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Abstract: Knowing cutting force in rotary ultrasonic machining (RUM) can help optimizing
input variables. RUM of brittle materials has been investigated both experimentally and
theoretically. However, there are no reports on cutting force models for RUM of brittle materials.
This paper presents a mechanistic model for cutting force in RUM of brittle materials. Assuming
that brittle fracture is the primary mechanism of material removal in RUM of brittle materials,
the cutting force model is developed step by step. On the basis of this mechanistic model,
relationships between cutting force and input variables (such as spindle speed, feed rate,

ultrasonic vibration amplitude, abrasive size, and abrasive concentration) are predicted.
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Experiments are conducted for model verification and experimental results agree well with

model predictions.

Keywords: Brittle material; Ceramic; Cutting force; Drilling; Predictive model; Rotary

ultrasonic machining

1. Introduction

Superior properties of some brittle materials, such as high hardness and strength at elevated
temperatures, chemical stability, low friction, and high wear resistance, make them attractive for
many applications. Machining of brittle materials has gained significant importance over the last
two decades [1-10]. Rotary ultrasonic machining (RUM) shown in

Fig. 1 is a non-traditional machining process and has been used for brittle materials such as
glass [11-12], KDP [13], and ceramics [14]. It is a hybrid process that combines material removal
mechanisms of grinding and ultrasonic machining [3]. The rotary core drill with abrasive
particles can oscillate at high frequency (typically 20 kHz) while being fed towards the
work-piece.

Although there have been some models [14-19] of RUM, most of them were developed for
predicting material removal rate (MRR) or investigating material removal mechanism, and only
one cutting force model for RUM of ductile materials was reported [20]. At present, no
publications are available on cutting force models for RUM of brittle materials. Therefore, it is

necessary to develop a cutting force model for RUM of brittle materials to help optimizing input
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variables.

In this paper, a mechanistic model to predict relations between cutting force and input
variables for RUM of brittle materials is developed based on the indentation fracture mechanics
under pyramidal indenters. In this mechanistic model, a proportionality parameter will be used to
describe the ratio between the actual volume of material removed by one abrasive particle in a
vibration cycle and the theoretical volume of the fracture zone induced by the abrasive particle.
The model is mechanistic in the sense that this parameter for a particular work-piece material is a
constant and can be obtained from a few experiments and then used in prediction of cutting force
over a wide range of input variables.

The paper is organized into six sections. Following this introduction section, Section 2
describes the cutting force model development step by step. In Section 3, the proportionality
parameter for alumina is obtained by experiments. In Section 4, predicted influences of input
variables (such as spindle speed, feed rate, ultrasonic vibration amplitude, abrasive size, and
abrasive concentration) on cutting force are discussed. Section 5 provides model verification

using pilot experiments. Conclusions are contained in Section 6.

2. Development of Cutting Force Model

2.1. Approach to Model Development

RUM might be considered as a combination of ultrasonic machining process and grinding

process [3]. It is a complex process with a large number of input variables, as shown in



Fig. 2. Many abrasive machining models [17-24] began with an analysis of one abrasive
particle. The models were then derived by summing up the effects of all active abrasive particles
taking part in cutting. A similar approach is used in this paper to develop the cutting force model
for RUM of brittle materials. To develop the model, the following steps are carried out:

(1) Establish a relation between cutting force and maximum depth that abrasive particles
penetrate into the work-piece.

(2) Estimate V, the actual volume of material removed by one abrasive particle in a single
ultrasonic vibration cycle.

(3) Establish a cutting force model by aggregating the effects of all active abrasive particles.

Several major assumptions and simplifications on abrasive particles are as following:

(1) The diamond abrasive particles are assumed to be rigid octahedrons of the same size.
Some researchers [14-20] took diamond abrasive particles as spheres (like blunt indenters).
However, diamond abrasive particles are more like polyhedron in shape (like sharp indenters).
Indentation crack patterns are different between “blunt” and “sharp” indenters [25-26]. In order
to establish a more accurate model in this paper, diamond abrasive particles are taken as
octahedrons instead of spheres. Every four adjacent triangles have a common vertex, forming a
pyramid, as shown in

Fig. 3. Only one pyramid of each octahedral particle takes part in cutting.

(2) The semi-angle (/) between two opposite edges of an abrasive particle, as shown in Fog.
3, is 45° before it wears down. Since the lengths of its 12 edges are assumed to be the same

(regular octahedron), the size of an abrasive particle (S;) can be expressed by the length of its
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edges. If an abrasive particle wears down (by attritious wear not grain fracture), its semi-angle
will increase.

(3) All diamond abrasive particles on the end face of a core drill have the same height and all
of them take part in cutting during each ultrasonic cycle.

Other assumptions and simplifications will be presented later when they are used.

2.2. Relation between Cutting Force and Maximum Penetration Depth

When a core drill feeds into the work-piece during RUM, an abrasive particle on the end
face of the core drill is not in continuous contact with the work-piece due to ultrasonic vibration
of the drill. In each ultrasonic cycle, the abrasive particle on the end face of the core drill will
make contact with the work-piece for a certain period of time (At - effective cutting time). The
maximum impact force between the abrasive particle and the work-piece is produced while the
penetration of the active abrasive particle reaches the maximum depth.

If w is the maximum depth that an abrasive particle penetrates into the work-piece, as shown

Fig. 4, then, according to the definition of Vickers hardness, w can be calculated

approximatively by the following equation [25],

d 1 F,\1
w = = — ) 2 (1)
2tanp 2tanf./tan2g + 2 Hy

where,

w - maximum penetration depth of an abrasive particle, mm;



Fn - maximum impact force applied to one abrasive particle, N;
Hyv - Vickers hardness of the work-piece material, MPa;

d - length of the diagonal of indentation, mm, as shown in

Fig. 4.

/- semi-angle between two opposite edges of an abrasive particle.

Fn can be obtained by the following equation,

F, = ;_m 2)
where,
Fm — maximum impact force between a core drill and work-piece, N;
Na - number of active abrasive particles on the end face of a core drill.

The number of abrasive particles on the end face of a core drill can be obtained according to
the definition of abrasive concentration. The abrasive concentration is defined by a formula
based on weight of abrasives. If the abrasive concentration is 100, then there is 0.88x107°%g of
abrasive particles per cubic mm volume (or 72 carats of abrasive particles per cubic inch
volume). Since abrasive particle is simplified as a regular octahedron, the volume of an abrasive
particle is V253 /3. It is assumed that abrasive particles distribute uniformly in the abrasive
portion of a core drill, so the number of active abrasive particles on the end face of core drill can

be determined by the following equation,

2
3 2
_[088x107 ¢\ . Cih 3
¢ V2 o 100 0TSz
3 Sab

where,



C., - abrasive concentration;

Sa - abrasive size, mm, as shown in

Fig. 3;

A - area of the core drill end face, Ay = {Do>-Di)/4, mm?;

D, and D; - outer and inner diameters of the core drill, respectively, mm, as shown in
Fig. 1;

p - density of abrasive material, g/mm?, p = 3.52x10*g/mm? for diamond;

C: - a dimensionless constant, C; = [3x0.88x10°%/(100v2,)]*?=3x10"

The cutting force (F) measured during the experiments in RUM is not the same as the
maximum impact force (Fr). The relation between F and Fn, can be approximately derived by
equaling the impulse in terms of F to the impulse in terms of F, during each vibration cycle.
This practice to obtain the relation between F and Fy, was used in several RUM modeling papers
[14, 16, 20].

Since it is assumed that the abrasive particles are rigid, the impulse in terms of the maximum

impact force Fr, during one cycle of ultrasonic vibration is approximately

Impulse = f F,dt = E, At (4)

cycle

where,
At - period of time during which an abrasive particle penetrates into the work-piece. It is also
called effective cutting time, second (s).

The abrasive particles on the end face of a core drill oscillate with amplitude A and
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frequency f. Their motions are sinusoidal. The position of each abrasive particle in the z direction
(the tool axial direction) relative to its mean position can be described by the following equation,
z = Asin(2nft) (5
where,
A - amplitude of the ultrasonic vibration, mm;
f - frequency of the ultrasonic vibration, Hz.
As shown in
Fig. 5, it will take an abrasive particle At/2 to move from z = (A-w) to z = A. At can be
calculated using the following equation,
At = % [g — arcsin (1 — %)] (6)
The impulse in terms of the cutting force during one cycle of ultrasonic vibration is
Impulse = lF (7)
f
where,
F - cutting force measured during the experiments in RUM of brittle materials, N.
By equating the two impulses in Equations (4) and (7), the relation between F and Fp, can be
obtained,
F = Atf Fp (8)
Substituting Equations (2) and (6) into Equation (8), the relation between F and F, can be
described by the following equation,
F = % [g — arcsin (1 - %)] E, 9

By substituting Equation (9) into Equation (1), the relation between the cutting force (F)
8



and the maximum penetration depth (w) can be described by the following equation,

F

2tanfB./tan?f + 2 [% - %arcsin (1 - %)] HyN,

1
w = 2

(10)

2.3. Volume of Material Removed by One Abrasive Particle

Material removal mechanism in RUM of brittle materials has been mainly attributed to
brittle fracture in the literature [14, 17-19, 23-24]. The brittle fracture mechanism of materials
has been discussed using indentation fracture mechanics [25-28].

Fig. 4 shows the cracks in brittle materials induced by indentation of an abrasive particle.

Lateral crack length C, and lateral crack depth C;, were given by Marshall etc. [28],

C c( 1 )12 £ (F.)8 a1
= 8
L 2 1 n
tanfs HyKjc(1 —v?)2
11
c—c( ! )§E2(F)% 12

where,

C. - lateral crack length, mm;

Cy, - lateral crack depth, mm;

Kc - fracture toughness of the work-piece material, MPam;
E - Young’s modulus of the work-piece material, MPa;

v - Poisson’s ratio of the work-piece material;

Fn - load applied to the abrasive particle, N;



C, - a dimensionless constant, independent of material/indenter system, C, = 0.226 [28].

As abrasive particles rotate together with the core drill and impact the work-piece due to
ultrasonic vibration, the material on work-piece surface is removed by propagation and
intersection of cracks. In this paper, the actual volume (V) of material removed by one abrasive
particle in a vibration cycle is assumed to be proportional to the theoretical volume (Vo) of
fracture zone induced by one abrasive particle in an ultrasonic vibration cycle.

Fig. 6 illustrates how to calculate the volume of fracture zone (Vo). Ls is effective cutting
distance that an abrasive particle travels during effective cutting time At. It can be calculated

from the following equation,

27SR
Ls =50

(13)
where,
R - distance of the abrasive particle to the center of the core drill, mm;
S - spindle speed, rpm.
During the period of time At, the penetration of the abrasive particle increases from 0 to w
and decreases to 0 while the abrasive particle moves through Ls on the work-piece surface. As a
result, the length and width of the lateral crack will also increase from zero to their maximum
values and decrease to zero. As shown in
Fig. 6, the fracture zone can be simplified as 2 times the volume of tetrahedron ABCD,
Vo=2"Vypep = %CLCth (14)
Due to interrelations among abrasive particles during RUM, there exist some differences

between the actual volume (V) of material removed by one abrasive particle in a vibration cycle
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and the theoretical volume (V,) of fracture zone. In this paper, V is assumed to be proportional to
Vo, with a constant proportionality parameter, K. The actual volume of material removed by one
abrasive particle in an ultrasonic vibration cycle can be expressed as,
K T
V =KVy =73 Clls = 55 KCLCrSRAL (15)
where,

K - a proportionality parameter which is assumed to be constant for a given work-piece material

over a wide range of input variables. The value of K can be obtained from RUM experiments.
2.4. Cutting Force Model

Material removal rate of one abrasive particle (MRR,) can be theoretically calculated from
the product of the actual volume (V) of material removed by one abrasive particle in an
ultrasonic vibration cycle and the vibration frequency (f). By substituting equation (6) into
equation (15), MRR; is described by the following equation,

MRR, = fV =~ ¢,c,SR [E — arcsin (1 - K)] (16)
@ 90 2 A

Material removal rate of a core drill (MRRt) can be obtained from the summation of MRR,
of all abrasive particles on the end face of the core drill. To simplify calculation, the distance of
each abrasive particle to the center of the core drill (R) can be replaced by their average distance

to the center of the core drill. Hence, MRRy can be described by the following equation,

K (D, + D;) _ w
MRRy = Ng* MRRq = NofV ~ 55 C,CaSNo ——— [E — arcsin (1 - Z)] (17)

In addition, MRRy can also be expressed in terms of the feed rate and the area of the core

drill end face,
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n(DZ — D?
MRRT:ﬁ”AOZM

fr (18)
where,
f, - the feed rate during RUM, mm/s.

By equating Equations (17) and (18), and substituting Equations (11) and (12) into Equation

(17), the relation between cutting force (F) and input variables can be obtained by the following

equation,

N[~
Q=

7

E4

B w

1
H3Kic(1 — vz)% N, [% — arcsin (1 - %)]

1 9
KC3S(D, + D;) ( F8 = f.A, (19)

tanﬁ)
where,
Cs - a dimensionless constant, C; = 7”/%(C,)%/360 = 5.15x10™.

F and w are two unknown terms in Equation (19) if K is obtained by experiments. Another
relation between F and w has already been described by Equation (10). So, cutting force (F) and
maximum penetration depth (w) can be obtained by solving Equations (10) and (19)

simultaneously.

3. Obtaining proportionality parameter K
3.1. Experimental Setup

Rotary ultrasonic machining experiments are performed on a machine of Sonic Mill Series
10 (Sonic-Mill, Albuquerque, NM, USA). The experimental setup mainly consists of an

ultrasonic spindle system, a data acquisition system, and a coolant system. The ultrasonic spindle
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system comprises of an ultrasonic spindle, a power supply, and a motor speed controller. The
power supply converts 60 Hz electrical supply to high frequency (20 kHz) AC output. This is fed
to the piezoelectric transducer located in the ultrasonic spindle. The ultrasonic transducer
converts electrical input into mechanical vibrations. The motor attached atop the ultrasonic
spindle supplies the rotating motion of the core drill and different speeds can be obtained by
adjusting the motor speed controller. The fixture to hold the specimen is mounted on a
dynamometer that is attached to the machine table. The cutting force along feed direction is
measured by Kistler 9272 piezoelctric dynamometer produced by Kistler Instrument Corporation.
The electrical signals from the dynamometer are transformed into numerical signals by an A/D
converter. Then the numerical signals are displayed and saved on the computer with the help of
National Instruments LabVIEW™. Sampling frequency to obtain the cutting force signals is 20
Hz. The core drills with metal-bond diamond abrasive particles are provided by N.B.R. Diamond
Tool Corp. (LaGrangeville, NY, USA). The identifications and properties of these drills are listed

Table 1.

3.2. Design of Experiments

The work-piece material is alumina. Mechanical properties of the work-piece material are as
follows: Elastic modulus E = 390000 MPa, Poisson’s ratio v= 0.24, Vickers hardness Hy =
15200 MPa, Fracture toughness K,c = 142.3 MPa-mm*? [29].

If K is independent of input variables, as assumed in the model development, then

theoretically only one experiment is needed to get its value. However, to verify whether it is

13



indeed independent of input variables, a number of different experiments for various
combinations of input variables are needed. The experimental design is shown in Table 2. The
experiments involve five groups of input variables (spindle speed, feed rate, vibration amplitude,
abrasive size, and area of core drill end face). Using core drills with different diameters can
result in different areas of the core drill end face, and hence different numbers of active abrasive
particles on the end face. The following variables are held constant during all test runs.

e Ultrasonic vibration frequency: f = 20 kHz;

* Abrasive: Diamond;

* Abrasive bond type: Metal-bond;

e Abrasive concentration: C, = 100.

3.3. Analysis of Experimental Results

The purpose of this section is to estimate the value of K for the given work-piece material
using the data obtained from the experiments. For each test, one value of K is obtained using
measured data of MRR and cutting force. MRR values are used to calculate V using Equation (17),
and measured values of cutting force are used to calculate V, using Equation (14). These V and
Vo values are plotted together, as shown in

Fig. 7. The slope of least-squares regression line passing through the origin is the estimated
K value. The value of K for the overall data is 0.295.

Fig. 8 shows the values of K estimated for each experimental group. It is seen that there are

not strong correlations between the values of K and input variables. Though there are some
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deviations among these data, one can state that the assumption of K being constant for a
particular material is reasonable and the value can be applied to evaluate the cutting force for a

given material over a range of input variables.

4. Predicted Influences of Input Variables on Cutting Force

In the previous sections, a mechanistic model for cutting force in rotary ultrasonic
machining of brittle materials has been developed. In this section, influences of individual
input variables on cutting force in RUM will be predicted using this model. The work-piece
material used for such predictions is alumina. The value of K is taken as 0.295. Throughout the
calculation, the outer and inner diameters of the core drill are 9.6 mm and 7.8 mm, respectively.

The predicted relations between cutting force and spindle speed, feed rate, ultrasonic
vibration amplitude, abrasive size, abrasive concentration are plotted in Figs. 9-13, respectively.
It can be seen from these figures that cutting force decreases nonlinearly with spindle speed, and
increases approximately linearly with feed rate. However, one also can observe that cutting force
varies slightly as vibration amplitude, abrasive size, and abrasive concentration change. Hence,
spindle speed and feed rate have significant effects on cutting force in RUM of brittle materials,
while ultrasonic vibration amplitude, abrasive size, and abrasive concentration have less
significant effects on cutting force.

Fig. 14 shows the predicted relation between cutting force and semi-angle (/) of abrasive
particle. It can be seen that cutting force increases noticeably as semi-angle of abrasive particle

increases. Increasing of semi-angle means that abrasive particles wear down (by attritious wear).
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Therefore, the reason why cutting force increases as abrasive particles wear down can be

reasonably explained by the cutting force model.

5. Pilot Experimental Verification

The same experimental setup shown in Section 3 is used for pilot experiments of model
verification. To verify the mechanistic cutting force model, a total of 12 experiments are
performed by varying each variable for six levels keeping other variables constant as shown in
Table 3. Experimental and predicted cutting force values are compared in

Fig. 15. It can be seen that the trends of predicted influences of input variables (spindle

speed, feed rate) agree well with the trends determined experimentally.

6. Conclusions

A physics-based cutting force model for rotary ultrasonic machining (RUM) of brittle
materials has been developed. The model is used to predict the influences of input variables on
cutting force. These predicted influences are compared with those determined experimentally.
The trends of predicted influences of input variables on cutting force agree well with the trends
determined experimentally. These predicted trends are: (1) cutting force will increase as abrasive
concentration, semi-angle of abrasive particle, and feed rate increase and (2) it will decrease as

abrasive size, vibration amplitude, and spindle speed increase.

This model is the first cutting force model for RUM of brittle materials in the literature. It

16



can serve as a useful springboard for development of more sophisticated cutting force models
(such as those that consider the dynamic force in the process) and models to predict cutting

temperature, tool wear, and surface roughness in RUM.
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Fig. 1. lllustration of RUM process (after [3]).
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Input variables:

1. Core drill outer diameter, D,
Core drill variables 2. Core drill inner diameter, D;
3. Abrasive concentration, C,
4. Abrasive size, S,
5. Elastic modulus, E
Properties of the 6. Poisson’s ratio, v
work-piece material 7. Fracture toughness, Kc
8. Hardness, Hy
Ultrasonic vibration 9. Amplitude, A
variables 10. Frequency, f
Machining  process 11. Feed rate, f;
variables 12. Spindle speed, S

Fig. 2. Input variables in development of cutting force model for RUM.
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Fig. 3. lllustration of abrasive particle simplified as an octahedron.
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Fig. 4. Cracks in brittle material induced by indentation of an abrasive particle (after [27]).
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Fig. 5. Calculation of effective cutting time At (after [14]).
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Fig. 6. Calculation of theoretical volume (Vo) of fracture zone.
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Fig. 7. Calculation of K from experimental data.
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Fig. 8. Influences of input variables on K.
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Fig. 9. Predicted relation between cutting force and spindle speed.
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Fig. 10. Predicted relation between cutting force and feed rate.
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Fig. 11. Predicted relation between cutting force and vibration amplitude.
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Fig. 12. Predicted relation between cutting force and abrasive size.
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Fig. 13. Predicted relation between cutting force and abrasive concentration.
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Fig. 14. Predicted relation between cutting force and semi-angle of abrasive particle.
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Fig. 15. Comparison of cutting force between predicted results and experimental results. (a) f, =
0.1 mm/s, (b) S =2000 rpm.
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Table 1

Identifications of core drills used in experiments

Drill Mesh size Abrasive Abrasive Outer Inner

ID size S, concentration C, Diameter D,  Diameter D;
(mm) (mm) (mm)

1 #80-100 0.162 100 9.6 7.8

2 #180 0.082 100 9.6 7.8

3 #100-120 0.125 100 9.6 7.8

4 #80-100 0.162 100 5.08 3.48

S) #80-100 0.162 100 12.7 10.7

6 #60-80 0.201 100 12.7 10.7
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Table 2

Experimental conditions for obtaining K

Experiment Spindle speed S (rpm) Feed rate  Vibration amplitude A Drill ID

fe (mm/s)  (mm)

1500, 2000, 2500, 3000,

1% group 0.06 0.025 No. 1
4000, 5000
2" group 2500 0.02,0.06, 0.025 No. 1
0.10, 0.12,
0.14,0.16
3%group 2500 0.06,0.08 0.018, 0.025, 0.036 No. 1
A group 2500 0.04,0.08 0.025 No.1,2,3

5" group 2500 0.06,0.10 0.025 No.1,4,5
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Table 3

Conditions for pilot experimental verification

Input variable Value

Spindle speed S (rpm) 1500, 2000, 2500, 3000, 4000, 5000
Feed rate f, (mm/s) 0.02, 0.06, 0.10, 0.12, 0.14, 0.16
Vibration amplitude A (mm) 0.032

Core drill ID No. 6
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