4C9LlEpkWQ0Mok9zsSlifSsq0SaxsQnBnvzxPvJPqRdW5Oa3ULos0SnAAh3AMLpxBDa6hDh4wyOEZXuHNerJerHfrY1q6YBU9e/AH1ucPHbuUeQ==</latexit><latexit sha1_base64="9SkkJIFTZsvGasOj3OflqHmrTPc=">AAAB/XicbVDLSgMxFL3js9bXqLhyEyyCqzIjgoqbghuXFRxbaIeSSe+0oZmHSUYsQ8FfceNCxa3/4c6/MW1noa0HAifn3Htzc4JUcKUd59taWFxaXlktrZXXNza3tu2d3TuVZJKhxxKRyGZAFQoeo6e5FthMJdIoENgIBldjv/GAUvEkvtXDFP2I9mIecka1kTr2vkPaAu9Ju5vo/HE0vbgdu+JUnQnIPHELUoEC9Y79ZQawLMJYM0GVarlOqv2cSs2ZwFG5nSlMKRvQHrYMjWmEys8n64/IkVG6JEykObEmE/V3R04jpYZRYCojqvtq1huL/3mtTIfnfs7jNNMYs+lDYSaITsg4C9LlEpkWQ0Mok9zsSlifSsq0SaxsQnBnvzxPvJPqRdW5Oa3ULos0SnAAh3AMLpxBDa6hDh4wyOEZXuHNerJerHfrY1q6YBU9e/AH1ucPHbuUeQ==</latexit><latexit sha1_base64="9SkkJIFTZsvGasOj3OflqHmrTPc=">AAAB/XicbVDLSgMxFL3js9bXqLhyEyyCqzIjgoqbghuXFRxbaIeSSe+0oZmHSUYsQ8FfceNCxa3/4c6/MW1noa0HAifn3Htzc4JUcKUd59taWFxaXlktrZXXNza3tu2d3TuVZJKhxxKRyGZAFQoeo6e5FthMJdIoENgIBldjv/GAUvEkvtXDFP2I9mIecka1kTr2vkPaAu9Ju5vo/HE0vbgdu+JUnQnIPHELUoEC9Y79ZQawLMJYM0GVarlOqv2cSs2ZwFG5nSlMKRvQHrYMjWmEys8n64/IkVG6JEykObEmE/V3R04jpYZRYCojqvtq1huL/3mtTIfnfs7jNNMYs+lDYSaITsg4C9LlEpkWQ0Mok9zsSlifSsq0SaxsQnBnvzxPvJPqRdW5Oa3ULos0SnAAh3AMLpxBDa6hDh4wyOEZXuHNerJerHfrY1q6YBU9e/AH1ucPHbuUeQ==</latexit>

�1  ẋ  0
<latexit sha1_base64="LyTOTe68hJpPwgOGqvoT6me/l5Y=">AAAB/nicbVDLSgMxFL3js9bXqODGTbAIbiwzIqi4KbhxWcHaQjuUTHqnDc08TDJiGbvwV9y4UHHrd7jzb0zbWWjrgcDJOffe3Bw/EVxpx/m25uYXFpeWCyvF1bX1jU17a/tWxalkWGOxiGXDpwoFj7CmuRbYSCTS0BdY9/uXI79+j1LxOLrRgwS9kHYjHnBGtZHa9u6RS1oC70irE+vsYTi5OG275JSdMcgscXNSghzVtv1lBrA0xEgzQZVquk6ivYxKzZnAYbGVKkwo69MuNg2NaIjKy8b7D8mBUTokiKU5kSZj9XdHRkOlBqFvKkOqe2raG4n/ec1UB2dexqMk1RixyUNBKoiOySgM0uESmRYDQyiT3OxKWI9KyrSJrGhCcKe/PEtqx+XzsnN9Uqpc5GkUYA/24RBcOIUKXEEVasDgEZ7hFd6sJ+vFerc+JqVzVt6zA39gff4AirGUsA==</latexit><latexit sha1_base64="LyTOTe68hJpPwgOGqvoT6me/l5Y=">AAAB/nicbVDLSgMxFL3js9bXqODGTbAIbiwzIqi4KbhxWcHaQjuUTHqnDc08TDJiGbvwV9y4UHHrd7jzb0zbWWjrgcDJOffe3Bw/EVxpx/m25uYXFpeWCyvF1bX1jU17a/tWxalkWGOxiGXDpwoFj7CmuRbYSCTS0BdY9/uXI79+j1LxOLrRgwS9kHYjHnBGtZHa9u6RS1oC70irE+vsYTi5OG275JSdMcgscXNSghzVtv1lBrA0xEgzQZVquk6ivYxKzZnAYbGVKkwo69MuNg2NaIjKy8b7D8mBUTokiKU5kSZj9XdHRkOlBqFvKkOqe2raG4n/ec1UB2dexqMk1RixyUNBKoiOySgM0uESmRYDQyiT3OxKWI9KyrSJrGhCcKe/PEtqx+XzsnN9Uqpc5GkUYA/24RBcOIUKXEEVasDgEZ7hFd6sJ+vFerc+JqVzVt6zA39gff4AirGUsA==</latexit><latexit sha1_base64="LyTOTe68hJpPwgOGqvoT6me/l5Y=">AAAB/nicbVDLSgMxFL3js9bXqODGTbAIbiwzIqi4KbhxWcHaQjuUTHqnDc08TDJiGbvwV9y4UHHrd7jzb0zbWWjrgcDJOffe3Bw/EVxpx/m25uYXFpeWCyvF1bX1jU17a/tWxalkWGOxiGXDpwoFj7CmuRbYSCTS0BdY9/uXI79+j1LxOLrRgwS9kHYjHnBGtZHa9u6RS1oC70irE+vsYTi5OG275JSdMcgscXNSghzVtv1lBrA0xEgzQZVquk6ivYxKzZnAYbGVKkwo69MuNg2NaIjKy8b7D8mBUTokiKU5kSZj9XdHRkOlBqFvKkOqe2raG4n/ec1UB2dexqMk1RixyUNBKoiOySgM0uESmRYDQyiT3OxKWI9KyrSJrGhCcKe/PEtqx+XzsnN9Uqpc5GkUYA/24RBcOIUKXEEVasDgEZ7hFd6sJ+vFerc+JqVzVt6zA39gff4AirGUsA==</latexit>

x 2 [0, 4]
<latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit><latexit sha1_base64="DaoYwllC4mcvnF6q3oxs7BawsZE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBg5RECipeCl48VjC2kIay2W7apZvdsLsRS+jP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvCjlTBvX/XZKK6tr6xvlzcrW9s7uXnX/4EHLTBHqE8ml6kRYU84E9Q0znHZSRXEScdqORjdTv/1IlWZS3JtxSsMEDwSLGcHGSsET6jKBAvesEfaqNbfuzoCWiVeQGhRo9apf3b4kWUKFIRxrHXhuasIcK8MIp5NKN9M0xWSEBzSwVOCE6jCfnTxBJ1bpo1gqW8Kgmfp7IseJ1uMksp0JNkO96E3F/7wgM/FlmDORZoYKMl8UZxwZiab/oz5TlBg+tgQTxeytiAyxwsTYlCo2BG/x5WXin9ev6u5do9a8LtIowxEcwyl4cAFNuIUW+EBAwjO8wptjnBfn3fmYt5acYuYQ/sD5/AH1sY/n</latexit>
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q1
<latexit sha1_base64="lk19PTp3QQ0uQX7SzFdKL3wJVdo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjxWNLbQhrLZbtqlm03cnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyH1xO/+cS1EYm6x1HKg5j2lYgEo2ilu8eu161U3Zo7BVkkXkGqUKDRrXx1egnLYq6QSWpM23NTDHKqUTDJx+VOZnhK2ZD2edtSRWNugnx66pgcW6VHokTbUkim6u+JnMbGjOLQdsYUB2bem4j/ee0Mo4sgFyrNkCs2WxRlkmBCJn+TntCcoRxZQpkW9lbCBlRThjadsg3Bm395kfintcuae3tWrV8VaZTgEI7gBDw4hzrcQAN8YNCHZ3iFN0c6L8678zFrXXKKmQP4A+fzB2xljWU=</latexit><latexit sha1_base64="lk19PTp3QQ0uQX7SzFdKL3wJVdo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjxWNLbQhrLZbtqlm03cnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyH1xO/+cS1EYm6x1HKg5j2lYgEo2ilu8eu161U3Zo7BVkkXkGqUKDRrXx1egnLYq6QSWpM23NTDHKqUTDJx+VOZnhK2ZD2edtSRWNugnx66pgcW6VHokTbUkim6u+JnMbGjOLQdsYUB2bem4j/ee0Mo4sgFyrNkCs2WxRlkmBCJn+TntCcoRxZQpkW9lbCBlRThjadsg3Bm395kfintcuae3tWrV8VaZTgEI7gBDw4hzrcQAN8YNCHZ3iFN0c6L8678zFrXXKKmQP4A+fzB2xljWU=</latexit><latexit sha1_base64="lk19PTp3QQ0uQX7SzFdKL3wJVdo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjxWNLbQhrLZbtqlm03cnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/naXlldW19dJGeXNre2e3srf/YJJMM+6zRCa6FVLDpVDcR4GSt1LNaRxK3gyH1xO/+cS1EYm6x1HKg5j2lYgEo2ilu8eu161U3Zo7BVkkXkGqUKDRrXx1egnLYq6QSWpM23NTDHKqUTDJx+VOZnhK2ZD2edtSRWNugnx66pgcW6VHokTbUkim6u+JnMbGjOLQdsYUB2bem4j/ee0Mo4sgFyrNkCs2WxRlkmBCJn+TntCcoRxZQpkW9lbCBlRThjadsg3Bm395kfintcuae3tWrV8VaZTgEI7gBDw4hzrcQAN8YNCHZ3iFN0c6L8678zFrXXKKmQP4A+fzB2xljWU=</latexit>

q2
<latexit sha1_base64="ZyGYXAtrDfoLNxMSp2EN5xvg/v0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8evWy6t6eVRpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFt6I1m</latexit><latexit sha1_base64="ZyGYXAtrDfoLNxMSp2EN5xvg/v0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8evWy6t6eVRpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFt6I1m</latexit><latexit sha1_base64="ZyGYXAtrDfoLNxMSp2EN5xvg/v0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mLoOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8evWy6t6eVRpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFt6I1m</latexit>

q3
<latexit sha1_base64="eWwAHE48j7ZPNuj2mGmtMNywuXw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVUPFS8OKxorGFNpTNdtMu3Wzi7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eg4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMYXk/85hPXRsTqHkcJ9yPaVyIUjKKV7h67p91yxa26U5BFUstJBXI0uuWvTi9macQVMkmNadfcBP2MahRM8nGpkxqeUDakfd62VNGIGz+bnjomR1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif147xfDCz4RKUuSKzRaFqSQYk8nfpCc0ZyhHllCmhb2VsAHVlKFNp2RDqM2/vEi8k+pl1b09q9Sv8jSKcACHcAw1OIc63EADPGDQh2d4hTdHOi/Ou/Mxay04+cw+/IHz+QNva41n</latexit><latexit sha1_base64="eWwAHE48j7ZPNuj2mGmtMNywuXw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVUPFS8OKxorGFNpTNdtMu3Wzi7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eg4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMYXk/85hPXRsTqHkcJ9yPaVyIUjKKV7h67p91yxa26U5BFUstJBXI0uuWvTi9macQVMkmNadfcBP2MahRM8nGpkxqeUDakfd62VNGIGz+bnjomR1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif147xfDCz4RKUuSKzRaFqSQYk8nfpCc0ZyhHllCmhb2VsAHVlKFNp2RDqM2/vEi8k+pl1b09q9Sv8jSKcACHcAw1OIc63EADPGDQh2d4hTdHOi/Ou/Mxay04+cw+/IHz+QNva41n</latexit><latexit sha1_base64="eWwAHE48j7ZPNuj2mGmtMNywuXw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lVUPFS8OKxorGFNpTNdtMu3Wzi7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RSWlldW14rrpY3Nre2d8u7eg4lTzbjHYhnrVkANl0JxDwVK3ko0p1EgeTMYXk/85hPXRsTqHkcJ9yPaVyIUjKKV7h67p91yxa26U5BFUstJBXI0uuWvTi9macQVMkmNadfcBP2MahRM8nGpkxqeUDakfd62VNGIGz+bnjomR1bpkTDWthSSqfp7IqORMaMosJ0RxYGZ9ybif147xfDCz4RKUuSKzRaFqSQYk8nfpCc0ZyhHllCmhb2VsAHVlKFNp2RDqM2/vEi8k+pl1b09q9Sv8jSKcACHcAw1OIc63EADPGDQh2d4hTdHOi/Ou/Mxay04+cw+/IHz+QNva41n</latexit>

q4
<latexit sha1_base64="qzEsjU5Gl4bHF82rBZvneDNCuw0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8s+pl1b2tVxpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFw7o1o</latexit><latexit sha1_base64="qzEsjU5Gl4bHF82rBZvneDNCuw0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8s+pl1b2tVxpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFw7o1o</latexit><latexit sha1_base64="qzEsjU5Gl4bHF82rBZvneDNCuw0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloOKl4MVjRWMLbSib7aZdutnE3YlQQn+CFw8qXv1H3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DBxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVPY4T7kd0oEQoGEUr3T326r1yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDCz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RDqC2+vEy8s+pl1b2tVxpXeRpFOIJjOIUanEMDbqAJHjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AFw7o1o</latexit>

x0 = x
<latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit>

x 0
=

x

<latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit>

x 0
=

x
<latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit>

x
0 =

x

<latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit>

x
0 =

x

<latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit><latexit sha1_base64="o0its8VN+KWvzwaMp16O7COgTDY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KokIKiIUvHisYGyhDWWz3bRLdzdhdyMtoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz321laXlldWy9tlDe3tnd2K3v7jzpOFaE+iXmsWiHWlDNJfcMMp61EUSxCTpvh8Db3m09UaRbLBzNOaCBwX7KIEWxyaXRyM+pWqm7NnQItEq8gVSjQ6Fa+Or2YpIJKQzjWuu25iQkyrAwjnE7KnVTTBJMh7tO2pRILqoNseusEHVulh6JY2ZIGTdXfExkWWo9FaDsFNgM97+Xif147NdFlkDGZpIZKMlsUpRyZGOWPox5TlBg+tgQTxeytiAywwsTYeMo2BG/+5UXin9Wuau79ebV+XaRRgkM4glPw4ALqcAcN8IHAAJ7hFd4c4bw4787HrHXJKWYO4A+czx8Pho3C</latexit>

0  x  2
<latexit sha1_base64="wQdORea7G38amxAYalIldnhHo54=">AAAB93icbVDLTgJBEOzFF+KDVY9eJhITT2QhJmq8kHjxiIkrJLAhs0MvTJh9ODNrxA1f4sWDGq/+ijf/xgH2oGAlna5UdWd6yk8EV9pxvq3Cyura+kZxs7S1vbNbtvf271ScSoYui0Us2z5VKHiEruZaYDuRSENfYMsfXU391gNKxePoVo8T9EI6iHjAGdVG6tllh3QF3pPHeav37IpTdWYgy6SWkwrkaPbsr24/ZmmIkWaCKtWpOYn2Mio1ZwInpW6qMKFsRAfYMTSiISovmx0+IcdG6ZMglqYiTWbq742MhkqNQ99MhlQP1aI3Ff/zOqkOzr2MR0mqMWLzh4JUEB2TaQqkzyUyLcaGUCa5uZWwIZWUaZNVyYRQW/zyMnHr1Yuqc3NaaVzmaRThEI7gBGpwBg24hia4wCCFZ3iFN+vJerHerY/5aMHKdw7gD6zPHyidkaM=</latexit><latexit sha1_base64="wQdORea7G38amxAYalIldnhHo54=">AAAB93icbVDLTgJBEOzFF+KDVY9eJhITT2QhJmq8kHjxiIkrJLAhs0MvTJh9ODNrxA1f4sWDGq/+ijf/xgH2oGAlna5UdWd6yk8EV9pxvq3Cyura+kZxs7S1vbNbtvf271ScSoYui0Us2z5VKHiEruZaYDuRSENfYMsfXU391gNKxePoVo8T9EI6iHjAGdVG6tllh3QF3pPHeav37IpTdWYgy6SWkwrkaPbsr24/ZmmIkWaCKtWpOYn2Mio1ZwInpW6qMKFsRAfYMTSiISovmx0+IcdG6ZMglqYiTWbq742MhkqNQ99MhlQP1aI3Ff/zOqkOzr2MR0mqMWLzh4JUEB2TaQqkzyUyLcaGUCa5uZWwIZWUaZNVyYRQW/zyMnHr1Yuqc3NaaVzmaRThEI7gBGpwBg24hia4wCCFZ3iFN+vJerHerY/5aMHKdw7gD6zPHyidkaM=</latexit><latexit sha1_base64="wQdORea7G38amxAYalIldnhHo54=">AAAB93icbVDLTgJBEOzFF+KDVY9eJhITT2QhJmq8kHjxiIkrJLAhs0MvTJh9ODNrxA1f4sWDGq/+ijf/xgH2oGAlna5UdWd6yk8EV9pxvq3Cyura+kZxs7S1vbNbtvf271ScSoYui0Us2z5VKHiEruZaYDuRSENfYMsfXU391gNKxePoVo8T9EI6iHjAGdVG6tllh3QF3pPHeav37IpTdWYgy6SWkwrkaPbsr24/ZmmIkWaCKtWpOYn2Mio1ZwInpW6qMKFsRAfYMTSiISovmx0+IcdG6ZMglqYiTWbq742MhkqNQ99MhlQP1aI3Ff/zOqkOzr2MR0mqMWLzh4JUEB2TaQqkzyUyLcaGUCa5uZWwIZWUaZNVyYRQW/zyMnHr1Yuqc3NaaVzmaRThEI7gBGpwBg24hia4wCCFZ3iFN+vJerHerY/5aMHKdw7gD6zPHyidkaM=</latexit>
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x0 = x + 2
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Figure 5.1: Polyhedral Probabilistic Hybrid System
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Example 3. Figure 5.1 illustrates a polyhedral PHS, where the locations q1, q2, q3 and q4 are

represented using circle nodes, where the initial location is indicated with an incoming arrow

and the final location is indicated with double circles. The variable x represents the continuous

variable which takes real values, that is, the continuous statespace is R. Each location is

annotated with a polyhedral inclusion dynamics and an invariant which are written within

the corresponding circle. A polyhedral inclusion dynamics is represented using a constraint

over the rates of the continuous state variables, and the invariant is a constraint over the

continuous state variables, which constrains the system evolution at a particular location.

For example, in location q1, the polyhedral inclusion dynamics is 1 ≤ ẋ ≤ 2, where ẋ is

the rate of continuous state evolution, and the invariant is x ∈ [0, 4]. Next, the switching

from one location to another location is expressed by a probabilistic edge which has mainly

three components, namely, the guard, the probability distribution and the reset. The guard

is a constraint over the continuous state variables that represents the condition that enables

the system to switch between locations; the probability distribution provides the probability of

switching to a target location, and the reset expressed as a constraint over the continuous

state variables and its primed versions, provides the values of the continuous state before and

after a transition, respectively. For example, in location q1, the system has a probabilistic edge

with guard 0 ≤ x ≤ 2, probability distribution ρ1(q2) = ρ1(q3) = 0.5 and reset for locations

q2 and q3 as x′ = x. Hence, when the system is in location q1 and the continuous state x

satisfies the guard 0 ≤ x ≤ 2, the system switches to locations q2 and q3 with probability 0.5

each, and the continuous state remains unchanged (xp = x).

5.4 Counterexample guided abstraction refinement

In this section, we provide the details of our Counter-Example Guided Abstraction Refine-

ment (CEGAR)145 algorithm for the probabilistic safety analysis of polyhedral PHS. The

maximum probabilistic safety problem for polyhedral PHS is challenging due to the infinite
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statespace. An abstraction based analysis consists of abstracting a given (concrete) system

to a simpler abstract system, such that the satisfaction of a certain property, such as, the

maximum probability of reaching an unsafe state being less than θ, on the abstract system,

implies the satisfaction of the property on the concrete system. In our case, the concrete

system is a polyhedral PHS and the abstract system is a finite state MDP, on which the

maximum probabilistic safety analysis can be carried out efficiently. One of the challenges

towards abstraction based analysis is the choice of the abstraction, on which the success

of the verification crucially relies. In other words, the abstract system is often an “over-

approximation” and hence, the violation of the property by the abstract system does not

imply a violation in the concrete system. However, a violation in the abstract system pro-

vides a potential reason for the violation of the property in the concrete system, in the form

of an abstract counterexample (ACE). Analysis of the abstract counterexample using a val-

idation algorithm, results in either a concrete counterexample corresponding to it (a bug)

or in concluding that the abstract counterexample is spurious, that is, does not correspond

to a real counterexample. In the latter case, the spurious counterexample analysis can be

used to refine the abstract system so as to eliminate the same. This process is continued

until either some abstraction of the concrete system satisfies the property or the validation

algorithm determines that the system violates the property. This iterative refinement of the

abstract system based on counterexamples is referred to as the counterexample guided ab-

straction refinement. While CEGAR algorithms have been proposed for (non-probabilistic)

hybrid systems138 and finite state probabilistic systems94, there are several challenges due to

the combination of infinite statespace and the branching behavior in a probabilistic hybrid

system. In particular, we need a succinct representation of the abstract counterexample,

efficient validation and refinement algorithms. We provide the details of each of the steps of

the CEGAR loop in the sequel.
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5.4.1 Abstraction

In this section, we develop a partition based predicate abstraction technique that converts a

polyhedral PHS into a finite state MDP. The broad idea is to divide the statespace of each

mode into a finite number of regions, and construct an MDP which consists of these regions as

abstract nodes. Let us fix a polyhedral PHS H = (Q,X , Inv,Flow,Edges,Guard, Reset) and

a finite partition R of Q×X such that for any partition element P ∈ R if (q, x), (q′, x′) ∈ P

then q = q′. So, R consists of a partitioning of the statespace where states from different

modes are kept separate. Predicate abstraction creates a set of locations, where each location

is a partition element P ∈ R. For each probabilistic edge (q, ρ), where ρ(q1) = p1, ρ(q2) =

p2, . . . , ρ(qc) = pc, for each tuple ((q0, R0), (q1, R1), . . . , (qc, Rc)) ∈ Rc+1, we check whether

there exists a probabilistic execution starting from x ∈ Inv(q)∩R0 and reaching Inv(qi)∩Ri,

i = 1, 2, . . . , c. More precisely, there exists a vector field r in flow function associated with

the location q, T ≥ 0 such that x + rt ∈ Inv(q) for 0 ≤ t ≤ T and guard condition

corresponding to the probabilistic edge (q, ρ) is satisfied by x+ rT ; there exist x1, x2, . . . , xc

are reset by reset function for ((q, ρ), q1, x + rT ), ((q, ρ), q2, x + rT ), . . . , ((q, ρ), qc, x + rT ),

respectively. Then, there exist vector fields r1, r2, . . . , rc in the flow function associated with

the locations q1, q2, . . . , qc, respectively, T1 ≥ 0, T2 ≥ 0, . . . , Tc ≥ 0 such that for 0 ≤ t ≤ Ti,

xi + rit ∈ Inv(qi) and xi + riTi ∈ Ri, i = 1, 2, . . . , c. If the execution exists, then we create a

probabilistic edge ((q, R0), ρ′) such that ρ′((qi, Ri)) = ρ(qi), i = 1, 2, . . . , c. Next, we present

the formal definition of predicate abstraction.

Definition 18. Given a polyhedral PHS H = (Q,X , Inv, Flow,Edges, Guard,Reset) and a

finite partition R of the state space Q × X , where R = Q × {Ri | 1 ≤ i ≤ k, k ∈ N}, we

construct a finite state MDP Abs(H,R) = (S,−→), where

? S = R;

? ((q, R), π) ∈−→ if ∃ (q, ρ) ∈ Edges, x ∈ R, I = |{q′ | ρ(q′) 6= 0}|, ((q1, R1), (q2, R2), . . . ,

(qI , RI)) ∈ RI , where ρ(qi) 6= 0 for i ∈ [I], φ : [0, T ] → X , xi, φi : [0, Ti] → X , i ∈ [I]

52



such that

? φ(0) = x and φ(T ) ∈ Guard((q, ρ));

? For 0 ≤ t ≤ T , dφ(t)
dt
∈ Flow((q, φ(t))), φ(t) ∈ Inv(q);

? xi = Reset(((q, ρ), qi, φ(T ))), φi(0) = xi, i ∈ [I];

? for 0 ≤ t ≤ Ti,
dφi(t)
dt
∈ Flow((qi, φi(t))), φi(t) ∈ Inv(qi), i ∈ [I];

? φi(Ti) ∈ Ri, i ∈ [I]; ∀ π((qi, Ri)) > 0, ρ(qi) = π((qi, Ri)).

From the definition, for each state (q, R), there could be more than one probabilistic

distributions over R associated with the state, thus allowing non-determinism. Therefore,

Abs(H,R) need not be DTMC in general even if H has deterministic probabilistic transi-

tions. Therefore, Abs(H,R) is a finite state MDP. In addition, Abs(H,R) captures all valid

probabilistic edges of H. Next, we present the correctness of the predicate abstraction.

Consider a function αR : Q × X → R such that αR(q, x) = (q, R), where x ∈ R. That

is, αR maps a concrete state to the corresponding region in the partition it belongs to. Note

that αR is an abstraction function, because, for any ((q, x), ρ) ∈−→[[H]], if (q1, x1), (q2, x2) ∈

support(ρ) and (q1, x1) 6= (q2, x2), then q1 6= q2 (from the semantics, there is a unique

successor state corresponding to every target location), and hence, αR(q1, x1) 6= αR(q2, x2).

The abstraction of H with respect to the finite partition R denoted as Abs(H,R) is

αR([[H]]). From Theorem 4, Abs(H,R) is an over-approximation of polyhedral PHSH. From

Theorem 6, if the abstract system Abs(H,R) is probabilistically safe, that is, Psup(Abs(H,R),

(q0, R), αR(F×X )) ≤ θ for every (q0, R) ∈ αR({q0} × Inv(q0)), then the concrete system H

is also probabilistically safe, that is, Psup([[H]], (q0, x),F× X ) ≤ θ for every (q0, x) ∈ {q0} ×

Inv(q0). If R is a polyhedral partition, then Abs(H,R) can be constructed. Note that from

Definition 30, to check whether a probabilistic edge exists in the abstract system, we need to

check if a corresponding concrete edge exists. This can be encoded as a satisfiability problem

of a conjunction of linear constraints. Alternately, one could use polyhedral manipulations

to compute the predecessor states corresponding to the abstract probabilistic edge in the
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concrete system, and check for its emptiness. The next example illustrates the computation

of the abstract MDP.

Example 4. Consider the polyhedral PHS H shown in Figure 5.1 with its state space Q×X =

{q1, q2, q3, q4} × [0, 4]. Let R = {(q1, R), (q2, R), (q3, R), (q4, R)} be a finite partition of the

state space Q×X , where R = [0, 4]. The abstraction of H with respect to the partition R is

Abs(H, R) which we construct according to Definition 30. Each partition element of R is an

abstract state, for instance, (q1, R) is a state of the abstract system as shown in Figure 5.2.

Next, we construct a probabilistic edge from one abstract state to a tuple of abstract states

with certain probabilities if there is a corresponding concrete edge in H. For example, we

construct an abstract edge from (q1, R) to (q2, R) and (q3, R) with probabilities 0.5 and 0.5,

respectively, because a corresponding concrete edge exists in H, as given next. The system

starts from x = 0.5 ∈ R at location q1 and evolves for time t = 2 with flow ẋ = 0.5 and

reaches the state x1 = x+ ẋt = 0.5 + 0.5 ∗ 2 = 1.5 which satisfies the guard constraints, that

is, 1.5 ∈ [0, 2]. Then, the system switches to q2 and q3 by resetting the continuous states to

x2 = x1 = 1.5 and x3 = x1 = 1.5, respectively. Since x2, x3 ∈ R, we have a concretization of

the edge from (q1, R) to (q2, R) and (q3, R) with probability 0.5 each.
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⇢03
<latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit><latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit><latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit>

Figure 5.2: Markov Decision Process Abs(H,R)

5.4.2 Model checking and counterexample

In this section, we verify the maximum probabilistic safety problem for the abstract system

Abs(H,R). Since the abstract system is a finite MDP, we adopt probabilistic model checker
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tool PRISM35 for the purpose of verification. PRISM35 takes as input a finite MDP, a set

of initial states and a PCTL formula65, and returns either true to indicate that the MDP

satisfies the formula, or returns a counterexample T̂ in the form of a DTMC. Maximum

probabilistic safety specification can be encoded as a PCTL-formula. While T̂ is a coun-

terexample, it contains cycles and hence, analyzing it for spuriousness is complex. Hence,

we unroll T̂ and construct a finite LDAG D̂ as a succinct counterexample. Next, we provide

the formal definition of a counterexample.

Definition 19. Given an MDP M, an initial state q0, a set of final states F and θ ∈

[0, 1], an LDAG D̂ ∈ Exec(M) is a counterexample of M with respect to q0, F and θ, if

P(D̂, (q0, 0),F× N) > θ.

Algorithm 1 provides the details of extracting a succinct LDAG counterexample D̂ from

a given DTMC counterexample T̂ that is returned by PRISM which indicates that the

probability of reaching F in T̂ from q0 is greater than θ. The crux of the algorithm consist

of unrolling the DTMC and collecting enough paths reaching F from q0 whose sum total

exceeds θ. The algorithm iteratively computes piq, which is the probability of reaching a final

state in F from q within i steps. It can be observed that there is always a d for which pdq0

exceeds θ. To see this, note that in the DTMC T̂ , the probability of reaching F from q is

> θ, which is the sum of probabilities of paths reaching F. Since, the DTMC is finite, we can

enumerate the paths, and the corresponding probabilities. Let p1, p2, · · · be the probabilities

of the paths reaching F, where
∑

i pi > θ. Our objective is to show that there is finite

number of these probabilities (correspond to finitely many paths) who sum exceeds θ. Note

that if the sequence is finite, we can take all the paths that reach F. Otherwise,
∑

i pi > θ

implies that limi→∞
∑i

j=1 pi > θ by definition of infinite sum. From the definition of limit,

there is a k such that
∑i

j=1 pi > θ for all i ≥ k. In particular,
∑k

j=1 pi > θ. Hence, in at

most k iterations, pdq will exceed θ and exit the loop. Once the length d for the sufficient

unrolling is computed, the function ForwardReach performs a forward reachability analysis

to only keep those nodes in the unrolling of M up to length d that can be reached from q0
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using transitions in the support (that is, edges with non-zero probability).

Algorithm 1: Get LDAG: Extract a succinct LDAG counterexample from a given
DTMC counterexample

Input: T̂ - a DTMC, F - a set of final states, θ - a probability bound, q0 - a state of T̂
Output: a finite LDAG D̂
SetKwKwGoTogo to begin1

For each state q of T̂ if q ∈ F then p0
q = 1 else p0

q = 0 d=02

while pdq0 ≤ θ do3

d =d+14

for each edge (q, ρ) of T̂ do5

if q ∈ F then pdq = 1 else pdq =
∑

state s′ of T̂
ρ(s′) ∗ pd−1

s′
6

D̂ = ForwardReach(M, q0, d) return D̂7

end8

Example 5. Consider the MDP Abs(H,R) shown in Figure 5.2, an initial state (q1, R),

a set of final states {(q4, R)} and θ = 0.5. The LDAG D̂ ∈ Exec(Abs(H,R)) shown in

Figure 5.3 is a counterexample, because Prob(D̂, ((q1, R), 0), {(q4, R)} × N) = Prob(σ1) +

Prob(σ2) + Prob(σ3) = 0.25 + 0.25 + 0.125 = 0.625, which is greater than 0.50, where σ1, σ2

and σ3 are paths given by σ1 = ((q1, R), 0) → ((q2, R), 1) → ((q4, R), 2), σ2 = ((q1, R), 0) →

((q3, R), 1)→ ((q4, R), 2) and σ3 = ((q1, R), 0)→ ((q2, R), 1)→ ((q3, R), 2)→ ((q4, R), 3) in

D̂.

September 4 2018 !1

((q1,R), 0)
<latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit><latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit><latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit>

((q2,R), 1)
<latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit><latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit><latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit>

((q3,R), 1)
<latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit><latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit><latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit>

((q4,R), 2)
<latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit><latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit><latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit>

((q1,R), 2)
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Figure 5.3: LDAG D̂ ∈ Exec(Abs(H,R)) violating Probsup
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If Abs(H,R) is not probabilistically safe, then an abstract counterexample D̂ of Abs(H,R)

can be computed. The abstract counterexample indicates only a potential violation of safety

in the concrete system. Hence, we need to validate the counterexample D̂ to check if it is

realizable in the concrete system H. Next, we provide the details about the validation of a

counterexample.

5.4.3 Validation

In this section, we provide a method to validate whether a counterexample expressed as an

LDAG for the abstract system Abs(H,R) is realizable in the concrete system H. Let us fix

a finite LDAG D̂ = (SD̂,−→D̂) as a counter example of Abs(H,R) whose depth is d. Our

validation problem is to check whether D̂ is realizable in the concrete system H. This is

formally defined as below.

Problem 3 (Validation Problem). Verify whether there exists D ∈ Exec([[H]]) such that

D ∈ α−1
R (D̂).

Our broad approach for the validation of D̂ is to compute all those concrete set of states

associated with the abstract states from which sub-LDAG of D̂ rooted at the abstract state is

realizable in H. We compute such sets from bottom to top layer, which is based on backward

reachability analysis for which we define a function Pre.

Definition 20. Given a set S, a finite set of sets {Si}i∈A and {pi}i∈A for some index set A,

we define a function Pre[[H]](S, {Si}i∈A, {pi}i∈A) as

{s ∈ S | ∃ ρ, s −→[[H]] ρ, ∀ i ∈ A, ∃ si ∈ Si such that ρ(si) = pi}.

We are going to compute a set of concrete states Rk
(q,R) for each abstract state ((q, R), k)

of D̂, where Rk
(q,R) denotes the set of all concrete states (q, x) ∈ {q} × R from which there

exists an LDAG D ∈ Exec([[H]]) such that the sub-LDAG D′ of D̂ rooted at ((q, R), k) is

realizable by D in the concrete system H. This is formally defined as follows.
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Definition 21. Given an abstract state ((q, R), k) ∈ SD̂, we have Rk
(q,R) as {(q, x) ∈ {q} ×

R | ∃ D ∈ Exec([[H]]) rooted at ((q, x), 0) for which there exists a sub− LDAG D′ of D̂

rooted at ((q,R), k) such that D ∈ α−1
R (D′)}.

Alternatively, Rk
(q,R) can be inductively defined as follows. Let Sk(q,R) be the set of all

concrete states associated with the abstract state ((q, R), k), that is, Sk(q,R) = α−1
R (q, R), and

Qk be the set of all those abstract states (q, R) at layer k in D̂, that is, ((q, R), k) ∈ SD̂.

? If k = d or there is no abstract edge ((q, R), k) −→D̂ ρ, then Rk
(q,R) is Sk(q,R);

? If there is an abstract edge ((q, R), k) −→D̂ ρ, then Rk
(q,R) is

Pre[[H]](Sk(q,R), {Rk+1
(q′,R′)}(q′,R′)∈Qk+1

, {ρ((q′, R′), k + 1)}(q′,R′)∈Qk+1
).

Example 6. Consider the LDAG D̂ shown in Figure 5.3. We compute the concrete set of

states Sk(q,R) and backward reach sets Rk
(q,R) for each abstract state (q, R) at layer k, from

the bottom to the top layer. The continuous part of Sk(q,R) and Rk
(q,R) for each abstract state

of D̂ are expressed in the lower and upper part of the circle, respectively, in Figure 5.4.

The concrete sets of states are computed as Sk(q,R) = α−1
R (q, R) = (q, R) from αR given in

Example 4. For example, for the abstract state (q3, R) at layer 1, S1
(q3,R) = (q3, [0, 4]) and

its continuous part is [0, 4] which is written in lower part of its circle. Backward reach sets

are computed according to its inductive definition. There are three cases. (a) The abstract

state is located at the last layer of D̂. For example, abstract state (q1, R) is located at layer

3 which is the depth of D̂. Hence R3
(q1,R) = S3

(q1,R) = (q1, [0, 4]). (b) There is no probabilistic

edge from the abstract state and it is not located at the last layer. For example, there is no

probabilistic edge from (q4, R) at layer 2. Hence, R2
(q4,R) = S2

(q4,R) = (q4, [0, 4]). (c) All those

abstract states from which there is a probablistic edge. For example, abstract state (q3, R) at

layer 2 has a probabilistic edge to (q1, R) and (q4, R) at layer 3 with probabilities 0.5 and 0.5,

respectively. The backward reach set R2
(q3,R) is Pre[[H]](S2

(q3,R), {S3
(q1,R),S3

(q4,R)}, {0.5, 0.5}).
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From Definition 29, Pre[[H]](S2
(q3,R), {S3

(q1,R),S3
(q4,R)}, {0.5, 0.5}) is computed as follows. First,

for the edge from q3 to q1, we compute the set G1 of continuous states which satisfy the guard

and transition to (q1, R). Since the guard constraint is x ∈ [3, 4], R = [0, 4] and the reset is

identity, we obtain G1 = [3, 4]. Similarly, the continuous states which can transition to q4

is given by G2 = [3, 4]. Hence, the continuous states from which the probabilistic edge can

be taken are given by the set G = G1 ∩G2 = [3, 4]. The set of all continuous states in [0, 4]

which can reach G with rate −1 ≤ ẋ ≤ 0 is [3, 4], since, all states in [3, 4] can reach G by

following the rate 0, and no states in [0, 3) can reach G because there are no positive rates.

Hence, Pre[[H]](S2
(q3,R), {S3

(q1,R),S3
(q4,R)}, {0.5, 0.5}) is (q3, [3, 4]) which is the set of states in

S2
(q3,R) from which there is a concrete probabilistic edge to S3

(q1,R) and S3
(q4,R) with probabilities

0.5 each.
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[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

((q1,R), 3)
<latexit sha1_base64="dtxUXdPIQ0Of8M7jewxLJ4rhGaI=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+U65DfRBp9PrUal8UvLNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPU+pOy</latexit><latexit sha1_base64="dtxUXdPIQ0Of8M7jewxLJ4rhGaI=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+U65DfRBp9PrUal8UvLNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPU+pOy</latexit><latexit sha1_base64="dtxUXdPIQ0Of8M7jewxLJ4rhGaI=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+U65DfRBp9PrUal8UvLNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPU+pOy</latexit>

((q4,R), 3)
<latexit sha1_base64="iXjxHIIA1c/uIVe+XGvBBrIb3KM=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkWrDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7rxapavIg06n1+Ny5bTsmUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJyT6nnVuqoVG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A2bCTtQ==</latexit><latexit sha1_base64="iXjxHIIA1c/uIVe+XGvBBrIb3KM=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkWrDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7rxapavIg06n1+Ny5bTsmUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJyT6nnVuqoVG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A2bCTtQ==</latexit><latexit sha1_base64="iXjxHIIA1c/uIVe+XGvBBrIb3KM=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkWrDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7rxapavIg06n1+Ny5bTsmUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJyT6nnVuqoVG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A2bCTtQ==</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

((q3,R), 2)
<latexit sha1_base64="DEKHQpxgtxR26RyiquyUGuP5GgU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkVbDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7ryTSleRB51Or8flSq3smUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJxa9bxqXZ0WG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A1pqTsw==</latexit><latexit sha1_base64="DEKHQpxgtxR26RyiquyUGuP5GgU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkVbDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7ryTSleRB51Or8flSq3smUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJxa9bxqXZ0WG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A1pqTsw==</latexit><latexit sha1_base64="DEKHQpxgtxR26RyiquyUGuP5GgU=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkVbDuCm5cVjG20IYwmU7aoZNJnJmINRR/xY0LFbd+iDv/xmmbhbYeGDiccw/3zvFjRqWyrG8jt7S8srqWXy9sbG5t75i7e7cySgQmDo5YJNo+koRRThxFFSPtWBAU+oy0/OHFxG/dEyFpxG/UKCZuiPqcBhQjpSXPPCiV7ryTSleRB51Or8flSq3smUWrak0BF4mdkSLI0PTMr24vwklIuMIMSdmxrVi5KRKKYkbGhW4iSYzwEPVJR1OOQiLddHr9GB5rpQeDSOjHFZyqvxMpCqUchb6eDJEayHlvIv7ndRIV1N2U8jhRhOPZoiBhUEVwUgXsUUGwYiNNEBZU3wrxAAmElS6soEuw57+8SJxa9bxqXZ0WG/WsjTw4BEegBGxwBhrgEjSBAzB4BM/gFbwZT8aL8W58zEZzRpbZB39gfP4A1pqTsw==</latexit>

[3, 4]
<latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="SSEF6NYu0mC0greC31RzAgZnYuI=">AAAB4HicbZBPS8MwGMbfzn9zTp1evQSH4EFGq4J6E7x4nGDdoCsjzdItLE1L8lYYZZ/BiwcVP5U3v43ptoNuPhD48TwJed8nyqQw6LrfTmVtfWNzq7pd26nv7u03DupPJs014z5LZaq7ETVcCsV9FCh5N9OcJpHknWh8V+adZ66NSNUjTjIeJnSoRCwYRWv5wcXZZdhvNN2WOxNZBW8BTVio3W989QYpyxOukElqTOC5GYYF1SiY5NNaLzc8o2xMhzywqGjCTVjMhp2SE+sMSJxqexSSmfv7RUETYyZJZG8mFEdmOSvN/7Igx/g6LITKcuSKzT+Kc0kwJeXmZCA0ZygnFijTws5K2IhqytD2U7MleMsrr4J/3rppuQ8uVOEIjuEUPLiCW7iHNvjAQMALvMG7o5xX52PeVsVZ1HYIf+R8/gAMzYx0</latexit><latexit sha1_base64="SSEF6NYu0mC0greC31RzAgZnYuI=">AAAB4HicbZBPS8MwGMbfzn9zTp1evQSH4EFGq4J6E7x4nGDdoCsjzdItLE1L8lYYZZ/BiwcVP5U3v43ptoNuPhD48TwJed8nyqQw6LrfTmVtfWNzq7pd26nv7u03DupPJs014z5LZaq7ETVcCsV9FCh5N9OcJpHknWh8V+adZ66NSNUjTjIeJnSoRCwYRWv5wcXZZdhvNN2WOxNZBW8BTVio3W989QYpyxOukElqTOC5GYYF1SiY5NNaLzc8o2xMhzywqGjCTVjMhp2SE+sMSJxqexSSmfv7RUETYyZJZG8mFEdmOSvN/7Igx/g6LITKcuSKzT+Kc0kwJeXmZCA0ZygnFijTws5K2IhqytD2U7MleMsrr4J/3rppuQ8uVOEIjuEUPLiCW7iHNvjAQMALvMG7o5xX52PeVsVZ1HYIf+R8/gAMzYx0</latexit><latexit sha1_base64="AgYimecFweFbIWdq3rFyHcKsouY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKqYL0VvHisYGwhDWWznbRLN5uwuxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBjiUhUJ6QaBZfoGW4EdlKFNA4FtsPR7dRvP6HSPJEPZpxiENOB5BFn1FjJ8y/Pr4JeperW3BnIMqkXpAoFWr3KV7efsCxGaZigWvt1NzVBTpXhTOCk3M00ppSN6AB9SyWNUQf57NgJObVKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/zMxM1gpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynbEOqLLy8T76J2U3Pv3WqzUaRRgmM4gTOowzU04Q5a4AEDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w8lS428</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

((q4,R), 2)
<latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit><latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit><latexit sha1_base64="MuNNSjQLtWyz/h1189qRkoqFwa8=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSxCC6UkpWDdFdy4rGJsoQ1hMp20QyeTODMRayj+ihsXKm79EHf+jdM2C209MHA45x7unePHjEplWd9GbmV1bX0jv1nY2t7Z3TP3D25llAhMHByxSHR8JAmjnDiKKkY6sSAo9Blp+6OLqd++J0LSiN+ocUzcEA04DShGSkueeVQq3Xn1Sk+RB51OryflSq3smUWras0Al4mdkSLI0PLMr14/wklIuMIMSdm1rVi5KRKKYkYmhV4iSYzwCA1IV1OOQiLddHb9BJ5qpQ+DSOjHFZypvxMpCqUch76eDJEaykVvKv7ndRMVNNyU8jhRhOP5oiBhUEVwWgXsU0GwYmNNEBZU3wrxEAmElS6soEuwF7+8TJxa9bxqXdWLzUbWRh4cgxNQAjY4A01wCVrAARg8gmfwCt6MJ+PFeDc+5qM5I8scgj8wPn8A2CyTtA==</latexit>

((q1,R), 2)
<latexit sha1_base64="RHDh93F/IeDIng+L2I/GZdlGz7g=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF459nlDrAHnU6vx6VyteSZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDTdpOx</latexit><latexit sha1_base64="RHDh93F/IeDIng+L2I/GZdlGz7g=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF459nlDrAHnU6vx6VyteSZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDTdpOx</latexit><latexit sha1_base64="RHDh93F/IeDIng+L2I/GZdlGz7g=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF459nlDrAHnU6vx6VyteSZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDTdpOx</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

((q2,R), 1)
<latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit><latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit><latexit sha1_base64="7cXm8u7TQ6l1CJOHQUOFcDTqxwg=">AAAB/HicbVDLSgMxFM34rPU1PnZugkVooZSZIlh3BTcuqzi20A5DJk3b0MzD5I5Yh+KvuHGh4tYPceffmLaz0NYDgcM593Bvjh8LrsCyvo2l5ZXVtfXcRn5za3tn19zbv1VRIilzaCQi2fKJYoKHzAEOgrViyUjgC9b0hxcTv3nPpOJReAOjmLkB6Ye8xykBLXnmYbF451XLHWAPOp1ej0tlu+SZBatiTYEXiZ2RAsrQ8MyvTjeiScBCoIIo1batGNyUSOBUsHG+kygWEzokfdbWNCQBU246vX6MT7TSxb1I6hcCnqq/EykJlBoFvp4MCAzUvDcR//PaCfRqbsrDOAEW0tmiXiIwRHhSBe5yySiIkSaESq5vxXRAJKGgC8vrEuz5Ly8Sp1o5r1hXp4V6LWsjh47QMSoiG52hOrpEDeQgih7RM3pFb8aT8WK8Gx+z0SUjyxygPzA+fwDThJOx</latexit>

((q3,R), 1)
<latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit><latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit><latexit sha1_base64="W3Ab9fXugxb+3TbBK7tMgtv8Zzo=">AAAB/HicbVDLSsNAFJ34rPUVHzs3wSK0UEqignVXcOOyirGFNoTJdNoOnUzizI1YQ/FX3LhQceuHuPNvnLZZaOuBgcM593DvnCDmTIFtfxsLi0vLK6u5tfz6xubWtrmze6uiRBLqkohHshlgRTkT1AUGnDZjSXEYcNoIBhdjv3FPpWKRuIFhTL0Q9wTrMoJBS765Xyze+SflNtAHnU6vR6WyU/LNgl2xJ7DmiZORAspQ982vdiciSUgFEI6Vajl2DF6KJTDC6SjfThSNMRngHm1pKnBIlZdOrh9ZR1rpWN1I6ifAmqi/EykOlRqGgZ4MMfTVrDcW//NaCXSrXspEnAAVZLqom3ALImtchdVhkhLgQ00wkUzfapE+lpiALiyvS3BmvzxP3OPKecW+Oi3UqlkbOXSADlEROegM1dAlqiMXEfSIntErejOejBfj3fiYji4YWWYP/YHx+QPVFpOy</latexit>

[3, 4]
<latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="SSEF6NYu0mC0greC31RzAgZnYuI=">AAAB4HicbZBPS8MwGMbfzn9zTp1evQSH4EFGq4J6E7x4nGDdoCsjzdItLE1L8lYYZZ/BiwcVP5U3v43ptoNuPhD48TwJed8nyqQw6LrfTmVtfWNzq7pd26nv7u03DupPJs014z5LZaq7ETVcCsV9FCh5N9OcJpHknWh8V+adZ66NSNUjTjIeJnSoRCwYRWv5wcXZZdhvNN2WOxNZBW8BTVio3W989QYpyxOukElqTOC5GYYF1SiY5NNaLzc8o2xMhzywqGjCTVjMhp2SE+sMSJxqexSSmfv7RUETYyZJZG8mFEdmOSvN/7Igx/g6LITKcuSKzT+Kc0kwJeXmZCA0ZygnFijTws5K2IhqytD2U7MleMsrr4J/3rppuQ8uVOEIjuEUPLiCW7iHNvjAQMALvMG7o5xX52PeVsVZ1HYIf+R8/gAMzYx0</latexit><latexit sha1_base64="SSEF6NYu0mC0greC31RzAgZnYuI=">AAAB4HicbZBPS8MwGMbfzn9zTp1evQSH4EFGq4J6E7x4nGDdoCsjzdItLE1L8lYYZZ/BiwcVP5U3v43ptoNuPhD48TwJed8nyqQw6LrfTmVtfWNzq7pd26nv7u03DupPJs014z5LZaq7ETVcCsV9FCh5N9OcJpHknWh8V+adZ66NSNUjTjIeJnSoRCwYRWv5wcXZZdhvNN2WOxNZBW8BTVio3W989QYpyxOukElqTOC5GYYF1SiY5NNaLzc8o2xMhzywqGjCTVjMhp2SE+sMSJxqexSSmfv7RUETYyZJZG8mFEdmOSvN/7Igx/g6LITKcuSKzT+Kc0kwJeXmZCA0ZygnFijTws5K2IhqytD2U7MleMsrr4J/3rppuQ8uVOEIjuEUPLiCW7iHNvjAQMALvMG7o5xX52PeVsVZ1HYIf+R8/gAMzYx0</latexit><latexit sha1_base64="AgYimecFweFbIWdq3rFyHcKsouY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJKqYL0VvHisYGwhDWWznbRLN5uwuxFK6G/w4kHFq3/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHho04yxdBjiUhUJ6QaBZfoGW4EdlKFNA4FtsPR7dRvP6HSPJEPZpxiENOB5BFn1FjJ8y/Pr4JeperW3BnIMqkXpAoFWr3KV7efsCxGaZigWvt1NzVBTpXhTOCk3M00ppSN6AB9SyWNUQf57NgJObVKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/zMxM1gpzLNDMo2XxRlAliEjL9nPS5QmbE2BLKFLe3EjakijJj8ynbEOqLLy8T76J2U3Pv3WqzUaRRgmM4gTOowzU04Q5a4AEDDs/wCm+OdF6cd+dj3rriFDNH8AfO5w8lS428</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit><latexit sha1_base64="uWmnRMqrGHLi8Q3yr03oE1Ioijs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REC9ZbwYvHCsYW0lA22027dLMbdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6WcaeO6305pbX1jc6u8XdnZ3ds/qB4ePWqZKUJ9IrlU3QhrypmgvmGG026qKE4iTjvR+Hbmd56o0kyKBzNJaZjgoWAxI9hYyQ+uLhphv1pz6+4caJV4BalBgXa/+tUbSJIlVBjCsdaB56YmzLEyjHA6rfQyTVNMxnhIA0sFTqgO8/mxU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzPCzITN8OciTQzVJDFojjjyEg0+xwNmKLE8IklmChmb0VkhBUmxuZTsSF4yy+vEv+yflN37xu1VrNIowwncArn4ME1tOAO2uADAQbP8ApvjnBenHfnY9FacoqZY/gD5/MHJouNwA==</latexit>

[1, 4]
<latexit sha1_base64="GbD25KdBMKsK+VyK6Z9/teca57E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USa4Nq777aytb2xubZd2yrt7+weHlaPjR53miqHPUpGqTkQ1Ci7RN9wI7GQKaRIJbEej25nffkKleSofzDjDMKEDyWPOqLGSH3iX9bBXqbo1dw6ySryCVKFAq1f56vZTlicoDRNU68BzMxNOqDKcCZyWu7nGjLIRHWBgqaQJ6nAyP3ZKzq3SJ3GqbElD5urviQlNtB4nke1MqBnqZW8m/ucFuYkb4YTLLDco2WJRnAtiUjL7nPS5QmbE2BLKFLe3EjakijJj8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcjf42+</latexit><latexit sha1_base64="GbD25KdBMKsK+VyK6Z9/teca57E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USa4Nq777aytb2xubZd2yrt7+weHlaPjR53miqHPUpGqTkQ1Ci7RN9wI7GQKaRIJbEej25nffkKleSofzDjDMKEDyWPOqLGSH3iX9bBXqbo1dw6ySryCVKFAq1f56vZTlicoDRNU68BzMxNOqDKcCZyWu7nGjLIRHWBgqaQJ6nAyP3ZKzq3SJ3GqbElD5urviQlNtB4nke1MqBnqZW8m/ucFuYkb4YTLLDco2WJRnAtiUjL7nPS5QmbE2BLKFLe3EjakijJj8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcjf42+</latexit><latexit sha1_base64="GbD25KdBMKsK+VyK6Z9/teca57E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmO2mXbjZhdyOU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USa4Nq777aytb2xubZd2yrt7+weHlaPjR53miqHPUpGqTkQ1Ci7RN9wI7GQKaRIJbEej25nffkKleSofzDjDMKEDyWPOqLGSH3iX9bBXqbo1dw6ySryCVKFAq1f56vZTlicoDRNU68BzMxNOqDKcCZyWu7nGjLIRHWBgqaQJ6nAyP3ZKzq3SJ3GqbElD5urviQlNtB4nke1MqBnqZW8m/ucFuYkb4YTLLDco2WJRnAtiUjL7nPS5QmbE2BLKFLe3EjakijJj8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcjf42+</latexit>

[0, 4]
<latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit><latexit sha1_base64="KirmSV/NVHNH94aNJU2xLBS43kk=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4kJJIwXorePFYwdhCGspmu2mXbjZhdyKU0t/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5USaFQdf9dtbWNza3tks75d29/YPDytHxo0lzzbjPUpnqTkQNl0JxHwVK3sk0p0kkeTsa3c789hPXRqTqAccZDxM6UCIWjKKV/MC9rIe9StWtuXOQVeIVpAoFWr3KV7efsjzhCpmkxgSem2E4oRoFk3xa7uaGZ5SN6IAHliqacBNO5sdOyblV+iROtS2FZK7+npjQxJhxEtnOhOLQLHsz8T8vyDFuhBOhshy5YotFcS4JpmT2OekLzRnKsSWUaWFvJWxINWVo8ynbELzll1eJf1W7qbn39WqzUaRRglM4gwvw4BqacAct8IGBgGd4hTdHOS/Ou/OxaF1zipkT+APn8wch+Y29</latexit>

((q1,R), 0)
<latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit><latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit><latexit sha1_base64="QgvkWA3hImrlEgvbh2WjtlUqrS0=">AAAB/HicbVDLSgMxFL1TX7W+xsfOTbAILZQyI4J1V3DjsopjC+0wZNK0Dc08TDJiHYq/4saFils/xJ1/Y9rOQlsPBA7n3MO9OX7MmVSW9W3klpZXVtfy64WNza3tHXN371ZGiSDUIRGPRMvHknIWUkcxxWkrFhQHPqdNf3gx8Zv3VEgWhTdqFFM3wP2Q9RjBSkueeVAq3Xl2paPog06n1+NyxSp7ZtGqWlOgRWJnpAgZGp751elGJAloqAjHUrZtK1ZuioVihNNxoZNIGmMyxH3a1jTEAZVuOr1+jI610kW9SOgXKjRVfydSHEg5Cnw9GWA1kPPeRPzPayeqV3NTFsaJoiGZLeolHKkITapAXSYoUXykCSaC6VsRGWCBidKFFXQJ9vyXF4lzUj2vWlenxXotayMPh3AEJbDhDOpwCQ1wgMAjPMMrvBlPxovxbnzMRnNGltmHPzA+fwDQbpOv</latexit>

;
<latexit sha1_base64="qPhK7OhzLCGY+/Na7hUu43BzYCw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFsN4KXjxWMLbShrLZTtqlu0nYnQgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLa+sbmVnm7srO7t39QPTx6MHGqOXg8lrHuBsyAFBF4KFBCN9HAVCChE0xuZn7nCbQRcXSPWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrpJGQWqkQHtQ/eoPY54qiJBLZkyv4Sbo50yj4BKmlX5qIGF8wkbQszRiCoyfzw+e0jOrDGkYa1sR0rn6eyJnyphMBbZTMRybZW8m/uf1Ugybfi6iJEWI+GJRmEqKMZ19T4dCA0eZWcK4FvZWysdMM442o4oNobH88irxLurXdffustZqFmmUyQk5JeekQa5Ii9ySNvEIJ4o8k1fy5mjnxXl3PhatJaeYOSZ/4Hz+AKB5kHQ=</latexit><latexit sha1_base64="qPhK7OhzLCGY+/Na7hUu43BzYCw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFsN4KXjxWMLbShrLZTtqlu0nYnQgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLa+sbmVnm7srO7t39QPTx6MHGqOXg8lrHuBsyAFBF4KFBCN9HAVCChE0xuZn7nCbQRcXSPWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrpJGQWqkQHtQ/eoPY54qiJBLZkyv4Sbo50yj4BKmlX5qIGF8wkbQszRiCoyfzw+e0jOrDGkYa1sR0rn6eyJnyphMBbZTMRybZW8m/uf1Ugybfi6iJEWI+GJRmEqKMZ19T4dCA0eZWcK4FvZWysdMM442o4oNobH88irxLurXdffustZqFmmUyQk5JeekQa5Ii9ySNvEIJ4o8k1fy5mjnxXl3PhatJaeYOSZ/4Hz+AKB5kHQ=</latexit><latexit sha1_base64="qPhK7OhzLCGY+/Na7hUu43BzYCw=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFsN4KXjxWMLbShrLZTtqlu0nYnQgh9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLa+sbmVnm7srO7t39QPTx6MHGqOXg8lrHuBsyAFBF4KFBCN9HAVCChE0xuZn7nCbQRcXSPWQK+YqNIhIIztNJjH1SCmQEcVGtu3Z2DrpJGQWqkQHtQ/eoPY54qiJBLZkyv4Sbo50yj4BKmlX5qIGF8wkbQszRiCoyfzw+e0jOrDGkYa1sR0rn6eyJnyphMBbZTMRybZW8m/uf1Ugybfi6iJEWI+GJRmEqKMZ19T4dCA0eZWcK4FvZWysdMM442o4oNobH88irxLurXdffustZqFmmUyQk5JeekQa5Ii9ySNvEIJ4o8k1fy5mjnxXl3PhatJaeYOSZ/4Hz+AKB5kHQ=</latexit>

l = 0
<latexit sha1_base64="HmAJjbmOKsywuYnrmueI9OEcY74=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1oNQ8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2Cxtlbd3dvf2KweHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle3Ht9ipVt+bOQJaJV5AqFGj2Kl/dfsKyGKVhgmrd8dzUBDlVhjOBk3I305hSNqID7FgqaYw6yGenTsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/XiczUT3IuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadsg3BW3x5mfjntauae3dRbdSLNEpwDCdwBh5cQgNuoQk+MBjAM7zCmyOcF+fd+Zi3rjjFzBH8gfP5Ay7ajTo=</latexit><latexit sha1_base64="HmAJjbmOKsywuYnrmueI9OEcY74=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1oNQ8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2Cxtlbd3dvf2KweHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle3Ht9ipVt+bOQJaJV5AqFGj2Kl/dfsKyGKVhgmrd8dzUBDlVhjOBk3I305hSNqID7FgqaYw6yGenTsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/XiczUT3IuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadsg3BW3x5mfjntauae3dRbdSLNEpwDCdwBh5cQgNuoQk+MBjAM7zCmyOcF+fd+Zi3rjjFzBH8gfP5Ay7ajTo=</latexit><latexit sha1_base64="HmAJjbmOKsywuYnrmueI9OEcY74=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI1oNQ8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321lZXVvf2Cxtlbd3dvf2KweHjzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHN1O/9YRK80Q+mHGKQUwHkkecUWOle3Ht9ipVt+bOQJaJV5AqFGj2Kl/dfsKyGKVhgmrd8dzUBDlVhjOBk3I305hSNqID7FgqaYw6yGenTsipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/XiczUT3IuUwzg5LNF0WZICYh079JnytkRowtoUxxeythQ6ooMzadsg3BW3x5mfjntauae3dRbdSLNEpwDCdwBh5cQgNuoQk+MBjAM7zCmyOcF+fd+Zi3rjjFzBH8gfP5Ay7ajTo=</latexit>
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E<latexit sha1_base64="CFuP5I/KIuafTwfnAmBIwQXcpUs=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUPFSEMFjC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKzdteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6pX+dpFOEIjuEUanABdbiDBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHBRmMlQ==</latexit><latexit sha1_base64="CFuP5I/KIuafTwfnAmBIwQXcpUs=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUPFSEMFjC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKzdteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6pX+dpFOEIjuEUanABdbiDBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHBRmMlQ==</latexit><latexit sha1_base64="CFuP5I/KIuafTwfnAmBIwQXcpUs=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUPFSEMFjC8YW2lA220m7drMJuxuhhP4CLx5UvPqXvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPHnScKoYei0Ws2gHVKLhEz3AjsJ0opFEgsBWMbqZ+6wmV5rG8N+ME/YgOJA85o8ZKzdteueJW3RnIMqnlpAI5Gr3yV7cfszRCaZigWndqbmL8jCrDmcBJqZtqTCgb0QF2LJU0Qu1ns0Mn5MQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw0s+4TFKDks0XhakgJibTr0mfK2RGjC2hTHF7K2FDqigzNpuSDaG2+PIy8c6qV1W3eV6pX+dpFOEIjuEUanABdbiDBnjAAOEZXuHNeXRenHfnY95acPKZQ/gD5/MHBRmMlQ==</latexit>

Figure 5.4: Point of refinement and spurious edge in D̂ shown in Figure 5.3

The next proposition states that if any of the backward reach sets becomes empty there

there is no concrete counterexample corresponding to the abstract counterexample.

Proposition 1. α−1
R (D̂) is an empty set if and only if there exists k such that Rk

(q,R) = ∅

for some ((q, R), k) ∈ SD̂.

Proof. If α−1
R (D̂) is an empty set, then Rk

(q,R) is empty for k = 0. Suppose there exists k

such that Rk
(q,R) = ∅ for some ((q, R), k) ∈ SD̂. This implies that Rk′

(q′,R′) is also an empty
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set for all those states ((q′, R′), k′) which are on the path from the root state of D̂ to the

state ((q, R), k). In particular, we have R0
(q0,R0) = ∅, which by definition implies that α−1

R (D̂)

is an empty set.

If α−1
R (D̂) is not empty, then there is a valid counterexample D ∈ Exec([[H]]) for the

concrete system H, that is, H is not probabilistically safe. However, if α−1
R (D̂) is empty,

then D̂ is a spurious counterexample. Hence, we use the information from the analysis of

the counterexample D̂ to refine the concrete system. We define the following which will be

useful in defining the refinement.

Definition 22. A point of refinement denoted as porAbs(H,R)(D̂), is defined as the largest

layer l of D̂ such that there is a state ((q, R), l) ∈ SD̂ where Rl
(q,R) is an empty set. A

probabilistic edge (((q, R), l′), ρ) ∈−→D̂ is spurious if Rl′

(q,R) = ∅ and l′ = l.

In Figure 5.4, the largest layer at which the backward reach set is empty in l = 0. Hence,

the point of refinement is 0 and the spurious edge is (((q1, R), 0), ρ), where ρ((q2, R), 1) =

ρ((q3, R), 1) = 0.5.

5.4.4 Refinement

In this section, we provide a method to refine the abstract system Abs(H,R) to eliminate

the spurious counterexample D̂. Let us fix a point of refinement l for D̂ and a refinement

of partition R denoted as R1. Consider a function mapping the refinement to the current

abstraction, given by β(R1,R) : R1 → R where for all (q, R) ∈ R1, (q, R) ⊆ β(R1,R)(q, R).

We need to eliminate the spurious counterexample from the abstract system Abs(H,R1).

Hence, we define a progressive refinement which ensures that the refinement makes progress

towards eliminating the counterexample D̂. It essentially captures the intuition that every

abstract counterexample in the refinement that corresponds to D̂ has a point of refinement

which is lower in the LDAG.
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(q2, K)
<latexit sha1_base64="ogZWCzqBJw4Xx2L/QEm69sjoLZw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNktgoqXghfBSwXXFtqlZNNsG5rNrklWKEt/hBcPKl79P978N6btHrT1wcDjvRlm5gWJ4No4zjdaWl5ZXVsvbBQ3t7Z3dkt7+w86ThVlHo1FrFoB0UxwyTzDjWCtRDESBYI1g+H1xG8+MaV5LO/NKGF+RPqSh5wSY6Vm5bFbO7096ZbKTtWZAi8SNydlyNHolr46vZimEZOGCqJ123US42dEGU4FGxc7qWYJoUPSZ21LJYmY9rPpuWN8bJUeDmNlSxo8VX9PZCTSehQFtjMiZqDnvYn4n9dOTXjhZ1wmqWGSzhaFqcAmxpPfcY8rRo0YWUKo4vZWTAdEEWpsQkUbgjv/8iLxatXLqnN3Vq5f5WkU4BCOoAIunEMdbqABHlAYwjO8whtK0At6Rx+z1iWUzxzAH6DPHzSfjlY=</latexit><latexit sha1_base64="ogZWCzqBJw4Xx2L/QEm69sjoLZw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNktgoqXghfBSwXXFtqlZNNsG5rNrklWKEt/hBcPKl79P978N6btHrT1wcDjvRlm5gWJ4No4zjdaWl5ZXVsvbBQ3t7Z3dkt7+w86ThVlHo1FrFoB0UxwyTzDjWCtRDESBYI1g+H1xG8+MaV5LO/NKGF+RPqSh5wSY6Vm5bFbO7096ZbKTtWZAi8SNydlyNHolr46vZimEZOGCqJ123US42dEGU4FGxc7qWYJoUPSZ21LJYmY9rPpuWN8bJUeDmNlSxo8VX9PZCTSehQFtjMiZqDnvYn4n9dOTXjhZ1wmqWGSzhaFqcAmxpPfcY8rRo0YWUKo4vZWTAdEEWpsQkUbgjv/8iLxatXLqnN3Vq5f5WkU4BCOoAIunEMdbqABHlAYwjO8whtK0At6Rx+z1iWUzxzAH6DPHzSfjlY=</latexit><latexit sha1_base64="ogZWCzqBJw4Xx2L/QEm69sjoLZw=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEqSNktgoqXghfBSwXXFtqlZNNsG5rNrklWKEt/hBcPKl79P978N6btHrT1wcDjvRlm5gWJ4No4zjdaWl5ZXVsvbBQ3t7Z3dkt7+w86ThVlHo1FrFoB0UxwyTzDjWCtRDESBYI1g+H1xG8+MaV5LO/NKGF+RPqSh5wSY6Vm5bFbO7096ZbKTtWZAi8SNydlyNHolr46vZimEZOGCqJ123US42dEGU4FGxc7qWYJoUPSZ21LJYmY9rPpuWN8bJUeDmNlSxo8VX9PZCTSehQFtjMiZqDnvYn4n9dOTXjhZ1wmqWGSzhaFqcAmxpPfcY8rRo0YWUKo4vZWTAdEEWpsQkUbgjv/8iLxatXLqnN3Vq5f5WkU4BCOoAIunEMdbqABHlAYwjO8whtK0At6Rx+z1iWUzxzAH6DPHzSfjlY=</latexit>

p1
<latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit>

p2
<latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit>

l
<latexit sha1_base64="4ZP2sIsYoJHTG1WQYcWbH2fmVF4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipKXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNZvijRKcAwncAYeXEId7qABPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNADoy8</latexit><latexit sha1_base64="4ZP2sIsYoJHTG1WQYcWbH2fmVF4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipKXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNZvijRKcAwncAYeXEId7qABPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNADoy8</latexit><latexit sha1_base64="4ZP2sIsYoJHTG1WQYcWbH2fmVF4=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokIKl4KXjy2YGyhDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dlZW19Y3Nktb5e2d3b39ysHhg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR7dRvPaHSPJH3ZpxiENOB5BFn1FipKXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzQyfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdOvSZ8rZEaMLaFMcXsrYUOqKDM2m7INwVt8eZn457Xrmtu8qNZvijRKcAwncAYeXEId7qABPjBAeIZXeHMenRfn3fmYt644xcwR/IHz+QNADoy8</latexit>

l + 1
<latexit sha1_base64="5V386136Iw7VE6J4n4xQm18Lnf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEUPFS8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321laXlldWy9tlDe3tnd2K3v7jzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHNxO/+YRK80Q+mFGKQUz7kkecUWOle3HqdStVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKenjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0WWQc5lmBiWbLYoyQUxCJn+THlfIjBhZQpni9lbCBlRRZmw6ZRuCN//yIvHPalc19+68Wr8u0ijBIRzBCXhwAXW4hQb4wKAPz/AKb45wXpx352PWuuQUMwfwB87nDxX8jSw=</latexit><latexit sha1_base64="5V386136Iw7VE6J4n4xQm18Lnf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEUPFS8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321laXlldWy9tlDe3tnd2K3v7jzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHNxO/+YRK80Q+mFGKQUz7kkecUWOle3HqdStVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKenjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0WWQc5lmBiWbLYoyQUxCJn+THlfIjBhZQpni9lbCBlRRZmw6ZRuCN//yIvHPalc19+68Wr8u0ijBIRzBCXhwAXW4hQb4wKAPz/AKb45wXpx352PWuuQUMwfwB87nDxX8jSw=</latexit><latexit sha1_base64="5V386136Iw7VE6J4n4xQm18Lnf4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklEUPFS8OKxorGFNpTNdtIu3WzC7kYooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlRwbVz321laXlldWy9tlDe3tnd2K3v7jzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHNxO/+YRK80Q+mFGKQUz7kkecUWOle3HqdStVt+ZOQRaJV5AqFGh0K1+dXsKyGKVhgmrd9tzUBDlVhjOB43In05hSNqR9bFsqaYw6yKenjsmxVXokSpQtachU/T2R01jrURzazpiagZ73JuJ/Xjsz0WWQc5lmBiWbLYoyQUxCJn+THlfIjBhZQpni9lbCBlRRZmw6ZRuCN//yIvHPalc19+68Wr8u0ijBIRzBCXhwAXW4hQb4wKAPz/AKb45wXpx352PWuuQUMwfwB87nDxX8jSw=</latexit>

Figure 5.5: Spurious Edge
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(q, I)
<latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit>

p1
<latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit>

p2
<latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit>

(q1, J1)
<latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit><latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit><latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit>

(q2, K1)
<latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit><latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit><latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit>

Figure 5.6: Edge 1

September 4 2018 !1

(q, I)
<latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit>

p1
<latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit>

p2
<latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit>

(q1, J1)
<latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit><latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit><latexit sha1_base64="IBbno4UXGw4/t/SmnIGy1pyDz5I=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJUkLIrgoqXghfxVMG1lXZZsmnahibZNckKZemv8OJBxat/x5v/xrTdg7Y+GHi8N8PMvCjhTBvX/XYWFpeWV1YLa8X1jc2t7dLO7r2OU0WoT2Ieq2aENeVMUt8ww2kzURSLiNNGNLga+40nqjSL5Z0ZJjQQuCdZlxFsrPRQeQy945vQOwpLZbfqToDmiZeTMuSoh6WvdicmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDxCh1bpoG6sbEmDJurviQwLrYcisp0Cm76e9cbif14rNd3zIGMySQ2VZLqom3JkYjT+HnWYosTwoSWYKGZvRaSPFSbGZlS0IXizL88T/6R6UXVvT8u1yzyNAuzDAVTAgzOowTXUwQcCAp7hFd4c5bw4787HtHXByWf24A+czx9ZYY74</latexit>

(q2, K2)
<latexit sha1_base64="0lrJTJO+2bj1U0nR72dPQ367HFY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl4ELxWMrbQhbLabduluEnc3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcknClt299WYWl5ZXWtuF7a2Nza3inv7t2rOJWEuiTmsWwHWFHOIupqpjltJ5JiEXDaCoZXE7/1RKVicXSnRwn1BO5HLGQEayM9VB/9+smNXz/2yxW7Zk+BFomTkwrkaPrlr24vJqmgkSYcK9Vx7ER7GZaaEU7HpW6qaILJEPdpx9AIC6q8bHrwGB0ZpYfCWJqKNJqqvycyLJQaicB0CqwHat6biP95nVSH517GoiTVNCKzRWHKkY7R5HvUY5ISzUeGYCKZuRWRAZaYaJNRyYTgzL+8SNx67aJm355WGpd5GkU4gEOoggNn0IBraIILBAQ8wyu8WdJ6sd6tj1lrwcpn9uEPrM8fXfOO+w==</latexit><latexit sha1_base64="0lrJTJO+2bj1U0nR72dPQ367HFY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl4ELxWMrbQhbLabduluEnc3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcknClt299WYWl5ZXWtuF7a2Nza3inv7t2rOJWEuiTmsWwHWFHOIupqpjltJ5JiEXDaCoZXE7/1RKVicXSnRwn1BO5HLGQEayM9VB/9+smNXz/2yxW7Zk+BFomTkwrkaPrlr24vJqmgkSYcK9Vx7ER7GZaaEU7HpW6qaILJEPdpx9AIC6q8bHrwGB0ZpYfCWJqKNJqqvycyLJQaicB0CqwHat6biP95nVSH517GoiTVNCKzRWHKkY7R5HvUY5ISzUeGYCKZuRWRAZaYaJNRyYTgzL+8SNx67aJm355WGpd5GkU4gEOoggNn0IBraIILBAQ8wyu8WdJ6sd6tj1lrwcpn9uEPrM8fXfOO+w==</latexit><latexit sha1_base64="0lrJTJO+2bj1U0nR72dPQ367HFY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl4ELxWMrbQhbLabduluEnc3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcknClt299WYWl5ZXWtuF7a2Nza3inv7t2rOJWEuiTmsWwHWFHOIupqpjltJ5JiEXDaCoZXE7/1RKVicXSnRwn1BO5HLGQEayM9VB/9+smNXz/2yxW7Zk+BFomTkwrkaPrlr24vJqmgkSYcK9Vx7ER7GZaaEU7HpW6qaILJEPdpx9AIC6q8bHrwGB0ZpYfCWJqKNJqqvycyLJQaicB0CqwHat6biP95nVSH517GoiTVNCKzRWHKkY7R5HvUY5ISzUeGYCKZuRWRAZaYaJNRyYTgzL+8SNx67aJm355WGpd5GkU4gEOoggNn0IBraIILBAQ8wyu8WdJ6sd6tj1lrwcpn9uEPrM8fXfOO+w==</latexit>

Figure 5.7: Edge 2
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(q, I)
<latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit>

p1
<latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit><latexit sha1_base64="MjvSW2qty2LO/mIdlwobVStbfGA=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUPFS8OKxorGFNpTNdtMu3WzC7kQooT/BiwcVr/4jb/4bt20O2vpg4PHeDDPzwlQKg6777ZRWVtfWN8qbla3tnd296v7Bo0kyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3Uz91hPXRiTqAccpD2I6UCISjKKV7tOe16vW3Lo7A1kmXkFqUKDZq351+wnLYq6QSWpMx3NTDHKqUTDJJ5VuZnhK2YgOeMdSRWNugnx26oScWKVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadig3BW3x5mfhn9au6e3dea1wXaZThCI7hFDy4gAbcQhN8YDCAZ3iFN0c6L8678zFvLTnFzCH8gfP5A2rgjWQ=</latexit>

p2
<latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit><latexit sha1_base64="HL18IEkGa/lUscvU9KVRt6yvcp8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkRVLwUvHisaGyhDWWz3bRLN5uwOxFK6E/w4kHFq//Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm6Wt8vbO7t5+5eDw0SSZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObqZ+64lrIxL1gOOUBzEdKBEJRtFK92mv3qtU3Zo7A1kmXkGqUKDZq3x1+wnLYq6QSWpMx3NTDHKqUTDJJ+VuZnhK2YgOeMdSRWNugnx26oScWqVPokTbUkhm6u+JnMbGjOPQdsYUh2bRm4r/eZ0Mo8sgFyrNkCs2XxRlkmBCpn+TvtCcoRxbQpkW9lbChlRThjadsg3BW3x5mfj12lXNvTuvNq6LNEpwDCdwBh5cQANuoQk+MBjAM7zCmyOdF+fd+Zi3rjjFzBH8gfP5A2xjjWU=</latexit>

(q2, K1)
<latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit><latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit><latexit sha1_base64="zFR/HHE00appAlHcOMSt0jiR5KA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS+ClwrGVtoQNttNu3R3E3c3Qgn9FV48qHj173jz37htc9DWBwOP92aYmRcmjCrtON9WYWl5ZXWtuF7a2Nza3inv7t2rOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcOrid96IlLRWNzpUUJ8jvqCRhQjbaSH6mNQP7kJ3OOgXHFqzhT2InFzUoEczaD81e3FOOVEaMyQUh3XSbSfIakpZmRc6qaKJAgPUZ90DBWIE+Vn04PH9pFRenYUS1NC21P190SGuFIjHppOjvRAzXsT8T+vk+ro3M+oSFJNBJ4tilJm69iefG/3qCRYs5EhCEtqbrXxAEmEtcmoZEJw519eJF69dlFzbk8rjcs8jSIcwCFUwYUzaMA1NMEDDBye4RXeLGm9WO/Wx6y1YOUz+/AH1ucPXG+O+g==</latexit>

(q1, J2)
<latexit sha1_base64="eJi/oySTjTgK1jeFGFS15ycsDUw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS/iqYKxlTaEzXbTLt3dxN2NUEJ/hRcPKl79O978N27bHLT1wcDjvRlm5oUJo0o7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fBq4reeiFQ0Fnd6lBCfo76gEcVIG+mh+hi4JzdB/TgoV5yaM4W9SNycVCBHMyh/dXsxTjkRGjOkVMd1Eu1nSGqKGRmXuqkiCcJD1CcdQwXiRPnZ9OCxfWSUnh3F0pTQ9lT9PZEhrtSIh6aTIz1Q895E/M/rpDo69zMqklQTgWeLopTZOrYn39s9KgnWbGQIwpKaW208QBJhbTIqmRDc+ZcXiVevXdSc29NK4zJPowgHcAhVcOEMGnANTfAAA4dneIU3S1ov1rv1MWstWPnMPvyB9fkDWuWO+Q==</latexit><latexit sha1_base64="eJi/oySTjTgK1jeFGFS15ycsDUw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS/iqYKxlTaEzXbTLt3dxN2NUEJ/hRcPKl79O978N27bHLT1wcDjvRlm5oUJo0o7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fBq4reeiFQ0Fnd6lBCfo76gEcVIG+mh+hi4JzdB/TgoV5yaM4W9SNycVCBHMyh/dXsxTjkRGjOkVMd1Eu1nSGqKGRmXuqkiCcJD1CcdQwXiRPnZ9OCxfWSUnh3F0pTQ9lT9PZEhrtSIh6aTIz1Q895E/M/rpDo69zMqklQTgWeLopTZOrYn39s9KgnWbGQIwpKaW208QBJhbTIqmRDc+ZcXiVevXdSc29NK4zJPowgHcAhVcOEMGnANTfAAA4dneIU3S1ov1rv1MWstWPnMPvyB9fkDWuWO+Q==</latexit><latexit sha1_base64="eJi/oySTjTgK1jeFGFS15ycsDUw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BItQQUpSBBUvBS/iqYKxlTaEzXbTLt3dxN2NUEJ/hRcPKl79O978N27bHLT1wcDjvRlm5oUJo0o7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiUmHo5ZLNshUoRRQTxNNSPtRBLEQ0Za4fBq4reeiFQ0Fnd6lBCfo76gEcVIG+mh+hi4JzdB/TgoV5yaM4W9SNycVCBHMyh/dXsxTjkRGjOkVMd1Eu1nSGqKGRmXuqkiCcJD1CcdQwXiRPnZ9OCxfWSUnh3F0pTQ9lT9PZEhrtSIh6aTIz1Q895E/M/rpDo69zMqklQTgWeLopTZOrYn39s9KgnWbGQIwpKaW208QBJhbTIqmRDc+ZcXiVevXdSc29NK4zJPowgHcAhVcOEMGnANTfAAA4dneIU3S1ov1rv1MWstWPnMPvyB9fkDWuWO+Q==</latexit>

Figure 5.8: Edge 3

September 4 2018 !1

(q, I)
<latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit><latexit sha1_base64="+ED3GkJ9qlhDT8s953BBhOdlbLA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahgpRdEVS8FLzorYJrC+1Ssmm2DU2ya5IVytLf4MWDilf/kDf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3oOOU0WoT2Ieq1aINeVMUt8ww2krURSLkNNmOLye+M0nqjSL5b0ZJTQQuC9ZxAg2VvKrjye3x91yxa25U6BF4uWkAjka3fJXpxeTVFBpCMdatz03MUGGlWGE03Gpk2qaYDLEfdq2VGJBdZBNjx2jI6v0UBQrW9Kgqfp7IsNC65EIbafAZqDnvYn4n9dOTXQRZEwmqaGSzBZFKUcmRpPPUY8pSgwfWYKJYvZWRAZYYWJsPiUbgjf/8iLxT2uXNffurFK/ytMowgEcQhU8OIc63EADfCDA4Ble4c2Rzovz7nzMWgtOPrMPf+B8/gAJOY2v</latexit>

p1
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Figure 5.9: Edge 4

Definition 23 (Progressive Refinement). A refinement R1 of R is a progressive refinement

if we have

porAbs(H,R1)(D) > porAbs(H,R)(D̂), for all D ∈ β−1
(R1,R)(D̂).

Our objective is to find a progressive refinement R1 of R. Since the main reason for a

probabilistic edge ((q, R), l), ρ) to be spurious is the emptiness of the backward reach set

Rl
(q,R), our broad approach is to find a splitting of the nodes in the l+ 1 layer that eliminate

the spuriousness at layer l + 1. This is achieved by splitting the nodes in layer l to separate

the post of S l(q,R) from the backward reach sets of layer l + 1. Hence, we define a function

Post, which is along the lines of Pre.

Definition 24. Given a set S, a tuple (p1, p2, . . . , pn), we define a function Post[[H]](S, (p1,

. . . , pn)) as {(s1, s2, . . . , sn) | ∃ s ∈ S, (s, ρ) ∈−→[[H]] such that ρ(si) = pi for all i ∈ [n]}.

For any spurious edge (((q, R), l), ρ), backward reach set Rl
(q,R) = ∅, that is, Pre[[H]](S l(q,R),

{Rl+1
(q′,R′)}(q′,R′)∈Ql+1

, (p1, . . . , pn)) = ∅, where (p1, . . . , pn) ∈ ×
(q′,R′)∈Ql+1

{ρ((q′, R′), l + 1)} for

some n ∈ N. From the definition of Post function as given in Definition 24, Post[[H]](S l(q,R), (p1,

. . . , pn)) intersected with the tuple of concrete states corresponding to the abstract states in

layer l + 1 is not empty, because there exists an abstract probabilistic edge corresponding

to the spurious edge. Also, we obtain that no common element in the post of the concrete
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set of states of the abstract state (q, R) at layer l with respect to the spurious edge and

Cartesian product of backward reach sets of all target abstract states (q′, R′) at layer l + 1

of the spurious edge. This is formally stated in the following proposition.

Proposition 2. Given a probabilistic edge (((q, R), l), ρ) ∈−→D̂ (spurious) and (p1, . . . , pn) ∈

×
(q′,R′)∈Ql+1

{ρ((q′, R′), l + 1)} for some n ∈ N, we have

Post[[H]](S l(q,R), (p1, . . . , pn)) ∩ ×
(q′,R′)∈Ql+1

Rl+1
(q′,R′) = ∅. (5.1)

It might be possible that intersection between the projection of the post for an abstract

state and backward reach set for the same abstract state is not empty. This is formally

written as a remark.

Remark 5. Given a probabilistic edge (((q, R), l), ρ) ∈−→D̂ (spurious), it is not necessary

that the following statement is true. Let (p1, . . . , pn) ∈ ×
(q′,R′)∈Ql+1

{ρ((q′, R′), l+ 1)} for some

n ∈ N.

Proj(Post[[H]](S l(q,R), (p1, . . . , pn)), ((q′′, R′′), l + 1)) ∩Rl+1
(q′′,R′′)

need not be empty for all (q′′, R′′) ∈ Ql+1.

Example 7. We illustrate Remark 5 using a counterexample. Consider the spurious edge E

shown in Figure 5.4. The post of the abstract state (q1, [0, 4]) is B = (q2, [0, 2])× (q3, [0, 2]).

From Figure 5.4, we have R1
(q2,R) = (q2, [1, 4]) and R1

(q3,R) = (q3, [3, 4]). This implies that

B ∩ (R1
(q2,R) × R1

(q3,R)) = ∅. Next, the projection of B for the abstract state (q2, R) and

(q3, R) at layer 1 are Proj(B, ((q2, R), 1)) = (q2, [0, 2]) and Proj(B, ((q3, R), 1)) = (q3, [0, 2]),

respectively. Note that although Proj(B, ((q3, R), 1)) ∩ R1
(q3,R) = ∅, Proj(B, ((q2, R), 1)) ∩

R1
(q2,R) 6= ∅.

Next, we provide the details about the separation. Let us consider a spurious edge E

with the point of refinement l shown in Figure 5.5 where the probability of transitions to
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abstract states (q1, J) and (q2, K) are p1 and p2, respectively. Let S l(q,I), S l+1
(q1,J) and S l+1

(q2,K)

be concrete set of states for the abstract states (q, I), (q1, J) and (q2, K), respectively, and

Rl
(q,I), R

l+1
(q1,J) and Rl+1

(q2,K) be the backward reach set for the abstract states (q, I), (q1, J) and

(q2, K), respectively. Let X be the post of S l(q,I), and Y = Rl+1
(q1,J) ×Rl+1

(q2,K). Let X1 and X2

be the projection of X for the abstract states (q1, J) and (q2, K), respectively, and Y1 and Y2

be the projection of Y for the abstract states (q1, J) and (q2, K) at layer l + 1, respectively,

that is, Y1 = Rl+1
(q1,J) and Y2 = Rl+1

(q2,K).

Case (a) When Xi ∩ Yi = ∅ for i = 1, 2, X1, Y1 and X2, Y2 need to be separated by the

partition of S l+1
(q1,J) and S l+1

(q2,J), respectively. Next, we show that such partition eliminates the

spurious edge. Let S l+1
(q1,J) and S l+1

(q2,K) be partitioned into S l+1
(q1,J1), S l+1

(q1,J2) and S l+1
(q2,K1), S l+1

(q2,K2),

respectively, such that X1 ⊆ S l+1
(q1,J1), Y1 ⊆ S l+1

(q1,J2) and X2 ⊆ S l+1
(q2,K1) and Y2 ⊆ S l+1

(q2,K2). There

are four potential probabilistic edges corresponds to the spurious edge shown in Figures 5.6,

5.7, 5.8 and 5.9.

(1) Edge shown in Figure 5.6 exists in the refined system becauseX∩(S l+1
(q1,J1)×S l+1

(q2,K1)) 6= ∅.

However, the point of refinement must be l+1 because backward reach set Rl+1
(q1,J1) = ∅

because Rl+1
(q1,J1) ⊆ S l+1

(q1,J1), R
l+1
(q1,J1) ⊆ Y1 and S l+1

(q1,J1) ∩ Y1 = ∅.

(2) Edge shown in Figure 5.7 does not exist in the refined system because X2∩S l+1
(q2,K2) = ∅.

(3) Edge shown in Figure 5.8 does not exist in the refined system because X1∩S l+1
(q1,J2) = ∅.

(4) Edge shown in Figure 5.9 does not exist in the refined system because X1∩S l+1
(q1,J1) = ∅

and X2 ∩ S l+1
(q2,K2) = ∅.

Hence, such separation guarantees that the spurious edge gets eliminated.

Case (b) When either X1 ∩ Y1 6= ∅ or X2 ∩ Y2 6= ∅ is true, X1 \ Y1, Y1 and X2 \ Y2,

Y2 need to be separated by the partition of S l+1
(q1,J) and S l+1

(q2,J), respectively. Next, we show

that spurious edge gets eliminated by such partition. Assume that X1 ∩ Y1 6= ∅. Note that

for a spurious edge, there must be at least one target abstract state such that intersection
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between the projection of post with respect to the target abstract state and its backward

reach set is empty. This implies that X2 ∩ Y2 = ∅.

(a) Edge shown in Figure 5.6 exists in the refined system, but the point of refinement must

be l + 1 due to the same reason given in case (a)(1).

(b) Edges shown in Figures 5.7, 5.9 do not exist in the refined system due to the same

reason given for case (a)(2).

(c) Edge shown in Figure 5.8 exist in the refined system but the point of refinement must

be l + 1 due to the same reason given in case (a)(1).

From case (a) and case (b), we have identified that Xi \ Yi and Yi, i = 1, 2 needs to be

separated. Next, we provide strategies for partitioning the concrete states associated with

the abstract states such that there identified sets must be separated by the partition.

Definition 25. Let (((q, R), l), ρ) be a probabilistic edge (spurious) and Ql+1 be a set of

all abstract states which are at layer l + 1. A refinement R1 eliminates a spurious edge

(((q, R), l), ρ) if for each (q′, R′) ∈ Ql+1, there is no partition element (q′, R1) ∈ R1 such that

the following two conditions hold: let (p1, . . . , pn) ∈ ×
(q′′,R′′)∈Ql+1

{ρ((q′′, R′′), l + 1)} for some

n ∈ N.

C1: R1 ∩ (Proj(Post[[H]](S l(q,R), (p1, . . . , pn)), ((q′, R′), l + 1)) \Rl+1
(q′,R′)) 6= ∅;

C2: R1 ∩Rl+1
(q′,R′) 6= ∅.

The strategies in Definition 25 are basically restrictions on the partition of the concrete

set of states corresponding to the abstract states which make sure that the identified sets

are not shared by the same partition element. Since the spurious edge gets eliminated by

such a partitioning, the progress of the refinement is guaranteed. We formally state it in the

following theorem.

Theorem 3. Given a refinement R1 of R, if R1 eliminates the spurious edge, then R1 is

a progressive refinement.
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Any such splitting as given by Definition 25 will eliminate the counterexample. Note that

Definition 25 requires that there is no partition element which for any location q intersects

with both the projection of Post to q and the reach set R corresponding to q. Hence, for

every partition element which intersects with both, we need a strategy to separate the two

sets, say, S1 and S2. One possible way to have such splitting can be obtained by Algorithm

2. Algorithm 2 aims to partition a polyhedral set S for given two polyhedral sets S1 ⊆ S and

S2 ⊆ S such that S1 \ S2 and S2 does not share the same partition element of the partition

of S.
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S1
<latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit><latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit><latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit>

S2
<latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit><latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit><latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit>

September 4 2018 !1

S
<latexit sha1_base64="A0i0R6Ha3ycPLSiE6PTeyFlQVII=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1b2C4lm2bb0GyyJFmhLP0ZXjyoePXfePPfmG33oK0DgWHmPTJvopQzbVz326msrK6tb1Q3a1vbO7t79f2DRy0zRahPJJeqG2FNORPUN8xw2k0VxUnEaSca3xR+54kqzaR4MJOUhgkeChYzgo2Vgl6CzYhgnt9P+/WG23RnQMvEK0kDSrT79a/eQJIsocIQjrUOPDc1YY6VYYTTaa2XaZpiMsZDGlgqcEJ1mM8iT9GJVQYolso+YdBM/b2R40TrSRLZySKiXvQK8T8vyEx8GeZMpJmhgsw/ijOOjETF/WjAFCWGTyzBRDGbFZERVpgY21LNluAtnrxM/LPmVdO9O2+0rss2qnAEx3AKHlxAC26hDT4QkPAMr/DmGOfFeXc+5qMVp9w5hD9wPn8A83+RNQ==</latexit><latexit sha1_base64="A0i0R6Ha3ycPLSiE6PTeyFlQVII=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1b2C4lm2bb0GyyJFmhLP0ZXjyoePXfePPfmG33oK0DgWHmPTJvopQzbVz326msrK6tb1Q3a1vbO7t79f2DRy0zRahPJJeqG2FNORPUN8xw2k0VxUnEaSca3xR+54kqzaR4MJOUhgkeChYzgo2Vgl6CzYhgnt9P+/WG23RnQMvEK0kDSrT79a/eQJIsocIQjrUOPDc1YY6VYYTTaa2XaZpiMsZDGlgqcEJ1mM8iT9GJVQYolso+YdBM/b2R40TrSRLZySKiXvQK8T8vyEx8GeZMpJmhgsw/ijOOjETF/WjAFCWGTyzBRDGbFZERVpgY21LNluAtnrxM/LPmVdO9O2+0rss2qnAEx3AKHlxAC26hDT4QkPAMr/DmGOfFeXc+5qMVp9w5hD9wPn8A83+RNQ==</latexit><latexit sha1_base64="A0i0R6Ha3ycPLSiE6PTeyFlQVII=">AAAB8XicbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1b2C4lm2bb0GyyJFmhLP0ZXjyoePXfePPfmG33oK0DgWHmPTJvopQzbVz326msrK6tb1Q3a1vbO7t79f2DRy0zRahPJJeqG2FNORPUN8xw2k0VxUnEaSca3xR+54kqzaR4MJOUhgkeChYzgo2Vgl6CzYhgnt9P+/WG23RnQMvEK0kDSrT79a/eQJIsocIQjrUOPDc1YY6VYYTTaa2XaZpiMsZDGlgqcEJ1mM8iT9GJVQYolso+YdBM/b2R40TrSRLZySKiXvQK8T8vyEx8GeZMpJmhgsw/ijOOjETF/WjAFCWGTyzBRDGbFZERVpgY21LNluAtnrxM/LPmVdO9O2+0rss2qnAEx3AKHlxAC26hDT4QkPAMr/DmGOfFeXc+5qMVp9w5hD9wPn8A83+RNQ==</latexit>

S1
<latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit><latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit><latexit sha1_base64="HA27p3J8InydcBpnJCl5qXnKWfc=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7IrgoqXghePFV1baJeSTbNtaDZZk2yhLP0dXjyoePXPePPfmG33oK0DgWHmPd5kwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DRy1TRahPJJeqHWJNORPUN8xw2k4UxXHIaSsc3eR+a0yVZlI8mElCgxgPBIsYwcZKQTfGZkgwz+6nPa9Xrbl1dwa0TLyC1KBAs1f96vYlSWMqDOFY647nJibIsDKMcDqtdFNNE0xGeEA7lgocUx1ks9BTdGKVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLEleItfXib+Wf2q7t6d1xrXRRtlOIJjOAUPLqABt9AEHwg8wTO8wpszdl6cd+djPlpyip1D+APn8wcgnpHZ</latexit>

S2
<latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit><latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit><latexit sha1_base64="XPEJZin0lwtHFAreMoShXl9geYQ=">AAAB83icbVBNSwMxFHzrZ61fVY9egkXwVHaLoOKl4MVjRdcW2qVk02wbmk3WJFsoS3+HFw8qXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dlZW19Y3Nktb5e2d3b39ysHho5apItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObnK/NaZKMykezCShQYwHgkWMYGOloBtjMySYZ/fTXr1Xqbo1dwa0TLyCVKFAs1f56vYlSWMqDOFY647nJibIsDKMcDotd1NNE0xGeEA7lgocUx1ks9BTdGqVPoqksk8YNFN/b2Q41noSh3YyD6kXvVz8z+ukJroMMiaS1FBB5oeilCMjUd4A6jNFieETSzBRzGZFZIgVJsb2VLYleItfXiZ+vXZVc+/Oq43roo0SHMMJnIEHF9CAW2iCDwSe4Ble4c0ZOy/Ou/MxH11xip0j+APn8wciIZHa</latexit>

Figure 5.10: Illustration of Algorithm 2

Algorithm 2: Refine a partition P to separate S1 \ S2 and S2

Input: P - a partition, S1 ⊆ S - a polyhedral set, S2 ⊆ S - a polyhedral set

Output: P - a partition of S that separates S1 \ S2 and S2

SetKwKwGoTogo to begin1

Let S ′1 = S1 \ S22

while ∃ P ∈ P such that P ∩ S1 6= ∅ and P ∩ S ′1 6= ∅ do3

if ∃ c ∈ Cons(S2) such that [[c]] ∩ S ′1 6= ∅ then4

P = P \ {P}5

P = P ∪ {P ∩ [[c]]}6

P = P ∪ {P ∩ [[c]]}7

return P8

end9

Algorithm 2 checks whether there is a partition element P in the current partition P

which overlaps with both S1 and S1 \ S2 at line 3. If so, then we check if there exists a

65



constraint c ∈ Cons(S2) such that S1 \ S2 overlaps with the complement of the set [[c]], then

we split P into two polyhedral sets P ∩ [[c]] and P ∩ [[c]] and add them into P at lines 5-7. We

repeat 4-7 until we come up P such that no partition element of P overlaps with both S1 and

S1 \ S2. We have illustrated Algorithm 2 in Figure 5.10. In the left picture of Figure 5.10,

all the constraints of S2 are required to separate S2 and S1 \ S2 and it results in 7 partition

elements of S. However, in the right picture of Figure 5.10, one constraint is enough to

separate S2 and S1 \ S2, and it results in two partition elements.
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(q1,R)
<latexit sha1_base64="sm/W5fjqILjfn7KjQ65PUASv0zI=">AAAB+HicbVBNS8NAFNzUr1q/oh69LBahgpREBOut4MVjFWMLbQib7Wu7dLOJu5tiCf0nXjyoePWnePPfuG1z0NaBhWHmDe/thAlnSjvOt1VYWV1b3yhulra2d3b37P2DBxWnkoJHYx7LVkgUcCbA00xzaCUSSBRyaIbD66nfHIFULBb3epyAH5G+YD1GiTZSYNuVx8A962h4MuHsbnIa2GWn6syAl4mbkzLK0Qjsr043pmkEQlNOlGq7TqL9jEjNKIdJqZMqSAgdkj60DRUkAuVns8sn+MQoXdyLpXlC45n6O5GRSKlxFJrJiOiBWvSm4n9eO9W9mp8xkaQaBJ0v6qUc6xhPa8BdJoFqPjaEUMnMrZgOiCRUm7JKpgR38cvLxDuvXlWd24tyvZa3UURH6BhVkIsuUR3doAbyEEUj9Ixe0ZuVWS/Wu/UxHy1YeeYQ/YH1+QMhepLa</latexit><latexit sha1_base64="sm/W5fjqILjfn7KjQ65PUASv0zI=">AAAB+HicbVBNS8NAFNzUr1q/oh69LBahgpREBOut4MVjFWMLbQib7Wu7dLOJu5tiCf0nXjyoePWnePPfuG1z0NaBhWHmDe/thAlnSjvOt1VYWV1b3yhulra2d3b37P2DBxWnkoJHYx7LVkgUcCbA00xzaCUSSBRyaIbD66nfHIFULBb3epyAH5G+YD1GiTZSYNuVx8A962h4MuHsbnIa2GWn6syAl4mbkzLK0Qjsr043pmkEQlNOlGq7TqL9jEjNKIdJqZMqSAgdkj60DRUkAuVns8sn+MQoXdyLpXlC45n6O5GRSKlxFJrJiOiBWvSm4n9eO9W9mp8xkaQaBJ0v6qUc6xhPa8BdJoFqPjaEUMnMrZgOiCRUm7JKpgR38cvLxDuvXlWd24tyvZa3UURH6BhVkIsuUR3doAbyEEUj9Ixe0ZuVWS/Wu/UxHy1YeeYQ/YH1+QMhepLa</latexit><latexit sha1_base64="sm/W5fjqILjfn7KjQ65PUASv0zI=">AAAB+HicbVBNS8NAFNzUr1q/oh69LBahgpREBOut4MVjFWMLbQib7Wu7dLOJu5tiCf0nXjyoePWnePPfuG1z0NaBhWHmDe/thAlnSjvOt1VYWV1b3yhulra2d3b37P2DBxWnkoJHYx7LVkgUcCbA00xzaCUSSBRyaIbD66nfHIFULBb3epyAH5G+YD1GiTZSYNuVx8A962h4MuHsbnIa2GWn6syAl4mbkzLK0Qjsr043pmkEQlNOlGq7TqL9jEjNKIdJqZMqSAgdkj60DRUkAuVns8sn+MQoXdyLpXlC45n6O5GRSKlxFJrJiOiBWvSm4n9eO9W9mp8xkaQaBJ0v6qUc6xhPa8BdJoFqPjaEUMnMrZgOiCRUm7JKpgR38cvLxDuvXlWd24tyvZa3UURH6BhVkIsuUR3doAbyEEUj9Ixe0ZuVWS/Wu/UxHy1YeeYQ/YH1+QMhepLa</latexit>

(q4,R)
<latexit sha1_base64="YjYGkR/PprdEu9Hy1FAw3beTUhc=">AAAB+HicbVBNS8NAFHzxs9avqEcvi0WoICWVgvVW8OKxirGFNoTNdtMu3Wzi7qZYQv+JFw8qXv0p3vw3btsctHVgYZh5w3s7QcKZ0o7zba2srq1vbBa2its7u3v79sHhg4pTSahLYh7LdoAV5UxQVzPNaTuRFEcBp61geD31WyMqFYvFvR4n1ItwX7CQEayN5Nt2+dGvnXc1fTLh7G5y5tslp+LMgJZJNSclyNH07a9uLyZpRIUmHCvVqTqJ9jIsNSOcTordVNEEkyHu046hAkdUedns8gk6NUoPhbE0T2g0U38nMhwpNY4CMxlhPVCL3lT8z+ukOqx7GRNJqqkg80VhypGO0bQG1GOSEs3HhmAimbkVkQGWmGhTVtGUUF388jJxLypXFee2VmrU8zYKcAwnUIYqXEIDbqAJLhAYwTO8wpuVWS/Wu/UxH12x8swR/IH1+QMmJ5Ld</latexit><latexit sha1_base64="YjYGkR/PprdEu9Hy1FAw3beTUhc=">AAAB+HicbVBNS8NAFHzxs9avqEcvi0WoICWVgvVW8OKxirGFNoTNdtMu3Wzi7qZYQv+JFw8qXv0p3vw3btsctHVgYZh5w3s7QcKZ0o7zba2srq1vbBa2its7u3v79sHhg4pTSahLYh7LdoAV5UxQVzPNaTuRFEcBp61geD31WyMqFYvFvR4n1ItwX7CQEayN5Nt2+dGvnXc1fTLh7G5y5tslp+LMgJZJNSclyNH07a9uLyZpRIUmHCvVqTqJ9jIsNSOcTordVNEEkyHu046hAkdUedns8gk6NUoPhbE0T2g0U38nMhwpNY4CMxlhPVCL3lT8z+ukOqx7GRNJqqkg80VhypGO0bQG1GOSEs3HhmAimbkVkQGWmGhTVtGUUF388jJxLypXFee2VmrU8zYKcAwnUIYqXEIDbqAJLhAYwTO8wpuVWS/Wu/UxH12x8swR/IH1+QMmJ5Ld</latexit><latexit sha1_base64="YjYGkR/PprdEu9Hy1FAw3beTUhc=">AAAB+HicbVBNS8NAFHzxs9avqEcvi0WoICWVgvVW8OKxirGFNoTNdtMu3Wzi7qZYQv+JFw8qXv0p3vw3btsctHVgYZh5w3s7QcKZ0o7zba2srq1vbBa2its7u3v79sHhg4pTSahLYh7LdoAV5UxQVzPNaTuRFEcBp61geD31WyMqFYvFvR4n1ItwX7CQEayN5Nt2+dGvnXc1fTLh7G5y5tslp+LMgJZJNSclyNH07a9uLyZpRIUmHCvVqTqJ9jIsNSOcTordVNEEkyHu046hAkdUedns8gk6NUoPhbE0T2g0U38nMhwpNY4CMxlhPVCL3lT8z+ukOqx7GRNJqqkg80VhypGO0bQG1GOSEs3HhmAimbkVkQGWmGhTVtGUUF388jJxLypXFee2VmrU8zYKcAwnUIYqXEIDbqAJLhAYwTO8wpuVWS/Wu/UxH12x8swR/IH1+QMmJ5Ld</latexit>

⇢03
<latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit><latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit><latexit sha1_base64="CdRFSEV5m4ZbUTc/JxjV1sio25M=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ6KrsqWG8FLx4ruLbQLiWbZtvQbBKSrFCW/ggvHlS8+n+8+W9M2z1o64OBx3szzMyLFWfG+v63t7K6tr6xWdoqb+/s7u1XDg4fjcw0oSGRXOp2jA3lTNDQMstpW2mK05jTVjy6nfqtJ6oNk+LBjhWNUjwQLGEEWye1unooe5dnvUrVr/kzoGUSFKQKBZq9yle3L0mWUmEJx8Z0Al/ZKMfaMsLppNzNDFWYjPCAdhwVOKUmymfnTtCpU/ookdqVsGim/p7IcWrMOI1dZ4rt0Cx6U/E/r5PZpB7lTKjMUkHmi5KMIyvR9HfUZ5oSy8eOYKKZuxWRIdaYWJdQ2YUQLL68TMKL2k3Nv7+qNupFGiU4hhM4hwCuoQF30IQQCIzgGV7hzVPei/fufcxbV7xi5gj+wPv8ARXpjuc=</latexit>

(q2, R
2
1)<latexit sha1_base64="4rKjISYz0WcJi514v5jmxJaBhIk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl48VjG2kMaw2W7bpZts3N0IJfRnePGg4tV/481/47bNQVsfDDzem2FmXphwprRtf1uFpeWV1bXiemljc2t7p7y7d69EKgl1ieBCtkOsKGcxdTXTnLYTSXEUctoKh1cTv/VEpWIivtOjhPoR7sesxwjWRvKqj0H95DZwHurHQbli1+wp0CJxclKBHM2g/NXpCpJGNNaEY6U8x060n2GpGeF0XOqkiiaYDHGfeobGOKLKz6Ynj9GRUbqoJ6SpWKOp+nsiw5FSoyg0nRHWAzXvTcT/PC/VvXM/Y3GSahqT2aJeypEWaPI/6jJJieYjQzCRzNyKyABLTLRJqWRCcOZfXiRuvXZRs29OK43LPI0iHMAhVMGBM2jANTTBBQICnuEV3ixtvVjv1sestWDlM/vwB9bnD5Aej6U=</latexit><latexit sha1_base64="4rKjISYz0WcJi514v5jmxJaBhIk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl48VjG2kMaw2W7bpZts3N0IJfRnePGg4tV/481/47bNQVsfDDzem2FmXphwprRtf1uFpeWV1bXiemljc2t7p7y7d69EKgl1ieBCtkOsKGcxdTXTnLYTSXEUctoKh1cTv/VEpWIivtOjhPoR7sesxwjWRvKqj0H95DZwHurHQbli1+wp0CJxclKBHM2g/NXpCpJGNNaEY6U8x060n2GpGeF0XOqkiiaYDHGfeobGOKLKz6Ynj9GRUbqoJ6SpWKOp+nsiw5FSoyg0nRHWAzXvTcT/PC/VvXM/Y3GSahqT2aJeypEWaPI/6jJJieYjQzCRzNyKyABLTLRJqWRCcOZfXiRuvXZRs29OK43LPI0iHMAhVMGBM2jANTTBBQICnuEV3ixtvVjv1sestWDlM/vwB9bnD5Aej6U=</latexit><latexit sha1_base64="4rKjISYz0WcJi514v5jmxJaBhIk=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCCpeCl48VjG2kMaw2W7bpZts3N0IJfRnePGg4tV/481/47bNQVsfDDzem2FmXphwprRtf1uFpeWV1bXiemljc2t7p7y7d69EKgl1ieBCtkOsKGcxdTXTnLYTSXEUctoKh1cTv/VEpWIivtOjhPoR7sesxwjWRvKqj0H95DZwHurHQbli1+wp0CJxclKBHM2g/NXpCpJGNNaEY6U8x060n2GpGeF0XOqkiiaYDHGfeobGOKLKz6Ynj9GRUbqoJ6SpWKOp+nsiw5FSoyg0nRHWAzXvTcT/PC/VvXM/Y3GSahqT2aJeypEWaPI/6jJJieYjQzCRzNyKyABLTLRJqWRCcOZfXiRuvXZRs29OK43LPI0iHMAhVMGBM2jANTTBBQICnuEV3ixtvVjv1sestWDlM/vwB9bnD5Aej6U=</latexit>

(q2, R
2
2)<latexit sha1_base64="cdH3HvKFkrcsNPQXCMJMNq3WMfU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpQkCCpeCl48VjG2kMaw2W7apZvduLsRSujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvChlVGnb/rZKS8srq2vl9crG5tb2TnV3716JTGLiYcGE7ERIEUY58TTVjHRSSVASMdKOhlcTv/1EpKKC3+lRSoIE9TmNKUbaSH79MXRPbkP3wT0OqzW7YU8BF4lTkBoo0AqrX92ewFlCuMYMKeU7dqqDHElNMSPjSjdTJEV4iPrEN5SjhKggn548hkdG6cFYSFNcw6n6eyJHiVKjJDKdCdIDNe9NxP88P9PxeZBTnmaacDxbFGcMagEn/8MelQRrNjIEYUnNrRAPkERYm5QqJgRn/uVF4rmNi4Z9c1prXhZplMEBOAR14IAz0ATXoAU8gIEAz+AVvFnaerHerY9Za8kqZvbBH1ifP5Gkj6Y=</latexit><latexit sha1_base64="cdH3HvKFkrcsNPQXCMJMNq3WMfU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpQkCCpeCl48VjG2kMaw2W7apZvduLsRSujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvChlVGnb/rZKS8srq2vl9crG5tb2TnV3716JTGLiYcGE7ERIEUY58TTVjHRSSVASMdKOhlcTv/1EpKKC3+lRSoIE9TmNKUbaSH79MXRPbkP3wT0OqzW7YU8BF4lTkBoo0AqrX92ewFlCuMYMKeU7dqqDHElNMSPjSjdTJEV4iPrEN5SjhKggn548hkdG6cFYSFNcw6n6eyJHiVKjJDKdCdIDNe9NxP88P9PxeZBTnmaacDxbFGcMagEn/8MelQRrNjIEYUnNrRAPkERYm5QqJgRn/uVF4rmNi4Z9c1prXhZplMEBOAR14IAz0ATXoAU8gIEAz+AVvFnaerHerY9Za8kqZvbBH1ifP5Gkj6Y=</latexit><latexit sha1_base64="cdH3HvKFkrcsNPQXCMJMNq3WMfU=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpQkCCpeCl48VjG2kMaw2W7apZvduLsRSujP8OJBxav/xpv/xm2bg7Y+GHi8N8PMvChlVGnb/rZKS8srq2vl9crG5tb2TnV3716JTGLiYcGE7ERIEUY58TTVjHRSSVASMdKOhlcTv/1EpKKC3+lRSoIE9TmNKUbaSH79MXRPbkP3wT0OqzW7YU8BF4lTkBoo0AqrX92ewFlCuMYMKeU7dqqDHElNMSPjSjdTJEV4iPrEN5SjhKggn548hkdG6cFYSFNcw6n6eyJHiVKjJDKdCdIDNe9NxP88P9PxeZBTnmaacDxbFGcMagEn/8MelQRrNjIEYUnNrRAPkERYm5QqJgRn/uVF4rmNi4Z9c1prXhZplMEBOAR14IAz0ATXoAU8gIEAz+AVvFnaerHerY9Za8kqZvbBH1ifP5Gkj6Y=</latexit>

(q3, R
3
1)<latexit sha1_base64="0llfyza2PKmTAYyv5GRe9Xj4JDE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJJYQcVLwYvHKsYW0hg22227dJONuxuhhP4MLx5UvPpvvPlv3LY5aOuDgcd7M8zMCxPOlLbtb2thcWl5ZbWwVlzf2NzaLu3s3iuRSkJdIriQrRAryllMXc00p61EUhyFnDbDwdXYbz5RqZiI7/QwoX6EezHrMoK1kbzKY1A7vg2ch9pRUCrbVXsCNE+cnJQhRyMofbU7gqQRjTXhWCnPsRPtZ1hqRjgdFdupogkmA9yjnqExjqjys8nJI3RolA7qCmkq1mii/p7IcKTUMApNZ4R1X816Y/E/z0t199zPWJykmsZkuqibcqQFGv+POkxSovnQEEwkM7ci0scSE21SKpoQnNmX54l7Ur2o2jen5fplnkYB9uEAKuDAGdThGhrgAgEBz/AKb5a2Xqx362PaumDlM3vwB9bnD5Msj6c=</latexit><latexit sha1_base64="0llfyza2PKmTAYyv5GRe9Xj4JDE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJJYQcVLwYvHKsYW0hg22227dJONuxuhhP4MLx5UvPpvvPlv3LY5aOuDgcd7M8zMCxPOlLbtb2thcWl5ZbWwVlzf2NzaLu3s3iuRSkJdIriQrRAryllMXc00p61EUhyFnDbDwdXYbz5RqZiI7/QwoX6EezHrMoK1kbzKY1A7vg2ch9pRUCrbVXsCNE+cnJQhRyMofbU7gqQRjTXhWCnPsRPtZ1hqRjgdFdupogkmA9yjnqExjqjys8nJI3RolA7qCmkq1mii/p7IcKTUMApNZ4R1X816Y/E/z0t199zPWJykmsZkuqibcqQFGv+POkxSovnQEEwkM7ci0scSE21SKpoQnNmX54l7Ur2o2jen5fplnkYB9uEAKuDAGdThGhrgAgEBz/AKb5a2Xqx362PaumDlM3vwB9bnD5Msj6c=</latexit><latexit sha1_base64="0llfyza2PKmTAYyv5GRe9Xj4JDE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJUkJJYQcVLwYvHKsYW0hg22227dJONuxuhhP4MLx5UvPpvvPlv3LY5aOuDgcd7M8zMCxPOlLbtb2thcWl5ZbWwVlzf2NzaLu3s3iuRSkJdIriQrRAryllMXc00p61EUhyFnDbDwdXYbz5RqZiI7/QwoX6EezHrMoK1kbzKY1A7vg2ch9pRUCrbVXsCNE+cnJQhRyMofbU7gqQRjTXhWCnPsRPtZ1hqRjgdFdupogkmA9yjnqExjqjys8nJI3RolA7qCmkq1mii/p7IcKTUMApNZ4R1X816Y/E/z0t199zPWJykmsZkuqibcqQFGv+POkxSovnQEEwkM7ci0scSE21SKpoQnNmX54l7Ur2o2jen5fplnkYB9uEAKuDAGdThGhrgAgEBz/AKb5a2Xqx362PaumDlM3vwB9bnD5Msj6c=</latexit>

(q3, R
3
2)<latexit sha1_base64="6WFr0yCV7kZtFN+1GeSOYQJ6ZMg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpSkFVS8FLx4rGJsIY1hs920Sze7cXcjlNCf4cWDilf/jTf/jds2B219MPB4b4aZeWHCqNK2/W0VlpZXVteK66WNza3tnfLu3r0SqcTExYIJ2QmRIoxy4mqqGekkkqA4ZKQdDq8mfvuJSEUFv9OjhPgx6nMaUYy0kbzqY9A4uQ3qD43joFyxa/YUcJE4OamAHK2g/NXtCZzGhGvMkFKeYyfaz5DUFDMyLnVTRRKEh6hPPEM5ionys+nJY3hklB6MhDTFNZyqvycyFCs1ikPTGSM9UPPeRPzP81IdnfsZ5UmqCcezRVHKoBZw8j/sUUmwZiNDEJbU3ArxAEmEtUmpZEJw5l9eJG69dlGzb04rzcs8jSI4AIegChxwBprgGrSACzAQ4Bm8gjdLWy/Wu/Uxay1Y+cw++APr8weUso+o</latexit><latexit sha1_base64="6WFr0yCV7kZtFN+1GeSOYQJ6ZMg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpSkFVS8FLx4rGJsIY1hs920Sze7cXcjlNCf4cWDilf/jTf/jds2B219MPB4b4aZeWHCqNK2/W0VlpZXVteK66WNza3tnfLu3r0SqcTExYIJ2QmRIoxy4mqqGekkkqA4ZKQdDq8mfvuJSEUFv9OjhPgx6nMaUYy0kbzqY9A4uQ3qD43joFyxa/YUcJE4OamAHK2g/NXtCZzGhGvMkFKeYyfaz5DUFDMyLnVTRRKEh6hPPEM5ionys+nJY3hklB6MhDTFNZyqvycyFCs1ikPTGSM9UPPeRPzP81IdnfsZ5UmqCcezRVHKoBZw8j/sUUmwZiNDEJbU3ArxAEmEtUmpZEJw5l9eJG69dlGzb04rzcs8jSI4AIegChxwBprgGrSACzAQ4Bm8gjdLWy/Wu/Uxay1Y+cw++APr8weUso+o</latexit><latexit sha1_base64="6WFr0yCV7kZtFN+1GeSOYQJ6ZMg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBahgpSkFVS8FLx4rGJsIY1hs920Sze7cXcjlNCf4cWDilf/jTf/jds2B219MPB4b4aZeWHCqNK2/W0VlpZXVteK66WNza3tnfLu3r0SqcTExYIJ2QmRIoxy4mqqGekkkqA4ZKQdDq8mfvuJSEUFv9OjhPgx6nMaUYy0kbzqY9A4uQ3qD43joFyxa/YUcJE4OamAHK2g/NXtCZzGhGvMkFKeYyfaz5DUFDMyLnVTRRKEh6hPPEM5ionys+nJY3hklB6MhDTFNZyqvycyFCs1ikPTGSM9UPPeRPzP81IdnfsZ5UmqCcezRVHKoBZw8j/sUUmwZiNDEJbU3ArxAEmEtUmpZEJw5l9eJG69dlGzb04rzcs8jSI4AIegChxwBprgGrSACzAQ4Bm8gjdLWy/Wu/Uxay1Y+cw++APr8weUso+o</latexit>

⇢1
1<latexit sha1_base64="mMmBr7G4g0JL5KTq+xKLJPoG0yc=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8lV0RVLwUvHis4NpCu5Zsmm1Ds8maZIWy9E948aDi1d/jzX9j2u5BWx8MPN6bYWZelApurOd9o6XlldW19dJGeXNre2e3srd/b1SmKQuoEkq3ImKY4JIFllvBWqlmJIkEa0bD64nffGLacCXv7ChlYUL6ksecEuukVkcPVNd/8LuVqlfzpsCLxC9IFQo0upWvTk/RLGHSUkGMafteasOcaMupYONyJzMsJXRI+qztqCQJM2E+vXeMj53Sw7HSrqTFU/X3RE4SY0ZJ5DoTYgdm3puI/3ntzMYXYc5lmlkm6WxRnAlsFZ48j3tcM2rFyBFCNXe3YjogmlDrIiq7EPz5lxdJcFq7rHm3Z9X6VZFGCQ7hCE7Ah3Ooww00IAAKAp7hFd7QI3pB7+hj1rqEipkD+AP0+QPYgo9a</latexit><latexit sha1_base64="mMmBr7G4g0JL5KTq+xKLJPoG0yc=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8lV0RVLwUvHis4NpCu5Zsmm1Ds8maZIWy9E948aDi1d/jzX9j2u5BWx8MPN6bYWZelApurOd9o6XlldW19dJGeXNre2e3srd/b1SmKQuoEkq3ImKY4JIFllvBWqlmJIkEa0bD64nffGLacCXv7ChlYUL6ksecEuukVkcPVNd/8LuVqlfzpsCLxC9IFQo0upWvTk/RLGHSUkGMafteasOcaMupYONyJzMsJXRI+qztqCQJM2E+vXeMj53Sw7HSrqTFU/X3RE4SY0ZJ5DoTYgdm3puI/3ntzMYXYc5lmlkm6WxRnAlsFZ48j3tcM2rFyBFCNXe3YjogmlDrIiq7EPz5lxdJcFq7rHm3Z9X6VZFGCQ7hCE7Ah3Ooww00IAAKAp7hFd7QI3pB7+hj1rqEipkD+AP0+QPYgo9a</latexit><latexit sha1_base64="mMmBr7G4g0JL5KTq+xKLJPoG0yc=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8lV0RVLwUvHis4NpCu5Zsmm1Ds8maZIWy9E948aDi1d/jzX9j2u5BWx8MPN6bYWZelApurOd9o6XlldW19dJGeXNre2e3srd/b1SmKQuoEkq3ImKY4JIFllvBWqlmJIkEa0bD64nffGLacCXv7ChlYUL6ksecEuukVkcPVNd/8LuVqlfzpsCLxC9IFQo0upWvTk/RLGHSUkGMafteasOcaMupYONyJzMsJXRI+qztqCQJM2E+vXeMj53Sw7HSrqTFU/X3RE4SY0ZJ5DoTYgdm3puI/3ntzMYXYc5lmlkm6WxRnAlsFZ48j3tcM2rFyBFCNXe3YjogmlDrIiq7EPz5lxdJcFq7rHm3Z9X6VZFGCQ7hCE7Ah3Ooww00IAAKAp7hFd7QI3pB7+hj1rqEipkD+AP0+QPYgo9a</latexit>

0.5
⇢2
2<latexit sha1_base64="9Wr94oLmowZ2GvuJZKH0zky5DLI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD41+tebW3RnQMvEKUoMCrX71qzeQJI2pMIRjrbuem5ggw8owwum00ks1TTAZ4yHtWipwTHWQze6dohOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvRy8T+vm5roIsiYSFJDBZkvilKOjET582jAFCWGTyzBRDF7KyIjrDAxNqKKDcFbfHmZ+I36Zd29Pas1r4o0ynAEx3AKHpxDE26gBT4Q4PAMr/DmPDovzrvzMW8tOcXMIfyB8/kD24qPXA==</latexit><latexit sha1_base64="9Wr94oLmowZ2GvuJZKH0zky5DLI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD41+tebW3RnQMvEKUoMCrX71qzeQJI2pMIRjrbuem5ggw8owwum00ks1TTAZ4yHtWipwTHWQze6dohOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvRy8T+vm5roIsiYSFJDBZkvilKOjET582jAFCWGTyzBRDF7KyIjrDAxNqKKDcFbfHmZ+I36Zd29Pas1r4o0ynAEx3AKHpxDE26gBT4Q4PAMr/DmPDovzrvzMW8tOcXMIfyB8/kD24qPXA==</latexit><latexit sha1_base64="9Wr94oLmowZ2GvuJZKH0zky5DLI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD41+tebW3RnQMvEKUoMCrX71qzeQJI2pMIRjrbuem5ggw8owwum00ks1TTAZ4yHtWipwTHWQze6dohOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvRy8T+vm5roIsiYSFJDBZkvilKOjET582jAFCWGTyzBRDF7KyIjrDAxNqKKDcFbfHmZ+I36Zd29Pas1r4o0ynAEx3AKHpxDE26gBT4Q4PAMr/DmPDovzrvzMW8tOcXMIfyB8/kD24qPXA==</latexit>

⇢1
2<latexit sha1_base64="h85DXGD1SOkJoa8/RQ+jQ9l5g5c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD16/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gePWw==</latexit><latexit sha1_base64="h85DXGD1SOkJoa8/RQ+jQ9l5g5c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD16/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gePWw==</latexit><latexit sha1_base64="h85DXGD1SOkJoa8/RQ+jQ9l5g5c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPYbD16/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gePWw==</latexit>
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⇢2
1<latexit sha1_base64="AQLrflD+ap9Vo6rRsCPnYAQmYQk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPa9h0a/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gWPWw==</latexit><latexit sha1_base64="AQLrflD+ap9Vo6rRsCPnYAQmYQk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPa9h0a/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gWPWw==</latexit><latexit sha1_base64="AQLrflD+ap9Vo6rRsCPnYAQmYQk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoOKl4MVjBWMLbSyb7aZdutmNuxuhhP4JLx5UvPp7vPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0srq2vlHerGxt7+zuVfcP7rVMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfJ377SeqNJPizkwSGsR4KFjECDZW6vTUSPa9h0a/WnPr7gxomXgFqUGBVr/61RtIksZUGMKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LRU4pjrIZvdO0YlVBiiSypYwaKb+nshwrPUkDm1njM1IL3q5+J/XTU10EWRMJKmhgswXRSlHRqL8eTRgihLDJ5Zgopi9FZERVpgYG1HFhuAtvrxM/Eb9su7entWaV0UaZTiCYzgFD86hCTfQAh8IcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB2gWPWw==</latexit>

Figure 5.11: Markov Decision Process after Refinement

Example 8. We illustrate the separation based on the spurious edge E shown in Figure 5.4.

From Examples 6, 7, we have S1
(q2,R) = (q2, [0, 4]), S1

(q3,R) = (q3, [0, 4]), R1
(q2,R) = (q2, [1, 4]),

R1
(q3,R) = (q2, [3, 4]), and the post of the abstract state (q1, [0, 4]) is B = (q2, [0, 2])×(q3, [0, 2]).

Let B(q2,R), B(q3,R) be the projection of B for the abstract states (q2, R), (q3, R), respec-

tively, at layer 1. Then, we use Algorithm 2 to partition S(q2,R) and S(q3,R). We obtain

{(q2, R
2
1), (q2, R

2
2)} as a partition of S(q2,R), where R2

1 = [0, 1], R2
2 = [1, 4]. Similarly, we get

{(q3, R
3
1), (q3, R

3
2)} as a partition of S(q3,R), where R3

1 = [0, 3), R3
2 = [3, 4]. Thus, we obtain a

refinement of the partitionR, which isR1 = {(q1, R), (q2, R
2
1), (q2, R

2
2), (q3, R

3
1), (q3, R

3
2), (q4, R)}.

Next, we use R1 for refining the abstraction and we obtain a Markov Decision Process as

shown in Figure 5.11. The probability of reaching final state (q4, R) from initial state (q1, R)

is less than 0.50. Hence, polyhedral PHS shown in Figure 5.1 is probabilistically safe with
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respect to the initial location q0, a set of final locations F = {q4}, and probability bound

θ = 0.50.

5.5 Computability

In this section, we summarize the CEGAR algorithm and discuss computability and com-

plexity issues.

CEGAR Algorithm

Algorithm 3 presents the CEGAR framework to check whether a given polyhedral PHS H

is the maximum probabilistically safe with respect to an initial location q0, a set of final

locations F, and a probability bound θ.

The function Abstraction takes as input the system H, partition R, the initial state q0

and the set of final locations F and returns the MDP abstractionM = Abs(H,R) along with

the set of abstract states S corresponding to the concrete states {q0}× Inv(q0) and the set of

abstract states F′ corresponding to the concrete states F×X . The function Model-Checking

takes the abstract MDP M, abstract initial states S and final state F′ as input and either

returns a Status = >, if the abstract system satisfies the property and ⊥ otherwise. In the

latter case, it also returns a counterexample T̂ in the form of a DTMC, which is then passed

on to the function Get LDAG to extract the LDAG D̂. The function Validation function

validates the counterexample D̂ using the backward reachability algorithm and checking if

Rk
(q,R) = ∅ for some ((q, R), k) ∈ SD̂. valid = > if the above condition is satisfied in which

case a concrete counterexample exists, otherwise, D̂ is a spurious abstract counterexample,

in which case some spurious information SI is returned. It first computes the spurious edge

SE = (((q, R), l), ρ) ∈−→D̂ where l is the largest number satisfying Rl
(q,R) = ∅ for some (q, R)

and ρ. Then, SI consists of three sets S1, S2 and S3, where S1 = ×
((q′,R′),l+1)∈support(ρ)

S l+1
(q′,R′), S2

= Post(Sl(q,R), p1, p2, . . . , pn), where pi = ρ((qi, Ri), l+1), and S3 = ×
((q′,R′),l+1)∈support(ρ)

Rl+1
(q′,R′).
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Algorithm 3: CEGAR Algorithm

Input: H - polyhedral PHS, q0 - initial location, F - a set of final locations, θ -
probability bound, R - partition of the state space

Output: >/⊥ based on satisfaction/rejection of the specification with respect to q0,
F, θ

begin1

Sat = None2

while Sat = None do3

M, S, F′ = Abstraction(H, R, q0, F)4

T̂ , Status = Modelchecking(M, s, F′, θ)5

if Status = > then6

Sat = >7

break8

else9

D̂ = Get LDAG(T̂ , F′,S, θ)10

SI, valid = Validation(H, D̂, R)11

if valid = > then12

Sat = ⊥13

break14

else15

R1 = Refinement(R, SI)16

R = R117

end18

Refinement(R, SI) runs Algorithm 2 for partitioning Proj(S1, ((q, R), l+1)) for each abstract

state ((q, R), l+1) ∈ support(ρ) with respect to Proj(S2, ((q, R), l+1), Proj(S3, ((q, R), l+1).

Then, for each for each abstract state ((q, R), l + 1) ∈ support(ρ), the partition element

Proj(S1, ((q, R), l+1) of R is replaced by all its partition elements obtained from Algorithm

2. The CEGAR loop is repeated until the specification is refuted or satisfied, in general, it

is not guaranteed to terminate. Hence, it is a semi-decision procedure.

Complexity Analysis

In this section, we discuss the computability and complexity of the different steps in the

CEGAR algorithm. The crux of Algorithm 3 is the computation of Pre and Post functions,
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corresponding to computing the one step backward and forward reach sets. When the dy-

namics is polyhedral inclusion ẋ ∈ P for a polyhedral set P , the Pre and Post with respect to

a polyhedral set of states S, results in a polyhedral set. This can be computed by writing a

finite set of linear constraints that the states before and after a transition need to satisfy, and

eliminating one of them (depending on whether we are computing Pre or Post). This corre-

sponds to computing intersections, checking satisfiability and variable elimination in a set of

linear constraints. The first two operations can be performed efficiently (polynomial in the

size of the constraints), while variable elimination is more expensive and can be performed

using Fourier−Motzkin elimination whose complexity is O(4(nc
4

)2nv ), where nc is the number

of linear constraints in a polyhedral set and nv is the number of variables that need to be

eliminated. It also leads to a exponential blow-up in the number of constraints with respect

to the number of eliminated variables. In the rest of the section, we present the complexity

analysis assuming a cost of C for each Pre and Post computation. We realize that C depends

on the size of the representation of the intermediate reach sets which can themselves grow

exponentially as the algorithm proceeds, however, we would like to characterize the behavior

of the rest of the algorithm.

We note that for more general dynamics, the reach set is not a polyhedral set and could

require exponential functions for representation, for instance, for linear dynamics such as

ẋ = Ax or other non-linear dynamics. Hence, though the CEGAR framework in Algorithm

3 can be applied, one will need to resort to over-approximate computations of Pre and Post

for abstraction construction and deducing spuriousness of the counterexample.

Next, we discuss the complexity of each step presented in Algorithm 3. Let us consider

an n−dimensional polyhedral PHS H, and a partition R of its state space Q × X . Let

|R| = k1 × k2 where k1 = |Q| and k2 is the number of distinct partition elements of X .

In the abstraction, each abstract edge has a source of the form (q, R) and a set of target

states of the form (q1, R1), · · · , (qk1 , Rk1). We need to check if each such potential abstract

edge corresponds to a concrete edge, which can be computed by one Pre operation followed
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by checking emptiness. Hence, the cost of abstraction is given by O(Ckk1+1
2 ), and size

(representation) of the output MDP M is O(kk1+1
2 ). The complexity of Model-Checking

function is polynomial in the size of the MDP M. The GET LDAG algorithm runs until

enough paths are found. There is a priori no bound on the length of paths explored, however,

it is guaranteed to terminate and the time complexity is polynomial in d, which is the length

of the unrolling. Then the complexity of validation and computation of SI is O(DC), since

the validation requires one Pre computation and one emptiness checking operation (which is

cheaper than Pre computation) corresponding to every node in D̂. The Refinement function

calls the partitioning algorithm at most once for every location. The complexity of the

partitioning algorithms is O(ncnp), where nc number of constraints in the representation of

R sets, and np is the number of partition elements. However, the number of elements of the

refined partition could be exponential in nc.

5.6 Experimental analysis

In this section, we provide the details of the implementation and experimental analysis.

We have implemented the CEGAR framework for polyhedral PHS in a Python toolbox

called Procegar. We use Parma Polyhedra Library (PPL)146 to compute the abstract MDP,

and PRISM35 model checker to verify the probabilistic safety specification on the abstract

system. PRISM generates a counterexample in the form of a DTMC. We unroll the DTMC

and convert it into an LDAG which we validate with respect to the polyhedral PHS using

PPL146. The refinement module generates a new partition of the state space that eliminates

the counterexample, and it is implemented using PPL146. We compare our experimental

evaluation of probabilistic safety analysis with tool ProHVer131, which has been performed

on Ubuntu 12.04 OS, Intel R c©Pentium(R) CPU B960 with 2.20GHz× 2 Processor and 2GB

RAM.

We consider two examples, one corresponding to a grid world, and the other an oscillator-
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filter. For the grid world example, we construct grids with n × n cells, where we have

polyhedral dynamics ẋ−ẏ <= 0, 2ẋ−ẏ >= 0 in each cell. A probabilistic edge is defined from

a cell to two of its adjacent cells with equal probability. here, we consider the specification,

where we choose cell (1, 1) as an initial location with continuous states [0, 0.5] × [0, 0.5],

and cell (2, 2) as a final location with continuous states [1.5, 2] × [1, 1.5]. Next, for the 2-

dimensional oscillator and m-filter benchmark, we modify the deterministic version of the

oscillator-filter benchmark147 by introducing probabilities and additional reset constraints.

Note that the deterministic version of the benchmark is a linear PHS. So, we first convert

the benchmark into polyhedral PHS by transforming the linear dynamics into polyhedral

dynamics by hybridization over the invariant set. In addition, we consider the state space

for each variable as the interval [−3, 3]. For the specification, we consider (l1, {−0.5 ≤ x ≤

0, 0 ≤ y ≤ 0.35}) as the initial set of states and (l4, {0 ≤ x ≤ 0.5,−0.35 ≤ y ≤ 0}) as the

final set of states. For all the experiments, we are interested in verifying maxs∈IPsup([[H]],

s,F) ≤ θ for different values of probability bound θ, where I is the set of initial states and F

is the set of final states.

We perform experiments using tools Procegar and ProHVer131 and compare the experi-

mental results. For the probabilistic safety analysis using tool ProHVer131, we first compute

the maximum probability of reaching a set of final states from a set of initial states and

check whether the maximum probability of reachability is less than or equal to θ.
Procegar ProHVer

Rows Grid Size θ Size(init) Size(final) Status TA+CE+V (Sec.) Tver(Sec.) PT (Sec.) Pr Status PT (Sec.)
1

2× 2
0.25 (4,3) (9,6) ⊥ 6.56 3.13 9.69 1 U 0.03

2 0.50 (4,3) (9,6) > 3.31 3.08 6.39 1 U 0.03
3

4× 4
0.10 (16,15) (23,19) ⊥ 6.20 3.18 9.38 0.25 U 0.057

4 0.25 (16,15) (23,19) > 3.17 3.08 6.25 0.25 > 0.057
5

6× 6
0.10 (36,35) (43,39) ⊥ 6.32 3.07 9.39 0.25 U 0.085

6 0.25 (36,35) (43,39) > 3.20 2.96 6.16 0.25 > 0.085
7

8× 8
0.10 (64,63) (71,67) ⊥ 6.30 3.17 9.47 0.25 U 0.122

8 0.25 (64,63) (71,67) > 3.26 2.94 6.2 0.25 > 0.122

Table 5.1: Verification results for the Grid World (n = 2, K = 2)

In Table 5.1 and Table 5.2, the results of analysis of the grid world and the oscillator-

filter are summarized, respectively. In the tables, θ shows the probability bound; Size(init),
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Size(final) show the size of initial and final abstract system which are expressed as a pair

(|V |, |E|), where |V |, |E| are number of vertices and edges, respectively. Status represents

whether a given specification is satisfied (>), non-satisfied (⊥) or the verification result

is inconclusive(U ). TA+CE+V shows the total time (among all iterations) taken for the ab-

straction, counterexample simplification, and validation steps; Tver represents the total time

(among all iterations) for checking the property by PRISM and PT represents the total time

taken for the safety verification. All times are measured in seconds. Pr represents the value

of the maximum probability of reachability for a given specification in ProHVer131. dim,

K represent dimension of the system and number of iterations in CEGAR, respectively. m

shows the number of filters for 2-dimensional oscillator and m-filter benchmark.

Procegar ProHVer
m dim θ Size(init) Size(final) Status TA+CE+V (Sec.) Tver(Sec.) PT (Sec.) Pr Status PT (Sec.)

1 3
0.10 (4,3) (4,3) ⊥ 3.25 1.51 4.76 0.73 U 11.66
0.20 (4,3) (4,3) > 0.01 1.45 1.46 0.73 U 11.66

2 4
0.10 (4,3) (4,3) ⊥ 4.70 1.46 6.16 0.73 U 711.96
0.20 (4,3) (4,3) > 0.01 1.48 1.49 0.73 U 711.96

3 5
0.10 (4,3) (4,3) ⊥ 36.11 1.65 37.76 0.73 U 4385.63
0.20 (4,3) (4,3) > 0.01 1.55 1.56 0.73 U 4385.63

4 6
0.10 (4,3) (4,3) ⊥ 1273.30 1.55 1274.85 — — TO
0.20 (4,3) (4,3) > 0.01 1.88 1.89 — — TO

Table 5.2: Verification results for the oscillator-filter (K =1)

We observe that in Table 5.1, Procegar concludes safety of the specification for different

values of θ for all grid sizes. Procegar takes little more time in comparison to ProHVer;

however, ProHVer131 is unable to conclude safety in Rows 1, 2, 3, 5, and 7.

In Table 5.2, Procegar takes less time in comparison to ProHver131. ProHVer131 is unable

to conclude safety of the specification for m = 1, 2, 3. ProHVer131 did not terminate for

m = 4 within a timeout of 75 minutes. Also, for Procegar, the total verification time

grows with respect to the dimension of the system when the specification is false. It is

expected because a finite number of validation operation needs to be performed, which is

based on backward reach sets, which are obtained using computationally expensive quantifier

elimination procedure, specifically, for large dimensional systems.
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Overall, Procegar is able to find proofs in many more instances and with less time as

compared to ProHVer for three or more dimensional systems, which does not use any clever

refinement techniques. There is no extensive set of benchmarks for probabilistic hybrid

systems so we have modified some of the existing benchmarks in the non-probabilistic setting.
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Chapter 6

Safety analysis of linear probabilistic

hybrid systems

In this chapter, we consider the problem of unbounded safety analysis of linear probabilistic

hybrid systems (PHS) which model discrete, continuous and probabilistic behaviors. The

discrete and probabilistic dynamics are captured using finite state Markov decision processes

(MDP), and the continuous dynamics are modeled by annotating the states of the MDP with

linear differential equations. Finite state abstractions of discrete-time and continuous time

PHS have been investigated51;52. One of the challenges with constructing finite-state ab-

stractions of continuous dynamics is efficiently determining the existence of a probabilistic

edge in the abstract system. It requires performing a continuous post-computation as in the

non-probabilistic case, but in addition requires, computing for multiple discrete posts simul-

taneously corresponding to a probabilistic edge. Post computation is challenging even for

linear dynamics, and hence, instead of directly computing post, we first apply hybridization

to simplify the dynamics to polyhedral inclusion dynamics. To address the computation of

multiple discrete posts, we encode the existence of a probabilistic edge as a set of linear con-

straints in GNU Linear Programming Kit (GLPK). This is feasible because of the dynamics

in polyhedral inclusion. Hence, our abstraction consists of two steps: hybridization to con-
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struct a PHS with polyhedral inclusion dynamics and predicate abstraction to construct a

finite state MDP. We show that the abstractions are sound, and by adding more predicates,

we can obtain more precise abstractions.

We have implemented the abstraction procedure in Python. We show that the abstrac-

tions are sound, and by adding more predicates, we can obtain more precise abstractions.

We refer to this two step abstraction procedure as the hierarchical abstraction. We per-

form experimental comparison with ProHVer and perform experimental evaluation of the

computational complexity of the abstraction procedures.

6.1 Abstractions

In this section, we develop an abstraction procedure that abstracts linear PHS to finite

state MDP. The abstraction procedure consists of hybridization and predicate abstraction.

Hybridization is used to simplify linear PHS to polyhedral PHS based on a partition of its

state space, and predicate abstraction is used for abstracting polyhedral PHS into a finite

state MDP. Next, we formally define hybridization procedure.

6.1.1 Hybridization

Hybridization takes as input linear probabilistic hybrid system and a partition R of its

continuous state space, and constructs a polyhedral probabilistic hybrid system. For each

location q in linear PHS, hybridization creates a set of locations for polyhedral PHS, where

each location is a pair of q and R, where R is the intersection of a partition element of R

and invariant set associated with q. The flow function associated with each location (q, R)

in polyhedral PHS is the union of the set of all vector fields {Aqx+Bq} over R, {Aqx+Bq}

is the flow function associate with the location q in respective linear PHS. Thus, the flow

function in polyhedral PHS over-approximates the flow function in respective linear PHS.

The flow function associated with the location (q, R) can be obtained by performing linear
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transformation on Aqx+Bq over R. The invariant for each location (q, R) is R. Next, for each

probabilistic edge (q, ρ), where ρ(q1) = p1, ρ(q2) = p2, . . ., ρ(qc) = pc, hybridization creates a

set of probabilistic edges associated with the location (q, R), where each probabilistic edge is

((q, R), ρ′), where ρ′((q1, R1)) = p1, ρ′((q2, R2)) = p2, . . . ρ′((qc, Rc)) = pc. Also, guard, reset

associated with the probabilistic edge ((q, R), ρ′) is the same as the guard, reset associated

with the probabilistic edge (q, ρ), respectively. In addition, it also constructs an additional

set of probabilistic edges for each location (q, R), where each probabilistic edge is ((q, R), ρ′),

and ρ′(q, R′) = 1, R � R′ or R = R′. In this case, guard is Rn and reset is Id. Next, we

present the formal definition of the hybridization.

Definition 26. Given two sets Q, R, ρ′ ∈ Dist(Q×R), and ρ ∈ Dist(Q), we say ρ′ and ρ are

consistent denoted as cstQ×R(ρ′, ρ) if
∑

R∈R ρ
′(q, R) = ρ(q) and 0 ≤ |{R | ρ′(q, R) > 0}| ≤ 1,

for each q ∈ Q.

Definition 27. Given n-dimensional linear PHS H = (Q,X , Inv,Flow,Edges, Guard,Reset)

and a partition set R = {R1, R2, . . . , Rk}, where Ri ∈ Poly(n), 1 ≤ i ≤ k. we define

hybridization of H with respect toR to be a polyhedral PHS Abs1(H,R) = (Q′,X ′, Inv′,Flow′,

Edges′, Guard′, Reset′), where

? Q′ = {(q, R) | q ∈ Q, R′ ∈ R and R = R′ ∩ Inv(q) 6= ∅};

? X ′ = X ;

? Inv′((q, R)) = R;

? Flow′(((q, R), x)) = {Flow((q, x′)) | x, x′ ∈ R};

? Edges′ = E1 ∪ E2 where

? E1 = {(q, R), ρ′) | ∃ (q, ρ) ∈ Edges such that cstQ′(ρ
′, ρ)}.

? E2 = {(q, R), ρ′) | ρ′ ∈ Dist(Q′) and ∃ R′, (q, R′) ∈ Q′, ρ′(q, R′) = 1, (R �

R′ or R = R′)};
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? Guard′(e′) = Guard(e) if e′ ∈ E1, e
′ = ((q, R), ρ′), e = (q, ρ), and cst(ρ′, ρ); Guard′(e′) =

Rn if e′ ∈ E2.

? Reset′((e′, (q′, R′), x)) = Reset((e, q′, x)) if e′ ∈ E1, e′ = ((q, R), ρ′), e = (q, ρ),

ρ′((q′, R′)) > 0, and cstQ′(ρ
′, ρ); Reset′((e′, (q′, R′), x)) = Id if e′ ∈ E2, e′ = ((q, R), ρ′),

and ρ′((q′, R′)) = 1.

Next, we show that Abs1(H,R) is an over-approximation of [[H]].

Theorem 4. Given a linear PHS H and a partition of its state space R, we have

[[H]] ≤α1 [[Abs1(H,R)]],

where α1 = {((q, x), ((q, R), x)) ∈ S1 × S2 | x ∈ R}.

Theorem 4 provides the correctness of hybridization construction that over-approximates

the linear PHS H. However, Abs1(H,R) still has infinite number of states, thus resulting

infinite state MDP.

Computability In the hybridization construction, we are needed to compute the intersec-

tion of two polyhedral sets for constructing the locations in polyhedral PHS. In addition,

we are required to perform the linear transformation over a polyhedral set for obtaining the

flow function. For probabilistic edges, we are needed to check the adjacency between two

polyhedral sets. All these operations are supported by Parma Polyhedra Library146.

Furthermore, we use a partition based predicate abstraction technique that converts a

polyhedral PHS into a finite state MDP as described in Subsection 5.4.1 of Chapter 5. Thus,

the probabilistic safety analysis of linear PHS can be done automatically.
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6.2 Experimental analysis

In this section, we present the analysis of some examples using our hierarchical abstraction

procedure. The abstraction has been implemented in a Python toolbox. Before applying the

hybridization, we parse a probabilistic linear hybrid system expressed in an input file into

a graph data structure which is supported by the NetworkX package within the sagemath

platform. Hybridization procedure converts the system into a polyhedral probabilistic hybrid

system with respect to a partition of the state space using linear transformation supported

by Parma Polyhedra Library146. Predicate abstraction procedure transforms a polyhedral

probabilistic hybrid system into a finite state Markov decision process with respect to a

partition of the state space using the GLPK solver available in sagemath. Then, the toolbox

automatically computes the minimum/maximum probability of reachability for a given initial

and unsafe specification over the Markov decision process using the PRISM model checker35.

The evaluation of the experiment is performed with Ubuntu 14.04 OS, Intel R© Pentium(R)

CPU B960 2.20GHz × 2 Processor, 4GB RAM.

We compare our toolbox with the tool ProHVer for the following examples. First,

we consider an m × m grid and generate a linear dynamics for each cell given as v̇ =−1.2 0.1

0.1 −1.5

 (v − vd), where vd is the desired velocity, which we generate randomly. For

each cell, we randomly create probabilistic edge for moving into its adjacent cells. For the

experiment, we fix the initial region to be [−0.9,−0.6]× [−0.9,−0.6] in (m
2
, m

2
) cell and un-

safe region to be [0.6, 0.9]× [0.6, 0.9] in (m
2

+ 1, m
2

+ 1) cell, where m×m is the size of grid.

We compute the maximum probability of reaching the unsafe region. We choose predicates

based on uniform grid for hybridization and predicate abstraction. Next, we consider the

bouncing ball and thermostat benchmarks.

In Table 6.1, Loc, Pred, PE, show the number of locations, number of predicates, and

number of probabilistic edges, respectively. TH , TA, TMDP , Ttotal, TV show the time for

hybridization, predication abstraction, probabilistic reachability computation in MDP, total
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System Hierarchical abstraction based analysis ProHVer
Grid Loc PE PredH TH PredA TA TMDP Ttotal Prob Prob TV

2× 2 4 4

0 0.002
0 0.14 1.68 1.82

1 1 0.0381 0.36 1.70 2.06
2 0.98 1.69 2.67

1 0.004
0 1.02 1.69 2.71

0 0 0.0681 1.56 1.66 3.22
2 6.48 1.68 8.16

4× 4 16 16

0 0.006
0 0.46 1.66 2.13

1 1 0.071 1.50 1.67 3.18
2 5.69 1.67 7.37

1 0.010
0 11.68 1.66 13.44

1 TO TO1 13.04 1.65 14.79
2 49.65 1.69 51.44

6× 6 36 36

0 0.012
0 0.76 1.64 2.41

1 1 0.161 5.17 1.67 6.85
2 14.63 1.63 16.27

1 0.030
0 34.05 1.66 35.74

0 0 2.401 34.71 1.67 36.41
2 130.24 1.64 131.91

Table 6.1: Probabilistic Reachability Analysis of Grid Navigation

Hierarchical abstraction based analysis ProHVer
Benchmarks Rows Time bounds TH+A TMDP Ttotal Prob Prob TV

Bouncing ball
1 1 1.14 1.63 2.77 1 1 25.69
2 2 1.24 1.92 3.18 1 1 33.47
3 4 1.19 1.76 2.96 1 TO TO

Thermostat
1 1 0.03 1.64 1.67 0 0 0.07
2 2 0.49 1.64 2.13 0 0 0.08

Table 6.2: Probabilistic Reachability Analysis of Benchmarks

time, and probabilistic reachability computation in ProHVer, respectively; PredH and PredA

show the number of predicates for hybridization and predicate abstraction, respectively. In

Table 6.2, Time bound shows the time bound.

For the grid navigation, we use the same predicate for hybridization in our tool and tool

ProHVer. In Table 6.1, we observe that the time for hybridization increases slowly when we

increase the number of locations, however, the time for predicate abstraction rapidly increases

when we increase the number of locations. This is reasonable because the construction of

predicate abstraction requires solving a set of linear constraints for each probabilistic edge.
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Also, we have obtained the same results in our tool and ProHVer for 2 × 2 and 6 × 6 grid

examples, however, ProHVer did not terminate for 4× 4 grid example within 5 minutes.

For bouncing ball, we choose the initial specification as x = 2, v = 0 and unsafe specifica-

tion x = 0, v < 0. In addition, we choose the same predicate for our tool and tool ProHVer.

We observe that the tool ProHVer does not terminate when we increase the time bound to

4. Also, the tool ProHVer takes more time than our tool for time-bound 1, 2, respectively.

Similarly, we compare our tool with ProHVer for the thermostat. In Table 6.2, we observe

that we have obtained the same probability from both the tools.

80



Chapter 7

Parametric verification of linear

discrete-time stochastic systems

In this chapter, we consider parametric verification problem of a class of stochastic systems,

namely, linear discrete-time stochastic systems DTSSs. Linear DTSSs start in a given set

of normal random vectors and evolve according to a linear function X′ = AX + W, where

X and X′ are current and next-step random vectors, respectively, A is a linear transforma-

tion matrix, and W is an additive noise from a given set of normal random vectors. The

behavior of the system is a sequence of normal random vectors, which can be identified with

the sequence of mean and covariance matrices associated with the random vectors, namely,

(µ1,Σ1)(µ2,Σ2) · · · . We investigate the verification of parametric properties of linear DTSSs.

Since all the states of the system are normal random vectors, we express parametric proper-

ties as a subset of mean and covariance space of a normal random vector. Given a parametric

property S, we are interested in checking whether all the random vectors reachable from an

initial set within bounded or unbounded steps satisfy S. The problem consists of univer-

sal quantifiers over an initial set of random vectors and time steps, which is expensive.

Hence, we reduce the universally quantified problem into an equivalent existentially quan-

tified problem. Let U be the complement of S, which we call undesirable property. Then,
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the existentially quantified problem corresponds to checking whether all the states reachable

from an initial set in K steps, avoid undesirable property U. In the rest of the paper, we use

bounded/unbounded parametric properties verification (PPV) problem for the existentially

quantified problem of bounded/unbounded steps, respectively.

For bounded PPV problem, we consider the approach bounded model-checking in148–150,

wherein, we encode the K-step executions of the system as a finite set of constraints, such

that the satisfying assignments provide an execution that meets the undesirable properties

U. The variables in our encoding capture the parameters (µ,Σ) rather than random vectors,

and constraints capture the evolution of the parameters along with the execution, which

uniquely specify the sequence of the normal random vectors. The constraints contain linear

as well as semidefinite constraints, which we solve using a semi-definite programming solver

CVXPY151.

While the bounded PPV problem is decidable, in fact, efficiently solvable, the unbounded

PPV problem for linear discrete-time stochastic systems is undecidable152. In particular, the

bounded model-checking approach cannot be extended, since there is no a priori bound K on

the length of executions, and hence, require a potentially unbounded number of constraints

in the encoding. One way to tackle this issue is based on abstraction, which simplifies the

system for the purpose of analysis. A widely studied class of abstractions for stochastic

systems consists of finite abstractions, either probabilistic or non-deterministic, that are

obtained by partitioning the state-space.

In contrast to existing techniques that partition the state-space, we propose an abstrac-

tion based on the random vector space. We exploit the elegant properties of normal random

vectors, to develop an efficient method for abstraction construction based on parameters.
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7.1 Motivation

In this section, we present an example of parametric verification in the context of an au-

tonomous vehicle. Let us consider an autonomous vehicle as shown in Figure 7.1, where the

position sensors are noisy. We consider the following linear discrete-time dynamics,

Figure 7.1: Expectation and Covariance Verification Problem

xi
yi

 =

a11 a1,2

a2,1 a2,2


xi−1

yi−1

+

wxi
wyi

 (7.1)

where (xi, yi) denotes the position of the vehicle at time i and (wxi , w
y
i ) denotes the corre-

sponding sensor noise. (wxi , w
y
i ) is assumed to be a zero-mean normal random vector, and

ai,j, 1 ≤ i, j ≤ 2 are constants. An initial state (x0, y0) is considered to be a normal random

vector specified as a pair of mean µ0 and covariance Σ0 (note that the linear dynamics has the

property that all the states (xi, yi) are normal random vectors from the linear transformation

of normal random vectors). For the autonomous vehicles, it is desirable to have expected

positions in each lane with a limited deviation. We can capture it as a parametric property

on expectation µ and covariance Σ, where µ corresponds to all the points within the lane

and Σ lies in a δ-ball. To verify such properties, we need to check whether all random states

reachable from a given initial random state of the vehicle satisfy the parametric property at

all time steps.
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7.2 Preliminaries

Multivariate Normal Distributions. Let X ∼ N (µ,Σ) denote a multivariate normal

vector (NV) with mean µ and covariance matrix Σ. It is known that Σ is always a symmetric

and positive semi-definite matrix. We use P(n) to denote the set of all parameters of n-

dimensional NVs, that is, P(n) = {(µ,Σ) | µ ∈ Rn, Σ ∈ S+
n }. Note that P(n) is an

uncountable set, and is not continuous. Hence, we use P̂(n) = {(µ, A) | µ ∈ Rn, A ∈ Rn×n}

as a continuous over-approximation of P(n), which is used for obtaining a partition of P(n).

Given P ′ ⊆ P(n), X ∈ P ′ states that X ∼ N (µ,Σ) for some (µ,Σ) ∈ P ′. Next, we state

a well-known result about NVs, that is, a linear transformation of a multivariate normal

vector is normal, whose parameters can be easily computed as in the following property.

Property 1. Given two n-dimensional independent NVs X ∼ N (µx,Σx) and W ∼ N (µd,Σd),

Y = AX + W for some square matrix A ∈ Rn×n is given by Y ∼ N (µy,Σy) where

µy = Aµx + µd, and Σy = AΣxA
T + Σd.

Discrete Time Stochastic Processes. An n-dimensional discrete time stochastic process

is a finite sequence of NVs denoted as {Xi}i∈[K], K ∈ Z+, where Xi is a NV.

Graphs. A directed graph is a tuple G = (V , E), where

• V is a set of nodes;

• E ⊆ V × V is a set of edges that captures a relation between any two nodes.

We define a path of a directed graph G = (V , E) as a sequence of nodes σ = s0, s1, s2...sn

such that (si, si+1) ∈ E . We use σ[i] to denote the ith node, that is, σ[i] = si and len(σ) to

denote the length of path σ, that is, len(σ) = n. Let Path(G) denote the set of all paths

of G. Given two nodes s, t of G, we use Paths(G, s, t) to denote the set of all paths starting

from s that visit t, that is, Paths(G, s, t) = {σ ∈ Path(G) | σ[0] = s, for some 0 ≤ i ≤
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len(σ), σ[i] = t}. In addition, we use Reach(G, s, t) to denote whether node t is reachable

from node s in G, which is defined as follows:

Reach(G, s, t) =


true if Paths(G, s, t) 6= ∅

false otherwise

7.3 Stochastic systems

In this paper, we study the class of linear discrete time stochastic systems (DTSSs), where

stochastic dynamics is expressed in the form of a linear stochastic difference equation. Al-

though the dynamics is linear, analyzing DTSS is complex due to the stochastic nature.

First, we provide the syntax and semantics of linear discrete time stochastic systems.

Definition 28 (linear DTSS). An n-dimensional linear discrete time stochastic system is a

tuple H = (X0,W,A), where

? X0 ⊆ P(n) is a set of parameters representing an initial set of multivariate normal

vectors;

? W ⊆ P(n) is a set of of parameters representing a set of multivariate normal vectors

for noise;

? A ∈ Rn×n is a square matrix of dimension n × n representing a linear transition

relation.

The instantaneous description of the system is captured using an NV X. The system

evolves discretely from an NV Xi at time i to another NV Xi+1 at time i + 1 under some

noise NV W ∈ W, that is, Xi+1 = AXi + W, where X0 ∈ X0 which is independent of the

noise vector W. In addition, the noises at different times are independent.

Next, we illustrate a linear DTSS with an example.
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Example 9. Consider the following system:

xi
yi

 =

1 1

1 1


xi−1

yi−1

+

wx
wy

 , where [xi, yi]
T ∈

P(2),

wx
wy

 ∼ N

0

0

 ,
1 0

0 1


 , and [x0, y0]T ∈ C(Sµ,SΣ), where

Sµ =


µx
µy

 | µx, µy ∈ [0, 1]

 , and SΣ = {Σ ∈ 〈([0, 1])4〉 | Σ is a SPSD} .

This can be formally expressed as a linear DTSS H = (X0,W,A), where X0 = C(Sµ,SΣ),

W =



0

0

 ,
1 0

0 1



 , and A =

1 1

1 1

.

We define a behavior of a linear DTSS as a stochastic process where the i-th NV Xi and

the i + 1-st NV Xi+1 are related by a linear transformation corresponding to the matrix A

along with an additive noise from W, that is, Xi+1 = AXi+W, where W ∈W. We capture

the semantics of a linear DTSS as a set of discrete time stochastic processes. The formal

definition of the semantics is as follows.

Definition 29. Given an n-dimensional linear DTSS H = (X0,W,A), the semantics of

H is defined as a set of discrete time stochastic processes [[H]] = {{Xi}i∈[K]|K ∈ Z+,X0 ∈

X0, ∀ j ∈ [K − 1] Xj+1 = AXj + Wj+1, for some Wj+1 ∈W}.

The semantics [[H]] consists of infinitely many discrete time stochastic processes because

of the unbounded length of these processes. Further, there could be many behaviors starting

from a NV due to a non-deterministic choice of noise NV at each point of time. We refer to

Example 9 to illustrate the semantics.

Example 10. We demonstrate a behavior of H presented in Example 9 starting from an ini-

tial NV

x0

y0

 ∼ N

1

1

 ,
1 1

1 1


. From Property 1, we have

x1

y1

 ∼ N

2

2

 ,
5 4

4 5




because µy = Aµx + µd =

1 1

1 1


1

1

+

0

0

 =

2

2

 and
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Σy = AΣxA
T + Σd =

1 1

1 1


1 1

1 1


1 1

1 1

 +

1 0

0 1

 =

5 4

4 5

. Similarly, we obtain

x2

y2

 ∼ N

4

4

 ,
19 18

18 19


,

x3

y3

 ∼ N

8

8

 ,
75 74

74 75


, and so on. Thus, we obtain

a discrete time stochastic process


xi
yi



i∈[K]

∈ [[H]] for some K ∈ Z+ starting from

x0

y0

 ,
where for each 1 ≤ i ≤ K, we have

xi
yi

 ∼ N

2i

2i

 ,


2

(
i−2∑
j=0

4j

)
+ 4i + 1 2

(
i−2∑
j=0

4j

)
+ 4i

2

(
i−2∑
j=0

4j

)
+ 4i 2

(
i−2∑
j=0

4j

)
+ 4i + 1


 .

We are interested in checking whether the model satisfies a desirable parametric property

S of NVs, that is, whether all the stochastic behaviors of the model starting from the initial

NV [x0, y0]T always satisfy the parametric property S. In other-words, whether all the

stochastic behaviors of the model starting from the initial NV [x0, y0]T avoid the undesirable

set U. Next, we illustrate with an example.

Figure 7.2: Specification Illustration for the Model shown in Example 9

Let us consider undesirable set U = {(µ,Σ) | µ ∈ ([3, 5])2, Σ ∈ 〈([2, 7])4〉 is a SPSD matrix}.
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The probability density function (pdf) of initial and undesirable set U of NVs have been

plotted in Figure 7.2, where init indicates pdf of [x0, y0]T, and lower undesire and upper

undesire indicate pdfs of U corresponding to the lowest and highest NV Xl ∼ N (µl,Σl),

Xu ∼ N (µu,Σu), respectively, where

µl =

3

3

 ,Σl =

2 2

5 2

 , µu =

5

5

 ,Σl =

7 7

7 7

 .
There is only one deterministic stochastic behavior starting from [x0, y0]T for model shown

in Example 9 because of a singleton noise set. The behavior demonstrated in Example 10

avoids U. However, there could be behaviors starting at other NVs which could reach U.

that might meet the undesirable properties U.

Next, we formally define two versions of the PPV problem, the bounded and the un-

bounded PPV problems. In the bounded PPV problem, we are interested in checking if

the undesirable property U of NVs can be satisfied by a NV reachable from an initial NV

at some time step less than or equal to a given time bound K; whereas in the unbounded

version we check if the the undesirable property U of NVs can be satisfied by a NV reached

at the K-th step for some K. That is, in the unbounded version, we check if the undesirable

property U can be satisfied by a NV reached in some finite number of steps.

Problem 4. [Bounded PPV Problem] Given an n-dimensional linear DTSS H = (X0,W,A),

an undesirable property U of NVs, and an integer K ∈ Z+, we want to check whether there

exists a behavior {Xi}i∈[l] ∈ [[H]] for some l ∈ [K] starting from initial NV X0 ∈ X0 such

that Xl ∈ U. If no such process exists then we say that H satisfies the bounded parametric

property with respect to U.

Problem 5. [Unbounded PPV Problem] Given an n-dimensional linear DTSSH = (X0,W,A),

and an unsafe set U of NVs, we want to check whether there exists a behavior {Xi}i∈[K] ∈

[[H]], for some K ∈ Z+ starting from initial NV X0 ∈ X0 such that XK ∈ U. If no such
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process exists then we say that H satisfies the unbounded parametric property with respect to

U.

Note that X0 and W could have infinitely many elements; thus, [[H]] could contain in-

finitely many discrete time stochastic processes. We address the bounded PPV problem by

encoding processes of length ≤ K and checking if they satisfy the undesirable property. For

the unbounded PPV, we need to check the existence of a K and a corresponding process

{Xi}i∈[K] ∈ [[H]] for which NV [xK , yK ]T ∈ U. Since, the set of unbounded length processes

cannot be encoded by a finite number of constraints, we resort to an abstraction based

approach.

7.4 Bounded PPV using semi-definite programming

In this section, we develop a method similar to bounded model checking for the bounded

PPV of a linear DTSS H = (X0,W,A). Our broad approach is to encode all stochastic

processes up to a certain length in conjunction with an undesirable property of NVs into a

semidefinite programming problem on the parameter space. Then, we use the semidefinite

program solver CVXPY151 for checking the feasibility of the encoding. Next, we provide the

formal construction of the encoding.

Let init(µ,Σ), undesire(µ,Σ), and noise(µ,Σ) be specified as part of the problem descrip-

tion denoting the set of linear constraints over (µ,Σ) that capture the initial set, undesirable

property and noise normal random vectors, respectively. Also, the transition matrix A is

provided. We use −→ (µ1,Σ1, µd,Σd, µ2,Σ2) to capture one step transition between two

NVs (µ1,Σ1), and (µ2,Σ2) under noise NV (µd,Σd). According to Property 1, it is given by,

−→ (µ1,Σ1, µd,Σd, µ2,Σ2) = [µ2 = Aµ1 + µd, Σ2 = AΣ1A
T + Σd],

for the linear relation A. Furthermore, we encode the set of all finite stochastic processes

of H up to length l as a formula ϕlH using l + 1 copies of vector and symmetric positive
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semidefinite matrix variables defined as follows:

ϕlH(µ0,Σ0, µ1,Σ1, . . . , µl,Σl) = ∃ (µdi ,Σ
d
i ), 1 ≤ i ≤ l, init(µ0,Σ0)∧

l∧
i=1

noise(µdi ,Σ
d
i ) ∧

l−1∧
i=0

−→ (µi,Σi, µ
d
i+1,Σ

d
i+1, µi+1,Σi+1) ∧ undesire(µl,Σl)

Finally, we construct a formula φKH as a disjunction of ϕ0
H, ϕ

1
H, . . . , ϕ

K
H , that is,

φKH =
K∨
l=0

ϕlH.

Unsatisfiability of the formula φKH implies that the system satisfies bounded parametric

property with respect to U. Otherwise, the system meets undesirable properties U, that

is, one of the formulas ϕ0
H, ϕ

1
H, . . . , ϕ

K
H is true, and its satisfying assignment provides a

counterexample. We formally state this in the following theorem.

Theorem 5. Given an n-dimensional linear DTSS H = (X0,W,A), an undesirable property

U of NVs, and an integer K, we have

φKH is unsatisfiable⇔ H satisfies bounded parametric property w.r.t. U.

Next, we illustrate with an example.

Example 11. We again consider Example 9 to demonstrate bounded PPV. Let us consider

the undesirable set U = {(µ,Σ) | µ ∈ [10, 20], Σ ∈ 〈([250, 300])4〉} of NVs and an integer

K = 3. We construct the formula φKH for U as ϕ0
H ∨ ϕ1

H ∨ ϕ2
H ∨ ϕ3

H, where

ϕ0
H(µ0,Σ0) =

0

0

 ≤ µ0 ≤

1

1

 ,
0 0

0 0

 ≤ Σ0 ≤

1 1

1 1

 ,
10

10

 ≤ µ0 ≤

20

20

 ,
250 250

250 250

 ≤ Σ0 ≤

300 300

300 300

 ;
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ϕ1
H(µ0,Σ0, µ1,Σ1) = ∃ (µd1,Σ

d
1) ∈



0

0

 ,
1 0

0 1



 ,

0

0

 ≤ µ0 ≤

1

1

 ,
0 0

0 0

 ≤ Σ0 ≤

1 1

1 1

 , µ1 = Aµ0 + µd1, Σ1 = AΣ0A
T + Σd

1,

10

10

 ≤ µ1 ≤

20

20

 ,
250 250

250 250

 ≤ Σ1 ≤

300 300

300 300

 ;

For l = 2, 3, ϕlH(µ0,Σ0, µ1,Σ1, . . . , µl,Σl) = ∃ (µdi ,Σ
d
i ) ∈


0

0

 ,
1 0

0 1



 for i = 1, . . . , l,

0

0

 ≤ µ0 ≤

1

1

 ,
0 0

0 0

 ≤ Σ0 ≤

1 1

1 1


µi+1 = Aµi + µdi+1, Σi+1 = AΣiA

T + Σd
i+1, for 0 ≤ i ≤ l − 110

10

 ≤ µl ≤

20

20

 ,
250 250

250 250

 ≤ Σl ≤

300 300

300 300

 .
The formula φ3

H is unsatisfiable because none of the formulas ϕ0
H, ϕ

1
H, ϕ

2
H, ϕ

3
H are true.

Hence the system satisfies bounded parametric properties with respect to U. However, for

K = 4, φ4
H is satisfiable because ϕ4

H is true and its satisfying instance is the following:

(µ0,Σ0) =


1

1

 ,
1 1

1 1


 , (µ1,Σ1) =


2

2

 ,
5 4

4 5


 , (µ2,Σ2) =


4

4

 ,
19 18

18 19


 ,

(µ3,Σ3) =


8

8

 ,
75 74

74 75


 , (µ4,Σ4) =


16

16

 ,
299 298

298 299


 , undesire(µ4,Σ4) = >

91



Computability. In the encoding, the formula ϕKH consists of a 2K + 1 symmetric and

positive semidefinite matrix variables and K(n2 + n) + 3m linear constraints, where K is

the number of transitions and each transition consists of n2 + n linear constraints, and Init,

undesire, and noise are expressed using at most m linear constraints. The worst case com-

plexity of checking feasibility of the semidefinite constraints is O((max(m,n))4n
1
2 log(1

ε
))153

for a given solution accuracy ε > 0, where m is the number of linear constraints and n × n

is the dimension of positive semidefinite matrix. We use the semidefinite program solver

CVXPY151 to check the satisfiability of the encoding.

7.5 Unbounded parametric properties verification

In this section, we present a novel predicate abstraction procedure for unbounded PPV. Our

algorithm takes as input a linear DTSS H and a partition of the multivariate normal vector

space, provided as a partition of the parameter space P(n), and outputs a finite abstract

graph, which captures all the behaviors of the DTSS. Hence, unbounded PPV of the DTSS

can be inferred by the absence of paths in the graph that reach undesired nodes.

Predicate abstraction and soundness

Our broad approach for constructing a finite abstract graph is based on a polyhedral partition

of the parameter space P(n). Let R = {R1, R2, . . . , Rm} be a polyhedral partition of P(n).

First, we construct a finite set of nodes V by considering each partition element R ∈ R as

a node, that is, V = {R1, R2, . . . , Rm}. Then, an abstract edge between two abstract nodes

Vi and Vj is constructed if there exist NVs X ∈ Vi, and Y ∈ Vj, such that Y = AX + W

for some W ∈ W. In the rest of the section, we use Ŝ to denote the set of abstract nodes

corresponding to a given set S of NV parameters, that is, Ŝ = {V ∈ V | V ∩ S 6= ∅}. Next,

the formal construction of the abstract graph is defined as follows.

Definition 30. Given an n-dimensional linear DTSS H = (X0,W,A), and a polyhedral
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partition R of the parameter space P(n), we construct a finite abstract graph GRH = (V , E),

where V = R, and E ⊆ V × V, where (V1, V2) ∈ E if there exist (µ1,Σ1) ∈ V1, (µ2,Σ2) ∈ V2

such that µ2 = Aµ1 + µd, Σ2 = AΣ1A
T + Σd for some (µd,Σd) ∈W.

From the definition, GRH captures all behaviors of H, which is stated in the following

lemma.

Lemma 1. Given an n-dimensional linear DTSS H = (X0,W,A), a polyhedral partition R

of the parameter space P(n) and the finite abstract graph GRH = (V , E), for each stochastic

behavior {Xi}i∈[K] ∈ [[H]], there exists a path σ ∈ Paths
(
GRH
)

of length K, such that Xi ∈ σ[i]

for all i ∈ [K].

Proof. Let us consider a discrete time stochastic process {Xi}i∈[K] ∈ [[H]], where Xi ∼

N (µi,Σi). Next, we show the existence of a path σ ∈ Paths
(
GRH
)

corresponding to the

process. Since abstract nodes forms a partition of P(n), each (µi,Σi) should be in some

abstract node Vi ∈ V . We show that σ = V0, V1, V2, . . . , VK is a path in the graph. Note that

Xi ∈ σ[i] by choice of Vi. From Definition 29, for 0 ≤ i < K, we have Xi+1 = AXi + Wi+1,

for some Wi+1 ∈ W. From Property 1, we have µi+1 = Aµi + µd, Σi+1 = AΣiA
T + Σd

for some (µd,Σd) ∈ W. Along with Definition 30, this implies that for each 0 ≤ i < K,

(Vi, Vi+1) ∈ E .

From Lemma 1, the finite abstract graph GRH is an over-approximation of H, hence, the

safety of H can be inferred by checking that no nodes corresponding to the undesirable set

of NVs is reachable in GRH , which is stated in Theorem 6.

Theorem 6 (Soundness). Given an n-dimensional linear DTSS H = (X0,W, A), a polyhe-

dral partition R of the parameter space P(n), the finite abstract graph GRH , and undesirable

set U ⊆ P(n), if Û is not reachable in GRH from the abstract initial set X̂0, then H satisfies

the unbounded parametric property with respect to U.

Proof. Let the undesired set Û be not reachable from the set X̂0, that is, there is no path

starting from a node in X̂0 reaching one of the nodes in Û. Assume that H does not satisfy
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the unbounded parametric property with respect to U, that is, there exists {Xi}i∈[K] ∈ [[H]]

for some K ∈ Z+ such that X0 ∈ X0, and XK ∈ U. From the partition of parameter space,

for each Xi there exists a node Vi ∈ V such that Xi ∈ Vi. From Definition 29, we have

X0 ∈ X0, and Xj+1 = AXj + Wj+1, for some Wj+1 ∈ W, j ∈ [K − 1]. This implies that

(Vi, Vi+1) ∈ E from Definition 30. So, there is a path σ = V0, V1, . . . , Vk in the graph GRH .

Since X0 ∈ X0, we have V0 ∈ X̂0. Similarly, XK ∈ U implies VK ∈ Û. This implies that

there is a path starting from V0 ∈ X̂0 reaching VK ∈ Û, which is contradicts the fact that

Û is not reachable from the set X̂0. Hence, H satisfies the unbounded parametric property

with respect to U.

Example

We illustrate the abstraction procedure by constructing a finite abstract graph for the linear

DTSS shown in Example 9. In Example 9, an over-approximation of P(n) is C(Sµ,SΣ),

where Sµ = R2, SΣ = R4. Let us consider a polyhedral partition of the set C(Sµ,SΣ) as the

following set: R = {C(P i
µ, P

j
Σ) | 1 ≤ i ≤ 2, 1 ≤ j ≤ 4}, where P i

µs are partition elements for

Sµ, which are shown via regions in Figure 7.3, and given as below:

Figure 7.3: Partition of Sµ Figure 7.4: Partition of SΣ1 Figure 7.5: Partition of SΣ2

P 1
µ =


µ1

µ2

 ∣∣∣∣ µ1 + µ2 ≤ 20

, P 2
µ =


µ1

µ2

 ∣∣∣∣ µ1 + µ2 ≥ 20

. Partition of SΣ is ex-

pressed via cartesian product of regions of SΣ1 , and SΣ2 shown in Figures 7.4, and 7.5, respec-

tively, that is, P 1
Σ = 〈C(P 1

σ , P
3
σ )〉, P 2

Σ = 〈C(P 1
σ , P

4
σ )〉, P 3

Σ = 〈C(P 2
σ , P

3
σ )〉, P 4

Σ = 〈C(P 2
σ , P

4
σ )〉,

where P i
σs are as below:
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Figure 7.6: Abstract Graph GRH

• P 1
σ = {(σ11, σ21) | σ11 + σ21 ≤ 40}, P 2

σ = {(σ11, σ21) | σ11 + σ21 ≥ 40},

• P 3
σ = {(σ12, σ22) | σ12 + σ22 ≤ 40}, P 4

σ = {(σ12, σ22) | σ12 + σ22 ≥ 40}.

From Definition 30, we construct a finite state graph GRH = (V , E), where

• V = {Vi,j | 1 ≤ i ≤ 2, 1 ≤ j ≤ 4}, where Vi,j = C(P i
µ, P

j
Σ);

• E = {(V1,1, V1,1), (V1,1, V1,4), (V1,1, V2,1), (V1,1, V2,4), (V1,2, V1,4), (V1,2, V2,4),

(V1,3, V1,4), (V1,3, V2,4), (V1,4, V1,4), (V1,4, V2,4), (V2,1, V2,1), (V2,1, V2,4), (V2,2,

V2,4), (V2,3, V2,4), (V2,4, V2,4)}.

The abstract graph is shown in Figure 7.6. Note that an abstract edge (V, V ′) belongs to E

Figure 7.7: Validation of the Abstract Edge (V1,1, V1,4)

only if it is valid, that is, it corresponds to a concrete transition in the DTSS, wherein, there

are NVs X ∈ V and X ′ ∈ V ′, that are related by the transition matrix with some additive

noise. We encode the transition relation, that is, the set of all possible concrete transitions,
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corresponding to the abstract edge into semi-definite programming. We use semi-definite

program solver CVXPY151 to check the satisfiability of the encoding. An illustration of the

encoding for the abstract edge (V, V ′) = (V1,1, V1,4) ∈ E is shown in Figure 7.7, where Lines

1, 2 and 3 encode the constraints of the parameter space, corresponding to semi-definiteness

and symmetricity of the covariance matrices. Here, (µ,Σ) and (µ′,Σ′) are the parameters

corresponding to V and V ′, respectively. Line 4 encodes the polyhedral partition elements

P1
µ and P2

µ corresponding to the mean variables. Lines 5, 6, and 7 encode the polyhedral

matrix partition elements P1
Σ and P4

Σ in the matrix variables Σ, Σ′, respectively. Lines 7

and 8 encode the linear relation between any two multivariate normal parameter values in

V1,1 and V1,4, respectively, where J is the identity matrix of size 2× 2 that we considered for

the covariance matrix of noise NV [wx, wy]
T.

Computability

In the predicate abstraction, there are two main computations, namely, polyhedral parti-

tioning of the parameter space P(n) and validation of the abstract edges. Note that P(n)

is the Cartesian product of mean space Rn and covariance matrix space, that the set of all

symmetric and positive semi-definite matrices of dimension n × n. P(n) is an uncountable

set, and is not continuous. Hence, to represent a region of P(n), we consider a continuous

set P̂ as an over-approximation of P(n), and construct the partition of P̂ instead of P(n)

based on a given set of linear expressions of size p. This require us to perform at most 2p

operations corresponding to computing intersections of polyhedral sets and checking empti-

ness of polyhedral sets. Both intersection and emptiness can be performed in polynomial in

the number of constraints (say O(C)). The worst case complexity of constructing polyhedral

partition of P̂ is O(2pC). Note that a partition of P̂ will represent a partition of P(n) via

by adding the constraint that the matrix corresponding to the Σ parameter is symmetric

and positive semidefinite matrix. Next, we need to solve positive semidefinite constraints for

the validation of an abstract edge. For an abstract edge, the semidefinite constraints consist
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of 2p + n2 + n linear constraints, where 2p linear constraints are for encoding membership

in the two abstract nodes, since a polyhedral partition element can have at most p linear

constraints, and n2 + n linear constraints are required to encode the linear relation. Hence,

the complexity of the validation of an abstract edge is O((max(2p + n2 + n, n))4n
1
2 log(1

ε
))

from the worst-case complexity of semidefinite programming153 for a given solution precision

ε > 0. We use Parma Polyhedra Library (PPL)146 for polyhedral partitioning of P̂ , and the

semi-definite program solver CVXPY151 for checking the existence of positive semidefinite

matrices satisfying a set of linear constraints.

7.6 Experimental analysis

In this section, we present details of the implementation and the experimental analysis of a

fixed 2-dimensional model shown in Figure 9 and some random linear systems of different

dimensions. We have implemented our bounded model checking based method for bounded

PPV and abstraction procedure for unbounded PPV in a Python toolbox. We have im-

plemented bounded encoding into semidefinite programming and used semidefinite program

solver CVXPY151 for bounded PPV. For the unbounded PPV, the abstraction procedure

consists of mainly three modules: (a) Polyhedral Partitioning; (b) Abstraction; (c) Safety

Checking. We have used Parma Polyhedra Library (PPL)146 for the module (a). The ab-

straction module outputs a finite abstract graph from a linear DTSS based on a polyhedral

partition of the parameter space, and we have used CVXPY151 for checking the validity of

an abstract edge. NetworkX154 has been used for checking parametric properties on the

finite abstract graph with respect to given undesirable properties. We have performed our

experimental evaluation with Ubuntu 18.04 OS, Intel R© Pentium(R) CPU B960 2.5GHz

Quad-Core Intel Core i7, 8GB RAM.

We consider Example 9 for the bounded PPV. Let the undesirable set U be {(µl,Σ) | µ ∈

([10, 20])2, Σ ∈ 〈([250, 300])4〉∩S+
2 }. We randomly generate models with different dimensions

to measure the computational performance of the method, where A is chosen randomly with
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entries in between 1 and 10. For all random models, the disturbance set is chosen as a pair

of the interval vector ([0, 1])2 for mean vectors and the interval set ([0, 1])4 for covariance

matrices 〈([0, 1])4〉 ∩ S+
2 . For the specification, an initial set is randomly generated as a

pair of mean vectors ([µl, µu])
n, and covariance matrices 〈([σl, σu])n2〉 ∩ S+

n , where µl, σl ∈

[0, 5], µu, σu ∈ [5, 10]. Similarly, undesirable properties are randomly generated as a pair

of mean vectors ([µl, µu])
n, and covariance matrices 〈([σl, σu])n2〉 ∩ S+

n where µl ∈ [30, 300],

µu ∈ [500, 600], σl ∈ [100, 300], σu ∈ [500, 600].

In Tables 7.1 and 7.2, Rows, Dim and result show row number, dimension of the system

and the result of the parametric properties verification, respectively. K, Tenc, Tsafe, and Ttotal

represent bound on the number of transitions in the stochastic processes, time for encoding

of bounded PPV (into CVXPY), time for bounded PPV checking (time taken by CVXPY

solver), and total time, respectively. The experimental results for different values of K and

Dim are presented in Tables 7.1 and 7.2.

In Table 7.2, we observe from rows 1, 2, 3 that the encoding time increases linearly as

we increase the value of K while retaining the same dimension. Also, it is almost constant

as we increase the dimension while keeping the value of K the same as observed from rows

3, 6, 12, 15. The bounded PPV checking time is constant for a fixed value of K regardless of

the dimension, and it increases linearly as we increase the value of K for a fixed dimension.

The experimental results show that our method is reasonably scalable.

K Tenc(sec.) Tsafe(sec) Ttotal(sec) result
2 0.003 0.062 0.06 safe
3 0.004 0.082 0.08 safe
4 0.006 0.10 0.10 unsafe

Table 7.1: Bounded PPV of the Model shown in Example 9

Furthermore, we consider the following 2-dimensional model for the unbounded paramet-
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Rows Dim K Tenc(sec.) Tsafe(sec.) Ttotal(sec.)
1

2
1 0.002 0.041 0.044

2 5 0.006 0.113 0.12
3 25 0.021 0.47 0.49
4

4
1 0.002 0.042 0.048

5 5 0.006 0.12 0.131
6 25 0.022 0.54 0.56
7

6
1 0.002 0.049 0.05

8 5 0.006 0.127 0.135
9 25 0.022 0.71 0.73
10

8
1 0.002 0.054 0.058

11 5 0.007 0.136 0.145
12 25 0.022 0.624 0.648
13

10
1 0.002 0.059 0.063

14 5 0.006 0.16 0.169
15 25 0.022 0.70 0.729

Table 7.2: Computational Analysis for Bounded PPV of Random Models

ric properties verification.

xi
yi

 =

2 0

0 2


xi−1

yi−1

+

wx
wy

 , (7.2)

where [xi, yi]
T ∈ P(2),

wx
wy

 ∼ N

0

0

 ,
1 0

0 1


 . For the specification, an initial and

undesirable set are considered as follows: X0 = {(µ,Σ) | µ ∈ ([4, 5])2, Σ ∈ 〈([4, 5])4〉 ∩ S+
2 },

U = {(µ,Σ) | µ ∈ ([0, 1])2, Σ ∈ 〈([1, 2])4〉∩S+
2 }. We partition the mean and covariance matrix

space with respect to linear expressions [x− 2, y − 2] and [σxx − 2, σxy − 2, σyx − 2, σyy − 2],

respectively. Also, we randomly generate models with different dimensions and undesirable

sets to evaluate the computational performance of the abstraction method. We randomly

generate a linear matrix A of size n×n where each entry lies in [0, 1]. Similarly, we randomly

generate n-dimensional interval vectors and interval matrices of size n × n, where initial

interval mean vector and covariance matrices are ([µl, µu])
n and 〈([σl, σu])n2〉 ∩ S+

n , where

µl = 0, µu, σl ∈ [0, 5], σu ∈ [5, 10], and interval mean vector and covariance matrices for
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Predicate Abstract Graph Time(seconds)
Rows #mean #variance #nodes #edges TP Tabs Tsafe Ttotal result

1 2 4 32 112 0.036 34.86 23.50 58.37 safe
2 2 4 32 112 0.039 34.61 24.14 58.75 Unknown

Table 7.3: Unbounded PPV of the Model shown in Equation 7.2

the undesirable set are ([µl, µu])
n and 〈([σl, σu])n2〉 ∩ S+

n , where µl, σl ∈ [5000, 5050], µu, σu ∈

[5100, 5150]. For all random models, we consider zero vector for noise mean and identity

matrix for noise covariance matrix. In addition, we randomly generate linear expressions

for polyhedral partitioning of mean space Rn and matrix space Rn×n via randomly choosing

coefficients of the linear expressions to be either 1 or −1.

In Tables 7.3 and 7.4, Rows and Dim show row number and dimension of the random

model, respectively. #mean and #variance represent the number of linear expressions used

for polyhedral partitioning of mean and matrix space, respectively. In addition, TP , Tabs,

Tsafe, and Ttotal show the computation time for polyhedral partitioning, predicate abstrac-

tion, parametric properties checking on the abstract graph, and total time, respectively. All

computation times are measured in seconds. The experimental results are reported in Tables

7.3 and 7.4.

In Table 7.3, we report the experimental analysis in row 1 for the model shown in Equation

7.2 with respect to the initial set X0 and undesirable properties U, respectively. We found

that the model satisfies unbounded PPV, which is expected for the model. However, when

we switch the initial and undesirable set with each other, the result is unknown due to the

abstraction.

In Table 7.4, we observe that the computation time for the polyhedral partitioning for the

same number of linear expressions is almost constant for all dimensions as we can see in rows

1, 7, 13, 19,and 25 for 3 linear expressions for mean space and 1 linear expression for matrix

space. In addition, abstraction time for the same number of abstract nodes increases linearly

as we increase the dimension, which can be seen in rows 1, 10, 16, 22, and 28. Also, time for
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Predicate Abstract Graph Time(seconds)
Rows Dim #mean #variance #nodes #edges TP Tabs Tsafe Ttotal

1

2

3
1 8 64 1.34 2.81 6.06 10.22

2 2 12 112 1.84 6.95 9.46 18.25
3 4 24 168 4.59 38.13 18.62 61.36
4 1

2
6 24 1.25 1.71 4.58 7.55

5 2 3 3 1.44 0.41 2.27 4.13
6 4 16 192 2.66 13.85 12.74 29.25
7

4

3
1 12 144 1.71 9.29 9.21 20.22

8 2 20 375 2.51 35.91 15.29 53.72
9 4 64 2960 4.31 508.94 52.98 566.23
10 1

2
8 52 1.29 4.97 6.18 12.45

11 2 12 144 11.52 11.37 9.35 22.25
12 4 18 216 4.32 29.59 14.28 48.20
13

6

3
1 10 100 2.14 9.23 7.99 19.37

14 2 16 256 1.84 30.47 12.64 44.95
15 4 92 9216 5.58 2133.55 120.75 2259.49
16 1

2
8 64 1.30 7.29 6.29 14.81

17 2 16 256 1.84 30.47 12.64 44.95
18 4 32 1024 2.42 131.59 25.46 159.51
19

8

3
1 16 256 2.08 30.04 13.04 45.17

20 2 24 576 2.56 105.81 19.96 128.34
21 4 96 9216 5.76 3420.54 115.78 3542.09
22 1

2
8 64 1.37 11.65 6.80 19.85

23 2 16 256 1.78 45.55 13.20 60.53
24 4 48 2304 4.17 435.52 42.11 481.82
25

10

3
1 12 144 2.19 23.43 10.93 36.55

26 2 32 1024 2.75 272.19 29.72 304.67
27 4 128 16384 6.61 10088.34 143.07 10234.03
28 1

2
8 64 1.57 15.86 7.35 24.79

29 2 16 256 1.96 66.37 14.88 83.23
30 4 64 4096 4.44 1188.03 66.56 1253.60

Table 7.4: Computational Analysis for Unbounded Safety of random Models

unbounded PPV checking is constant for the same number of abstract nodes regardless of

the number of edges for all dimensions as it can be seen in rows 1, 10, 16, 22, 28. The total

time increases quadratically as we increase the dimension for the same number of linear

expressions used for mean and matrix space. This can be observed in rows 1, 10, 16, 22, 28.

The experimental observations show that our method is reasonably scalable.
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Chapter 8

Conclusions and future work

In thesis, first we have developed a method for computing the bound on the minimum/maximum

probability of reachability in a polyhedral probabilistic hybrid system, where non-deterministic

probabilistic transitions are allowed. This issue is not only a probabilistic reachability prob-

lem, but also an optimization problem. Our method exploits the recent advances of existing

tool Z3opt and Symba to solve the bounded reachability problem. We have found that

Z3opt performs faster than Symba. Hence, we have used Z3opt for computing the max-

imum/minimum probabilistic reachability. We have run our method for the probabilistic

reachability analysis of the vehicle navigation. The experimental results show that the

method is efficient for solving the bounded reachability problem. In future, we will extend

the bounded reachability analysis to systems with complex non-linear dynamics, wherein in

addition to non-determinism, we consider constraints involving rewards and gains. In addi-

tion, we will investigate existing tools that support linear objective function with conjunction

and disjunction of linear/non-linear constraints and select appropriate tool for the efficient

computation of probabilistic reachability. Also, we will explore sampling based approaches,

such as statistical model checking.

Next, we have developed a CEGAR based method for probabilistic safety analysis of

polyhedral probabilistic hybrid systems. We have implemented the method in a Python
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toolbox and compared our method with the tool ProHVer52. Our experimental analysis

demonstrates the advantages of our technique in terms of both being able to verify many

more systems as well as being able to validate counterexamples. However, there are several

strategies for splitting to achieve progressive refinements, and we will explore some of those

in the future work. Some of the suggested ideas to speed up the algorithm are the following.

To speed up the construction of the refined abstract graph in each iteration, if we store

non-modified vertices and edges of the abstract graph, then we will only need to check

branching behaviors corresponding to the new potential abstract edges. The verification

time for the abstract graph can be improved in two ways. First, we may need to check other

probabilistic safety verification tools, such as statistical model checker. Second, the refined

abstract graph could be expressed as a pair of modified and non-modified parts with respect

to the previous abstract system. Then, the analysis on the refined system can be achieved

via performing the analysis on only its modified part and combining its analysis with the

analysis of the non-modified part. We could also take an advantage of the tool ProHVer

via running ProHVer and our CEGAR algorithm in parallel, specifically for those systems,

for which ProHVer returns true earlier than our method. To speed up the validation of an

LDAG, other quantifier elimination tools may be useful.

Then, we have developed a hierarchical abstraction for safety analysis of linear probabilis-

tic hybrid systems. We have implemented the hierarchical abstraction in a Python toolbox

and compared our method with the tool ProHVer. The performance of our tool relies on

choosing the right predicates for hybridization and predicate abstraction procedures. Hence,

in the future, we will develop a counter-example guided abstraction refinement scheme for

choosing predicates carefully to improve the precision of the probabilistic reachability and

the performance of our method.

Finally, we have developed methods for verification of parametric properties of linear

discrete time stochastic systems for both bounded and unbounded time horizons. We have

presented a bounded model checking based method for the bounded PPV that reduces the
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problem to that of the satisfiability of a semidefinite program, which can be efficiently solved

using solvers such as CVXPY151. For the unbounded safety analysis, we have presented

a novel predicate abstraction method based on partitioning the space of random vectors

that we have implemented in a Python toolbox using Parma Polyhedral Library146 and

semidefinite program solver CVXPY151. We have used our methods for the the verification of

parametric properties of randomly generated models up to 10 dimensions. Our experimental

analysis shows that our methods are reasonably scalable. However, the performance of the

abstraction method relies on the selection of the right predicates. However, the performance

of the abstraction method relies on the selection of the right predicates. Hence, in the

future, we will develop a CEGAR based method for the careful selection of predicates to

achieve precise result for the PPV. Finally, we will explore the benefits and limitations of

our methods for relevant industrial applications, such as simplified model of autonomous

systems, power trains, and robotics.
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[41] Susanne Graf and Hassen Säıdi. Construction of abstract state graphs with pvs. In

International Conference on Computer Aided Verification, 1997.

[42] Leonardo De Moura and Nikolaj Bjørner. Z3: An efficient smt solver. In International

Conference on Tools and Algorithms for the Construction and Analysis of Systems,

2008.

[43] Christos G Cassandras and John Lygeros. Stochastic hybrid systems. CRC Press, 2018.

[44] Jianghai Hu, John Lygeros, and Shankar Sastry. Towards a theory of stochastic hybrid

systems. In International Workshop on Hybrid Systems: Computation and Control.

Springer, 2000.

[45] John Lygeros and Maria Prandini. Stochastic hybrid systems: a powerful framework

for complex, large scale applications. European Journal of Control, 2010.

[46] Jan JMM Rutten, Marta Kwiatkowska, Gethin Norman, and David Parker. Mathe-

matical techniques for analyzing concurrent and probabilistic systems. In Amer- ican

Mathematical Soc., 2004.

109



[47] Thomas A. Henzinger, Peter W. Kopke, Anuj Puri, and Pravin Varaiya. What’s

decidable about hybrid automata? J. Comput. Syst. Sci., 1998.

[48] Gerardo Lafferriere, George J. Pappas, and Sergio Yovine. A new class of decidable

hybrid systems. In International Conference on Hybrid Systems: Computation and

Control, 1999.

[49] Goran Frehse. Phaver algorithmic verification of hybrid systems past hytech. In Pro-

ceedings of the Hybrid Systems: Computation and Control, International Workshop,

HSCC, 2005.

[50] Stefan Ratschan and Zhikun She. Safety verification of hybrid systems by constraint

propagation based abstraction refinement. In Proceedings of the Hybrid Systems: Com-

putation and Control, International Workshop, HSCC, 2005.

[51] Wenji Zhang, Pavithra Prabhakar, and Bala Natarajan. Abstraction based reachability

analysis for finite branching stochastic hybrid systems. In International Conference on

Cyber-Physical Systems, 2017.

[52] Lijun Zhang, Zhikun She, Stefan Ratschan, Holger Hermanns, and Ernst Moritz Hahn.

Safety verification for probabilistic hybrid systems. Eur. J. Control, 2012.

[53] John G Kemeny and J Laurie Snell. Markov chains. Springer-Verlag, New York, 1976.

[54] James R Norris, John Robert Norris, and James Robert Norris. Markov chains. Cam-

bridge university press, 1998.

[55] Daphne Koller and Nir Friedman. Probabilistic graphical models: principles and tech-

niques. MIT press, 2009.

[56] Charles Miller Grinstead and James Laurie Snell. Introduction to probability. American

Mathematical Soc., 2012.

110
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[63] Damjan Škulj. Discrete time markov chains with interval probabilities. International

journal of approximate reasoning, 2009.

[64] Ernst Moritz Hahn, Holger Hermanns, and Lijun Zhang. Probabilistic reachability for

parametric markov models. International Journal on Software Tools for Technology

Transfer, 2011.

[65] Hans Hansson and Bengt Jonsson. A logic for reasoning about time and reliability.

1994.

[66] Adnan Aziz, Kumud Sanwal, Vigyan Singhal, and Robert Brayton. Model-checking

111



continuous-time markov chains. ACM Transactions on Computational Logic (TOCL),

2000.

[67] Christel Baier, Boudewijn Haverkort, Holger Hermanns, and Joost-Pieter Katoen.

Model-checking algorithms for continuous-time markov chains. IEEE Transactions

on software engineering, 2003.

[68] Amir Pnueli. The temporal logic of programs. In Foundations of Computer Science,

1977., 18th Annual Symposium on, 1977.

[69] Rajeev Alur, Costas Courcoubetis, and David Dill. Model-checking for probabilistic

real-time systems. In International Colloquium on Automata, Languages, and Pro-

gramming, 1991.

[70] Joost-Pieter Katoen, Daniel Klink, Martin Leucker, and Verena Wolf. Three-valued

abstraction for probabilistic systems. The Journal of Logic and Algebraic Programming,

2012.

[71] Joost-Pieter Katoen, Tim Kemna, Ivan Zapreev, and David N Jansen. Bisimulation

minimisation mostly speeds up probabilistic model checking. In International Confer-

ence on tools and algorithms for the construction and analysis of systems, 2007.

[72] H̊akan LS Younes and Reid G Simmons. Probabilistic verification of discrete event

systems using acceptance sampling. In International Conference on Computer Aided

Verification. Springer, 2002.

[73] Abraham Wald. Sequential tests of statistical hypotheses. The annals of mathematical

statistics, 1945.

[74] Ratan Lal, Weikang Duan, and Pavithra Prabhakar. Bayesian statistical model check-

ing for continuous stochastic logic. In ACM-IEEE International Conference on Formal

Methods and Models for System Design (MEMOCODE). IEEE, 2020.

112



[75] Antonio Filieri, Carlo Ghezzi, and Giordano Tamburrelli. Run-time efficient proba-

bilistic model checking. In Proceedings of the 33rd international conference on software

engineering, 2011.

[76] Tingting Han, Joost-Pieter Katoen, and Damman Berteun. Counterexample genera-

tion in probabilistic model checking. IEEE transactions on software engineering, 2009.

[77] Christel Baier, Joachim Klein, Sascha Klüppelholz, and Steffen Märcker. Computing
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