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Abstract
Strong-field ionization plays a central role in molecules interacting with an intense laser

field since it is an essential step in high-order harmonic generation thus in attosecond pulse
generation and serving as a probe for molecular dynamics through either the sensitivity of
ionization to the internuclear separation or the laser-induced electron scattering. Strong-field
molecular ionization has been studied both theoretically and experimentally, dominantly
through the Born-Oppenheimer approximation and at equilibrium or small reaction dis-
tances. We have extended the theoretical studies of molecular ionization to a much broader
extent. Specifically, due to the difficulty of treating ionization in Born-Oppenheimer rep-
resentation especially for molecular dynamics involving strongly-correlated electron-nuclear
motion, we have investigated an alternative time-independent — adiabatic hyperspherical —
picture for a one-dimensional model of the hydrogen molecule. In the adiabatic hyper-
spherical representation, all the reaction channels — including ionization — for the hydrogen
molecule have been identified in a single set of potential curves, showing the advantage of
studying molecular dynamics involving multiple breakup channels coupled with each other.
We have thus proposed a good candidate to study strongly-correlated molecular dynamics,
such as autoionization and dissociative recombination. Moving to a time-dependent picture
by numerically solving the time-dependent Schrdinger equation (TDSE), we have explored
two extreme classes of strong-field ionization of hydrogen molecule ion: at large internu-
clear distance (R>30 a.u.) and for long-wavelength laser fields. Remarkably, we have found
strong-field two-center effects in molecular ionization beyond the long-standing one-photon
two-center interference as a manifestation of the double-slit interference. In particular,
the total ionization probability at large internuclear distances shows strongly symmetry-
dependent two-center dynamics in homonuclear diatomic molecules and two-center induced
carrier-envelope phase effect in heteronuclear diatomic molecules. Such two-center effects
are expected to generalize to other diatomic systems and could potentially be used to explain
phenomena in multi-center strong-field physics. Moreover, we have theoretically confirmed,
for the first time, the existence of low energy structure in molecular ionization in long-
wavelength laser fields by solving the three-dimensional TDSE. Finally, we have performed
a pump-probe study of the hydrogen molecular ion where a pump pulse first dissociates
the molecule followed by a probe pulse which ionizes the dissociating wave packet, and
surprisingly found a pronounced broad ionization peak at large R or large pump-probe
delay (∼150 fs). Numerically, we have developed and implemented new theoretical frame-
works to more accurately and efficiently calculate quantum mechanical processes for small
molecules — hydrogen molecule and its ion — which could readily be adapted to heavier
diatomic systems.



Computationally exploring ultrafast molecular ionization

by

Youliang Yu

B.S., Nanjing Normal University, China, 2011

A DISSERTATION

submitted in partial fulfillment of the requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Physics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2018

Approved by:

Major Professor
Brett D. Esry



Copyright

© Youliang Yu 2018



Abstract
Strong-field ionization plays a central role in molecules interacting with an intense laser

field since it is an essential step in high-order harmonic generation thus in attosecond pulse
generation and serving as a probe for molecular dynamics through either the sensitivity of
ionization to the internuclear separation or the laser-induced electron scattering. Strong-field
molecular ionization has been studied both theoretically and experimentally, dominantly
through the Born-Oppenheimer approximation and at equilibrium or small reaction dis-
tances. We have extended the theoretical studies of molecular ionization to a much broader
extent. Specifically, due to the difficulty of treating ionization in Born-Oppenheimer rep-
resentation especially for molecular dynamics involving strongly-correlated electron-nuclear
motion, we have investigated an alternative time-independent — adiabatic hyperspherical —
picture for a one-dimensional model of the hydrogen molecule. In the adiabatic hyper-
spherical representation, all the reaction channels — including ionization — for the hydrogen
molecule have been identified in a single set of potential curves, showing the advantage of
studying molecular dynamics involving multiple breakup channels coupled with each other.
We have thus proposed a good candidate to study strongly-correlated molecular dynamics,
such as autoionization and dissociative recombination. Moving to a time-dependent picture
by numerically solving the time-dependent Schrdinger equation (TDSE), we have explored
two extreme classes of strong-field ionization of hydrogen molecule ion: at large internu-
clear distance (R>30 a.u.) and for long-wavelength laser fields. Remarkably, we have found
strong-field two-center effects in molecular ionization beyond the long-standing one-photon
two-center interference as a manifestation of the double-slit interference. In particular,
the total ionization probability at large internuclear distances shows strongly symmetry-
dependent two-center dynamics in homonuclear diatomic molecules and two-center induced
carrier-envelope phase effect in heteronuclear diatomic molecules. Such two-center effects
are expected to generalize to other diatomic systems and could potentially be used to explain
phenomena in multi-center strong-field physics. Moreover, we have theoretically confirmed,
for the first time, the existence of low energy structure in molecular ionization in long-
wavelength laser fields by solving the three-dimensional TDSE. Finally, we have performed
a pump-probe study of the hydrogen molecular ion where a pump pulse first dissociates
the molecule followed by a probe pulse which ionizes the dissociating wave packet, and
surprisingly found a pronounced broad ionization peak at large R or large pump-probe
delay (∼150 fs). Numerically, we have developed and implemented new theoretical frame-
works to more accurately and efficiently calculate quantum mechanical processes for small
molecules — hydrogen molecule and its ion — which could readily be adapted to heavier
diatomic systems.



Table of Contents

Table of Contents vi

List of Figures ix

List of Tables xii

Acknowledgements xiii

Dedication xiv

1 Introduction 1
1.1 One-dimensional H2 in adiabatic hyperspherical representation . . . . . . . . 2
1.2 Strong-field two-center effects in diatomic molecular ionization . . . . . . . . 3
1.3 Low energy structure in strong-field ionization . . . . . . . . . . . . . . . . . 4
1.4 Prologue for the work relavant to this dissertation . . . . . . . . . . . . . . . 5

2 One-dimensional hydrogen molecule in adiabatic hyperspherical represen-
tation 7
2.1 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1.1 Hyperspherical coordinates . . . . . . . . . . . . . . . . . . . . . . . . 7
2.1.2 Time-dependent Schrödinger equation . . . . . . . . . . . . . . . . . 8
2.1.3 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.4 Numerical discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Adiabatic hyperspherical potentials . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.1 Adiabatic hyperspherical potentials similar to

Born-Oppenheimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.2 Adiabatic hyperspherical potentials beyond

Born-Oppenheimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.3 Autoionization for hydrogen molecule . . . . . . . . . . . . . . . . . . 19

2.3 Application in ultrafast physics . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Strong-field two-center effects in diatomic molecular ionization 26
3.1 Theoretical formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.1.1 Time-dependent Schrödinger equation . . . . . . . . . . . . . . . . . 26
3.1.2 Coordinate transformation . . . . . . . . . . . . . . . . . . . . . . . . 30
3.1.3 Iterative propagation . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3.1.4 Complex absorption potential and ionization yield . . . . . . . . . . . 32

vi



3.1.5 Numerical discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.1.6 Energy analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Strong-field two-center effects beyond double-slit interference . . . . . . . . . 42
3.2.1 Two center interference effect: homonuclear diatomic molecules . . . 42
3.2.2 Two center induced CEP effect: heteronuclear diatomic molecules . . 49

3.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4 Low energy structure in strong-field ionization 53
4.1 Molecular low energy structure . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Future works for molecular LES . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Pump-probe study of dissociative ionization of hydrogen molecular ions 58
5.1 Two-channel dissociation through 3D time-dependent Schrödinger equation . 58
5.2 Convolution from R to delay . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
5.3 Comparison with experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6 An optimized absorbing potential for ultrafast, strong-field problems 64
6.1 An introduction to absorbing potentials . . . . . . . . . . . . . . . . . . . . . 64
6.2 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.3 Optimization of proposed CAPs . . . . . . . . . . . . . . . . . . . . . . . . 68

6.3.1 Single-exponential CAP . . . . . . . . . . . . . . . . . . . . . . . . . 68
6.3.2 Double-exponential CAP . . . . . . . . . . . . . . . . . . . . . . . . . 71
6.3.3 Double-sinh CAP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
6.3.4 Complex boundary condition . . . . . . . . . . . . . . . . . . . . . . 78

6.4 Optimal CAP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
6.5 Other absorption criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.5.1 Different energy range . . . . . . . . . . . . . . . . . . . . . . . . . . 82
6.5.2 Different Rc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.6 Time-dependent demonstration . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

7 Conclusive Remarks and Outlook 89

My Publications 91

Bibliography 104

A Reflection coefficients 105
A.1 Reflection coefficient for single-exponential CAP . . . . . . . . . . . . . . . . 105
A.2 Reflection coefficient for double-exponential CAP . . . . . . . . . . . . . . . 106
A.3 Reflection coefficient for −iα2

2/x
2 CAP . . . . . . . . . . . . . . . . . . . . . 107

vii



B Complex boundary condition 110
B.1 Zero potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
B.2 Effect on bound states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
B.3 Single- and double-exponential CAPs . . . . . . . . . . . . . . . . . . . . . . 111

C Spatial representations 113
C.1 Basis splines representation . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
C.2 Finite-element discrete variable representation . . . . . . . . . . . . . . . . . 114
C.3 Comparing B-splines and FEDVR . . . . . . . . . . . . . . . . . . . . . . . . 117

D Time-dependent Schrödinger equation for H+
2 in length gauge 118

viii



List of Figures

2.1 Solid arrows (~ρN , ~ρe, ~ρ) are “H”-type Jacobi vectors for our 1D H2 system.
Two of them connect pairs of identical particles, the other one starts from
the nuclear center of mass and ends at the electronic center of mass. All
coordinates associated with these vectors can be positive or negative. . . . . 8

2.2 Parameters a(ρN) and b(ρN) used in the model Coulomb potentials [Eq. (2.5)]
are shown. (see text for details) . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 The coalescence lines for the potentials in the hyperangular space with fixed
hyperradius. (see text for details) . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 The adiabatic hyperspherical potential curves for S = 0 I = 0 Π = +1 in
terms of hyperradius R (see text for details). . . . . . . . . . . . . . . . . . . 14

2.5 The BO potentials (green dots) plot on top of the adiabatic hyperspherical
potentials (red curves). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.6 Wave function for continuum states at R = 15. (a) is corresponding to
(1g)(εg) channel and (b) is corresponding to (2u)(εu). . . . . . . . . . . . . . 16

2.7 Wavepacket dynamics scheme in dissociative single ionization channel. . . . . 17
2.8 We show part of the adiabatic hyperspherical potential curves, emphasizing

the series of avoided crossings on the doubly excited state channel. (a) and
(c) show the relevant channel functions bearing doubly excited characteristics
in both electronic coordinates. (b) is the channel function cooresponding to
H+

2 (v) + e− configuration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.9 Effective potentials U(R, θ) in θ for R = 8. Inset (a) shows H+

2 electronic
channels, 1sσg and 2pσu. Inset (b) shows the region of Rydberg states. . . . 20

2.10 Sketch for transition from vibrational state on the H2 ground channel (dashed
red) for total even parity to the excited states on the lowest fifty chan-
nels (solid blue) for total odd parity. . . . . . . . . . . . . . . . . . . . . . . 21

2.11 (a) The 10th-22th adiabatic hyperspherical potential curves for I = 0, S = 0
and Π = −1. (b) Absolute value of the dipole matrix elements between the
ground channel and the 15th channel in (a). The dot dashed lines indicate
the Franck-Condon region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.12 (a) The lowest six channels for I = 0, S = 0 and Π = −1. (b) Absolute value
of the dipole matrix elements from the ground channel to the channels in (a).
The color and line-type schemes are the same on both panels. . . . . . . . . 24

3.1 Ionization probability as a function of R for the gerade–Pg and ungerade–Pu
initial states (upper) and the decomposition of Pu(R) (lower), for a Gaus-
sian pulse with the FWHM of 10 fs, an intensity of 1014 W/cm2, and the
wavelength of 780 nm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

ix



3.2 Low energy spectrum (2nd row) and the total ionization yield (3rd row)
calculated by TDSE as a function of R for a Gaussian pulse with the FWHM
of 10 fs, an intensity of 1014 W/cm2, and the wavelength of 780 nm, and the
low energy spectrum as a function of R extracted from Cohen and Fano’s
picture (1st row), for initial state 1sσg (left) and 2pσu (right). . . . . . . . . 46

3.3 Upper: total ionization yield obtained by superposing—in-phase or out-of-
phase—the atomic ionization — with laser parameters as in Fig. 3.1 — separated
by R to mimic the two-center interference without two-center dynamics in-
volved. Lower: decomposition of Pu. . . . . . . . . . . . . . . . . . . . . . . 48

3.4 Upper: ionization probability — calculated using laser parameters as in Fig. 3.1 —
as a function of R for short-range potentials for gerade (Pg) and ungerade
(Pu) initial states. Lower: decomposition of Pu. . . . . . . . . . . . . . . . . 49

3.5 Ionization probability as a function of R for initial state centered at A and B
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6 Ionization probability as a function ofR for HeH++ with initial state He+(n=2)+H+,
and CEP of 0 and π. The laser parameters are the same as for HD+. . . . . 51

4.1 Comparison of the photoelectron energy distribution for H+
2 for different ini-

tial states (upper), and for different wavelength(lower). The photoelectron
energy distributions are normalized so that the maximum value is 0.8. Dashed
lines indicate photoelectron spectra smoothed with Gaussian kernels (see text
for details). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 Photoelectron energy distribution for atomic hydrogen restricted to move in
one dimension for 2000 nm, 13.3 fs (2 cycles), 5×1013 W/cm2, with ground
initial state. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

5.1 Ionization yield as a function of pump-probe delay τ for H+
2 and HD+. . . . 61

5.2 (a,b) The yield of H+ + D+ events mapped as a function the pump-probe
delay and KER. The high-KER component is due to the ionization of bound
HD+. The tail extending to lower KER is due to ionization of the dissociating
HD+ wavepacket, and it exhibits a broad enhancement around 250 fs. (c)
The integrated yield in “tail” associated with ionization of the dissociating
wavepacket indicates a 1.75±0.33 times enhancement in the ionization of the
dissociating wavepacket between 200 and 300-fs delay. . . . . . . . . . . . . . 62

5.3 Dissociation wavepacket on 2pσu channel with the initial vibrational state
v = 9, by a Gaussian pulse with a FWHM of 20 fs, a wavelength of 780 nm,
and an intensity of 1× 1014 W/cm2, at delay τ = 220, 230, 240, 260 fs. . . . 63

x



6.1 The scheme used to characterize a CAP and determine its reflection coeffi-
cient. The edge of the grid is taken to be x = 0, and we require ψ(x=0) = 0
as is typical in solving the TDSE. We assume incidence from the right as
indicated. We define the absorption range xR from the distance at which the
absorbing potential decreases beyond a cutoff value Vc and can be neglected,
|V (xR)| = Vc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.2 Examples of the reflection coefficient R(K) for a single-exponential CAP
with different potential strengths. The predicted small-K behavior, e−2πK ,
is shown for comparison. The unitless limits Kmin and Kmax for which
R(K) 6 Rc holds are also indicated. . . . . . . . . . . . . . . . . . . . . . . 69

6.3 Absorption range and potential depth for a single-exponential CAP, show-
ing their dependence on the complex phase of λ. The magnitude of λ is
determined at each χ by solving Eq. (6.9). . . . . . . . . . . . . . . . . . . . 71

6.4 The optimum reflection coefficients for purely imaginary and complex single-
exponential CAPs as a function of the unitless momentum. . . . . . . . . . . 72

6.5 Illustration of the dependence of R for a double-exponential CAP on the
potential strength: (a) λ1 dependence for λ2

2 = 28, and (b) λ2 dependence for
λ2

1 = 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
6.6 The optimum reflection coefficient as a function of the unitless momentum

for the double-exponential CAP with λ1 and λ2 both independent and not
independent. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.7 Optimal R for the double-sinh CAP along with the optimal R for the double-
exponential CAP for comparison using parameters in Table 6.2, both as a
function of the unitless momentum. . . . . . . . . . . . . . . . . . . . . . . 76

6.8 Reflection coefficient as a function of the unitless momentum for a single-
exponential CAP with complex boundary conditions: purely imaginary λ2

and complex λ2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.9 Optimum reflection coefficient as a function of the unitless momentum for a

double-exponential CAP with complex boundary conditions. . . . . . . . . . 80
6.10 Optimal reflection coefficients for all CAPs as a function of the electron’s

momentum using the parameters from Table 6.2. They all satisfy the criteria
that R 6 Rc for 0.006 6 E 6 3 a.u., as required. . . . . . . . . . . . . . . . 81

6.11 Absorption range xR as a function of kmin for the double-sinh CAP. The
parameters for Rc 6 10−3 can be found in Table 6.4. . . . . . . . . . . . . . 84

6.12 (a) Momentum distribution of the free wavepacket, covering 0.11 6 k 6
2.45 a.u. (b) Demonstration of the Rc=10−6 double-sinh CAP using a free
wavepacket. Solid lines show the with-CAP wavepacket, calculated for−600 6
x 6 600 a.u.; and dashed lines, the without-CAP wavepacket, calculated
for −600 6 x 6 1200 a.u. Inset: Expanded view of the absorption region
536 . x 6 600 a.u. for clearer comparison. . . . . . . . . . . . . . . . . . . . 86

C.1 The basis splines un(x) on a uniform grid. The thick line indicates the spline
that is nonzero only for 0.2 < x < 0.8. . . . . . . . . . . . . . . . . . . . . . 114

xi



List of Tables

2.1 Table with boundary conditions (BC) and symmetry operators. . . . . . . . 11
2.2 Atomic energies and molecular vibrational levels in our 1D model. H− has

two bound states compared to one bound state in 3D. All these energies
are converged to at least 5 digits. The zero of energies are defined as the
thresholds of compete breakup (p+e− for H and p+p+e−/p+e−+e− for H+

2 /H−. 13

6.1 The CAPs considered in this work, both from the literature and proposed in
this work. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6.2 Comparison of the optimal absorption ranges for all the CAPs considered.
The optimal parameters are given for the electron in our strong-field appli-
cation — see Eqs. (6.3) and (6.4) — so that all quantities are in atomic units. 81

6.3 Optimal parameters for the double-exponential CAP for an electron exposed
to longer wavelengths. Per the discussion in the text, the only impact of
wavelength here is on Emax. All quantities are in atomic units unless otherwise
specified. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.4 Optimal parameters for double-exponential and double-sinh CAPs for Rc 6
10−3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

xii



Acknowledgments

First and foremost I would like to sincerely thank my advisor Dr. Brett Esry for his
patient guidance. I would not have gone this far without his encouragement and stimulation.
It has been a great experience to work with him, not only because of his expert knowledge
in atomic, molecular, and optical physics but also because he is a very open-minded person
and has always been supportive during my PhD studies. His rigorous attitude to research,
sharp advices to obscure physical and numerical details, creative and critical thinking have
always been inspiring and deeply influenced my mindset. Brett has been a great mentor for
me and will for sure positively impact my future career.

During my time in Brett’s research group, I have been greatly benefited from other
members. I am grateful to Dr. Yujun Wang, who like my big brother guided me on var-
ious projects at the early stage of my PhD studies. The discussions we had have always
been constructive and helped me resolve various challenging questions, both physically and
numerically. I would like to thank Dr. Nicolais Guevara who gave me a detailed intro-
duction to the three-body B-splines code which has accelerated my early studies. I would
like to acknowledge Dr. Christian Madsen for valuable discussions on the project of one-
dimensional H2. I also want to acknowledge Dr. Greg Armstrong for providing details of
the time-independent two-center spheroidal code, which I adapted to solve the ionization
problem of hydrogen molecular ion. The collaboration we had on the molecular two-center
effects has been a pleasure. A special thank goes to Dr. Shuo Zeng, who helped me a lot in
many detailed aspects, in research or in life, during our four-year overlap. Thanks to Dustin
Ursrey for reading my thesis and providing helpful suggestions. I also want to thank all other
members: Dr. Jens Svensmark, Dr. Edmund Meyer, Brandon Rigsbee, Russ Averin for all
the discussions from physics to basically everything during our countless group meetings.

I would like to acknowledge my collaborators on the experimental side: Dr. Itzik Ben-
Itzhak and his group. Part of my work was originated from experiments. Informative
discussions we had in our theory-experiment joint meetings have largely benefited my re-
search.

Thanks to my teachers: Dr. Chi-Dong Lin, Dr. Andrew Ivanov, Dr. Uwe Thumm for
those informative classes which built the foundation for my research thereafter. I am also
grateful to Larry McFeeters and other PCSC staff for providing in-time supports on com-
puter technical issues so that I can focus on physics.

Last but certainly not the least, I would like to express my deep gratitude to my family
for their unconditionally supports throughout my PhD study. I owe them more than thanks.
In particular, I want to thank my wife, Haoyu Zhang, for standing beside me throughout
my PhD study. She has been my motivation and inspiration to continue to improve my
knowledge and my career. I also want to thank my parents for always being there whenever
I need them.

xiii



Dedication

To my loving wife and my dear parents.

xiv



Chapter 1

Introduction

Over the last three decades, as laser technology and fragment imaging techniques flour-
ished, interactions of atoms and molecules with short, intense laser pulses have been an
active and growing area of research. One reason is that electrons in atoms and molecules
are typically driven by a force induced by the electric field of laser pulses that can easily com-
pete against the binding force from the system itself, thus triggering complicated electronic
dynamics such as the widely-known above threshold ionization [1–3]. Strong-field molecular
ionization, due to its intrinsic multi-center nature, has shown various intriguing dynamical
phenomena, such as enhanced ionization at critical internuclear distances [4, 5], suppressed
ionization for some molecules [6, 7], sensitivity of the ionization to molecular orbitals [8–10],
and interference effects in molecular high-order harmonic generation (HHG) [11, 12]. These
phenomena have made molecular ionization a revealing probe for electronic and nuclear dy-
namics in strong-field processes, therefore providing a means to control molecular dynamics,
and ultimately to control chemical reactions.

To theoretically describe such highly nonperturbative processes in a fully quantitative
manner, the best option is to numerically solve the time-dependent Schrödinger equa-
tion (TDSE). Although there are a number of notable approximate treatments, such the
strong-field approximation (SFA) [13–15], Keldysh-Faisal-Reiss (KFR) theory [16–18], and
molecular ADK [19], the TDSE is still a gold standard to which they are compared. Solv-
ing the multi-dimensional TDSE, however, is typically challenging and unfavorably time-
consuming. Fortunately, due to the advances of the modern high-performance computing
architecture and the development of computational methods, the contradiction between nu-
merical accuracy and demanding computational resources is being reconciled. Nowadays,
due to rising interests in circular and elliptical polarized light and their interactions with
atoms and molecules, people start to solve three-dimensional (3D) TDSE involving strong
fields within the single-active-electron (SAE) approximation, which typically reduces to 3D
or — more commonly — coupled-2D differential equations. For molecular ionizations in this
case, the nuclei are normally fixed at equilibrium or small internuclear distances, thus com-
putationally reducing the molecular ionization to the atomic ionization. However, at large
internuclear distances in molecular ionization, the multi-center Coulomb singularities might
cause numerical problems, which could be either in solving the TDSE or analyzing the wave

1



1.1. One-dimensional H2 in adiabatic hyperspherical representation

function. Thus special care needs to be taken. For strong-field ionization beyond the SAE
approximation, there are many attempts [20–27] at solving the full-dimensional TDSE for
helium — the simplest multi-electron system — which in principle is a six dimensional prob-
lem except it reduces to coupled-2D differential equations after expanding the electronic
wave function into coupled spheroidal harmonics bases. Most of these works [20–22, 24–26],
however, focus on the perturbative or few-photon regimes. When it comes to strong field,
the number of partial waves exponentially increases therefore making the calculation nearly
unfeasible. To our knowledge, such strong-field (800 nm, 1014 W/cm2) multi-electron ion-
ization can only be done either through a huge amount of computational resources, which is
about a factor of 1000 heavier than a perturbative calculation for a 40 nm XUV pulse with
the same accuracy [23] — or by sacrificing accuracy of observables [27].

Molecular hydrogen (H2) and its isotopes(HD/D2) or ions (H+
2 /HD+/D+

2 ) as benchmark
systems, have been extensively studied both theoretically and experimentally [28–38], due
to their significant roles in understanding ultrafast molecular dynamics. Such benchmark
systems will be our focus in this dissertation.

1.1 One-dimensional H2 in adiabatic hyperspherical

representation

In studies of dissociative ionization of H2 in ultrafast laser field, a multi-step Born-
Oppenheimer (BO) picture is often used to understand the dynamics. The first step is
ionization. From the H2 ground state, the H+

2 nuclear wavepacket is created as a coherent
superposition of H+

2 vibrational states or as an incoherent Franck-Condon distribution of
the vibrational levels. This picture is based on the fact that ionization occurs on a time
scale much shorter than that of the nuclear vibrations, thus an instantaneous electronic
transition occurs between the H2 ground state and the H+

2 vibrational levels. In such a
picture, electronic correlations are neglected in the first ionization step, which is necessary
due to the difficulties of treating ionization in BO representation. Recently, however, as
ultrashort laser pulses become available on the electronic (sub-femtosecond) timescales, the
electronic correlations have been found to be significant in electronic dynamics. For instance,
G. Sansone et al. [33] and A. Fischer et al. [34] found that doubly excited states cause a
coherent superposition of two different pathways, which leads to asymmetric ejection of
the ionic fragment in the dissociative ionization of H2. So, to fully understand molecular
dynamics, one needs to go beyond the Born-Oppenheimer approximation.

The hyperspherical coordinates, since first introduced to study atomic problems in the
late 1950s [39], have been widely used in atomic and molecular physics [40–59]. In atomic
physics, for instance, the electronic correlations and doubly excited states for He atom and
H− ion have been successfully described in the adiabatic hyperspherical representation [40,
41, 45, 49]. In molecular physics, the hyperspherical approach has been applied to study
molecular vibrations (see Ref. [48] for example) and various scattering processes [47, 56]
for three-body systems. In the field of ultracold collisions, the adiabatic hyperspherical
representation has been particularly successful in studies of three-body recombination [54,
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1.2. Strong-field two-center effects in diatomic molecular ionization

55, 60] and Efimov physics [50, 61–63].
Although the adiabatic hyperspherical representation has been proven very useful, it

has not yet been applied to the electronic and nuclear degrees of freedom for molecules
more complicated than H+

2 [43, 64]. In Chapter 2, we will present such calculations for
the first time for a one-dimensional (1D) model of H2. This model, however, is chosen to
exactly reproduce the three-dimensional (3D) H2 and H+

2 ground Born-Oppenheimer (BO)
potentials. We, therefore, expect the calculations to reproduce quantities like ionization
thresholds, nuclear vibrational energies, and to give — at least — qualitative predictions for
relevant observables, such as the ATI spectrum. Since recent studies [33, 34] have shown
the significance of doubly excited states in strong-field and attosecond processes, one of our
goals here is to identify and understand doubly-excited states [29, 30] in the adiabatic hy-
perspherical representation. We also want to take advantage of the fact that the adiabatic
hyperspherical representation produces well defined and uniquely discretized effective poten-
tials in the ionization channels to help understand processes such as weak-field dissociative
ionization.

1.2 Strong-field two-center effects in diatomic molec-

ular ionization

Since the prediction of molecular two-center interference by Howard Cohen and Ugo
Fano [65] in 1966, a considerable amount of theoretical and experimental effort [66–76] has
been dedicated to the molecular double-slit interference. Resembling Young’s double-slit
experiments, which is regarded as the simplest manifestation of the wave nature of parti-
cles, the molecular double-slit is further intertwined with the fundamental characteristics of
quantum mechanics in the microscopic length scale, such as quantum coherence.

In molecular double-slit experiments, to observe the interference pattern — in the photo-
electron spectrum — the internuclear distance must be comparable to the central wavelength
of the electronic wavepacket, as is similar in classical Young’s double-slit experiments. The
distinction, however, arises from the fact that in molecular double-slit, the electronic wave
packet emitted from one center could interfere with the wavepacket emitted from the other
center or it could interact with the other nuclei with assistance from the laser field, produc-
ing two-center interference or two-center dynamics thus leading to complications in observ-
ables. Molecular double-slit interferences, however, have been directly or indirectly seen in
measurements for the smallest diatomic molecule—H2 [66, 68, 69, 71]—and for heavier sys-
tems [67, 70, 72, 74, 76], providing explanations for emerging phenomena in photoelectron
spectroscopy.

Cohen and Fano’s theory [65] predicts interference pattern for the photoelectron spec-
trum in photoionization of homonuclear diatomic molecules. However, for the integral
quantity—the total ionization yield—it predicts no interference pattern. Given that Co-
hen and Fano’s theory effectively assumes one-photon processes, one might question what
happens if the photoionization moves to the multiphoton or tunneling regime? Does two-
center effect play a role in the total ionization yield?
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Previously, studies of diatomic molecular ionization revealed that the ionization proba-
bility could be surprisingly enhanced at critical distances [4, 5]. Such sensitivity of molecular
ionization to the internuclear distance (R) stimulates a series of studies on the time-resolved
molecular fragmentation and ionization [77–81]. It even provides an explanation for ex-
perimental discoveries in atomic clusters [82], suggesting phenomena discovered in small
molecules do affect dynamics in large systems. Despite these, almost all previous studies fo-
cus on the molecular ionization around equilibrium or critical distance. There is essentially
no investigation on strong-field ionization for diatomic molecules at large R(>30 a.u.). One
reason is the non-triviality of the exact ab initio calculations due to the Coulomb singularity
at the nuclei. More importantly, such a regime of R is conceptually neglected. Normally,
one would expect the molecular ionization to reduce to the atomic ionization at such large
R, with no interesting molecular physics involved.

In Chapter 3, we will present, for the first time, the study of strong-field molecular
ionization at large internuclear distances. The H+

2 , as a benchmark system, is chosen in
this study due to its simplicity for understanding in both theory and experiments. We
focus on the total ionization probability at large R where the Cohen and Fano’s theory [65]
predicts no two-center effects. Surprisingly, we find the strong-field two-center effects in
molecular ionization beyond the one-photon two-center interference. Furthermore, to deepen
our understanding, we examine the low energy photoelectron spectrum as a function of large
R and observe a clear interference pattern. We do expect that the molecular two-center
effects presented here will generalize to other diatomic molecules and could potentially be
used to explain phenomena in multi-center physics. Additionally, to understand how the
strong-field two-center effects behave in practical experiments, in Chapter 5, we will present
a pump-probe study of dissociative ionization of full-dimensional H+

2 /HD+, where a pump
pulse first dissociates the molecule followed by a probe pulse which ionizes the dissociating
wavepacket. The strong-field two center effects at large R are thus convoluted to the large
pump-probe delay.

1.3 Low energy structure in strong-field ionization

Atoms and molecules exposed to an intense laser field might absorb a number of photons
larger than required to ionize the electron, thus showing the photoelectron energy distri-
bution with peaks separated by one photon energy. This so-called above-threshold ioniza-
tion (ATI) was first measured in 1979 [1]. Since then, extensive theoretical and experimental
studies have revealed various features of the ATI spectrum, e.g. plateau and cut-offs [83, 84],
and carrier-envelope phase dependence of the ATI spectrum. (See, for example, Refs. [2, 3]
for reviews.) More recently, a pronounced low energy structure (LES) — peak-like structure
at low energy in the ATI spectrum — was reported by Blaga et al. [85]. Such unexpected
LES, however, could not be reproduced by the widely-used SFA, which has been success-
ful in qualitatively predicting high-energy ATI and HHG spectra [2, 3, 15]. Given that
the SFA neglects the effect of the ion core of the system on the photoelectron, one would
expect effects of the Coulomb potential to play a role in LES. Moreover, the LES cannot

4



1.4. Prologue for the work relavant to this dissertation

be reproduced with a circularly polarized pulse [85], showing the LES is a laser ellipticity-
dependent phenomenon. Even though the atomic LES has been extensively studied both
theoretically and experimentally, theoretical studies of molecular LES — especially through
ab initio calculations — are rare.

1.4 Prologue for the work relavant to this dissertation

Before presenting our work for ionization-related studies in diatomic molecules, I will
summarize the contributions I made during my Ph.D. studies.

� Numerical computation

I have implemented or adapted various numerical methods to solve the Schrödinger
equation. The work of one-dimensional (1D) H2 in adiabatical hyperspherical rep-
resentation was done in the B-splines representation (see Appendix C.1 for details)
where large banded matrices in the eigenvalue problem were diagonalized using the
ARPACK package [86], which is based on the Lanczos algorithm [87]. In studies of
photoionization of three-dimensional (3D) H+

2 , I implemented an iterative short-time
propagator for solving the TDSE, where the exponentials were evaluated via a Padé
approximation and a sparse-direct method called PARDISO [88] was used for the lin-
ear solve. The calculations of dissociative ionization of 1D H+

2 were performed in the
finite elements discrete variable representation (FEDVR, see Appendix C.2 for de-
tails) where exponential terms in the short-time propagator were evaluated with the
Lanczos algorithm [89]. The solutions of the Schrödinger equation were analyzed by
projecting them to the energy-normalized scattering states which were solved using
the eigenchannel R-matrix method [90]. The results of these works will be discussed
in details in the following chapters and can be found in my following works [91–94].
Among these studies, I have distributed large-scale computations up to 50,000 CPU
hours to calculate the adiabatic hyperspherical potentials for 1D H2 and the ionization
probability for 3D H+

2 . In studies of 1D H2, I have performed hundreds of calculations
to resolve — sharp — avoided crossings and all the reaction channels with each calcu-
lation compromised of a non-trivial eigenvalue problem for a 2D differential equation.
In studies of the ionization of H+

2 , the majority of the computational effort was used
to do hundreds of linear solve for a 2D differential equation compromised of large
matrices due to extremely large internuclear distances. The numerical details will be
discussed in Sec. 2.1.4 and Sec. 3.1.5.

� Structure of 1D H2.

We studied the molecular structure of the 1D H2 in an alternative adiabatic represen-
tation other than the widely-used Born-Oppenheimer. In the adiabatic hyperspherical
picture, we have identified all the breakup channels in a single picture, making it in-
trinsically convenient for studying molecular dynamics in 1D H2. The details will be
presented in Chapter 2.
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1.4. Prologue for the work relavant to this dissertation

� Photoionization of 3D H+
2 .

We studied the photoionization of three-dimensional H+
2 with nuclei fixed, where we

developed and implemented a sparse-direct TDSE solver in prolate spheroidal coor-
dinates using the B-splines representation. This work could generalize to other two-
center systems within the single-active electron framework. To obtain the momentum
and energy distribution, we developed a formalism to solve for the two-center scatter-
ing states for a single active electron in prolate spheroidal coordinates. They will be
presented in Chapter 3 and 5 and in my following work [92].

� Photodissociation of full-dimensional H+
2 .

We have investigated the influence of the initial nuclear angular distribution on strong-
field molecular dissociation. Specifically, we examined the dependence of the final
angular distribution, the kinetic energy release spectrum, and the total dissociation
yield on the initial nuclear angular distribution. Numerically, we took advantage of
the linearity of the TDSE by solving it for individual initial angular momentum states
independently and superposing the final states with coefficients defined by the initial
molecular alignment. This way calculations could be perfectly parallelizable. Similar
studies of photodissociation of H+

2 can be found in my works [95]

� Dissociative ionization of 1D H+
2 .

In a one dimensional model of H+
2 with both electronic and nuclear motions included,

we have studied the electron-nuclear correlation and coherence by examing the en-
ergy sharing between the two. The multiphoton electronic-nuclear coherence can be
attributed to the energy-space overlap of the wavepackets generated from each half
cycle. Additionally, we have found that increasing the laser intensity and wavelength
complicates the electronic-nuclear correlation. They will be presented in my following
work [94].

� Complex absorbing potentials.

To handle the boundary reflection and increase the efficiency in solving the TDSE, we
have developed optimized, yet general, complex absorbing potentials (CAP) for ultra-
fast, strong-field problems, where a factor of 3–4 reductions in absorption range was
achieved, compared to other widely used CAPs. They will be presented in Chapter 6
and can be found in my following work [96].

� Studies generalizable to different systems and to predict experiments.

The methods we used in ionization of hydrogen molecular ion can be readily generalized
to other two-center systems, e.g. a diatomic system with short-range potentials, as
will be discussed in Sec. 3.2.1. Our theoretical work can be appropriately adapted to
predict practical experiments, as will be discussed in Chapter 5.
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Chapter 2

One-dimensional hydrogen molecule
in adiabatic hyperspherical
representation

2.1 Theory

To solve the four-body Schrödinger equation for one-dimensional H2 in the adiabatic
hyperspherical representation, the first and also the most important step is to solve the
adiabatic equation. Specifically, we calculate the eigenfunctions and eigenvalues of the
adiabatic Hamiltonian in order to extract information about doubly excited states and
ionization for 1D H2.

2.1.1 Hyperspherical coordinates

In hyperspherical coordinates, one coordinate called the hyperradius is in units of dis-
tance and all other coordinates are angles or so-called hyperangles [51–53]. The hyperradius,
which is treated as an adiabatic parameter in the adiabatic hyperspherical representation,
controls the overall size of the system. The hyperangles can be defined by spatial angles,
relative distance, and momentum of inertia. For 1D H2, four aligned particles can be de-
scribed by four coordinates. One of them is for the center of mass motion. The remaining
three internal coordinates can be represented by the hyperradius R and two hyperangles θ
and φ. The effect of the permutation operations on the hyperangles depends critically on
the choice of the Jacobi vectors. To connect two pairs of identical particles directly by a
Jacobi vector so that the permutation operators become simple, we choose the “H”-type
Jacobi vectors (~ρN , ~ρe, ~ρ). As illustrated in Fig. 2.1, coordinate ρN is the inter-nuclear
displacement, ρe is the inter-electronic displacement, and ρ is the displacement between the
center of nuclei and the center of electrons. In 1D, they can be positive or negative.

The hyperspherical coordinates (R, θ, φ), which maps on to three-dimensional (3D)
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~ρN ~ρe
~ρ

e−1

e−2pB

pA

Figure 2.1: Solid arrows (~ρN , ~ρe, ~ρ) are “H”-type Jacobi vectors for our 1D H2 system.
Two of them connect pairs of identical particles, the other one starts from the nuclear center
of mass and ends at the electronic center of mass. All coordinates associated with these
vectors can be positive or negative.

spherical coordinates, for 1D H2 are defined as√
µe

µ
ρe = R sin θ sinφ√

µN

µ
ρN = R sin θ cosφ√

µρ

µ
ρ = R cos θ (2.1)

where µN , µe and µρ are reduced masses for the three corresponding coordinates, defined as
µN = mN/2, µe = me/2, µρ = 2mNme/(mN +me) (me is the mass of the electron, mN is the
mass of a proton), and the four-body reduced mass µ is an arbitrary scaling factor which
we choose to be µN for the convenience of comparing adiabatic hyperspherical potentials to
BO potentials. The hyperangle θ ranges from 0 to π, and φ from 0 to 2π.

2.1.2 Time-dependent Schrödinger equation

We write the Schrödinger equation in terms of the scaled wave function Ψ(R, θ, φ), which
is related to the unscaled solution ψ(R, θ, φ) by Ψ(R, θ, φ) = Rψ(R, θ, φ). The volume
element for the scaled wave function is dR sin θdθdφ. The Schrödinger equation for 1D H2

is written as (atomic units are used throughout)
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2.1. Theory

i
∂

∂t
Ψ = [H0 − ddd · EEE(t)]Ψ (2.2)

with the dipole operator ddd and laser field EEE(t), where we use dipole approximation in the
length gauge. The field-free Hamiltonian is

H0 = − 1

2µ

∂2

∂R2
+Had (2.3)

Had =
Λ2

2µR2
+ V (R, θ, φ)

where Λ2 denotes the grand angular momentum operator [49]

Λ2 = −
[

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2

]
(2.4)

and V (R, θ, φ) = V is the Coulomb interaction between all particles

V =
1

|ρN |
+

1√
ρe2 + b2(ρN)

+ V1 + V2 (2.5)

with

Vi = − 1√
r2
Ai + a2(ρN)

− 1√
r2
Bi + a2(ρN)

, i = 1, 2 (2.6)

where rAi, rBi are inter-particle distance between nuclei and electrons, and a, b are softcore
parameters. The soft-core parameters a(ρN) [97] and b(ρN) vary with the internuclear
distance |ρN | in our calculations (see Fig. 2.2). We adjust soft-core parameter a(ρN) to
reproduce the 3D 1sσg BO potential of H+

2 and adjust b(ρN) to reproduce the 3D X1Σ+
g BO

potential of H2. By doing this, we can extract energetic information from these potentials
quantitatively, such as the nuclear vibrational levels and the single ionization threshold.
Using soft-core potentials avoids numerical difficulties and unphysical collapse caused by
Coulomb singularities in 1D. In addition, it allows the electrons to bypass the nuclei, as is
allowed in 3D.

In the adiabatic hyperspherical representation, the total wave function Ψ(R, θ, φ, t) is
rigorously represented in the adiabatic basis as

Ψ =
∑
ν

Fν(R, t)Φν(R; θ, φ), (2.7)

where Fν (R, t) is the time-dependent hyperradial wave function, and the orthogonal adia-
batic basis Φν (R; θ, φ) together with the adiabatic potentials Uν (R) are obtained by fixing

9



2.1. Theory

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 0  5  10  15  20  25  30

S
o

ft
-c

o
re

 P
a
ra

m
e
te

rs
 (

a
.u

.)

|ρN| (a.u.)

a(ρN)
b(ρN)

Figure 2.2: Parameters a(ρN) and b(ρN) used in the model Coulomb potentials [Eq. (2.5)]
are shown. (see text for details)

R and solving the adiabatic eigenvalue equation

HadΦν (R; θ, φ) = Uν (R) Φν (R; θ, φ) . (2.8)

Substituting Eq. (2.7) into Eq. (2.2), the Schrödinger equation reduces to a set of coupled
1D equations(
− 1

2µ

d2

dR2
+ Uν

)
Fν(R, t)

−
∑
ν′

[
1

2µ

(
Pνν′

d

dR
+

d

dR
Pνν′ +Qνν′

)
−EEE(t)· < Φν |ddd|Φν′ >

]
Fν′(R, t) = i

∂

∂t
Fν(R, t)

(2.9)

where P and Q are matrices of non-adiabatic couplings [59]. Since the dynamics of a system
are often primarily determined by the adiabatic potentials U , we will focus our following
discussions on these potentials only.

2.1.3 Symmetries

It’s useful at this point to describe symmetries for the four-body system. We notice that
the hyperradius is invariant under identical particle permutations and total parity operation.
Thereby all these symmetries can be carried by the hyperangles. Since these symmetries
are often associated with the symmetry properties of the interaction potentials, we show the
coalescence lines (with zero distance) in the θ − φ plane in Fig. 2.3. The potentials around
the straight coalescence lines are repulsive whereas those around the curves are attractive.
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Figure 2.3: The coalescence lines for the potentials in the hyperangular space with fixed
hyperradius. (see text for details)

Table 2.1: Table with boundary conditions (BC) and symmetry operators.

operators BC(symmetric) BC(anti-symmetric)

PN
∂Φ
∂φ

∣∣∣
φ=π

2

= 0 Φ(φ = π
2
) = 0

Pe
∂Φ
∂φ

∣∣∣
φ=0

= 0 Φ(φ = 0) = 0

Π · PN · Pe ∂Φ
∂θ

∣∣∣
θ=π

2

= 0 Φ(θ = π
2
) = 0

One can notice that Fig. 2.3(a) can be symmetrically reduced to one eighth of the whole
space, which is inherently due to the symmetries of the two-electron, two-proton system.
These symmetries correspond to the conserved quantities including permutation symmetries
(PN , Pe) and total parity (Π). For singlet/triplet nuclear spin (I), the wave function is
symmetric/anti-symmetric with respect to φ = π/2 , and for singlet/triplet electronic spin
(S), the wave function is symmetric/anti-symmetric with respect to φ = 0. The symmetry
with respect to θ = π/2 is the result of the product of three symmetry operators, PN ·Pe ·Π.
See Table 2.1 for boundary conditions and the corresponding symmetry operators. We then
reduce the range of the hyperangles to one octant of the whole space, indicated by dashed
line in Fig. 2.3(a), and do calculations with less computational effort.

In general, the channel functions Φν usually contain the majority of the physical charac-
teristics in the total wave function. We thus can use them to obtain qualitative information
before doing time-consuming time-dependent calculations that also involve the hyperradial
motion. In the work, we solve Eq. (2.8) for singlet nuclear spin (I = 0), singlet electronic
spin (S = 0), and even/odd parity (Π = +1/− 1), which is the focus of this chapter.
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2.2. Adiabatic hyperspherical potentials

2.1.4 Numerical discussion

We use the basis splines (B-splines) method to solve Eq. (2.8). The B-splines method
expresses an unknown wave function as a linear combination of locally defined polynomials.
(See Appendix C.1 for more details.) In our calculation,we use about 900 B-splines in φ-
direction and about 600 B-splines in θ-direction at R = 20 a.u. for solving Eq. (2.8) for up
to 200 states. The B-spline number, peak memory and cpu hours all roughly scale linearly
with the value of R. The resulting adiabatic hyperspherical potentials are converged to
more than 6 significant digits for 200 states in the range of R from 0.55 to 20 a.u.. Here we
use the ARPACK subroutine [86] to solve the eigenvalue problem in the adiabatic equation,
which is efficient enough when we diagonalize small matrices, such as those with 100 or
smaller B-spline numbers. However, since we apply the direct product basis to construct
the channel function, each sub-matrix within the big matrix is still banded. So in practice,
the big banded matrix that we solve still carries large number of zeros. In this case, the
sparse matrix method should be a better choice, where we expect a factor of 3 or 4 speed-up.

2.2 Adiabatic hyperspherical potentials

In this section, we will analyze the adiabatic hyperspherical potential curves together
with the channel functions, and compare to those in the BO representation. The hyperradius
is a quantity that describes the overall size of our four-body system, so at large R, the
solutions to the adiabatic eigenvalue equation include all possible fragmentation channels
(not considering p + p + e− + e− channel):

H2 + ~ω −→


H(n) + H(n′)

H− + H+

H+
2 (v) + e−

H(n) + p + e−

See Table 2.2 for the corresponding threshold energies with our softcore interactions.

2.2.1 Adiabatic hyperspherical potentials similar to
Born-Oppenheimer

The adiabatic hyperspherical representation is similar in spirit to the BO representation.
Therefore these adiabatic potentials bear many BO characteristics. We show in Fig. 2.4 the
adiabatic hyperspherical potentials for I = 0, S = 0 and Π = +1. In Fig. 2.4(a), the
lowest curve at large R asymptotes to the binding energy of two ground hydrogen atoms,
which corresponds to X1Σ+

g in the 3D BO notation. The first excited channel possesses a
double minimum, which is closely connected to 3D E + F 1Σ+

g BO channel [98]. In terms
of channel function, the 1g2g (1D notation without angular momentum and the mirror-
reflection symmetry with respect to the internuclear axes) configuration is the major one
on the plateau right beyond the inner minimum, while the ionic H− + H+ configuration
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2.2. Adiabatic hyperspherical potentials

Table 2.2: Atomic energies and molecular vibrational levels in our 1D model. H− has two
bound states compared to one bound state in 3D. All these energies are converged to at least
5 digits. The zero of energies are defined as the thresholds of compete breakup (p+e− for H
and p+p+e−/p+e−+e− for H+

2 /H−.

energies (a.u.) energies (a.u.)
H(n = 1) −0.5000000 H(n = 2) −0.2329033
H(n = 3) −0.1338289 H(n = 4) −0.08477790

H−(ground) −0.7079575 H−(excited) −0.5058103
H+

2 (v = 0) −0.5973959 H +
2 (v = 1) −0.5874083

H+
2 (v = 2) −0.5780009 H+

2 (v = 3) −0.5691544
H+

2 (v = 4) −0.5608526 H+
2 (v = 5) −0.5530821

H+
2 (v = 6) −0.5458325 H+

2 (v = 7) −0.5390963
H+

2 (v = 8) −0.5328689 H+
2 (v = 9) −0.5271488

H+
2 (v = 10) −0.5219378 H+

2 (v = 11) −0.5172411
H+

2 (v = 12) −0.5130679 H+
2 (v = 13) −0.5094315

H+
2 (v = 14) −0.5063502 H+

2 (v = 15) −0.5038476
H+

2 (v = 16) −0.5019532 H+
2 (v = 17) −0.5007002

H+
2 (v = 18) −0.5001067 H+

2 (v = 19) −0.5000030

dominates on the Coulomb tail of the outer minimum, which asymptotes to the energy
of H−, −0.7079575 a.u.. The ionic contribution to the configuration decreases at large
R due to an avoided crossing between channel H− + H+ and channel H(n = 1)+H(n =
2), see Table 2.2 for the energy details. One can also identify higher Rydberg channels
asymptotically according to the thresholds.

A comparison between adiabatic hyperspherical potentials and BO potentials is shown
in Fig. 2.5. All the potentials shown in Fig. 2.5 converge to 6 digits or more. We notice the
adiabatic hyperspherical potentials match the BO ones quite well for the low lying channels,
which is expected since the hyperradius is essentially the same as the inter-nuclear distance
in these channels.

2.2.2 Adiabatic hyperspherical potentials beyond
Born-Oppenheimer

Ionization channels in the adiabatic hyperspherical representation

The adiabatic hyperspherical potentials can represent more than Rydberg channels and
the ionic H− + H+ channels. Beyond the BO approximation, in Fig. 2.4(a), ionization
(dissociative or non-dissociative) channels can also be identified. Their details are shown in
Fig. 2.4(b) and (c). In Fig. 2.4(b), a set of channels with Coulomb tails at large R converge
to the energies of H+

2 (v) + e− states. These are non-dissociative ionization channels for 1D
H2. Specifically, around R = 20 a.u., H+

2 (v) + e− channels can be identified for up to v = 18
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Figure 2.4: The adiabatic hyperspherical potential curves for S = 0 I = 0 Π = +1 in
terms of hyperradius R (see text for details).

(See Table 2.2 for energies).
In Fig. 2.4(c), it’s not difficult to notice that there are two families of potential curves

above the single ionization threshold (−0.5 a.u.). To identify these adiabatic hyperspherical
potential curves, we analyze the channel functions Φν , shown in Fig. 2.6. We can readily
see that the wave function localizes in one electronic coordinate but spreads in the other
electronic coordinate. We thus conclude that these two families of states are (1g)(εg) and
(2u)(εu) channels where the ionized electron has energy ε.

Avoided crossings and doubly excited states

Interestingly but not surprisingly, in Fig. 2.4(a), there are different sets of avoided cross-
ings, especially at small hyperradii (< 10 a.u. or so) where couplings between different
channels are strong. Transitions between different channels occur through these avoided
crossings. Among all these avoided crossings, two families particularly draw our attention.
We emphasize them in Fig. 2.4(d) by adding green and blue backgrounds and thus producing
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Figure 2.5: The BO potentials (green dots) plot on top of the adiabatic hyperspherical
potentials (red curves).

“diabatic” channels. One family of the avoided crossings with blue background involves non-
dissociative single ionizations. The other with green background indicates autoionization
(see details below).

First, we focus on the blue “diabatic” channel, which we call dissociative single ion-
ization channel for 1D H2. It is essentially the ground H+

2 1g channel in the four-body
representation. The energy of this potential is a little lower than the H+

2 1g potential due
to the Coulomb interaction between the ionizing electron and the H+

2 . To have a better
understanding of the role of this “diabatic ” channel in molecular dynamics, we sketch the
wavepacket dynamics scheme in Fig. 2.7. Assuming a wavepacket with high enough energy
is created and propagates on one of the adiabatic hyperspherical potential curves, and comes
across an avoided crossing in the dissociative single ionization channel, it will either go to the
H+

2 (v) + e− channel through a non-adiabatic transition and non-dissociatively ionize, or re-
main in a four-body complex and “climb” the “diabatic” channel. Also in the neighborhood
of this “diabatic” channel, there are some avoided crossings between the non-dissociative
ionization channel and the Rydberg channel, which lead part of the wavepacket to populate
the Rydberg channel and to dissociate. Finally, each time the wavepacket goes through
an avoided crossing, it will have similar pathways until it goes higher than the v = 19
H+

2 +e− vibrational level, where the wavepacket either dissociates to a Rydberg channel or
dissociatively ionizes, if energetically allowed.

Next, we discuss the green “diabatic” curves in Fig. 2.4(d). We notice that these curves

15



2.2. Adiabatic hyperspherical potentials

Figure 2.6: Wave function for continuum states at R = 15. (a) is corresponding to
(1g)(εg) channel and (b) is corresponding to (2u)(εu).
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Figure 2.7: Wavepacket dynamics scheme in dissociative single ionization channel.

are quite similar to the potentials of doubly excited states in the BO picture [30]. These
curves cross the (1g)(εg) channels, stay below the (2u)(εu) channels, and asymptote to
the Rydberg channels. At small R (< 5 a.u. or so), these curves connect to the doubly
excited states. We thus call them doubly excited state channels. For the lowest set of
doubly excited states, the configurations are (2u)(nu) (connected to (2pσu)(nlσu) in 3D
notation, where l is the angular momentum of the emitted electron) in the the molecular
basis, where the principle quantum number n ≥ 2 and the total parity is even. To study
the role of the avoided crossings in doubly excited state channels, we again analyze relevant
channel functions, shown in Fig. 2.8. First, we show a channel function Φν of the doubly
excited state channel in Fig. 2.8(a). It’s readily verified that the channel function is relatively
localized and is doubly excited in both electronic coordinates. That’s exactly what we would
expect for doubly excited state channels. When R gets larger, such doubly excited state
channels connect to Rydberg channels, H(n) + H(n′). In the range of energies in Fig. 2.8,
there is another family of curves, the H+

2 (v) + e−, for which we show a channel function in
Fig. 2.8(b). Now assuming a wavepacket on the doubly excited state channel, where the
channel function is shown in Fig. 2.8(a), propagates on the adiabatic potentials and goes
across an avoided crossing, it will either stay in the adiabatic channel and autoionize to the
H+

2 (ν)+e− continuum, or keep on the “diabatic” doubly excited state channel through non-
adiabatic coupling, with channel function shown in Fig. 2.8(c). Each time the wavepacket
goes through such avoided crossings, it will face the same situation, autoionizing or being
doubly excited. When the system trace down the doubly excited state channels, it will cross
the dissociative single ionization channel (blue “diabatic” one) like we sketch in Fig. 2.7.

Furthermore, two points should be made for these potentials. First, the doubly excited
state channels together with higher break-up channels in the (1u)(εu) configuration, which
belong to the same family, connect to the Rydberg channels asymptotically by non-adiabatic
transitions. These “diabatic” channels are expected to be seen as real channels in a diabatic
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Figure 2.8: We show part of the adiabatic hyperspherical potential curves, emphasizing the
series of avoided crossings on the doubly excited state channel. (a) and (c) show the relevant
channel functions bearing doubly excited characteristics in both electronic coordinates. (b)
is the channel function cooresponding to H+

2 (v) + e− configuration.

18
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picture. Thus the ionizations/continuum states we are discussing here only exist for a
specific range of hyperradii. Second, even though we can, in principle, perform hyperradial
calculations that solve Eq. (2.9) to get quantitative results, special care needs to be taken to
deal with sharp avoided crossings. In 1D H2 system, the emergence of sharp avoided crossings
can be understood by the fact that the geometric configuration of the four-body system is not
likely to change abruptly. This makes it possible to treat the shape of the system as a slow-
varying parameter to produce a diabatic representation, which is called the shape-diabatic
representation [58]. Such a diabatic basis could possibly remove the sharp avoided crossings,
thus has some advantage in the hyperradial calculation. In our hyperspherical coordinates,
specifically, the hyperangle θ characterizes such geometric configurations. Therefore one
can treat both R and θ as adiabatic parameters and solve 1D equations consecutively to
construct a shape-diabatic basis.

2.2.3 Autoionization for hydrogen molecule

The mostly commonly used theoretical method for dealing with the hydrogenic diatomic
molecules is the BO approach. In the BO representation, one treatment for autoionization
or doubly excited states is based on the Feshbach formalism [29, 30, 99–101]. For instance,
Martin et al use B-spline basis in a box to describe the electronic continuum of two-electron
diatomic molecules [29, 30, 101] and expand the total wave function in terms of two or-
thogonal complementary bases, the non-resonant space P and resonance space Q, together
with the ground state. The couplings between these basis functions are included in the
time-dependent Schrödinger equation. The coupling between P and Q leads to decay from
the bound states to the continuum states, which is autoionization of a single electron.

In the hyperspherical representation, we obtain “diabatic” channels that characterize
doubly excited states directly by solving the adiabatic equation. To understand the doubly
excited state channel, we again analyze the channel function Φν . We find the doubly excited
state channel functions tend to localize in the right bottom corner around the attractive
coalescence lines in Fig. 2.3(b), where configuration is like H(n) + H(n′). The H+

2 + e−

channel functions, however, localize on the other side of the same coalescence lines. It
seems that some effective barrier is keeping Φν from populating the area in between. To
get some insights into this “barrier”, one could solve the effective potential along the “r2”
axis by fixing hyperradius and r1. However, in the “K”-type Jacobi coordinates, where the
hyperspherical coordinates are defined as√

µN

µ
ρN = R sin θ sinφ√

µ2

µ
r2 = R sin θ cosφ√

µ1

µ
r1 = R cos θ,
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Figure 2.9: Effective potentials U(R, θ) in θ for R = 8. Inset (a) shows H+
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channels, 1sσg and 2pσu. Inset (b) shows the region of Rydberg states.

we practically fix the hyperradius and θ and solve the motion of φ. The effective potential
Ueff(R, θ) for fixed R = 8 a.u. is shown in Fig. 2.9. We only show θ range from 0 to π/2 since
Ueff(R, θ) is symmetric with respect to θ = π/2. It should be noted that we are essentially
solving two different motions by solving φ motion. If θ is large or r1 is small, we effectively
solve ρN motion and obtain Rydberg states, which is indicated in Fig. 2.9(b). If θ is small or
r1 is large, we effectively solve electronic motion(r2) and obtain electronic states for H+

2 . We
see that the 1g and 2u channels are recovered in Fig. 2.9(a). We also notice that a barrier,
as we expected, shows up in the lower channel. With the effective potentials, we solve for
the single-channel solutions in the ground and excited channels respectively and get a series
of bound states. The excited states in the excited channel are truly doubly excited states
in the united atom limit. If the doubly excited states lie above the barrier of the lower
channel, they can decay into H+

2 + e−. We thus can see a series of avoided crossings in
the adiabatic hyperspherical potentials [Fig. 2.4(d)]. These avoided crossings diabatically
form the doubly excited states channels [green curves in Fig. 2.4(d)]. For autoionization,
the distance between the H+

2 and the ionized electron will be the dominant contribution to
the hyperradius. For lower channels, the doubly excited states are more strongly coupled
to the H+

2 + e− vibrational states, where the hydrogen molecule won’t dissociate but ionize.
This type of couplings leads to the other series of the avoided crossings [along blue curve in
Fig. 2.4(d)] in the adiabatic hyperspherical potentials.

We’ve discussed how autoionization is treated in the BO and the hyperspherical repre-
sentation. The hyperspherical representation is in principle exact and complete. While in
the BO picture, electronic continuum states must be discretized with large box size and the
continuum states are not unique in contrast to unique discretization of continuum channels
in the hyperspherical representation. Also in hyperspherical, the hyperspherical coordi-
nates treat all channels including ionization on equal footings, so that we can analyze all
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Figure 2.10: Sketch for transition from vibrational state on the H2 ground channel (dashed
red) for total even parity to the excited states on the lowest fifty channels (solid blue) for
total odd parity.

fragmentation processes in H2 through non-adiabatic transitions.

2.3 Application in ultrafast physics

In this section, we will show a simple example for how these adiabatic hyperspherical
potentials can be useful to study attosecond physics. We apply a weak XUV laser field,
EEE(t), to H2. Assuming a vibrational state in the H2 ground channel as the initial state,
wavepackets are generated in the excited channels by a one-photon transition. For I = 0
and S = 0, only Π = −1 channels can be populated due to the dipole selection rule.
Such transitions are schematically illustrated in Fig. 2.10, where the dashed red curve is H2

ground channel for total even parity, whereas the other curves are the lowest fifty channels
for Π = −1.

The total Hamiltonian is written as H0 − ddd · EEE(t). [see Eq. (2.2)] The dipole operator is
written as ddd = ρρρ = R cos θẑ. Using first-order perturbation theory, the differential transition
probability is written as

dPνf
dE

= |〈Fνf ,E(R)|Dνf ,νi(R)|Fνi(R)〉|2|Ẽ(E)|2 (2.10)

where Ẽ(E) is the Fourier transform of the electric field, and Dνf ,νi(R) are the dipole matrix
elements:

Dνf ,νi(R) = 〈Φνf (R; θ, φ)|d|Φνi(R; θ, φ)〉 (2.11)
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In general, molecular dynamics can be manipulated by changing the laser parameters
in |Ẽ |2 [102, 103]. For instance, one can consider to study H2 with a two-color XUV pulse,
using the bandwidth of the pulse to control the number of channels that are populated.
In a two-color study, one can also manipulate the relative CEP between the two colors
to manipulate overlap of the pulse in the frequency domain, thus to gain control over the
wavepacket distribution when the laser is gone. However, in this chapter, we focus on the
structural information and its role in molecular dynamics. We study the dipole matrix
elements Dνf ,νi(R) to gain some insights in the differential transition probability without
doing sophisticated, time-dependent calculations. We assume the initial state is the lowest
vibrational state in the ground channel, and calculate the dipole matrix elements between
ground channel with I = 0, S = 0 and Π = +1 (dashed red curve in Fig. 2.10) and channels
with I = 0, S = 0 and Π = −1 (solid blue curves in Fig. 2.10).

Previous works [33, 34] have shown that the doubly excited states are significant in
dissociate ionization of H2, we thus analyze the dipole matrix elements in the vicinity of
doubly excited states, i.e. around the avoided crossings in the doubly excited state channels.
We show in Fig. 2.11(a) the adiabatic hyperspherical potential curves for channels νf = 10
to νf = 22 and the dipole matrix element Dνf=15,νi=1 in Fig. 2.11(b). Since the initial
state is the ground vibrational state, we focus on dipole matrix elements in the vicinity of
the Franck-Condon region. In Fig. 2.11(a), the potential curves have been scaled to better
show the avoided crossings. It can be readily noticed that the absolute value of the dipole
matrix element oscillates at small R, and the oscillation frequency is proportional to the
frequency of the emergence of the avoided crossings. Also it’s surprising that the dipole
matrix elements peaks for the H+

2 + e− dominating channels but are minimized for doubly
excited state channels, and vice versa for large R. This can be explained by noting that the
overlap between the ground channel and the H+

2 +e− channels is larger than that between the
ground channel to the doubly excited channels, and again vice versa for large R. So, from
dipole matrix elements we conclude that in our 1D model, at least, the H+

2 + e− channels
rather than the doubly excited state channel are more likely to be populated during the
pulse at small R. But one should be aware that after the pulse is gone, initial wavepacket
will propagate among these adiabatic channels, and go across different families of avoided
crossings. Channels with different characters will finally be populated through different
pathways coherently.

We show in Fig. 2.12(b) the dipole matrix elements for νf = 1 to 6, and also show
revelant adiabatic hyperspherical potential curves in Fig. 2.12(a). We notice that the dipole
matrix element for νf = 1, the H+ + H− channel, maximizes in the vicinity of the outer
minimum of the final state potential, where the ionic geometric configuration dominates.
This is not surprising since the ionic character bears large classical dipole moment. We
also see that at large R the dipole matrix element for channel H(1) + H(2) (dashed green)
is much larger than other Rydberg channels such as H(1) + H(3) (dashed blue). This is
also expected since the ground state H(n = 1) is more likely to generate a large dipole
moment with the odd parity atomic state H(n = 2) than with those atomic states bearing
even parity. Also the H(n = 2) atomic state carries a more localized wave function than
the other Rydberg states, such as H(n = 4). So the dipole matrix element associated to
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H(1) + H(2) is larger than that associated with H(1) + H(4) (dashed black) at large R.
Another point we want to make through Fig. 2.12 is that the dipole matrix elements for νf
corresponding to H+

2 (v) + e− states are vanishingly small. Take the third channel (dashed
blue) for example, the dipole matrix element is approximately zero between the two arrows,
where H+

2 (v = 1) + e− character shows up. Similarly, on the right side of the second arrow,
the dipole matrix elements vanish for the fourth channel, which also bears H+

2 (v = 1) + e−

character. This is due to the fact that the overlaps between the H+
2 (v)+e− channel functions

and the ground channel function are almost zero. Furthermore, if the dynamics start from a
much higher vibrational state where the size of the wavepacket can be extended to around 5
a.u. instead of ground state in the Franck-Condon region, one would expect, from Fig. 2.12,
that direct ionization from the ground channel as the first step will be negligible.

2.4 Summary

To summarize, we use the adiabatic hyperspherical representation, for the first time,
to treat a one-dimensional model of the hydrogen molecule. Effective potentials for all
ionization channels and doubly excited states can be identified. We also propose an exemplar
application of these adiabatic potentials in ultrafast physics and study the relevant dipole
matrix elements, where we get qualitative insights in the diatomic molecular dynamics.
For instance, information about the initial wavepacket distribution when the pulse is gone
can be obtained by studying the magnitudes of dipole matrix elements. Our study shows
that the adiabatic hyperspherical approach is a good candidate to study strongly correlated
molecular dynamics.
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Chapter 3

Strong-field two-center effects in
diatomic molecular ionization

In this chapter, we move to studies of molecular dynamics, where we would like to solve
the time-dependent Schrödinger equation in three spatial dimensions. In this case, including
all degrees of freedom is simply not feasible considering current computational capability.
We thus solve the diatomic molecular ionization in the fixed-nuclei framework.

3.1 Theoretical formalism

Previously, spheroidal coordinates have been proven useful in solving two-center prob-
lems, for both time-independent [104] and time-dependent studies [105, 106].

3.1.1 Time-dependent Schrödinger equation

The full-dimensional time-dependent Schrödinger equation (TDSE) for H+
2 , where the

nuclei are fixed along the laser polarization direction, is written as

i
∂

∂t
Ψ(RRR;rrr, t) =

(
(ppp+AAA(rrr, t)/c)2

2µ
+ V

)
Ψ(RRR;rrr, t) (3.1)

where ppp = −i∇ and rrr are the electron’s momentum and position relative to the center of
the nuclei, AAA is the vector potential for the laser field, and V is the electron’s Coulomb
interaction with the nuclei. Atomic units are used throughout this section unless otherwise
stated. Since the wavelengths we will consider are 800 nm or more—which is much longer
than the size of the system —and the intensities are weak enough to neglect the effect of the
magnetic field of the laser, we can use the electric dipole approximation, i.e. AAA(rrr, t) =AAA(t).
Under this approximation, the term A2(t) can be eliminated by a simple time-dependent
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3.1. Theoretical formalism

phase. Eq. (3.1) thus becomes the velocity gauge TDSE

i
∂

∂t
Ψ(rrr, t) = (H0 +W ) Ψ(rrr, t) (3.2)

where the field-free Hamiltonian H0 = − 1
2µ
∇2
r + V and the interaction W = AAA(t)·ppp

µc
.

We solve Eq. (3.2) in prolate spheroidal coordinates (PSC), which have proven suitable
for two-center problems [104–106]. In particular, for two-center Coulomb problems as in this
work, the Coulomb singularities are located at the boundaries in PSC, thus reconciling the
numerical difficulty. See the book by Flammer [107] for details about spheroidal coordinates
and wave functions. The prolate spheroidal coordinates for H+

2 in the center-of-mass frame
are thus defined as

ξ =
rA + rB
R

, 1 ≤ ξ <∞

η =
rA − rB
R

, −1 ≤ η < 1,

where rA/B is the distance between the electron and proton A/B, and the azimuthal angle
χ ranges from 0 to 2π. The 3D volume element is

dV =
R3

8
(ξ2 − η2)dξdηdχ

and the electronic Laplacian has the prolate spheroidal definition

∇2
r =

4

R2(ξ2 − η2)

[
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
+

∂

∂η
(1− η2)

∂

∂η
+

1

(ξ2 − 1)

∂2

∂χ2
+

1

(1− η2)

∂2

∂χ2

]
. (3.3)

The Coulomb interaction between the electron and nuclei is

V (ξ, η) = −ZA
rA
− ZB
rB

= −2(ZA + ZB)ξ + 2(ZB − ZA)η

R(ξ2 − η2)
. (3.4)

where the charge could be generalized to other diatomic systems. The time-dependent
interaction reads

W =
1

µc
AAA(t) · ppp = − i

µc
AAA(t) · ∇∇∇. (3.5)

We choose AAA(t) = A(t)ẑ. Because

∇∇∇ =
1

2
[∇2, rrr], (3.6)
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the interaction term W thus becomes

W = − i

µc
A(t)

∂

∂z
= − i

µc
A(t)

1

2
[∇2, z] = − i

µc
A(t)

1

2
[∇2,

R

2
ξη] (3.7)

with z = R
2
ξη, and

[∇2,
R

2
ξη] =

2

R
η

[
1

ξ2 − η2

∂

∂ξ
(ξ2 − 1)

∂

∂ξ
ξ − ξ

ξ2 − η2

∂

∂ξ
(ξ2 − 1)

∂

∂ξ

]
+

2

R
ξ

[
1

ξ2 − η2

∂

∂η
(1− η2)

∂

∂η
η − η

ξ2 − η2

∂

∂η
(1− η2)

∂

∂η

]
. (3.8)

The vector potential AAA(t) for the electric field is expressed as

AAA(t) =
c

ω
E0e
−(t/τ)2

sin(ωt+ ϕ)ẑ. (3.9)

We use pulses with a full width of the intensity at half maximum (FWHM), τFWHM≈τ
√

2 ln 2,
of 10 fs and a wavelength of 780 nm. The intensity is taken as 1×1014 W/cm2. The carrier-
envelope phase (CEP) is set ϕ = 0 unless stated otherwise.

In Eq. (3.2), the azimuthal angle χ-dependence in Ψ could be separated by

Ψ(ξ, η, χ, t) =
∑

Λ

ΨΛ(ξ, η, t)
eiΛχ√

2π
. (3.10)

Thus Eq. (3.2) reduces:

i
∂ΨΛ(ξ, η, t)

∂t
= (HΛ

0 +W )ΨΛ(ξ, η, t), (3.11)

where,

HΛ
0 =− 2

µR2(ξ2 − η2)

(
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
+

∂

∂η
(1− η2)

∂

∂η

− Λ2

(ξ2 − 1)
− Λ2

(1− η2)
+ µR(ZA + ZB)ξ + µR(ZB − ZA)η

)
. (3.12)

Since the laser pulse is linearly polarized along z-axis, the azimuthal quantum number
Λ = 0 — for the ground state — is conserved. Therefore, we will not discuss the azimuthal
angle in our work.

Equation (3.11), as a partial differential equation in two spatial dimensions, could be
solved in various discretized representations, such as discrete variable representation [105,
106, 108], finite difference [109, 110], or B-splines [104, 111]. We choose B-splines (see
Appendix C.1 for details) for this work.
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In B-splines representation, the wave function ΨΛ is expanded as

ΨΛ(ξ, η, t) =
∑
ij

cij(t)ui(ξ)vj(η). (3.13)

By projecting out the basis splines, Equation (3.11) can then be written as a matrix form

iSSSċcc = HHHccc (3.14)

where the Hamiltonian matrix HHH = HHHΛ
0 +WWW has matrix elements evaluated as

(HΛ
0 )ij,i′j′ =

∫ ∞
1

dξ

∫ 1

−1

dη(ξ2 − η2)ui(ξ)vj(η)H0ui′(ξ)vj′(η)

=− 2

µR2

[∫ ∞
1

dξ

(
−∂ui
∂ξ

(ξ2 − 1)
∂u′i
∂ξ
− Λ2

(ξ2 − 1)
uiu
′
i

)
Sη

+

∫ 1

−1

dη

(
−∂vj
∂η

(1− η2)
∂vj′

∂η
− Λ2

(1− η2)
vjvj′

)
Sξ

+

∫ ∞
1

dξ uiµR(ZA + ZB)ξui′Sη +

∫ 1

−1

dη vj(η)µR(ZB − ZA)ηvj′Sξ,

]
(3.15)

where

(Sξ)ii′ =

∫ ∞
1

dξ uiui′

(Sη)jj′ =

∫ 1

−1

dη vjvj′ ,

and

Wij,i′j′ =

∫ ∞
1

dξ

∫ 1

−1

dη(ξ2 − η2)ui(ξ)vj(η)Wui′(ξ)vj′(η) (3.16)

=− iA(t)

cR

∫ ∞
1

dξ

∫ 1

−1

dηui(ξ)vj(η)

[
η

(
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
ξ − ξ ∂

∂ξ
(ξ2 − 1)

∂

∂ξ

)
+ ξ

(
∂

∂η
(1− η2)

∂

∂η
η − η ∂

∂η
(1− η2)

∂

∂η

)]
ui′(ξ)vj′(η) (3.17)

=− iA(t)

cR

{∫ 1

−1

dηvjηvj′

∫ ∞
1

dξ

[
ui(ξ

2 − 1)
∂ui′

∂ξ
− ∂ui

∂ξ
(ξ2 − 1)ui′

]
+

∫ 1

−1

dη

[
vj(1− η2)

∂vj′

∂η
− ∂vj
∂η

(1− η2)vj′

] ∫ ∞
1

dξuiξui′

}
. (3.18)

Note Eq. (3.18) is derived from Eq. (3.17) through integral by parts.
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The elements of the overlap matrix SSS are

Sij,i′j′ =

∫ ∞
1

dξ

∫ 1

−1

dη(ξ2 − η2)ui(ξ)vj(η)ui′(ξ)vj′(η) (3.19)

=

∫ ∞
1

dξ ξ2uiui′Sη −
∫ 1

−1

dη η2vjvj′Sξ (3.20)

The kinetic energy matrix elements above are derived from the weak form (see Appendix C.2
for details) of the variational principle. This is also the case for any kinetic energy matrix
elements evaluated in this thesis.

Note that Eq. (3.1) has also been solved in the length gauge (see Appendix D for details)
for validation of the formalism and the code as well.

3.1.2 Coordinate transformation

The ΨΛ(ξ, η) in Eq. (3.11) become non-analytic at ξ = 1, η = ±1 for odd Λ’s — behaving

as (ξ2 − 1)
|Λ|
2 (1− η2)

|Λ|
2 . Thus, they cannot be represented by polynomial bases such as B-

splines. To resolve this issue, we transform ξ and η to some other variables, i.e.

ξ = coshx 0 6 x 6∞ (3.21)

η = cos y 0 6 y 6 π, (3.22)

even though only Λ = 0 is considered in this work. Such treatment could also work for the
scaled radial wave function in PSC when solving for the scattering states since the scaled
radial solution also behaves as (ξ2 − 1)

1
2 . (one could easily derive the radial equation for

scaled radial function in PSC. In Sec. 3.1.6, though, we will only solve for the unscaled
radial function)

After the coordinate transformation, the Hamiltonian matrix elements are evaluated as

(HΛ
0 )ij,i′j′ =

2

µR2

(∫ ∞
0

dx sinhx[
∂ui
∂x

∂ui′

∂x
+

Λ2

sinh2 x
uiui′ ]Sη (3.23)

+

∫ π

0

dy sin y[
∂vj
∂y

∂vj′

∂y
+

Λ2

sin2 y
vjvj′ ]Sξ

)
− 2(ZA + ZB)

R

∫ ∞
0

dx sinhx coshxuiui′Sη

− 2(ZB − ZA)

R

∫ π

0

dy sin y cos yvjvj′Sξ, (3.24)
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and

Wij,i′j′ = −iA(t)

cR

[∫ π

0

dyvj sin y cos yvj′

∫ ∞
0

dx sinhx

(
ui sinhx

∂ui′

∂x
− ∂ui
∂x

sinhxui′

)
+

∫ π

0

dy sin y

(
vj(− sin y)

∂vj′

∂y
− ∂vj
∂y

(− sin y)vj′

)∫ ∞
0

dx sinhx coshxuiui′

]
, (3.25)

where

(Sξ)ii′ =

∫ ∞
1

dξ uiui′ =

∫ ∞
0

dx sinhxuiui′ (3.26)

(Sη)jj′ =

∫ 1

−1

dη vjv
′
j =

∫ π

0

dy sin yvjvj′ , (3.27)

and the overlap matrix elements are

Sij,i′j′ =

∫ ∞
0

dx sinhx cosh2 xuiui′Sη −
∫ π

0

dy sin y cos2 yvjvj′Sξ. (3.28)

3.1.3 Iterative propagation

We solve Eq. (3.14) over one time step δ using a Padé [1/1] approximation [112] to the
short-time propagator

ccc(t+ δ) = e−iSSS
−1HHH(t+ δ

2
)δccc(t) =

[
SSS + iHHH(t+

δ

2
)
δ

2

]−1 [
SSS − iHHH(t+

δ

2
)
δ

2

]
ccc(t). (3.29)

where HHH(t + δ) = HHH0 +WWW (t + δ/2). Treating WWW (t + δ/2) as a perturbation, the matrix
inversion in Eq. (3.29) is obtained via a power series [113–115].

Specifically, the inversion in Eq. (3.29) adapts a matrix-splitting method called Neumann
expansion

(A+B)−1 =
∞∑
n=0

(−A−1B)nA−1, (3.30)

where the convergence requires the maximum eigenvalue of A−1B to have an absolute value
less than 1. Thus the explicit form for the inversion in Eq. (3.29) is[

SSS + iHHH(t+
δ

2
)
δ

2

]−1

=
nmax∑
n=0

[
−
(
SSS + i

δ

2
HHH0

)−1

i
δ

2
WWW

]n(
SSS + i

δ

2
HHH0

)−1

(3.31)

with a maximum order of nmax (typically less than 10), which is adjusted dynamically at
each iteration by requiring that the norm of the wave function is unitary to the machine
precision, i.e. 16 digits. Importantly, the inversion on the right-hand-side of Eq. (3.31) only

31



3.1. Theoretical formalism

involves time-independent matrices, thus the factorization in the linear solve only needs
to be done once. The back substitutions and matrix-vector multiplications, however, are
required for each iteration in Eq. (3.31).

As noted in Ref. [113], this propagation scheme has a clear advantage over the split-
operator approach used in our previous work [116]. It avoids the well-known commutator
errors that require a smaller δt to compensate.

Although the matrix-splitting method — Eq. (3.31) — allows accurate solutions, the over-
all accuracy of the propagation scheme is limited by the O(δt3) error induced by the short-
time propagator. Note the interaction matrix WWW in Eq. (3.14) involves R−1, thus δt can
be relaxed to a larger number with increasing R. This feature seems favorable. However,
due to Coulomb singularities at the nuclei, more points will be needed on the spatial grid
close to the nuclei as R increases. In practice, we search numerical parameters for a desired
accuracy at small R’s say R = 50, then increase the δt as well as the number of grid points
for larger R.

The initial state in the propagation is solved using the same numerical method stated
in Sec.2.1.4.

3.1.4 Complex absorption potential and ionization yield

In solving Eq. (3.11), we apply a complex absorbing potential (CAP) at the grid bound-
aries to absorb the outgoing electronic flux. The CAP is added into the field-free Hamil-
tonian H0. The form of the CAP is systematically designed to achieve certain absorption
criteria, as discussed in Chapter 6. The specific form of th CAP used in this work is called
“double-sinh”:

V (r) = − ~2

2m

α2
1

2 sinh (rmax−r)
2β

− i ~
2

2m

α2
2

4 sinh2 (rmax−r)
2β

(3.32)

with r being the electronic radial coordinate and rmax being the grid boundary. We use
α2

1 = 0.296 + 0.0308i, α2
2 = 0.707− 0.0642i, and β = 1.97. Detail discussions about CAP in

general can be found in Chapter 6.
To apply the CAP to prolate spheroidal coordinates, we simply transform the spherical

radial coordinate r to (ξ, η) by

r =
R

2

√
(ξ2 − 1)(1− η2) + ξ2η2. (3.33)

Due to the benefit from the CAP, the box size required to obtain the total ionization yield is
tremendously reduced — more than a factor of 2 — since the wavepacket getting absorbed at
the boundary is counted as part of the ionization. The total ionization yield is thus written
as

P = 1−
∑
n

Pn (3.34)
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where Pn is the bound state population remained at the end of the pulse.

3.1.5 Numerical discussion

For the iterative propagation in Sec. 3.1.3, the matrix-vector products are computed via
an Intel MKL [117] sparse BLAS routine, namely zcsrgemv, where the matrix is stored in the
CSR format. The linear solve is done via the Intel MKL PARDISO (Parallel Direct Sparse
Solver) [118]. The propagation has also been done using a banded matrix solver, which
takes advantage of the Intel MKL banded matrix routines. However, by comparing these
two, we find at least a factor of 2 speedup for the sparse solver (matrix-vector multiply
plus linear solve) in present calculations. Unfortunately, the sparse-direct solver–PARDISO
does not parallelize as well as the banded solver. In general, for a Hamiltonian bearing a
banded structure, such as in B-splines as discussed in Sec. 2.1.4, the higher the dimension,
the sparser the matrix, thus the more advantage of the sparse solver over the banded one.

The efficiency of the TDSE solver is further improved by optimizing the (ξ, η) grid.
First, the maximum value of ξ could be defined by the radial distance of the electron in
spherical coordinates centered at one of the nuclei, rmax, as

ξmax = 1 +
2rmax

R
, (3.35)

where rmax should be large enough that the wave function of the atomic state with the
largest hydrogenic principal quantum number n is contained within the distance. Such a
quantum number, however, is not available a priori since the Rydberg states populated
during the pulse are unknown. In practice, we treat rmax as a convergence parameter. In
the calculations, we have chosen the ξ grid distribution to be quadratic at small values to
resolve fast oscillations due to the Coulomb potential, and linear at large distance. The
η distribution is chosen to be linear over the whole range, except for extra points added
around η = ±1—the positions of two nuclei. Overall, the calculations require rmax ≥ 400
a.u. (including the absorbing range) and about 800 splines in ξ and 80 splines in η. The
propagation time step is about 0.04 a.u.. Without fine tuning of numerical parameters,
each calculation for single R and single initial state takes about 10 to 20 CPU hours for
a 3.50GHz Intel Xeon CPU (E5-2637 v3), single threaded. All the ionization yields shown
in this work are converged to at least two digits (<1%) with respect to the grid size as
well as the other parameters. The validity of the formalism is verified by performing a test
calculation for the ionization of atomic hydrogen and comparing the ionization yield to a
result generated by an independent atomic code in spherical coordinates. They agree to 3
significant digits, which is also the convergence level.

3.1.6 Energy analysis

In this subsection, we analyze the solution of the Schrödinger equation in Sec. 3.1.1 to
obtain the momentum distribution and the energy spectrum. The formalism is adapted
from the free-particle version in the book by Flammer [107]. We also followed previous
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work [119] for parts of the derivation and found a few issues with it that we resolved in our
derivation below.

Separation of variables in prolate spheroidal coordinates

We want to solve for the energy normalized scattering states for the diatomic molecule
in prolate spheroidal coordinates with the nuclei fixed. The Schrödinger equation is written
as: (

− 1

2µ
∇2 + V − E

)
Ψ(ξ, η, χ) = 0, (3.36)

with the Laplacian ∇2 given in Eq. (3.3) and the Coulomb interaction V in Eq. (3.4). Again,
the χ-dependence is of no significance for Λ = 0 in this work. It is separated from Ψ by
Eq. (3.10). Then Eq. (3.36)—reads

− 2

µR2(ξ2 − η2)

(
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
+

∂

∂η
(1− η2)

∂

∂η

− Λ2

(ξ2 − 1)
− Λ2

(1− η2)
+ µR(ZA + ZB)ξ + µR(ZB − ZA)η

)
ΨΛ(ξ, η) = EΨΛ(ξ, η). (3.37)

The wave function ΨΛ takes the form ΨΛ = RΛ(ξ)SΛ(η), in which we call the “radial”
wave function RΛ(ξ) and the “angular” wave function SΛ(η). By separation of variables,
Eq. (3.37) reduces to(

∂

∂ξ
(ξ2 − 1)

∂

∂ξ
− Λ2

(ξ2 − 1)
+ µR(ZA + ZB)ξ + c2ξ2 − AΛ

)
RΛ(ξ) = 0 (3.38)

and (
∂

∂η
(1− η2)

∂

∂η
− Λ2

(1− η2)
+ µR(ZB − ZA)η − c2η2 + AΛ

)
SΛ(η) = 0, (3.39)

where c = kR
2

and k =
√

2µE.

Angular equation

The separation constant AΛ is obtained by solving the eigenvalue problem — with E > 0
specified beforehand — in the “angular” equation Eq. (3.39), which is re-written as

HΛ
η SΛn(η) = AΛnSΛn(η), (3.40)
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where the “angular” Hamiltonian is

HΛ
η = − ∂

∂η
(1− η2)

∂

∂η
+

Λ2

1− η2
− µR(ZB − ZA)η + c2η2, (3.41)

and n is the quantum number for HΛ
η .

In B-splines representation,

SΛn(η) =
∑
i

civi(η). (3.42)

Then, the matrix elements for the Hamiltonian are written as

(HΛ
η )ij =

∫ 1

0

dη

[
∂vi
∂η

(1− η2)
∂vj
∂η

+ vi

(
Λ2

1− η2
− µR(ZB − ZA)η + c2η2

)
vj

]
(3.43)

or

(HΛ
η )ij =

∫ π
2

0

dy

[
sin y

∂vi
∂y

∂vj
∂y

+vi

(
Λ2

sin y
− µR(ZB − ZA) sin y cos y + c2 sin y cos2 y

)
vj

]
(3.44)

for the angle-like coordinate. The overlap matrix is evaluated as in Eq. (3.27).

Radial equation

To solve the radial equation(
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
− Λ2

(ξ2 − 1)
+R(ZA + ZB)ξ + c2ξ2 − AΛn

)
RΛn(ξ) = 0, (3.45)

where n indicates the state from Eq. (3.40), we use the eigenchannel R-matrix method [90],
which, however, has to be modified since the standard R-matrix formalism is in spherical
coordinates.

In the eigenchannel R-matrix approach, we calculate the eigenstates for the R-matrix.
This means that for each such eigenstate, the solution has a constant logarithmic derivative
at the boundary:

b = − 1

RΛn

dRΛn

dξ
. (3.46)

The variational principle for b can be derived easily as in Ref. [90], starting from the exact
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expression for electronic energy,

E =

∫
dξR∗ΛnH

Λ
ξ RΛn∫

dξR∗Λn
µR2

2
ξ2RΛn

(3.47)

where

HΛ
ξ = −

(
∂

∂ξ
(ξ2 − 1)

∂

∂ξ
− Λ2

(ξ2 − 1)
+R(ZA + ZB)ξ − AΛn

)
. (3.48)

With integration by parts and a little algebra,

b =

∫
dξ
[
−∂R∗Λn

∂ξ
(ξ2 − 1)∂RΛn

∂ξ
+R∗Λn

(
c2ξ2 +R(ZA + ZB)ξ − Λ2

ξ2−1
− AΛn

)
RΛn

]
R∗Λn(ξ2 − 1)RΛn|ξmax

. (3.49)

In B-splines representation, R∗Λn =
∑

i ciui and RΛn =
∑

j cjuj, Eq. (3.49) becomes

b(ci) =

∑
ij cicjΓij∑
ij cicjΛij

, (3.50)

where

Γij =

∫
dξ

{
−∂ui
∂ξ

(ξ2 − 1)
∂uj
∂ξ

+ ui

[
c2ξ2 +R(ZA + ZB)ξ − Λ2

ξ2 − 1
− AΛn

]
uj

}
=

∫ xmax

0

dx sinhx

[
−∂ui
∂x

∂uj
∂x

+ ui

(
c2 cosh2 x+R(ZA + ZB) coshx− AΛn −

Λ2

sinh2 x

)
uj

]
, (3.51)

and

Λij = ui(ξ
2 − 1)uj|ξmax = ui sinh2 xuj|xmax . (3.52)

Using db
dci

= 0, we arrive at the generalized eigenvalue problem for b, which is given in matrix
form by

ΓΓΓ~c = bΛΛΛ~c. (3.53)

Using the streamlined formulation [90], the Γ and Λ matrices are divided into open and
closed spaces according to the behavior of the basis function on the boundary, i.e. “closed”
means the basis function is zero at the boundary. The eigenvector is thus divided into open
and closed spaces

~c = (~dc, do). (3.54)
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The eigenvalue b can be written as

b =
Ωoo

Λoo

, (3.55)

where Ωoo = Γoo −ΓΓΓocΓΓΓ
−1
cc ΓΓΓco. Note that Λoo is the only non-zero element in matrix ΛΛΛ. The

main computational step is to evaluate ΓΓΓ−1
cc . Let ΓΓΓ−1

cc ΓΓΓco = ~Bco, and solve linear equation

ΓΓΓcc ~Bco = ΓΓΓco. The “closed” eigenvector is then given by

~dc = − ~Bcodo, (3.56)

where do is obtained by matching the asymptotic solution of radial equation.
Now, we need to know the asymptotic behavior for RΛn. With a little algebra, Eq. (3.38)

reads(
∂2

∂ξ2
+

2ξ

(ξ2 − 1)

∂

∂ξ
+ c2 ξ2

ξ2 − 1
+R(ZA + ZB)

ξ

(ξ2 − 1)
− AΛn

(ξ2 − 1)
− Λ2

(ξ2 − 1)2

)
×RΛn(ξ) = 0 (3.57)

and, with some simplification,{
∂2

∂ξ2
+

[
2

ξ
+O(ξ−3)

]
∂

∂ξ
+ c2 +

R(ZA + ZB)

ξ
− AΛn

ξ2
+O(ξ−3)

}
RΛn(ξ) = 0. (3.58)

Neglecting O(ξ−3) as for asymptotic behavior, we have Coulomb-like equation{
∂2

∂ξ2
+

2

ξ

∂

∂ξ
+ c2 +

R(ZA + ZB)

ξ
− AΛn

ξ2

}
RΛn(ξ) = 0. (3.59)

With ξs = cξ and RΛn = Rs
Λn/ξs, Eq. (3.59) is[

∂2

∂ξ2
s

+ 1 +
R(ZA + ZB)

cξs
− AΛn

ξ2
s

]
Rs

Λn(ξs) = 0, (3.60)

thus,

Rs
Λn(cξ)

ξ→∞−−−→ N sin(cξ +
R(ZA + ZB)

2c
ln(2cξ)− l∗π

2
+ σl∗) (3.61)

where σl∗ is the Coulomb phase and l∗ is defined as l∗(l∗ + 1) = AΛn. The ξ-dependent

term R(ZA+ZB)
2c

ln(2cξ) indicates that the wavelength of the Coulomb wave approaches the
asymptotic limit 2π/c very slowly, due to the long range nature of the Coulomb poten-
tial. Note that N is the normalization constant, which satisfies the energy normalization
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asymptotically: ∫
dξ
R3

8
ξ2RΛn(c′ξ)RΛn(cξ) =

∫
dξ
R3

8
ξ2R

s
Λn(c′ξ)

c′ξ

Rs
Λn(cξ)

cξ

=
R3

8
ξ2N

′N

c′cξ2

π

2
δ(c− c′)

=
R

2

N ′N

k′k

π

2

dk

dc
δ(k − k′)

=
N ′N

k′k

π

2
δ(k − k′)

= δ(E − E ′)

=
dk

dE
δ(k − k′)

=
µ

k
δ(k − k′), (3.62)

leading to the normalization constant

N =

√
2µk

π
, (3.63)

which is different from the normal constant in spherical coordinates due to the factor c.
Therefore, the open space function is

do = RΛn|ξ=ξmax =

√
2µk

π

1

cξ
Rs

Λn|ξ=ξmax

u
1

cξ

√
2µk

π
[Fl∗(ηc, cξmax) cos(∆Λl∗) +Gl∗(ηc, cξmax) sin(∆Λl∗)] . (3.64)

where Fl∗ and Gl∗ are the regular and irregular Coulomb functions, and ∆Λl∗ is the phase
shift.

With the closed-space function obtained through Eq. (3.56). We have thus arrived at
the energy normalized radial solution.

Momentum distribution

In spherical coordinates, the pure Coulomb wave satisfying the outgoing-wave (incoming
plane wave, outgoing spherical wave) boundary condition is written as [120]

Ψ
(+)
C (rrr) =

∑
l

(2l + 1)ileiσl
Fl(ηc, kr)

kr
Pl(cos θ), (3.65)

In a half collision problem, the Coulomb wave needs to satisfy the incoming-wave bound-
ary condition (outgoing plane wave, incoming spherical wave), where we take the complex
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conjugate of the boundary condition for Ψ
(+)
C (rrr) in Eq. (3.65) and change the direction of

k̂. We thus obtain Ψ
(−)
C satisfying the desired boundary condition

Ψ
(−)
C (rrr) =

∑
l

(2l + 1)(−i)le−iσlFl(ηc, kr)
kr

Pl(− cos θ)

=
∑
l

(2l + 1)ile−iσl
Fl(ηc, kr)

kr
Pl(cos θ)

= 4π
∑
lm

ile−iσl
Fl(ηc, kr)

kr
Y ∗lm(k̂)Ylm(r̂). (3.66)

Including the short-range scattering for the two centers, the full scattering wave function
asymptotically is expressed as

Ψ
(−)
kkk (rrr) = Ψ

(−)
C (rrr) + f ′(k̂)

e−i(kr−η ln 2kr)

r
, (3.67)

with f ′(r̂) as the scattering amplitude induced by the short range potential.
In prolate spheroidal coordinates, however, the plane wave can also be expanded as [107]

eikkk·rrr = 4π
∑
Λn

inY∗Λn(ηk, χk)YΛn(η, χ)RΛn(cξ) (3.68)

where RΛn(ξ) is a spheroidal radial function of the first kind, and the “spheroidal harmonic”
YΛn(η, χ) is defined as

YΛn(η, χ) = SΛn(η)
eiΛχ√

2π
, (3.69)

with SΛn(η) as the prolate spheroidal angular function of the first kind with order Λ and
degree n = 0, 1, 2, .... The YΛn(η, χ) are normalized according to∫ 1

−1

dη

∫ 2π

0

dχY∗Λn(η, χ)YΛ′n′(η, χ) = δnn′δΛΛ′ . (3.70)

Asymptotically, cξ → kr, the spheroidal radial solution becomes the spherical radial so-
lution. Thus similar to that in spherical coordinates, the spheroidal Coulomb wave corre-
sponding to Eq. (3.65) is

Ψ
(+)
C (rrr)

ξ→∞−−−→ N

(2π)
3
2

4π
∑
Λn

il
∗Y∗Λn(ηk, χk)YΛn(η, χ)eiσl∗

Fl∗(ηc, cξ)

cξ
. (3.71)

If the internuclear distance is R = 0, l∗ reduces to integer n, and SΛn(η) reduces to the
associated Legendre function.
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3.1. Theoretical formalism

To satisfy the incoming-wave boundary condition as for Eq. (3.66), we have

Ψ
(−)
C (rrr)

ξ→∞−−−→ N

(2π)
3
2

4π
∑
Λn

Y∗Λn(−ηk, χk + π)YΛn(η, χ)(−i)l∗e−iσl∗ Fl
∗(ηc, cξ)

cξ

=
N

(2π)
3
2

4π
∑
Λn

(−1)n−Λ(−1)ΛY∗Λn(ηk, χk)YΛn(η, χ)(−i)l∗e−iσl∗ Fl
∗(ηc, cξ)

cξ

=
N

(2π)
3
2

4π
∑
Λn

(−1)n+l∗Y∗Λn(ηk, χk)YΛn(η, χ)il
∗
e−iσl∗

Fl∗(ηc, cξ)

cξ
. (3.72)

where N is the normalization constant, same as before.
Therefore, the full asymptotic scattering wave can be written as

Ψ
(−)
scatt(rrr)

ξ→∞−−−→ Ψ
(−)
C (rrr) + f ′

e−i[cξ−
R(ZA+ZB)

2c
ln(2cξ)]

cξ
, (3.73)

where again f ′ is the scattering amplitude resulting from the short range potential. The
outgoing part is expressed as(

Ψ
(−)
scatt

)
out

ξ→∞−−−→ 4πN

(2π)
3
2

∑
Λn

Y∗Λn(ηk, χk)YΛn(η, χ)

× (−1)n+l∗ i
l∗

cξ

1

2i
e
i
[
cξ+

R(ZA+ZB)

2c
ln(2cξ)− l

∗π
2

]
. (3.74)

On the other hand, the numerical two-center Coulomb scattering wave is expanded on
the spheroidal harmonics

Ψ
(−)
E (rrr) =

∑
Λn

BΛnYΛn(η, χ)RΛn(cξ). (3.75)

Asymptotically,

RΛn(cξ)
ξ→∞−−−→ N

cξ

√
2

π
sin(cξ +

R(ZA + ZB)

2c
ln(2cξ)− l∗π

2
+ σl∗ + ∆Λn) (3.76)

where ∆Λn is the phase shift. The outgoing part of Ψ
(−)
E is written as

(
Ψ

(−)
E

)
out

ξ→∞−−−→
∑
Λn

BΛnYΛn(η, χ)
N

cξ

√
2

π

1

2i
e
i
[
cξ+

R(ZA+ZB)

2c
ln(2cξ)− l

∗π
2

+σl∗+∆Λn

]
. (3.77)

By matching Eq. (3.74) and Eq. (3.77), we have the desired boundary condition and BΛn is
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obtained

BΛn = (−1)n+l∗il
∗
e−i(σl∗+∆Λn)Y∗Λn(ηk, χk). (3.78)

Finally, the full scattering solution satisfying the outgoing-wave boundary condition is

Ψ
(−)
E (rrr) =

∑
Λn

(−1)n+l∗il
∗
e−i(σl∗+∆Λn)Y∗Λn(ηk, χk)YΛn(η, χ)RΛn(cξ). (3.79)

To get the scattering solution — energy or momentum normalized — we simply take, respec-
tively

N =

√
2µk

π
or N = k

√
2

π
(3.80)

in Eq. (3.76).
Therefore, we obtain the momentum distribution by projecting the wave function in

Eq. (3.11) to the energy normalized scattering states:

∂P

∂E∂θ
=

∫
dχk|〈Ψ(−)

E |Ψ(tf )〉|2 = |
∑
n

〈MΛnSΛn(η)RΛn(ξ)|ΨΛ(ξ, η, tf )〉|2 (3.81)

where MΛn = (−1)n+l∗il
∗
e−i(σl∗+∆Λn)S∗Λn(ηk), and ΨΛ(ξ, η, tf ) is the time-dependent wave

function at the end of the pulse. Note again that the azimuthal quantum number Λ = 0 is
conserved.

Expanding the wave functions in the B-splines bases,

RΛn(ξ) =
∑
i

cni ui(ξ)

SΛn(η) =
∑
j

cnj vj(η)

ΨΛ(ξ, η, tf ) =
∑
i,j

cij(tf )ui(ξ)vj(η),

Eq. (3.81) reduces to

∂P

∂E∂θ
=

∣∣∣∣∣〈∑
n

MΛn

∑
j

cnj vj
∑
i

cni ui|
∑
i′,j′

ci′j′(tf )ui′vj′〉

∣∣∣∣∣
2

=

∣∣∣∣∣∑
ij,i′j′

∑
n

M∗
Λn(θ)cn∗j c

n∗
i ci′j′(tf )Sij,i′j′

∣∣∣∣∣
2

, (3.82)

with the overlap matrix SSS evaluated in Eq. 3.20.
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3.2. Strong-field two-center effects beyond double-slit interference

Energy spectrum

The energy spectrum can thus be obtain by integrating the momentum distribution over
angles:

dP

dE
=

∫∫
dηkdχk|〈Ψ(−)

E |Ψ(tf )〉|2

=

∫∫
dηkdχk

[∑
Λn

〈(−1)n+l∗il
∗
e−i(σl∗+∆Λn)Y∗Λn(ηk, χk)YΛn(η, χ)RΛn(cξ)|Ψ(tf )〉

]

×

[∑
Λ′n′

〈Ψ(tf )|(−1)n
′+l∗′il

∗′
e−i(σl∗′+∆Λ′n′ )Y∗Λ′n′(ηk, χk)YΛ′n′(η, χ)RΛ′n′(ξ)〉

]
. (3.83)

Given the orthogonality of the spheroidal harmonics, i.e. Eq. (3.70), the energy spectrum
can be simplified as

dP

dE
=
∑
n

∣∣〈(−1)n+l∗il
∗
e−i(σl∗+∆Λn)SΛn(η)RΛn(cξ)|ΨΛ(tf )〉

∣∣2 . (3.84)

Again, in B-Spline representation, Eq. (3.81) becomes

dP

dE
=
∑
n

∣∣∣∣∣〈∑
j

cnj vj(η)
∑
i

cni ui(ξ)|
∑
i′,j′

ci′j′(tf )ui′(ξ)vj′(η)〉

∣∣∣∣∣
2

=
µR2

4c

∑
n

∣∣∣∣∣∑
ij,i′j′

cn∗j c
n∗
i ci′j′(tf )Sij,i′j′

∣∣∣∣∣
2

(3.85)

with Sij,i′j′ evaluated in Eq. 3.20.
Note that the correctness of the energy analysis formalism is verified by reproducing an

independent atomic photoelectron energy distribution in a test example.

3.2 Strong-field two-center effects beyond double-slit

interference

3.2.1 Two center interference effect: homonuclear diatomic
molecules

In this section, we focus on the ionization of H+
2 at large internuclear separations —

30 < R < 150 a.u. — where two lowest states are essentially degenerate and the linear
combinations of the atomic orbitals (LCAO) almost exactly approximate the molecular
states. In such cases, intuitively, one would not expect molecular physics to play a significant
role, especially when it approaches the high end of R (∼150 a.u.).
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3.2. Strong-field two-center effects beyond double-slit interference

In Fig. 3.1, however, we show the total ionization yield as a function of R for the gerade
and ungerade initial electronic states for H+

2 , i.e. Pg and Pu. First, the well-known enhanced
ionization at critical distance [4, 5] of H+

2 is reproduced for intermediate R range from 4 to 16
a.u., as shown in the inset. Interestingly, one can notice such enhanced ionization is strongly
symmetry-dependent. For the case of the ungerade initial state, the enhancement peak
moves to somewhat smaller R for the same set of laser parameters, and the enhancement is
much higher than that of the gerade initial state. This is partially due to the fact that the
ionization potential for the ungerade initial state is smaller than that of the gerade initial
state. However, it does not explain the ionization yield at other R, for example the yield
for 2pσu is smaller than that for 1sσg at R = 11 a.u..
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0.00
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Figure 3.1: Ionization probability as a function of R for the gerade–Pg and ungerade–Pu
initial states (upper) and the decomposition of Pu(R) (lower), for a Gaussian pulse with the
FWHM of 10 fs, an intensity of 1014 W/cm2, and the wavelength of 780 nm.

Surprisingly, in the large-R region in Fig. 3.1, a pronounced interference feature is found
in the total ionization yield, which oscillates dramatically as a function of R. Such inter-
ference, however, fades away as R increases, which is expected because as the internuclear
separation gets larger the central wavelength of the electronic wavepacket becomes negligible
compared to R. A good example sharing similar physical footing is the study of the photo-
electron spectrum for diatomic molecular ionization [70], where the photoelectron scatter-
ing intensity loses its interference as the momentum increases, i.e. the wavelength decreases
away from the bond length of the nuclei. Such loss in interference in the photoelectron spec-
trum can also be confirmed by Cohen and Fano’s prediction (∼ 1+ sinkr

kr
) [65]. Moreover, for
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3.2. Strong-field two-center effects beyond double-slit interference

R > 30 a.u. in Fig. 3.1, the ionization yield shows an even stronger symmetry-dependence
compared to that at the critical distance. Further, the ionization yield oscillates as a func-
tion of R in the opposite direction for gerade and ungerade initial states at R>30 a.u.. The
oscillation of the total ionization yield as a function of R can also be found in the S-matrix
based KFR theory [18, 121] for H+

2 , where ionization yield with different initial symmetries
oscillates in the opposite direction. Besides these two features, the KFR theory, however,
completely fails to predict the magnitude of the total yield, and does not match the TDSE
solution even qualitatively. Another interesting point for the R-dependent yield in Fig. 3.1
is the broad peak of ionization for R ranging from 40 to 60 a.u. for the ungerade initial state,
which could be potentially measured in experiments (will be discussed more in Chapter 5).

Apparently, the rich structures in Fig. 3.1 at large R come from the molecular nature.
For diatomic molecular ionization, one would probably think of the two-center nature of
the system. Most of the previous studies of two-center effect in molecular ionization follow
Cohen and Fano’s picture [65] of molecular two-center interference, which is essentially
a single-photon process. It predicts oscillation behavior for differential quantities, such
as the photoelectron spectrum. However, for integral quantities such as the total yield,
such formalism does not predict any interference pattern. Therefore, in the following, we
numerically explore the strong-field two-center effect by examining the interference term in
the total ionization yield at large internuclear distances.

For H+
2 , we start from gerade/ungerade initial wave functions

Ψg/u(ti) =
1√
2

[ΦA(R; r)± ΦB(R; r)] , (3.86)

where g/u indicates the 1sσg/2pσu electronic channels, and ΦA/B is simply the atomic orbital
centered at A/B. Such LCAO represents Ψg/u almost exactly for the large R’s concerned in
the present work. The final state is thus written as

Ψ
g/u
f = U(tf , ti)Ψg/u(ti) (3.87)

with U as the time-evolution operator. The ionization probability reads

Pg/u =

∫
d~k
∣∣∣〈E|Ψg/u

f

〉∣∣∣2
=

∫
d~k

[
1

2
|〈E|UΦA〉|2 +

1

2
|〈E|UΦB〉|2 ± Re[〈E|UΦA〉∗ 〈E|UΦB〉]

]
, (3.88)

where |E> indicates the energy normalized molecular scattering states. Note the actual
ionization probability is obtained through projecting out the bound states, as discussed in
Sec. 3.1. Including scattering states here is for simplicity.

Since the broad ionization peak observed in Fig. 3.1 is for the 2pσu channel, we thus
decompose the Pu into two components: the first one includes two absolute square terms in
Eq. (3.88), which is called “single-center” component, and the second component involves
the interference term in Eq. (3.88), which is called “two-center” interference component.
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3.2. Strong-field two-center effects beyond double-slit interference

Thus the single-center component is∫
d~k

1

2
|〈E|UΦA〉|2 +

1

2
|〈E|UΦB〉|2 =

1

2
(Pu + Pg), (3.89)

while the two-center interference component is∫
d~k − Re[〈E|UΦA〉∗ 〈E|UΦB〉] =

1

2
(Pu − Pg). (3.90)

These two components in Pu are shown in the lower pannel in Fig. 3.1, where one
can see the single-center contribution is fairly structureless as one might expect since it
approximates the atomic ionization. The strong interference in Pu over all range of R
mainly comes from the two-center interference. Moreover, the broad ionization peak at
40 . R . 60 a.u. remains in the two-center component. We thus conclude that the broad
peak of ionization at large R for the ungerade initial state is attributed to strong-field
two-center interference effect. Note that the broad ionization peak in ungerade state is
accompanied by a suppression in the gerade state.

To have a detailed picture of the strong-field two-center effect in molecular ionization
of H+

2 in Fig. 3.2 — on the 2nd row — we show the photoelectron spectrum as a function of
internuclear distances for both initial symmetries, below which the total yields are shown
for comparison. For the low energy spectrum, one can clearly see three different photon
bands evolve as a function of R. It is due to the change in the ionization potential. By
comparing the total yield and the photoelectron spectrum, it is not difficult for one to tell
that the interference pattern in the total yield mainly comes from the low energy spectrum,
where most of the ionization peaks in Pg/Pu correspond to peaks in the first photon band
of the photoelectron spectrum.

To directly distinguish the strong-field two-center interference from the one-photon two-
center interference, we extracted the interference term in the Cohen and Fano’s picture —
1 + sinkr/(kr) — as plotted on the top panel in Fig. 3.2. Remarkably, the simple “strip”
structure in one-photon two-center interference can still be seen in the strong-field calcula-
tion, which is marked by a series of black curves on the “strong-field” low energy spectrum
for 1sσg state. Similar structure can also be found for 2pσu state. This also confirms that
the interference pattern in the photoelectron spectrum does exist for strong-field molecular
ionization at fixed R. Besides the “strip” structure, it is difficult to find more commonality
between these two. Due to highly nonperturbative processes, the strong-field two-center
interference bears much more complicated features, e.g. “strip” structures are coupled with
each other and hard to distinguish.

Two-center interference in the independent-atom model

The intriguing dynamics in Fig. 3.1 can be attributed to the strong-field two-center ef-
fect, which intrinsically involves two mechanisms: two-center interference and two-center
dynamics. Generally, when it comes to two-center interference, one refer to the Young’s
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Figure 3.2: Low energy spectrum (2nd row) and the total ionization yield (3rd row) cal-
culated by TDSE as a function of R for a Gaussian pulse with the FWHM of 10 fs, an
intensity of 1014 W/cm2, and the wavelength of 780 nm, and the low energy spectrum as a
function of R extracted from Cohen and Fano’s picture (1st row), for initial state 1sσg (left)
and 2pσu (right).
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3.2. Strong-field two-center effects beyond double-slit interference

double-slit experiment, where the waves produced from two separated sources interfere with
each other as they propagate, generating an interference pattern. In such a picture, there
are no dynamics involved, i.e. one wave — as it propagates — does not interact with the
other source. For the molecular double slit, however, things are more complicated. The
electronic wavepacket generated from one atomic center, with the assistance of the laser
field, most likely will interact with the other center. For H+

2 , specifically, the electronic
wavepacket ionized from one proton could interact with the other proton during the field,
producing complicated two-center dynamics. For example, electronic recombination can oc-
cur where the electronic wavepacket is driven back to the bound states during the interaction
with the other center. Normally, such a two-center dynamics is not quite distinguishable
from the commonly understood two-center interference, especially in experiments, given no
observables exist to distinguish these two processes.

However, here we propose a case which is closest to the normal two-center interfer-
ence where the atomic ionization at two centers separated by R are superposed—in-phase
or out-of-phase—to mimic the diatomic molecular ionization. The in-phase superposition
matches the 1sσg scenario while the out-of-phase one matches 2pσu for H+

2 . In such a model
calculation, the final wavefunction reads

|Ψ(tf )g/u
〉

= |Φa
A(tf )〉 ± |Φa

B(tf )〉 = Ua
A(tf , ti) |Φa

A(ti)〉 ± Ua
B(tf , ti) |Φa

B(ti)〉 , (3.91)

where Ua(tf , ti) are atomic time evolution operator and |Φa
A/B(ti)〉 is the ground state of

atomic H located at center A/B. The total ionization yield is then obtained by projecting the
final state onto the molecular scattering states, as in the case of full two-center calculation
above,

P =

∫
d~k|
〈
E|Ψ(tf )g/u

〉
|2

=

∫
d~k

[
1

2
|〈E|Φa

A(tf )〉|2 +
1

2
|〈E|Φa

B(tf )〉|2 ± Re[〈E|Φa
A(tf )〉∗ 〈E|Φa

B(tf )〉]
]
. (3.92)

In this case, the electronic wavepacket generated from two centers interfere with each other,
as in the normal two-center interference. Since there is no other center involved during
the ionization, the wavepacket produced from one-center does not interact with the other
center, thus preventing the two-center dynamics.

The total ionization yield is shown in the upper panel in Fig. 3.3. By comparing such
model for molecular ionization to the one shown in Fig. 3.1, one can tell that they both share
strong symmetry dependence, i.e. yields with different symmetries oscillate as a function
of R in the opposite direction. Otherwise, there are basically no common characteristics
between the two. The overall shapes in two cases are quite different. There are much
more oscillation structures in Fig. 3.3. The lack of correlation between the model ionization
yield and the full two-center ionization yield indicates that the two-center dynamics play a
significant role in the ionization process. This also suggests that the standard way to think
about two-center interference in homonuclear diatomic molecular ionization is not enough
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Figure 3.3: Upper: total ionization yield obtained by superposing—in-phase or out-of-
phase—the atomic ionization — with laser parameters as in Fig. 3.1 — separated by R to
mimic the two-center interference without two-center dynamics involved. Lower: decompo-
sition of Pu.

when strong fields are involved. The two-center dynamics should be taken into account.
The lower panel in Fig. 3.3 shows the decomposition of Pu as in the Fig. 3.1. One

might notice that the average of Pg and Pu are basically flat within the accuracy level of
calculations, and the average ionization yield (≈0.0159) matches well with the “asymptotic”
value at τ = 300 fs in Fig. 3.1. This agreement actually confirms the expectation that the
“single-center” component in the ionization of H+

2 approximates the atomic ionization yields.

Short-range potential

We have shown surprising strong-field two-center effect for the ionization of H+
2 at large

R. Being a Coulomb system, one might think this is due to the long-range Coulomb effect.
In this section, however, we perform the same study but replacing the Coulomb potential
with a short-range Yukawa potential in the form

V (r) = −e
−0.1r

r
, (3.93)

where r is the distance between electron and nuclei. In Fig. 3.4, we show the ionization
yield as a function of R for initial electronic states 1sσg and 2pσu (Pg and Pu), as well as
the decomposition of Pg. In general, the ionization behavior for the short-range potential
is similar to that for Coulomb potential. Strong oscillations as a function of R can still be
found in systems with short-range potentials. Ionization yields with different initial sym-
metries oscillate in the opposite direction. Moreover, the interference gradually decays with
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Figure 3.4: Upper: ionization probability — calculated using laser parameters as in
Fig. 3.1 — as a function of R for short-range potentials for gerade (Pg) and ungerade (Pu)
initial states. Lower: decomposition of Pu.

increasing R. The difference though, lies in the details of the structure in the ionization
yield, e.g. peak positions, peak width, etc.. Note that for the particular Yukawa potential
we choose, seeing complicated structures along the R range in Fig. 3.4 is even more sur-
prising since the two centers are completely separated, with sizes of the bound states much
less than R. Therefore, the strong-field two-center effect presented here is independent
of whether the system is Coulombic or not, which makes the result more generalizable to
larger systems, which typically involve interactions more complicated than Coulomb, such
as atomic clusters.

3.2.2 Two center induced CEP effect: heteronuclear diatomic
molecules

To investigate the strong-field two-center effect in a heteronuclear molecule, we study
the R-dependent ionization yield for HD+, where the initial state is centered at either the
proton or the deuteron. Note that since the nuclei are fixed, there is no mass effect on
the ionization yield. Therefore, the proton and deuteron are essentially the same, and will
be labeled by A and B in the following discussion. The only difference though between
ionization of HD+ and ionization of H+

2 with fixed internuclear distance is the initial state.
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Figure 3.5: Ionization probability as a function of R for initial state centered at A and B
respectively.

For HD+, the initial states are obtained by superposing g and u states of H+
2

ΨA/B = Ψ1sσg ±Ψ2pσu . (3.94)

Such difference, however, captures one of the key heteronuclear characteristics of HD+:
H+D+ or H++D, assuming the molecule is oriented.

In Fig. 3.5, we show the R-dependent ionization yield for HD+. One interesting ob-
servation is that much less interference is found in the R-dependent yield for HD+ than
that for H+

2 , which indicates that the two-center dynamics are less involved in HD+ than
H+

2 given that the fine oscillations, as discussed in Sec. 3.2.1, are attributed to the two-
center dynamics. One should note the results in Fig. 3.5 are exactly the two components:
PA =

∫
d~k 1

2
|〈E|UΦA〉|2 and PB =

∫
d~k 1

2
|〈E|UΦB〉|2 in Eq. 3.88, which is also two compo-

nents of (Pg + Pu)/2 in Fig. 3.1.
Different from the case of H+

2 , where strong symmetry dependence of ionization is found,
the symmetry for the initial electronic states is broken for heteronuclear HD+. For large
R, one typically would not expect any effects of the initial state on the ionization yield
of HD+ since the yield in CW lasers should be invariant to initial electronic localization.
Surprisingly, as seen in Fig. 3.5, the total ionization yield still depends on the initial state.
For instance, 20% contrast is found for the yield at R ≈ 50 a.u.. Furthermore, we found this
strong initial-state dependence is due to the CEP effect, which is not so expected in such
case. Because for 800 nm, the CEP effect for such a long pulse — with a FWHM of 10 fs — is
negligible for photodissociation of H+

2 [36]. We thus do not expect it to play a significant
role in the ionization of H+

2 , which is in fact confirmed by doing calculations in Fig. 3.1
with different CEP’s. However, by checking the CEP dependence of the ionization yield of
HD+ we found the initial-state dependence of the ionization yield is essentially the CEP
dependence, i.e., the yield corresponding to initial-localization on one center approximates
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3.3. Summary

the yield for initial-localization on the other center, but with a CEP differed by π. Further,
such CEP dependence becomes weaker with increasing pulse length, e.g. the 20% contrast
at R ≈ 50 a.u. in Fig. 3.5 drops to few percent for a longer — 20 fs — pulse. This is expected
since again there should not be any CEP effect in the CW-laser induced ionization. Given
that such a CEP effect is due to the two-center nature of the molecule, we call it the two-
center induced CEP effect. Note that by confirming such two-center induced CEP effect in
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Figure 3.6: Ionization probability as a function of R for HeH++ with initial state
He+(n=2)+H+, and CEP of 0 and π. The laser parameters are the same as for HD+.

another heteronuclear molecule, i.e. HeH++ as shown in Fig. 3.6, we thus expect it to exist
in other heteronuclear systems, which do require oriented molecules.

To examine contributions other than the two-center induced CEP effect in Fig. 3.5,
CEP averaging is necessary. Here we direct the readers to Fig. 3.1, where the component
(Pg + Pu)/2 is simply a two-points (0,π) CEP averaging of the ionization yield for certain
initial electronic localization. One could tell, after the CEP averaging, that the two-center
interference almost disappears at large R, which again indicates that there are negligible
two-center dynamics in heteronuclear diatomic molecular ionization.

3.3 Summary

To summarize, we have investigated molecular ionization at large internuclear separa-
tions and surprisingly discovered two classes of strong-field two-center effects. Specifically,
we have shown a strong symmetry-dependent two-center interference in photoionization of
homonuclear diatomic molecules and the two-center induced CEP effect for heteronuclear
diatomic molecular ionization, both in terms of the total ionization probability. Even though
we mainly study a specific molecule—H+

2 /HD+—in this work, we do expect such strong-field
two-center effects to be carried over to other diatomic systems and potentially be observed
in multi-center physics. Due to the two-center dynamics, such strong-field two-center effects
could lead to system-dependent features, e.g. broad ionization peak at large R in H+

2 , which
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could potentially be measured in practical experiments. Discussions about the application
of the strong-field two-center effects in experiments will be presented in Chapter 5.
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Chapter 4

Low energy structure in strong-field
ionization

The advance of producing few-cycle pulses of infrared wavelengths in experiments has
accelerated the investigation of strong-field ionization in atoms and molecules at laser wave-
length longer than 1 µm [122]. The general understanding of the photoelectron spectra
involves the “direct” and “rescattered” electrons. The “direct” electrons are ionized and
driven by the laser field without re-entering the parent ion and gain a kinetic energy up to
twice the ponderomotive energy (Up). This is what contributes to the low energy spectrum.
Some electrons — moving in the field — may re-collide with the parent ion, thus gaining more
energy – up to 10Up. They are called “rescattered” electrons. The energy span from 2Up to
10Up is thus the “plateau” in the photoelectron spectra [83, 84]. According to the classical
tunneling model [123], the spectrum for “direct” electrons should smoothly decay at small
photoelectron energies. When it goes to long wavelength regime (>1 µm), the classical
model should be more appropriate to describe the photoelectron spectra than that in the
standard Ti:sapphire laser (wavelength=780 nm). Surprisingly, more recent studies [85, 124]
reported a remarkable peak structure at low energy — normally about few eV — in in the
photoelectron spectra — called the low energy structure (LES) — contradicting the under-
standing of the “direct” electrons in the classical picture.

Previously, the LES has been measured in experiments for molecular ionization, typically
as shown in Fig. 1 in Ref. [85], where a peak-like structure is shown at low photoelectronic
energy (.6 eV). Similar LES are normally expected for atomic and molecular ionization with
laser wavelengths ranging from 1 µm to 3 µm and intensity ranging from tens of TW/cm2

to hundreds of TW/cm2.
In this chapter, we will present, for the first time, an ab initio study of molecular LES by

solving the 3D time-dependent Schrödinger equation. The wavelength dependence, initial-
symmetry dependence as well as dimensionality dependence of the LES will be discussed.
Note that the results shown in this chapter are preliminary and still in progress.
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4.1. Molecular low energy structure

4.1 Molecular low energy structure

We solve the full-dimensional TDSE for H+
2 using methods discussed in Sec. 3.1. The final

wave function at the end of the pulse is analyzed by applying the energy analysis documented
in Sec. 3.1.6. In fact, at the first attempt, the photoelectron energy distribution was obtained
by field-free propagating the final wave function of the TDSE — where the bound states are
projected out — followed by a autocorrelation or a Fourier transform to momentum space.
This approach in principle seems smooth and easy. Nevertheless, we found various numerical
issues in the practical implementation, for example the numerical integral involving fast
oscillations in the Fourier transform is barely accurate and the selection of the Fourier
transform window is tricky. Even though, we managed to get the photoelectron spectrum
eventually. It can only reproduce the result for certain perturbative test example. The
accuracy cannot be guaranteed for all kinds of spectra and is rather unstable. We thus
move to the complicated yet exact analysis scheme, as discussed in Sec. 3.1.6.

Since the molecular ionization could be dramatically enhanced at critical distance [4, 5],
we choose the internuclear distance R=10 a.u., where the molecular nature could potentially
be maximized. For laser parameters, we select wavelengths of 1200 nm and 1600 nm, an
intensity of 1014 W/cm2 for a Gaussian pulse with a FWHM of 2 optical cycles, or 8 fs
for 1200 nm and 10 fs for 1600 nm. As presented in Sec. 3.2.1, the diatomic molecular
ionization bears a strong initial-symmetry dependence. We thus include different initial
symmetries—1sσg and 2pσu—as well in the discussion.

In Fig. 4.1, we show the normalized photoelectron spectrum at low electronic energy for
H+

2 . One can see that the calculated photoelectron spectrum for H+
2 with fixed R at long

wavelength shows clear ATI peaks with dramatic oscillation amplitude. Such pronounced
ATI peaks however might either not show up or show up with a much weaker oscillation am-
plitude in practical experiments. This could be attributed to the finite width of the nuclear
wave function. Assume molecular ionization mainly occurs at small internuclear distances
in experiments where the ionization potential could change dramatically for different R,
therefore averaging the photoelectron spectrum for different internuclear distances would
probably wash out the ATI peaks. Another reason comes from the bandwidth of the pulse.
A shorter pulse typically would reduce the oscillation amplitudes of the ATI peaks.

The existence of the ATI peaks in the spectrum, however, makes it difficult to identify
the LES. To resolve such issue, we smooth the photoelectron spectrum with a Gaussian
kernel. The smoothed spectrum is written as

P̄ (E ′) =

∫
dEP (E)

1√
2π∆E

e−
(E−E′)2

2∆E2 (4.1)

where P (E) is the actual photoelectron spectrum and ∆E equals ~ω. As shown in Fig. 4.1,
the smoothed spectrum follows the overall shape of the actual photoelectron spectrum, as
it should be. By examining the smoothed spectra in Fig. 4.1, one could clearly see peak-like
structures at low photoelectron energies (few eV), i.e. the LES are found in the molecular
photoelectron spectra. It is true for different symmetries, and different wavelengths consid-
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4.1. Molecular low energy structure

Figure 4.1: Comparison of the photoelectron energy distribution for H+
2 for different initial

states (upper), and for different wavelength(lower). The photoelectron energy distributions
are normalized so that the maximum value is 0.8. Dashed lines indicate photoelectron spectra
smoothed with Gaussian kernels (see text for details).
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4.1. Molecular low energy structure

ered in this work. The position of the LES can also be readily identified in the smoothed
spectra, which are indicated by arrows in Fig. 4.1. One can easily see, in the upper panel,
the position of the LES for 2pσu (∼2 eV) somewhat moves to a smaller energy than that
for 1sσg (∼4 eV). This might be due to the strong-field two-center effect, as discussed in
Sec. 3.2.1, but exact explanation is still not clear.

In general, the position of the LES does depend on the pulse shape [85, 125]. We thus
move to the lower panel in Fig 4.1 for different wavelengths, where both 1200 nm and
1600 nm with a 1sσg initial state shows a peak structure at small energy, around 3–4 eV.
The overall shape of the LES is similar in both cases, especially the position of the LES.
One should note though that the LES for 1600 nm is broader than that for 1200 nm, which
coincides with previous experiments of atomic LES [85].

A quantum-orbit—or saddle-point—study [125] of the LES, including the Coulomb effect,
suggested that the main contribution of the LES comes from the quantum trajectory where
the electron’s transverse/lateral momentum is reversed, which confirms the conclusion of
another work [126] that the change of the electrons’ transverse momenta plays a important
role in the understanding of the LES. This suggests that the LES is a dimensionality-
dependent phenomenon, which means at least two dimensions are required in the calculation
to produce the LES.

To examine such dimensionality dependence, we solve a reduce-dimensional TDSE using
the 1D solver in Sec. 6.6. The photoelectron spectrum is obtained by projecting the TDSE
solution onto the energy normalized scattering states. The scattering states are numerically
solved using the R-matrix formalism adapted from Sec. 3.1.6. In Fig. 4.2, we show the ATI
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Figure 4.2: Photoelectron energy distribution for atomic hydrogen restricted to move in
one dimension for 2000 nm, 13.3 fs (2 cycles), 5×1013 W/cm2, with ground initial state.

spectrum for one-dimensional hydrogen at low energy. Overall, one can see the ATI peaks
smoothly decrease without any pronounced peak structure at low energy, which differs from
the 3D calculation. (See Fig. 4 in Ref. [85] for a 3D calculation of the LES for argon.) This
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4.2. Future works for molecular LES

is expected and consistent with previous studies [125, 126] stated above. Note that there are
no clear ATI peaks in Fig. 4.2. This might be an artifact of the 1D model. Generally, atoms
are much easier to ionize in 1D than that in 3D, thus could potentially produce artificial
nonlinearity in the photoelectron spectrum.

To examine the dimensionality dependence of the molecular ionization in Fig. 4.1, a 1D
calculation with similar laser parameters is underway.

4.2 Future works for molecular LES

Due to the sensitivity of molecular ionization to the internuclear distance, either at
critical distance or at large R, it would be interesting to see how the LES evolves as a
function of R. Specifically, such picture will provide an answer to the question: how does
the strong-field two center effect influence the LES? Such a question among others will be
addressed in future works.
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Chapter 5

Pump-probe study of dissociative
ionization of hydrogen molecular ions

As one of the simplest techniques to directly probe electronic and nuclear dynamics on
different time scales, pump-probe spectroscopy is widely used to study ultrafast molecular
structure and dynamics [77–82, 127–130]. In particular, for diatomic molecular ionization,
the pump-probe approach — see Ref. [77, 81] for two examples — has been successfully used
to observe enhanced ionization at critical distances [4, 5].

As discussed in Chapter 3, we have found pronounced strong-field two-center effects at
large internuclear distances for the differential as well as the integral observables in molecular
ionization, providing a new mechanism for the time-resolved dissociative dynamics in laser-
matter interactions. In this chapter, we will perform a pump-probe study of dissociative
ionization of both homo- and hetero-nuclear diatomic molecules, comparing theory with
practical experiments. In the pump-probe scheme, a weak pump pulse is first applied
to dissociate the molecule generating a dissociating wavepacket sitting on the 2pσu/2pσ
channels for H+

2 /HD+ through one-photon dissociation. This is followed by a probe pulse
delayed by τ which ionizes the dissociating wavepacket. Large delays—typically in hundreds
of femtoseconds—thus qualitatively correspond to the large internuclear separations. It is
based on the fact that the pump pulse is selected to generate a relatively narrow wavepacket
in space, i.e. with a width of about 10 a.u..

The work in this chapter together with Chapter 3 will appear in our work [92].

5.1 Two-channel dissociation through 3D time-

dependent Schrödinger equation

To calculate the dissociating wavepacket, we solve the 3D time-dependent Schrödinger
equation for H+

2 /HD+ using methods described in our previous works [104, 116, 131]. Here
a brief summary is provided for completeness. First, the BO potentials and dipole matrix
elements are calculated using the formulation in Ref. [104]. Then, the total wave function
Ψ(RRR,rrr, t) is expanded on the BO basis, and the nuclear rotation is treated via an expansion
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5.2. Convolution from R to delay

over symmetrized Wigner D-functions, which reduce to spherical harmonics in this work.
For our pulse parameters, retaining only the 1sσg and 2pσu channels is a good approxima-
tion [116]. In this case, both the Coriolis and non-Born-Oppenheimer couplings are zero.
The TDSE thus reduces to the coupled radial equations

i
∂

∂t
Fα =

(
− 1

2µ

∂2

∂R2
+
J(J + 1)

2µR2
+ Uβ

)
Fα −EEE ·

∑
α′

DDDαα′Fα′ , (5.1)

where Fα = Fα(R, t) is the nuclear radial wave function. The index α collectively represents
the quantum numbers βJM with J and M the total orbital angular momentum and its
lab-frame z-projection, respectively, and β the electronic channel label, in this work, β =
1sσg, 2pσu for H+

2 or 1sσ, 2pσ for HD+. Note that non-Born-Oppenheimer terms — see
Ref. [104] for details — are included in Eq. (5.1) for HD+. The precise form of the dipole
matrix elementsDDDαα′ is given in Ref. [116]. We use a Gaussian pulse polarized along the lab-
frame z-direction, as for the probe pulse, with a full width of the intensity at half maximum
τFWHM of 20 fs, a wavelength of 780 nm, and a intensity of 1× 1013 W/cm2.

To solve Eq. (5.1), we use the 5th-order B-Splines on a WKB grid for the radial coor-
dinate, and the iterative method described in Ref. [115] and Sec. 3.1.3 for the time evolu-
tion [113]. The WKB grid uses 5 splines per WKB wavelength, with a maximum energy of
0.15 a.u. resolved. The grid extends from R=0.5 a.u. to R=200 a.u.. Time evolution starts
at tmin when the pulse envelope first reaches 108 W/cm2 and ends at tf when it reaches
106 W/cm2, with a time step of 0.02 a.u.. The probability density is calculated every 10 fs
from τ=0 to τ=300 fs. All the dissociation results shown in this work are tested to be
converged to at least 4 significant digits.

5.2 Convolution from R to delay

With the dissociating wavepacket calculated as a function of R and τ , we then perform
the convolution from the R-dependent ionization yield for H+

2 /HD+ — shown in Chapter 3 —
to the τ -dependent yield. The final wave function at the end of the probe pulse is written
as

Ψf =
∑
Jβ

FvJβ(R, τ)YJ0(θ)Φf
β(R;rrr, t) (5.2)

where v indicate initial vibrational state, Φf
β(R;rrr) is the final electronic wave function with

nuclei fixed for the initial electronic state β. Note that we assume frozen nuclei during the
ionization. Therefore, in Eq. 5.2, only Φf

β(R;rrr, t) propagates in the probe pulse. The total
ionization yield as a function of R and τ , therefore, is written as:

Pv(R, τ, θ = 0) =

∫
dE|

∑
Jβ

FvJβ(R, τ)YJ0(θ)〈E|Φf
β(R;rrr)〉|2 (5.3)
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5.2. Convolution from R to delay

where |E> is the energy normalized scattering state with fixed nuclei. Note the angular cut
for θ has been taken — θ = 0 — along the laser polarization since nuclear angular information
is not available in calculations for the ionization process. However, we do not expect such
approximation to make a qualitative change for the final observables. Because first, the
field-free rotational dynamics effect after the pump pulse is small (∼4%). (See panel (b) in
Fig. 5 in Ref. [132]), and second we estimate pump-pulse induced alignment to be <cos2θ>≈
0.5x, with which we do not have special expectation that the angular cut — or isotropic
assumption — will not work.

For H+
2 , there is only one channel involved in the dissociation process, namely 2pσu or

u. Eq. (5.3) can thus be simplified,

Pv(R, τ, θ = 0) = |
∑
J

FvJu(R, τ)YJ0(θ)|2
∫
dE|〈E|Φf

β(R;rrr)〉|2 (5.4)

The total yield as a function of τ can be obtained by integrating over R in Eq. (5.4) and
averaging the initial vibrational states with the Franck-Condon distribution,

P (τ) =
∑
v

FCv

∫
dRPv(R, τ, θ = 0) (5.5)

where FCv is the Franck-Condon factor for initial vibrational states.
For HD+, however, the heteronuclear nature does complicate things. First, due to non-

adiabatic couplings between the 1sσ and 2pσ, both channels are populated during the
dissociation. Thus Eq. (5.3) can not be simplified. The τ -dependent ionization yield is
obtained through Eq. (5.5) but with Pv(R, τ, θ = 0) evaluated directly from Eq. (5.3).
Second, the two-center induced CEP effect on the R-dependent ionization yield, as discussed
in Chapter 3, indicates that a CEP averaging is necessary for HD+. We thus perform a two-
point —ϕ = 0, π— CEP averaging for τ -dependent yield in Eq. 5.5.

Also, by assuming an isotropic angular distribution of the dissociating wavepacket, the
orientation effect must be taken into account for HD+, which is not an issue for H+

2 . For-
tunately, the orientation averaging — θ = 0, π— in this case coincides with the two-point —
ϕ = 0, π— CEP averaging. Therefore, after the CEP averaging, the orientation effect no
longer exists.

In Fig. 5.1, we show the τ -dependent ionization probability for both H+
2 and HD+.

Surprisingly, we see broad ionization peaks at large delay — from about 120 fs to 220 fs —
for both cases. The peak of the ionization yield is about 10%∼15% higher than the yield at
τ = 300 fs, the largest delay considered in this work. The broad peak in the ionization yield
for HD+ is shifted to larger delays than that for H+

2 due to the heavier mass moving slower.
For H+

2 , it is not difficult to connect the broad ionization peak at large delay in Fig. 5.1
to that at large R for Pu in Fig. 3.1. However, the strong-field two-center interference in
R-direction does not survive in the τ -dependent ionization yield, partially due to the finite
width of the dissociating wavepacket, which is comparable to the oscillation period in R-
dependent yield. Also the Franck-Condon averaging, to some extent, helps wash out the
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Figure 5.1: Ionization yield as a function of pump-probe delay τ for H+
2 and HD+.

interference pattern in the convolution.
For HD+, surprisingly, the broad ionization peak remains even though both channels are

involved in the ionization process due to non-adiabatic couplings. Coherent superposition
of the two channels are carried out in the convolution from R to τ . The observation of the
final time-resolved ionization yield possessing a broad peak in HD+ might be attributed to
the strong-field two-center effect in general. Yet, the details are unclear. This should be
regarded as an open question for the readers.

5.3 Comparison with experiments

The pump-probe experiment for the dissociative ionization of HD+ was done by Dr.
Ben-Itzhak’s group at J.R. Macdonald Laboratory, Kansas State University. A detailed
description of the experimental method can be found in Ref. [133]. The experiments in-
volved linear polarized 23 fs, 790 nm pulses, and the pump- and probe-pulse intensities were
7.6×1013 and 3.3×1014 W/cm2, respectively. In experiments, however, there are two differ-
ent ionization channels during the probe: ionization of the bound electronic wavepacket and
ionization of the dissociating wavepacket, where the latter one is the focus of this work. The
experimental results are shown in Fig. 5.2, where signals of the nuclear ion are measured to
represent the ionization yield.

By comparing the theory in Fig. 5.1 and experiments in Fig. 5.2(c), one can readily
identify a broad ionization peak between 100 fs and 300 fs in both cases, which is fairly
impressive given the ionization occurs at such large internuclear distances, where molecular
physics is not so expected, as discussed in Chapter 3. To move beyond such qualitative
agreement, we further examine the peak position of the broad ionization peak, where theory
predicts τ ≈ 170 fs while experiment locates the ionization peak at τ ≈ 250 fs. We also note
that the enhancement between τ = 100 fs and τ = 300 fs are different between experiments
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Figure 5.2: (a,b) The yield of H+ + D+ events mapped as a function the pump-probe
delay and KER. The high-KER component is due to the ionization of bound HD+. The
tail extending to lower KER is due to ionization of the dissociating HD+ wavepacket, and
it exhibits a broad enhancement around 250 fs. (c) The integrated yield in “tail” associated
with ionization of the dissociating wavepacket indicates a 1.75± 0.33 times enhancement in
the ionization of the dissociating wavepacket between 200 and 300-fs delay.

and theory.
To explain such discrepancy, it is now a good time to review those approximations in

calculations, which might provide hints for what one should expect for experiments. First,
the nuclei are fixed in the ionization calculation, assuming the nuclei are moving much slower
than the electron, which should be reasonable from a qualitative perspective. However,
during the probe pulse — with a FWHM of 10 fs and a total propagation time of 41 fs — the
nuclei could still have an appreciable displacement. We show, in Fig. 5.3, a dissociating
wavepacket — on the 2pσu channel — for the dominant initial vibrational state v = 9 in
H+

2 dissociation, where different pump-probe delays are shown. One could readily notice
that the wavepacket moves about 13 a.u. during the probe pulse. If the nuclear motion is
included in the ionization process, we would expect the broad peak in the delay-dependent
ionization yield in Fig. 5.1 to be even broader.

The second approximation in the calculation is that we do not include the nuclear angular
dependence in the ionization process, where we simply take an angular cut along the laser
polarization direction. This indicates that the ionization for lower effective intensity are
not included in the calculation. Another intensity-relevant mismatch between experiments
and theory is the intensity averaging, which is omitted due to limited computing resources.
This also leads us to lower intensities. To our knowledge, changing the intensity could
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5.3. Comparison with experiments

shift the peak position of the ionization yield in Fig. 5.1. In fact, we have tried one other
higher intensity for the ionization calculations and seen the ionization peak slightly moving
to smaller τ . Our calculation also indicates that the enhancement of ionization at large τ
is sensitive to the pulse length. With these factors in mind, we would therefore expect the
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Figure 5.3: Dissociation wavepacket on 2pσu channel with the initial vibrational state v = 9,
by a Gaussian pulse with a FWHM of 20 fs, a wavelength of 780 nm, and an intensity of
1× 1014 W/cm2, at delay τ = 220, 230, 240, 260 fs.

width, the position and the enhancement of the ionization peak in term of τ to be different in
experiments from theory, which — to some extent — explains the quantitative gap between
the theory (Fig. 5.1) and experiments (Fig. 5.2)(c).

Finally, in theory — as stated above — the oscillation feature found in Fig. 3.1 is washed
out in the τ -dependent yield after taking the dissociating wavepacket and Franck-Condon
averaging into account. In Fig. 5.2(c), however, some oscillation structures can be found
in the τ -dependent yield in the experiment, which should be attributed to the strong-field
two-center effects if they are physical since the error bar in this experiment is comparable to
the oscillation amplitude. We note, in principle, such strong-field two-center interference in
the total yield can be measured by a sophisticated experimental apparatus, e.g. selecting a
pump pulse with much smaller bandwidth—thus significantly reduced wavepacket width—in
a vibronic-resolved experiment.
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Chapter 6

An optimized absorbing potential for
ultrafast, strong-field problems

6.1 An introduction to absorbing potentials

To theoretically describe highly nonperturbative interactions — such as strong-field
physics — in a fully quantitative manner, the best option is usually to numerically solve
the time-dependent Schrödinger equation (TDSE). One of the most popular approaches
to practically solving the TDSE represents the wave function on a finite spatial grid with
boundary conditions applied at its edges. In general, such a grid needs to be large enough
so that there are no reflections from the boundaries which behave as infinitely hard walls.
Otherwise, the reflections might lead to unphysical changes in the observables. For example,
an ionized wavepacket reflected from the boundary back to the origin might be driven by
the laser field into bound states, thus reducing the total ionization yield.

The most direct way to avoid such spurious reflections is to move the boundary further
away. Since the grid density is fixed physically by the highest energy, however, this requires
more grid points which, in turn, incurs a greater computational cost. In fact, the large
grids required to describe current experiments have become a key bottleneck to improving
the numerical efficiency of solving the TDSE, especially as laser wavelengths push beyond
800 nm.

Fortunately, if the wave function at large distances can easily be reconstructed or is
not of interest, it can be absorbed at a sufficiently large distance that it does not affect the
dynamics at small distances. Applying such absorption techniques, one can generally reduce
the box size significantly. The absorb-and-reconstruct strategy was probably first developed
by Heather and Metiu [134] which they demonstrated for strong-field dissociation. Their
work has been adopted in hundreds of papers since. A new implementation following this
philosophy [135, 136] has proven similarly effective.

Among the various methods to effect absorption at the boundary, the most widely used —
and probably the simplest — method is the complex absorbing potential (CAP) [137–150]
or the closely related masking function [151]. Another increasingly popular absorbing-
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boundary technique is exterior complex scaling [152–156], where one rotates the coordi-
nate into the complex plane at large distances. Other, less common, methods to treat the
boundary reflection include time-dependent coordinate scaling [157–159], the interaction
representation [160–162], and Siegert-state expansions [163]. While these methods are lo-
cal in time and vary from exact to approximate, it is also possible to construct a perfectly
transparent boundary using Feshbach projection techniques [146]. The disadvantage of such
methods is that they require the wave function from previous times and are thus nonlocal
in time. In this work, we will focus on the CAP due to its popularity and the simplicity of
its implementation. Our goals are to make it both more efficient and more effective.

Although the CAPs utilized in previous studies are predominantly polynomials [141,
142, 145–147, 149, 150], other types of absorbing potentials such as cos2 [148], Pöschl-Teller
(1/ cosh2)[137], and a pseudo-exponential [exp(−x−n)] [138, 139] have also been used. In
most of these works, the CAP’s performance is examined by studying the dependence of the
reflection R and transmission T coefficients on the energy. Riss and Meyer [141], for instance,
carefully investigated the properties of R and T for polynomial CAPs, finding some difficulty
in treating low energies. They characterized their optimized potential parameters in terms
of the absorbed energy ratio Emax/Emin, where Emin and Emax indicate the minimum and
maximum energies, respectively, for which absorption exceeds a given value. The maximum
ratio they considered, 30, is too small, however, for typical strong-field electronic dynamics.
We will, for instance, consider Emax/Emin=500. Vibok and Balint-Kurti [138, 139] presented
a more optimal CAP — the exp(−x−n) type — for heavy particles, but the range of absorbed
energies was still insufficient for strong-field problems.

Even though R and T provide a clear, quantitative measure of performance, studies of
CAPs in strong-field problems utilizing them can hardly be found. Their absence is likely
due to the inherent time-dependent nature of the strong-field problem and the authors’
consequent focus on wavepacket behavior, losing track of the connection with R and T . In
contrast, we will adopt R as the figure of merit for designing our absorbing potentials for the
strong-field problem, incorporating it as a critical piece in our systematic CAP construction
method.

The major advantage of the CAP is its simplicity. The major disadvantage is that it
has required a relatively large spatial range to be effective, thus consuming non-negligible
computational resources. In this chapter, we improve the performance of the CAP and sys-
tematically design a more optimal — yet general — CAP for strong-field processes. Specifi-
cally, we provide an optimized CAP with a factor of 3–4 reduction in the absorption range
compared to some widely-used CAPs [146]. Our optimized CAP absorbs at a prescribed
level over a large enough energy range to be useful for strong-field processes.

To be clear, while we optimize our CAP for the strong-field problem, it can be readily
adapted and re-optimized for other problems following the procedures we outline below.
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Figure 6.1: The scheme used to characterize a CAP and determine its reflection coeffi-
cient. The edge of the grid is taken to be x = 0, and we require ψ(x=0) = 0 as is typical in
solving the TDSE. We assume incidence from the right as indicated. We define the absorp-
tion range xR from the distance at which the absorbing potential decreases beyond a cutoff
value Vc and can be neglected, |V (xR)| = Vc.

6.2 Theoretical background

Since a time-dependent wavepacket can always be written as a superposition of the
time-independent scattering states, we use the time-independent reflection coefficient as
a quantitative tool for characterizing and designing an optimal CAP. We will require the
CAP’s reflection coefficient to remain below a cutoff value Rc, R 6 Rc, over a given energy
range Emin 6 E 6 Emax. Since the spatial region devoted to the CAP near the edge of the
grid is unphysical, we wish to minimize the computing resources it consumes as much as
possible. Therefore, in this work, our optimization efforts focus on reducing the absorption
range xR, as defined in Fig. 6.1, while meeting the absorption criteria above.

We study one-dimensional CAPs since they can be easily adapted to higher dimensions,
obtaining the reflection coefficient R by solving the Schrödinger equation,[

− ~2

2m

d2

dx2
+ V (x)

]
ψ = Eψ, (6.1)

as indicated schematically in Fig. 6.1. We consider the potential V (x) to be one of the CAPs
listed in Table 6.1. The shapes of all the CAPs considered are generically as in Fig. 6.1 and
are controlled by the following parameters: α2 is the strength of the potential, β mainly
determines its width, and x0 is a shift. These are the parameters that will be varied to
optimize the CAPs.

The JWKB-based CAP obtained by Manolopoulos [144] — labeled M-JWKB in Ta-
ble 6.1 — is qualitatively different from the others, however, in that it requires no opti-
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Table 6.1: The CAPs considered in this work, both from the literature and proposed in this
work.
CAP type V (x) (units of ~2/2m)

quadratic [141, 146] −iα2(x− x0)2

cosine masking function [151] −iα2 log{sec [(x0 − x)/β]}
M-JWKB [144] −ik2

minε(x)
quartic [141, 146] −iα2(x− x0)4

pseudo-exponential [138] −iα2e−β/(x0−x)

Pöschl-Teller [137] −iα2sech2[(x+ x0)/β]
single-exponential (present) −α2e−x/β

double-exponential (present) −α2
1e
−x/(2β) − iα2

2e
−x/β

double-sinh (present) −α2
1/(2 sinh[x/(2β)])− iα2

2/(2 sinh[x/(2β)])2

mization. This simplicity is certainly one of its strengths and derives from the fact that its
reflection coefficient effectively decreases monotonically from unity at zero energy to e−

√
2π/δ

at infinite energy. Its explicit expression is in terms of the Jacobi elliptic function cn(u, k),

ε(x) =

√
cn−4[2δkmin(x0 − x)/

√
2, 1/
√

2]− 1, (6.2)

with x0=2.622/(2δkmin) [144] where kmin=
√

2mEmin/~2. One simply chooses δ from the
condition R(Emin) = Rc.

The first five CAPs in the table are defined to be non-zero only for 0 6 x 6 x0 and
to vanish identically for x > x0. The remaining CAPs are defined for all x, but vanish
exponentially with x. The first four CAPs are some of the most commonly used, with the
cosine masking function recast as a CAP using e−iV (x)∆t ∼ cos1/8[(x− x0)/β].

We include the Pöschl-Teller potential because it is well known to be reflectionless for
specific real values of iα2, suggesting that it might have advantageous properties as a CAP.
It can be shown analytically, however, that this property no longer holds for complex iα2.
In the process of optimizing it for the present purposes, we found that shifting its center off
the grid minimized xR, leaving only its exponential tail on the grid. This result suggested
using instead the simpler family of exponential CAPs included in the table.

We calculate the reflection coefficient numerically using the finite-element discrete-
variable representation (FEDVR) [164, 165] and eigenchannel R-matrix method [90]. See
Appendix C.2 and Sec. 3.1.6 for details. The reflection coefficient can also be calculated
analytically for several of the potentials in Table 6.1. However, we give the analytic solu-
tions (derivations in the appendices) only for the CAPs we propose — namely, the single-
exponential and double-exponential CAPs. The double-sinh potential has no analytic solu-
tion to the best of our knowledge. In these cases, we confirmed that the R-matrix reflection
coefficients agreed with the analytical R to several significant digits.

Since our primary goal is to systematically design an absorbing potential for the strong-
field ionization problem with predetermined properties, we will use atomic units for the
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remainder of our discussion. Our results can be readily applied to other problems, though,
using the derivations in the appendices in which the masses and SI units are explicitly
retained.

6.3 Optimization of proposed CAPs

We demonstrate our optimization procedure in detail below first for the single-
exponential CAP since it is the simplest to optimize. It also establishes a few key results
important for the optimization of our recommended CAPs: the double-exponential and
double-sinh potentials. Whether the solution is analytical or numerical, the procedure we
describe for optimization is the same and can be applied to other CAPs as well. In fact,
this is what we have done for the comparison in Sec. 6.4.

The values of Rc, Emin, and Emax that we will focus on for this discussion are

Rc = 10−3, Emin = 0.006 a.u., and Emax = 3 a.u. (6.3)

We chose this energy range to cover 0.1~ω 6 E 6 14Up for an 800-nm laser pulse at
1014 W/cm2 (Up is the pondermotive energy: Up = I/4ω2 with I the intensity and ω the
laser frequency). This energy range includes essentially all photoelectrons one would expect
to be produced in this typical pulse. In momentum, which is more convenient for the
analytical R, this range corresponds to

kmin = 0.110 a.u. and kmax = 2.45 a.u. (6.4)

Note that 14Up exceeds the highest-energy electrons one would normally expect in a strong-
field problem, but we will show below that this choice has little effect on the resulting xR.
Finally, we use Vc=10−4 a.u. to define xR from |V (xR)|=Vc.

6.3.1 Single-exponential CAP

We take the single-exponential CAP to have the form

V (x) = −~2α2

2m
e−x/β (6.5)

Its reflection coefficient, as shown in Appendix A.1, is

R = e4K arg λ2

∣∣∣∣ J2iK(2λ)

J−2iK(2λ)

∣∣∣∣2 , (6.6)

where the unitless momentum is K = kβ with k =
√

2E and the unitless potential strength
is λ = αβ. To achieve our goal of minimizing xR, we must find the optimal λ and β.
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Figure 6.2: Examples of the reflection coefficient R(K) for a single-exponential CAP with
different potential strengths. The predicted small-K behavior, e−2πK, is shown for compari-
son. The unitless limits Kmin and Kmax for which R(K) 6 Rc holds are also indicated.

Purely imaginary potential

For a purely imaginary potential, λ2 ∝ i, Fig. 6.2 shows the behavior of R as a function
of K. As the figure suggests, one can show from Eq. (6.6) that

R −−−→
K→0

e−2πK . (6.7)

As can also be seen in the figure, increasing the strength |λ2| of the CAP means this
exponential decrease continues to larger K and the large-K tail decreases.

We can thus use Eq. (6.7) to write

Kmin = − 1

2π
logRc, (6.8)

giving
Kmin = 1.10

for Rc = 10−3. From Kmin = kminβ, the scale β is therefore determined:

β =
Kmin

kmin

= 10.0 a.u..

We can now find the required λ2 from

R(Kmax) = R

(
kmax

kmin

Kmin

)
= Rc (6.9)
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since Kmax=kmaxβ. Solving this equation gives

λ2 = 84.7i and xR = 83.4 a.u. (6.10)

This example illustrates the fact that xR can only be substantially decreased if β is
decreased. Thus, Kmin and kmin determine xR, and Kmin is set by the form of the CAP
and its parameters. In general, the smaller kmin is, the more difficult absorption becomes.
Roughly speaking, this behavior can be traced to the need for xR to be large enough for the
potential to contain the longest wavelength to be absorbed.

Complex potential

Given kmin, decreasing β further requires decreasing Kmin. This is not possible with a
purely imaginary single-exponential CAP, so we must allow λ2 to be complex.

The reflection coefficient in Eq. (6.6) still holds for complex λ2 and looks generically like
those displayed in Fig. 6.2 — with the exception that

R −−−→
K→0

e−4πK+4K arg λ2

. (6.11)

This small-K behavior suggests that the best way to reduce Kmin — and thus β and xR — is
to make arg λ2 small (since arg λ2 must be positive to have absorption). That is, we should
make Reλ2 much larger than Imλ2. The fastest decay one can achieve with this approach
is e−4πK which, in turn, sets the limit on how small Kmin can be.

The physical origin of this faster low-K decrease is clear: the real part of the poten-
tial is attractive and accelerates the wave before it encounters the imaginary part of the
potential [146]. Absorption thus occurs at a shorter wavelength where absorption can be
efficient with a much smaller xR. Since Imλ2 must be large enough for sufficient absorption,
however, arg λ2 cannot be zero. The optimum value will be a compromise between these
two factors.

To determine the magnitude of the improvement in xR, we use λ = |λ|eiχ and the
small-K behavior in Eq. (6.11) to write

Kmin =
logRc

4(2χ− π)
. (6.12)

From this, we can find β and Kmax for a given χ. Combining everything and simplifying
reduces the problem to solving Eq. (6.9) for |λ| with R(K) from Eq. (6.6). The resulting
xR as a function of χ is shown in Fig. 6.3.

The figure shows that the optimization problem has been reduced to a one-dimensional
minimization of xR with respect to χ. As expected, the solution,

xR = 57.1 a.u. (6.13)

at χ=0.055π (with |λ2| = 165), lies at small χ. Adding a real part to the absorbing potential
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Figure 6.3: Absorption range and potential depth for a single-exponential CAP, showing
their dependence on the complex phase of λ. The magnitude of λ is determined at each χ
by solving Eq. (6.9).

has thus reduced the absorption range by 32% over the purely imaginary single-exponential
CAP.

Figure 6.3 also shows that at the optimal xR, the potential is 2.62 a.u. deep. This is
roughly equal to Emax, leading to local kinetic energies of approximately 2Emax and thus
requiring a much denser spatial grid in the absorption region. Guided by the figure, however,
we see that a modest few-percent increase in xR to 58.9 a.u. (λ2 = 97eiπ/5) reduces |V (0)|
to 1.25 a.u., making it more computationally attractive. Further reduction in |V (0)| can, of
course, be achieved — at the expense of xR.

Figure 6.4 shows the optimum R for both the purely imaginary single-exponential CAP
of the previous section and the complex single-exponential CAP of the present section. The
coefficients satisfy R 6 Rc for different ranges of the scaled momentum K but the same
range of the physical momentum k. The range of K covered by the complex CAP is smaller
than for the imaginary CAP by the ratio of their respective Kmin’s.

6.3.2 Double-exponential CAP

It has long been known, of course, that adding a real potential improves CAP perfor-
mance [146]. And, given the improvement to the single-exponential CAP afforded by doing
so, it is natural to ask whether we can do even better with a more flexible complex potential.

Since we want to retain the ability to calculate R analytically and since the real part
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6.3. Optimization of proposed CAPs

Figure 6.4: The optimum reflection coefficients for purely imaginary and complex single-
exponential CAPs as a function of the unitless momentum.

must have longer range than the imaginary part, we choose the CAP to be

V (x) = −~2α2
1

2m
e−x/2β − i~

2α2
2

2m
e−x/β. (6.14)

The reflection coefficient, as shown in Appendix A.2, can be written in terms of the confluent
hypergeometric function as

R =

∣∣∣∣ 1F1(η + 2iK, 1 + 4iK,−4γ3λ2)

1F1(η − 2iK, 1− 4iK,−4γ3λ2)

∣∣∣∣2 (6.15)

where

K = kβ λ1 = α1β λ2 = α2β

γ = eiπ/4 Λ =
λ2

1

λ2

η =
1

2
− γΛ.

λ1 and λ2 independent

Given the extra potential parameter, optimizing the double-exponential CAP is clearly
more challenging than for the single-exponential CAP. And, the complicated expression for
R only exacerbates the task. It would therefore be convenient to find a regime in which λ1

and λ2 are independent since this would greatly simplify the optimization.
To this end, we show in Fig. 6.5 the dependence of R on λ1 and λ2. Generally speaking,

λ1 — the coefficient of the longer-ranged, real part of V — controls the low-energy behavior,
while λ2 — the coefficient of the shorter-ranged, imaginary part of V — controls the high-
energy behavior. The underlying physical reasons for these connections are the same as
discussed for the single-exponential CAP.
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Figure 6.5: Illustration of the dependence of R for a double-exponential CAP on the po-
tential strength: (a) λ1 dependence for λ2

2 = 28, and (b) λ2 dependence for λ2
1 = 7.
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Figure 6.5 also shows that for λ1 and λ2 large enough,

R −→ e−8πK (6.16)

for R ∼ Rc. This behavior immediately shows the benefit of the double exponential since it
falls faster than is possible with a single exponential, Eq. (6.11), leading to a smaller Kmin

and thus a smaller xR.
In the regime that Eq. (6.16) holds, Kmin is independent of λ1 and λ2 and takes the value

Kmin = − 1

8π
logRc. (6.17)

For Rc=10−3, Kmin=0.275 which is indeed much smaller than was possible with the single-
exponential CAP.

Minimizing xR now requires fixing λ1 to a large enough value that Eq. (6.16) holds
(λ2

1 & 6 is typically sufficient) and solving Eq. (6.9) for λ2. Using R from Eq. (6.15) and
Kmax=6.125, we find, for instance,

λ2
1 = 6 and λ2

2 = 22.6, leading to xR = 42.4 a.u. (6.18)

and the reflection coefficient shown in Fig. 6.6. There are, however, any number of com-
binations of λ1 and λ2 that satisfy Eq. (6.9). Since xR for the double-exponential CAP is
determined to a very good approximation by λ1 alone, though, one would typically choose
the smallest possible λ1 to obtain the smallest possible xR. At the same time, it should be
noted that xR ∝ log λ1, so it is not terribly sensitive to small changes in λ1. Choosing the
smallest λ1, however, also ensures that |V (0)| is minimized, thereby keeping the numerical
cost down.

λ1 and λ2 not independent

Although xR=42.4 a.u. is a significant improvement over the single-exponential result,
xR=57.1 a.u., we can do better. The way to do this is to consider smaller λ2

1 where there
are particular combinations of λ1 and λ2 for which R falls off faster than Eq. (6.16). Such
behavior permits smaller Kmin and thus smaller xR. Of course, λ1 and λ2 are no longer
independent in this regime, but it is still true that λ1 largely — but not as completely as
above — controls Kmin and λ2, Kmax.

Figure 6.6 illustrates the small-K behavior that we want to take advantage of. For this
combination of λ1 and λ2, R dips below the exponential from Eq. (6.16) for R ∼ Rc as seen
in the figure. At this and other such parameter combinations, a local minimum develops in
R at K near Kmin as shown in the figure. In practice, one searches for these λi combinations
to minimize Kmin while simultaneously ensuring that the local maximum in R remains below
Rc.

To find the minimum value of Kmin, we take advantage of its weak dependence on λ2

by first minimizing with respect to λ1 for some reasonable choice of λ2. With this value
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Figure 6.6: The optimum reflection coefficient as a function of the unitless momentum
for the double-exponential CAP with λ1 and λ2 both independent and not independent.

of λ1, we then solve Eq. (6.9) for λ2. Since there is a weak dependence on λ2, though,
Kmin must be re-minimized for λ1 with this new λ2. Then, Eq. (6.9) must again be solved
and the iteration continued until sufficient convergence in λ1 and λ2 is obtained. Typically,
only a handful of iterations are necessary to find 3 digits. More sophisticated methods of
performing the constrained minimization of xR(λ1, λ2) could, of course, be employed as well.

As above, there are many combinations of λ1 and λ2 that give the smallest Kmin, Kmin =
0.197. But, our ultimate goal of minimizing xR leads us to choose the smallest λ1 possible.
One convenient example for the optimal values is

λ2
1 = 2.69 and λ2

2 = 16.3,

which leads to

β = 1.79 a.u. and xR = 29.9 a.u..

The corresponding R is shown in Fig. 6.6. Although difficult to prove, this choice appears
to be the global optimum for this choice of Emin, Emax, and Rc.

6.3.3 Double-sinh CAP

While straightforward, the optimization procedure outlined above for achieving such a
substantial reduction in xR is somewhat tedious. Fortunately, it needs to be done only once
for a given Rc and ratio Emax/Emin. Should one wish to change Rc or only one of the energy
limits, however, re-optimization is required. It turns out, though, that the latter limitation
can be lifted without compromising on xR.

In general, one expects the reflection coefficient to be unity for E = 0 and E →∞, and
this is the behavior displayed by all the reflection coefficients we have shown. Consequently,
the reflection coefficient necessarily satisfies R(E) = Rc at both low and high energies. As
mentioned in Sec. 6.2, however, the M-JWKB CAP [144] produces an R that decreases
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Figure 6.7: Optimal R for the double-sinh CAP along with the optimal R for the double-
exponential CAP for comparison using parameters in Table 6.2, both as a function of the
unitless momentum.

more-or-less monotonically to a value controllably less than unity at infinite energy. Its
parameters thus do not depend on Emax, removing the need for re-optimizing with changes
in either Emin or Emax. Unfortunately, xR for the M-JWKB CAP turns out to be 118 a.u.
because its R falls off relatively slowly at low energies, leading to a large Kmin.

To retain both the small xR found for the double-exponential CAP and the advantageous
high-energy behavior of the M-JWKB CAP, we have designed the double-sinh CAP:

V (x) = − ~2

2m

α2
1

2 sinh x
2β

− i ~
2

2m

α2
2

4 sinh2 x
2β

. (6.19)

At large distances, this CAP reduces exactly to the double-exponential CAP, thus possessing
its nice long-wavelength, low-energy properties. At short distances, this CAP is dominated
by the −iα2

2/x
2 divergence of the second term. It is this behavior that is inspired by the

M-JWKB CAP and that leads to similarly desirable high-energy behavior.
Unlike the single- and double-exponential CAPs, R for the double-sinh potential is not

analytic as far as we know (unless α1=0 — in which case, it reduces to one-half of the gener-
alized Pöschl-Teller potential [166]). We must thus calculate R numerically, and the optimal
result is shown in Fig. 6.7 along with the optimal double-exponential result for comparison.
Their absorption ranges are xR=28.8 a.u. and xR=29.9 a.u., respectively, confirming that
there is no compromise on xR. We note that the qualitative behavior of the double-sinh R
shown is typical for this CAP.

From the figure, the similarity of the two reflection coefficients at low energies is evident.
Specifically, the value of Kmin — which has the biggest influence on xR — is nearly identical
between the two. In fact, the optimal values of λi from the double-exponential CAP provide
a very good initial guess for the optimization of the double-sinh CAP.

Also evident from Fig. 6.7 is the difference in the two CAPs’ R at high energies. Where
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the double-exponentialR rises back towards unity at high energies, the double-sinhR asymp-
totes to a value less than unity. This value can be approximately calculated, by considering
only the −iα2

2/x
2 behavior of V , to be

R −−−→
K→∞

eπIm
√

1−4iλ2
2 , (6.20)

consistent with the limiting behavior found in Ref. [144].
Given the discussion in Sec. 6.3.1, one might wonder whether allowing the λi to be

complex — rather than real as assumed so far — could improve the CAPs’ performance even
further. The simple answer is that it can. In fact, the double-sinh CAP plotted in Fig. 6.7
has complex λi. We could not, however, find a more optimal double-exponential CAP by
allowing λi to be complex for the present Emin, Emax, and Rc (see, however, Sec. 6.5.2).

Incidentally, Eq. (6.20) gives the reflection coefficient at all energies for a CAP that has
the form −iα2

2/x
2 everywhere (see Appendix A.3). In particular, the reflection coefficient is

not unity at zero energy like the other CAPs we consider and thus corresponds to Kmin=0.
In many ways, such a CAP would be ideal — no optimization would be necessary and λ2

could simply be calculated by setting Eq. (6.20) to Rc. Unfortunately, xR=110 a.u. for such
a CAP, rendering it uncompetitive with our best CAP — although better than the quadratic
CAP often used in the literature (see Table 6.2).

One possible solution would be to simply cut the −iα2
2/x

2 CAP off at some x0. Intu-
itively, this should affect the low-energy behavior of R for wavelengths comparable to and
larger than x0. The reflection coefficient in this case is again analytic (see Appendix A.3),
and it can be seen after some exploration that while this expectation is true, R falls off
at small k more-or-less like 1/(kx0)4 rather than like the exponential decrease of our best
CAPs. Since one chooses x0 for this CAP from

R(kminx0) ∼ 1/(kminx0)4 = Rc, (6.21)

x0 — and thus xR — winds up being large. For instance, xR=57 a.u. for Rc = 10−3, which is
about double that for our best CAP.

In the context of this discussion, the double-sinh CAP can be seen as providing a smooth
cutoff of the −iα2

2/x
2 CAP and similarly leads to modifications of Eq. (6.20) at small

energies.

Fall-to-the-center problem

Whenever an attractive 1/x2 potential is used, one must take care to consider the “fall-
to-the-center” problem. The real-valued version of such potentials are known [167] to have
an infinite number of bound states with energies stretching to −∞— a fact reflected in the
wave function’s oscillating an infinite number of times as x → 0 — so long as the potential
strength exceeds a critical value. This is the quantum-mechanical analog of the classical fall-
to-the-center problem in such potentials. Moreover, this effect is possible even for potentials
that are only 1/x2 for small x like our double-sinh CAP.
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No finite numerical representation — such as the grid methods common for TDSE
solvers — can represent the infinity of oscillations in the fall-to-the-center regime, and any
attempt to accurately represent even a finite number of them will be very costly computa-
tionally.

To understand how to avoid this regime, we must examine the small-x behavior of the
wave function. From Appendix A.3 and using its notation, we see that

ψ −−→
z→0

z
1
2

+(ar−|ai|)/
√

2 exp

[
i
ar + |ai|√

2
log z

]
.

This solution assumes ar > |ai| and shows that even for a nearly purely imaginary CAP,
ai=0, the wave function oscillates an infinity of times as z → 0. Empirically, choosing
ar � |ai| so that the first term above suppresses the wave function for z → 0 is sufficient
to prevent numerical difficulties. Consequently, we have chosen ai=0, which is equivalent to
λ2

2 = a2
r − i/4.

6.3.4 Complex boundary condition

We have so far assumed that the wave function vanishes on the boundary at x = 0 as is
typical for most TDSE solvers. But, if the numerical method used to solve the TDSE is flex-
ible enough to allow complex log-derivative boundary conditions, then additional absorption
can be built in at very little additional cost.

The effect of the complex boundary condition,

1

ψ

dψ

dx
= b, (6.22)

can be most easily illustrated for a free particle. If one imposes Eq. (6.22) at x=0 as in
Fig. 6.1, but with no potential, one obtains the reflection coefficient (see Appendix B for
more details, including the effect on bound-state energies)

R =

∣∣∣∣B + iK

B − iK

∣∣∣∣2 (6.23)

with B = bβ. To have absorption, we must have ImB 6 0; to have maximum absorption,
we must have ReB=0. Thus, setting B = −iK0, we see that R = 0 at K = K0. Such a
boundary condition therefore makes the boundary perfectly transparent to an incident plane
wave of momentum K0 and partially transparent to other momenta. Moreover, it does so
with xR=0.

Unfortunately, this boundary condition by itself cannot compete with the CAPs since
R cannot be made small enough over a large enough energy range. Since implementing it,
in principle, requires no change in the spatial grid, though, the possibility of combining it
with a CAP and reducing xR further is worth exploring.

At low energies, the CAP will dominate the behavior of R, and the boundary condition
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Figure 6.8: Reflection coefficient as a function of the unitless momentum for a single-
exponential CAP with complex boundary conditions: purely imaginary λ2 and complex λ2.

will have little influence. Therefore, one should try to use the boundary condition to modify
the high-energy R where it can dominate the behavior. In general, choosing B ∼ −iKmax

is a good initial guess and allows the reduction of λ— and therefore xR.
It should be noted that a complex boundary condition cannot be used with the double-

sinh CAP due to its singularity at the boundary. Like the centrifugal potential that it
resembles, the double-sinh CAP has one regular solution that vanishes at the boundary and
one irregular solution that diverges at the boundary [144]. Therefore, it is not possible to
form the necessary linear combinations to satisfy Eq. (6.22).

Single-exponential CAP

The reflection coefficient for a single-exponential CAP with a complex boundary condi-
tion is again analytic and is given in Eq. (B.9). The CAP parameters must be re-optimized
along with the value of b, and the procedure is largely the same as described above. The fact
that Kmin is essentially unaffected by the addition of the complex boundary condition — so
long as |B| ∼ |Kmax|— simplifies the process.

Examples of optimal choices are shown in Fig. 6.8 for a purely imaginary CAP and a
complex CAP. Comparison with the reflection coefficients shown in Sec. 6.3.1 shows the effect
of the complex boundary condition through the appearance of the high-energy minimum
close to K = |B|. In both cases, the complex boundary condition has produced a roughly
15% reduction in xR to 71.7 a.u. and 48.1 a.u., respectively.

Double-exponential CAP

Adding a complex boundary condition to the double-exponential CAP also produces an
analytic expression for R as given in Eq. (B.10). Re-optimizing the parameters yields the
reflection coefficient shown in Fig. 6.9. As with the single-exponential CAPs, the boundary
condition has introduced a high-energy minimum near K = |ImB|. Unlike the single-
exponential CAPs, though, the minimum xR was found for ReB 6= 0.
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6.4. Optimal CAP

Figure 6.9: Optimum reflection coefficient as a function of the unitless momentum for a
double-exponential CAP with complex boundary conditions.

This optimum double-exponential CAP continues the pattern that has emerged as we
have found improved CAPs: namely, that we add more structure to R and decrease the
absorption for the mid-range of K. The double-exponential-CAP reflection coefficients in
Fig. 6.6, for instance, have comparatively little structure — mainly a minimum in R. More-
over, this minimum is relatively broad and orders of magnitude lower than Rc. The R shown
in Fig. 6.9, in contrast, has three narrower minima only one order of magnitude or so lower
than Rc.

6.4 Optimal CAP

To determine which CAP — among those listed in Table 6.1 — is the best, we numerically
searched for their optimal parameters, assuming they are purely imaginary potentials. From
the discussion above, we know that each could be improved by including a real potential
and a complex boundary condition, but we expect — and confirmed with spot tests — that
the relative performance of the CAPs will remain qualitatively the same. As mentioned
previously, we selected the CAPs to compare based on their apparent popularity in the
literature or on the claims made for their performance.

In optimizing these CAPs, we follow the principles described in previous sections that
the width of the CAP determines the long-wavelength absorption; and the depth, the short-
wavelength. The optimization is then reasonably straightforward once we identify the pa-
rameters corresponding to the width and depth.

In Table 6.2, we list the optimal parameters we have found for our Emin, Emax, and
Rc. The table includes the resulting values of xR, and we expect that they are the optimal
values to within a few percent. Note that we used δ=0.1 for the M-JWKB CAP based on
the solution of R(Emin) = Rc taken from Fig. 3 of Ref. [144]. We show in Fig. 6.10 the
corresponding reflection coefficients.

The cosine masking function should be regarded as a polynomial CAP since its behavior
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6.4. Optimal CAP

Table 6.2: Comparison of the optimal absorption ranges for all the CAPs considered. The
optimal parameters are given for the electron in our strong-field application — see Eqs. (6.3)
and (6.4) — so that all quantities are in atomic units.

CAP type α2 or (α2
1, α2

2) b β x0 xR

quadratic 1.21× 10−5 — 129 124
cosine masking function 15.9 810 128 124
M-JWKB — — 119 118
quartic 2.40× 10−9 — 112 95
pseudo-exponential 4.54× 105 3.27× 103 240 88
Pöschl-Teller 11.0 20.3 40.0 85
single-exponential 0.849i 10.0 — 84
single-exponential+BC 0.260i −2.04i 10.0 — 72
single-exponential 5.24ei0.11π 5.62 — 57
single-exponential+BC 1.35ei0.11π −2.29i 5.45 — 48
double-exponential (0.839,5.09) 1.79 — 30
double-sinh (0.298e0.104i,0.71e−0.0906i) 1.97 — 29
double-exponential+BC (0.463,1.42) 2.19e−1.37i 1.80 — 28
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Figure 6.10: Optimal reflection coefficients for all CAPs as a function of the electron’s
momentum using the parameters from Table 6.2. They all satisfy the criteria that R 6 Rc

for 0.006 6 E 6 3 a.u., as required.
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6.5. Other absorption criteria

in 0 6 x 6 x0 for the optimal parameters of Table 6.2 is largely indistinguishable from the
quadratic CAP — thus its xR is identical to the quadratic CAP. Similarly, for the optimal
parameters we found, only the exponential tail of the Pöschl-Teller potential remained on
the grid, making its performance essentially identical to that of the purely imaginary single-
exponential CAP.

The absorption ranges xR listed in Table 6.2 display a surprisingly large range — more
than a factor of 4. Comparing only the purely imaginary potentials, the exponential and
Pöschl-Teller forms are more than 30% more efficient than the quadratic CAP. They are
also more efficient than the quartic CAP. So, while the exponential form generally seems
better, the majority of the disparity in Table 6.2 arises from adding a real part to the CAP
and imposing a complex boundary condition.

From Table 6.2, the best performance is found for the double-exponential and double-
sinh CAPs, outperforming the next-best CAP (the complex-valued, complex-boundary-
condition, single-exponential CAP) by roughly 40%. Compared to the next-best purely
imaginary CAP, they hold nearly a factor of 3 advantage in xR. For reference, we tested
the strategy of adding a real part and a complex boundary condition to the quadratic CAP
and found xR shrank only to about 70 a.u. So, while pursuing this strategy with the other
CAPs in the table would reduce their xR, we believe the double-exponential and double-
sinh CAPs would remain the best. Interestingly, since the de Broglie wavelength at kmin

is 57 a.u., our best CAP manages its efficient absorption in a range of only about half this
longest wavelength.

Our recommendation, therefore, is to use the double-sinh CAP when its singularity at
the boundary causes no numerical difficulties. In the cases that it does, then the double-
exponential CAP is the best choice. The remainder of our discussion will thus focus on
these two CAPs.

6.5 Other absorption criteria

The discussion and optimization so far has centered on the Emin, Emax, and Rc from
Eq. (6.3). Other choices may well be needed, however, for other choices of laser parameters
or calculational goals. We thus present in this section the optimal parameters for the double-
exponential and double-sinh CAPs for a selection of likely changes in Emin, Emax, and Rc.

6.5.1 Different energy range

Changing Emax

Computationally, the main challenges in solving the TDSE — especially for current and
future laser parameters of experimental interest — are that in the course of its strongly-
driven dynamics, the electron travels far from the nucleus and gains substantial energy. In
particular, we still expect Emax ∝ Up ∝ I/ω2, so that it will grow either with increasing
intensity or increasing wavelength — both of which are certainly of interest. While Emin

does not change in this case, Emax does, and the CAP must accommodate it.
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6.5. Other absorption criteria

Table 6.3: Optimal parameters for the double-exponential CAP for an electron exposed to
longer wavelengths. Per the discussion in the text, the only impact of wavelength here is on
Emax. All quantities are in atomic units unless otherwise specified.

λ (nm) Emin Emax α2
1 α2

2 β xR

800 0.006 3 0.839 5.09 1.79 29.9
1600 0.006 8.8 1.07 8.37 1.79 30.7
2400 0.006 20 1.31 12.4 1.79 31.5

Under these conditions, the double-sinh CAP from Table 6.2 works without change since
it has no Emax. In fact, this is its primary advantage. The double-exponential CAP, on the
other hand, must be re-optimized for each Emax. As discussed in Sec. 6.2, λ2 needs the
greatest changes — but should have minimal impact on xR — and these expectations are
reflected in the optimal parameters shown in Table 6.3 for two longer wavelengths. These
parameters were found following the same procedure as above with the same kmin and Rc

and with Emax=10Up at 1014 W/cm2. They were found assuming ψ = 0 on the boundary,
but parameters could certainly be found for a complex boundary condition as well. Note
that xR changes less than about 10% as expected.

Changing Emin

In our optimization scheme above, we set Emin to 0.1 ~ω for 800-nm light. This choice
was motivated by the need to ensure that the entire ionized electron wavepacket is absorbed
by the CAP. However, the CAP is often placed at a large distance from the nucleus so that
these very slow electrons may not have time to reach the CAP during the propagation. In
this case, Emin can be increased, thereby decreasing xR.

Modifications to Emin for the double-sinh CAP are straightforward and do not require re-
optimization — again, thanks to the lack of an Emax. Changing kmin just means recalculating
β using β = Kmin/kmin since Kmin is fixed. Figure 6.11 shows the xR that results as a function
of kmin. The figure shows that for modest increases in kmin from our choice in Eq. (6.4),
xR can be decreased substantially. For example, for kmin above about 0.3 a.u., xR is smaller
than 10 a.u. for Rc=10−3. For kmin above about 0.4 a.u., the xR for Rc=10−10 is equal to or
smaller than the original xR=28.8 a.u. for the double-sinh CAP.

For a double-exponential CAP, it is still true that the larger kmin, the smaller λ1 and
λ2, and the smaller xR. However, re-optimization is required to obtain the smallest xR. For
instance, if one can accept doubling kmin to 0.22 a.u., then we can have

λ2
1 = 2.00 and λ2

2 = 9.11, so that xR = 17.0 a.u. (6.24)

with β=0.90 a.u.
On the other hand, the double-exponential CAP can be adjusted just like the double-sinh

CAP if a less-than-optimal xR can be tolerated. Specifically, the values of λ2
i can be kept,

so that Kmin does not change, and β can be recalculated from β = Kmin/kmin. In this case,
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6.5. Other absorption criteria

Figure 6.11: Absorption range xR as a function of kmin for the double-sinh CAP. The
parameters for Rc 6 10−3 can be found in Table 6.4.

kmax grows to kminKmax/Kmin, guaranteeing absorption at the prescribed level beyond Emax.
The resulting xR looks very much like those in Fig. 6.11, except that xR for Rc=10−3 does
not go below 10 a.u. until kmin=0.45 a.u. For comparison, xR=17.4 a.u. at kmin=0.22 a.u.
and is thus slightly worse than the fully re-optimized result in Eq. (6.24).

6.5.2 Different Rc

One of the primary design goals of a CAP is to leave the physical wave function — the
wave function outside the absorption region — unaffected. Of course, this goal can only be
achieved to a given accuracy, and that accuracy is controlled by Rc. To see the relation,
consider the physical wave function written in Fig. 6.1 from which R is extracted,

ψ(x) = e−ikx +
√
Reiϕeikx, x > xR. (6.25)

The second term is precisely the unwanted contribution from reflection, and it is limited
by R 6 Rc by design. Given that this is just one component of the time-dependent wave
function, this error is always relative to the first term. In other words, if one desires n digits
to be accurate, then one should choose Rc=10−2n.

We thus provide in Table 6.4 the optimal parameters for the double-exponential and
double-sinh CAPs with ψ=0 on the boundary, assuming Emin=0.006 a.u. and Emax=3 a.u.
as before, for several smaller Rc. These results show that the absorption range for each
type of CAP is comparable, with the double-sinh CAP tending to be a few percent smaller.
Qualitatively, the reflection coefficients as a function of K resemble those shown previously
for Rc=10−3. As with the other CAP parameters we have given, we expect these to produce
xR within a few percent of the global optimum.

Note that the probability density corresponding to the wave function in Eq. (6.25),

|ψ(x)|2 = 1 +R + 2
√
R cos(2kx+ ϕ), (6.26)
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6.6. Time-dependent demonstration

Table 6.4: Optimal parameters for double-exponential and double-sinh CAPs for Rc 6
10−3.

Double exponential Double sinh

λ2
1 λ2

2 β (a.u.) xR (a.u.) Rc xR (a.u.) λ2
1 λ2

2 β (a.u.)

2.69 16.3 1.79 29.9 10−3 28.8 1.16e0.104i 2.75− 0.25i 1.97
4.83e0.187i 31e0.0968i 2.77 44.7 10−4 40.4 1.78e0.23i 4.30− 0.25i 2.90
7.21e0.0486i 57.6e−0.411i 3.38 54.5 10−5 52.6 2.66e0.346i 6.82− 0.25i 3.87
16.1e−0.219i 80.0 4.02 68.4 10−6 64.2 3.8e0.36i 9.67− 0.25i 4.77
19.4ei0.135π 141e−0.073i 6.64 102 10−8 89.4 6.75e0.46i 17.2− 0.25i 6.77
30.8ei0.132π 232e−0.204i 8.48 130 10−10 109 11.85e0.14i 26.9− 0.25i 8.02
48 355e−0.328i 9.04 144 10−12 132 16.1e0.21i 38.7− 0.25i 9.77

can be useful for diagnosing issues with the CAP in a time-dependent calculation. In
particular, the last term above is the source of the telltale ripples in the probability density
near the edge of a grid. The ripples’ size is limited by

√
Rc and identifying their wavelength

via Eq. (6.26) in a time-dependent wave function reveals the offending energy.

6.6 Time-dependent demonstration

To verify that the improved performance of our recommended CAPs does indeed carry
over to the time-dependent problem and its numerical solution, we solve the TDSE for
free-electron wavepacket propagation. The wavepacket we use possesses a broad momen-
tum distribution comparable to the target momentum range from Eq. (6.4), as shown in
Fig. 6.12(a).

We again use FEDVR as the spatial representation and propagate the wave function
using the short-time evolution operator

ψ(x, t+ δ) = e−iHδψ(x, t) (6.27)

where the Hamiltonian includes the CAP V (x),

H = H0 + V, (6.28)

and H0 is merely the kinetic energy in the present case. We evaluate e−iHδ using the split-
operator form [168]

e−iHδ ≈ e−iV
δ
2 e−iH0δe−iV

δ
2 . (6.29)

Since V is diagonal in FEDVR, e−iV δ/2 can be easily evaluated and applied. Moreover,
in this form, the singularity in the double-sinh CAP causes no problems whatsoever. The
action of the remaining term in H0 is calculated via a Padé approximation [112].

Equation (6.29) is a simple and convenient way to add a CAP to any propagator. In
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Figure 6.12: (a) Momentum distribution of the free wavepacket, covering 0.11 6 k 6
2.45 a.u. (b) Demonstration of the Rc=10−6 double-sinh CAP using a free wavepacket. Solid
lines show the with-CAP wavepacket, calculated for −600 6 x 6 600 a.u.; and dashed lines,
the without-CAP wavepacket, calculated for −600 6 x 6 1200 a.u. Inset: Expanded view of
the absorption region 536 . x 6 600 a.u. for clearer comparison.
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6.7. Summary

many cases, the alternative, keeping the CAP in H, would require modifications of the
propagation algorithm or parameters to handle its non-Hermiticity or the singularity of the
double-sinh CAP — or both. These issues were discussed somewhat in Sec. 6.3.3 and more
in Ref. [144]. Using Eq. (6.29) avoids these concerns and is more than sufficient for the
application of the CAP.

The FEDVR element distribution is uniform in the range −600 a.u. 6 x 6 1200 a.u.,
and we require ψ = 0 at the boundaries. Given that the wavepacket is initially centered
near x = 0, this box is large enough for the wavepacket to propagate for 10 fs without
significant reflection at the boundaries even without CAPs. This will be our reference
solution. We carry out a second, identical propagation but apply the double-sinh CAP at
536 a.u. . x 6 600 a.u.. For this example, we choose the CAP designed to have Rc = 10−6

using the parameters shown in Table 6.4. We thus compare the wavepacket with and without
applying the CAP. All the results have been tested to be converged to at least 3 digits with
respect to all numerical parameters.

Figure 6.12 shows the two wavepackets at different times. It is clear that the CAP is
performing as expected since the wavepacket decays in the absorbing region without any of
the characteristic oscillations of reflections visible — at least without enlarging the plot by a
factor of four or five. For comparison, the wavepacket without a CAP equally clearly shows
the reflection oscillations at t=13.1 fs for reflections from the boundary at x=1200 a.u.

In addition, the with-CAP wavepacket is numerically unaffected before entering the
absorbing region, agreeing with the without-CAP wavepacket to at least 3 digits for x .
536 a.u. for all times, even as more than 70% of the wavepacket has been absorbed. This
agreement shows that the absorption range xR defined in the time-independent study is
consistent with the results from the time-dependent propagation.

Enlarging Fig. 6.12 by a factor of at least four or five will reveal the tiny reflection ripples
in the with-CAP wavepacket near and in the absorption region. Their relative magnitude
is about 10−3=

√
Rc as expected. Per the discussion in Sec. 6.5.2, such oscillations are

unavoidable with a CAP and testing with other CAPs and values of Rc further support the
conclusions there. For example, the oscillation for Rc=10−3 becomes fairly noticeable, which
suggests that Rc should in practice be no larger than 10−4 — i.e., two digits in the wave
function — to provide quantitatively reliable results. Finally, we note that the roughly 15-fs
propagation time is comparable to a typical strong-field calculation, bringing some realism
to this simple demonstration.

6.7 Summary

We have presented a systematic study to boost the performance of complex absorbing
potentials. Based on the time-independent reflection coefficient, we were able to quanti-
tatively design the most optimal absorbing potential of a given form. In particular, for
ultrafast, strong-field TDSE solvers, the optimal CAP parameters should be determined by
the absorbing energy range required for the laser parameters and by the desired accuracy
of the TDSE solutions.
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6.7. Summary

We proposed two new CAPs — namely, the double-sinh CAP and the double-exponential
CAP — that significantly outperform the CAPs currently in standard use. Their superior-
ity was demonstrated through comparison with optimized versions of most of the CAPs
commonly found in the literature. Both of our proposed CAPs overcome the primary im-
pediment to efficient performance — absorption of long wavelengths — while also absorbing
a large range of energies that covers basically all strong-field processes. Because we quan-
tified the CAP’s performance and identified xR as the figure of merit for their efficiency,
we could show that using an exponential CAP already improved on the common quadratic
CAP’s performance by one third. A further factor of almost three was gained, however, by
adding a real part to the CAP — a strategy well known in other uses of CAPs, but not in
strong-field applications.

We highly recommend the double-sinh CAP for local spatial representations, such as
FEDVR where the potential is diagonal. It is efficient, easy to use, and easy to adapt to
different absorption criteria — i.e., energy range and level of absorption. Incorporating it
into the time propagation via split-operator methods is easy and effective.

For other spatial representations, the double-sinh and the double-exponential CAPs are
equally recommended. However, care might need to be taken for the double-sinh singularity
close to the boundary. In case the double-sinh singularity is a problem for the propagator, the
double-exponential CAP should be chosen. Although optimization of the double-exponential
CAP is more involved than for the double-sinh CAP, it is still fairly straightforward. Its
optimization procedure, along with that for the double-sinh CAP, is detailed in this work.
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Chapter 7

Conclusive Remarks and Outlook

In this dissertation, we have developed/implemented new numerical frameworks to
more accurately and efficiently study ultrafast, strong-field molecular ionization by solv-
ing the time-independent/time-dependent Schrödinger equations. We have investigated a
time-independent picture: structure of the one-dimensional hydrogen molecule in adiabatic
hyperspherical representation, where all breakup channels — including ionization — can be
identified in a single picture, showing its advantage to study strongly correlated molecular
dynamics with different breakup channels coupled with each other. We have also presented
time-dependent studies of molecular ionization by numerically solving the TDSE, where
various computational efforts have been dedicated to an efficient TDSE solver, such as
choosing an appropriate coordinate system to prevent potential numerical hurdles, design-
ing an optimal complex absorbing potential to reduce the spatial box size, and implementing
a sparse-direct linear solver to take full advantage of the sparsity of the TDSE. Molecular
ionization has been studied at large internuclear distances, where we have found strong-
field two-center effects beyond both Young’s double-slit interference and Cohen and Fano’s
picture of one-photon molecular two-center interference. Such a study suggests that molec-
ular two-center dynamics have to be taken into account for studies of diatomic molecular
ionization. Furthermore, a pump-probe study comparing experiments and theory has re-
vealed a pronounced broad ionization peak at large pump-probe delays, which is partially
attributed to the strong-field two-center effects, indicating the strong-field two-center effects
in molecular ionization can be measured in experiments, even though its details might be
system-dependent. Moreover, we have shown for the first time the low energy structure in
molecular ionization in long wavelength lasers by solving the TDSE.

In the future, a few works along the lines of projects studied in this thesis are worth
further exploring. For example, it would be interesting to observe molecular low energy
structure coupled with the strong-field two-center effects by showing the low energy photo-
electron spectrum as a function of large R’s. Another possibility is to include nuclear motion
in the molecular ionization, where one could study the non Born-Oppenheimer effect in the
low energy structure in molecular ionization. One could also examine the impact of nuclear
motion on the strong-field two-center effects. Including nuclear motion in strong-field molec-
ular ionization involving 3D electron, however, is a non-trivial, computationally demanding
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task. With a workstation similar to the one used in this thesis, it would be almost un-
feasible unless further improvements being made within our current numerical framework.
Fortunately, there are a couple of things one could try to optimize the one-electron TDSE
solver, such as applying dynamical grid on any “radial” coordinates, using high-order prop-
agation scheme to increase the time step, and modifying the matrix representation to take
full advantage of parallel architectures.
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Appendix A

Reflection coefficients

A.1 Reflection coefficient for single-exponential CAP

We start from the Schrödinger equation for the single-exponential CAP:[
− ~2

2m

d2

dx2
− α2~2

2m
e−x/β

]
ψ = Eψ =

~2k2

2m
ψ. (A.1)

Setting z = x/β gives [
− d2

dz2
− λ2e−z

]
ψ = K2ψ, (A.2)

where λ ≡ αβ and K ≡ kβ. We define

ξ = 2λe−z/2,

so that Eq. (A.2) becomes [
ξ2 d

2

dξ2
+ ξ

d

dξ
+ ξ2 + 4K2

]
ψ = 0. (A.3)

This is Bessel’s equation; the general solution is thus

ψ = CJ2iK(ξ) +DJ−2iK(ξ). (A.4)

To obtain the reflection coefficient, we need C and D and we need to analyze the asymp-
totic behavior of these solutions. Starting with the latter, the z → ∞ (x → ∞) behavior
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A.2. Reflection coefficient for double-exponential CAP

can be found from the ξ → 0 expansions,

J2iK(ξ) −−−→
z→∞

λ2iK

Γ(1 + 2iK)
e−iKz

J−2iK(ξ) −−−→
z→∞

λ−2iK

Γ(1− 2iK)
eiKz. (A.5)

To find C and D, we impose the x = 0 boundary condition,

ψ(x = 0) = ψ(z = 0) = ψ(ξ = 2λ) = 0. (A.6)

Thus,

D = − J2iK(2λ)

J−2iK(2λ)
C. (A.7)

Finally, the asymptotic solution reads

ψ −−−→
z→∞

C

[
λ2iK

Γ(1 + 2iK)
e−iKz − λ−2iK

Γ(1− 2iK)

J2iK(2λ)

J−2iK(2λ)
eiKz

]
. (A.8)

From this expression, the reflection coefficient can be found to be

R = e4K arg λ2

∣∣∣∣ J2iK(2λ)

J−2iK(2λ)

∣∣∣∣2 . (A.9)

Note that if λ is real, then R ≡ 1 as it should with no absorption.

A.2 Reflection coefficient for double-exponential CAP

As in App. A.1, we start from a unitless Schrödinger equation,[
− d2

dz2
− λ2

1e
−z/2 − iλ2

2e
−z
]
ψ = K2ψ. (A.10)

with
z =

x

β
λ1 = α1β λ2 = α2β K = kβ. (A.11)

We assume both λi are real, making the longer-range potential real in accord with the
discussion in the text. That is, the real potential accelerates the wave before it encounters
the absorbing potential.

Defining

ξ = 2λ2e
− z

2 and Λ =
λ2

1

λ2

, (A.12)
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A.3. Reflection coefficient for −iα2
2/x

2 CAP

we get [
ξ2 d

2

dξ2
+ ξ

d

dξ
+ 2Λξ + iξ2 + 4K2

]
ψ = 0 (A.13)

This form of the equation makes clear the motivation for our choice of potential: having
one potential being the square of the other (in form) produces the polynomial in ξ seen in
the equation. Since the polynomial is quadratic, the equation has analytic solutions.

Setting γ = eiπ/4 and η = 1
2
− γΛ, the solution can be written as

ψ = eγ
3ξ+2iK ln ξ

[
C U(η + 2iK, 1 + 4iK,−2γ3ξ) +DL4iK

−η−2iK(−2γ3ξ)

]
, (A.14)

where U and L are the confluent hypergeometric and Laguerre functions, respectively.
Analyzing the asymptotic behavior, we have

eγ
3ξ+2iK ln ξU −−−→

z→∞

(2λ2)2iKΓ(−4iK)

Γ(η − 2iK)
e−iKz +

(2λ2)−2iK2−4iKe−πKΓ(4iK)

Γ(η + 2iK)
eiKz

eγ
3ξ+2iK ln ξL −−−→

z→∞
(2λ2)2iKL4iK

−η−2iK(0)e−iKz. (A.15)

The boundary condition ψ(x = 0) = 0 gives

D = −U(η + 2iK, 1 + 4iK,−4λ2γ
3)

L4iK
−η−2iK(−4λ2γ3)

C. (A.16)

The reflection coefficient can now be extracted, and a little algebra applied, to give

R =

∣∣∣∣ 1F1(η + 2iK, 1 + 4iK,−4γ3λ2)

1F1(η − 2iK, 1− 4iK,−4γ3λ2)

∣∣∣∣2 . (A.17)

For a purely real V (i.e., λ2 → 0), we recover R = 1 as we should. For λ1 = 0, R reduces
to the single-exponential expression Eq. (A.9) with λ purely imaginary.

A.3 Reflection coefficient for −iα2
2/x

2 CAP

We start from the Schrödinger equation[
− ~2

2m

d2

dx2
− ~2

2m

ia2 + 1
4

x2

]
ψ =

~2

2m
k2ψ. (A.18)

Defining z = kx, we must solve [
− d2

dz2
−
ia2 + 1

4

z2

]
ψ = ψ. (A.19)
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A.3. Reflection coefficient for −iα2
2/x

2 CAP

The general solution is

ψ =
√
z

[
CJa/γ(z) +DJ−a/γ(z)

]
(A.20)

with γ=eiπ/4 as before. Since we require ψ(0)=0, we need the small-z behavior of the Bessel
functions

Jν(z) −−→
z→0

1

Γ(1 + ν)

(
z

2

)ν
. (A.21)

For the general case of complex a, a = ar + iai, one can show that requiring the real part of
the potential to be attractive and the imaginary part to be absorbing leads to

ar > 0 and ai < 0 with |ar| > |ai|. (A.22)

These conditions, together with Eq. (A.21), require us to set D=0.
Finally, using the large-z behavior of the Bessel function,

√
zJa/γ(z) −−−→

z→∞

√
2

π
cos

(
π

4
+
aπ

2γ
− z
)
, (A.23)

allows us to extract the reflection coefficient,

R = e−
√

2π(ar−ai). (A.24)

Keeping in mind that ai < 0 under the conditions we have assumed, this equation shows that
both the real and imaginary parts of the CAP contribute to decreasing the final absorption.
We also see that this equation is identical to Eq. (6.20) once the conversion from a to λ2 is
made.

Effect of truncation

If we are willing to sacrifice the energy independence of R at small energies by truncating
the CAP at x0,

V =

{
− ~2

2m

ia2+ 1
4

x2 x 6 x0

0 x > x0

, (A.25)

then one can again obtain an analytic expression for the reflection coefficient.
The wave function is

ψ =

{
AF (z) z 6 z0

Ce−i(z−z0) +Dei(z−z0) z > z0

(A.26)
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A.3. Reflection coefficient for −iα2
2/x

2 CAP

with z0 = kx0 and F (z) =
√
zJa/γ(z). The reflection coefficient is thus

R =

∣∣∣∣DC
∣∣∣∣2 =

∣∣∣∣F (z0)− iF ′(z0)

F (z0) + iF ′(z0)

∣∣∣∣2. (A.27)

The notation F ′ indicates a derivative with respect to z, F ′ = dF/dz, and the log-derivative
of F at z0 is

F ′

F

∣∣∣∣
z=z0

=
1− 2a/γ

2z0

+
Ja/γ−1(z0)

Ja/γ(z0)
. (A.28)

A plot of the reflection coefficient from Eq. (A.27) looks qualitatively like the double-
sinh reflection coefficients in Figs. 6.7 and 6.10. However, instead of falling exponentially
with k at small k, it falls more slowly — like 1/z4

0 = 1/(kx0)4. In addition, because of the
sharp cutoff in the potential, R oscillates in z0 with minima separated by π at positions
corresponding roughly to z0 = kx0 = nπ.
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Appendix B

Complex boundary condition

B.1 Zero potential

It is easiest to understand the effect of the complex boundary condition (b is complex)

1

ψ

dψ

dx
= b (B.1)

from the free-particle equation

− d2

dz2
ψ = K2ψ (B.2)

in the same unitless notation as in the previous appendices. In this notation, we must
require

1

ψ

dψ

dz
= B, (B.3)

where B = bβ. The solution is, as usual,

ψ = CeiKz +De−iKz. (B.4)

When combined with the boundary condition, one finds

R =

∣∣∣∣B + iK

B − iK

∣∣∣∣2. (B.5)

As discussed in the text, this R goes to zero at K = K0 when B = −iK0. Physically,
this condition corresponds to setting an outgoing-wave boundary condition (on the left
boundary) for an incident momentum K0. The boundary is thus perfectly transparent at
this momentum, but imperfectly so at other momenta.
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B.2. Effect on bound states

B.2 Effect on bound states

It is natural to ask what effect such a boundary condition might have on the energies of
any bound states in the system. One general way to answer this question is to consider an
arbitrary potential at z = 0 and write

ψ =

{
AF (z) z 6 z0

Ce−κ(z−z0) +Deκ(z−z0) z > z0

(B.6)

with κ = β
√

2m|E|/~2 and F (z) the energy-dependent solution appropriate to the arbitrary
potential satisfying the required boundary condition at z = 0. Although this specific de-
scription assumes a short-range potential, a similar argument can be made for the Coulomb
potential.

The wave function in Eq. (B.6) must satisfy the log-derivative boundary condition from
Eq. (B.3) at z = z1 — this is why the exponentially-growing solution must be retained.
Imposing this boundary condition leads to the following transcendental equation for the
energy of the bound state:

F ′(z0) + κF (z0) =
B + κ

B − κ
[
F ′(z0)− κF (z0)

]
e−2κ(z1−z0). (B.7)

This equation should be compared with the physical quantization condition

F ′(z0) + κF (z0) = 0, (B.8)

to which Eq. (B.7) reduces in the z1 →∞ limit as it should.
Since in any practical numerical solution of the TDSE the boundary of the numerical grid

must be large compared to the size of the bound state, we will have z1 � z0. Therefore, so
long as B−κ 6= 0, the exponential term on the right-hand-side of Eq. (B.7) will dominate —
and thus make Eq. (B.7) a very good approximation to Eq. (B.8) — guaranteeing that the
real part of the energy found with the complex boundary condition will be very close to
the physical energy. To be sure, it will acquire a small imaginary part reflecting the decay
of the ground state due to the complex boundary condition, but it should be completely
negligible.

This result for the bound-state energies is completely consistent with the intuitive notion
that the effect of the complex boundary condition — indeed the CAPs, too — on the bound
states should be negligible so long as the bound-state wave function is vanishingly small at
the boundary z = z1 (or in the absorbing region of the CAP).

B.3 Single- and double-exponential CAPs

The reflection coefficient for the single-exponential CAP with a complex boundary con-
dition is still analytical. It is found by imposing Eq. (B.3) on the general solution for the

111



B.3. Single- and double-exponential CAPs

single-exponential CAP from Eq. (A.4). After a little algebra, one obtains

R = e4K arg λ2

∣∣∣∣ (B + iK)J2iK(2λ)− λJ1+2iK(2λ)

(B − iK)J−2iK(2λ)− λJ1−2iK(2λ)

∣∣∣∣2. (B.9)

The same procedure can be carried out for the double-exponential CAP using the general
solution from Eq. (A.14) to find

R =

∣∣∣∣ (B+iK+γ3λ2) 1F1(η+2iK, 1+4iK,−4γ3λ2)− 2γ3λ2(η+2iK) 1F1(η+2iK+1, 2+4iK,−4γ3λ2)/(1+4iK)

(B + iK + γ3λ2) 1F1(η − 2iK, 1− 4iK,−4γ3λ2)− 2iK 1F1(η − 2iK,−4iK,−4γ3λ2)

∣∣∣∣2 . (B.10)

Note that both Eq. (B.9) and Eq. (B.10) reduce to the reflection coefficient with ψ = 0
in the B →∞ limit as they should.
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Appendix C

Spatial representations

C.1 Basis splines representation

Using the B-splines representation to solve the Schrödinger equation has already been
detailedly documented previously [111, 169]. Here we will provide a brief summary. The
basic idea of the B-splines method is to represent the unknown wave function by a linear
combination of locally defined polynomials, the splines. For example, a two-dimensional
wave function Ψ(x, y) could be written as

Ψ(x, y) =
∑
i,j

cijui(x)vj(y) (C.1)

where ui/vj are the splines. For nth-order splines, the local polynomials are defined such
that the function and its derivative up to n − 1 orders are continuous. An example of
the 5th-order splines are shown in Fig. C.1 on a 11-points grid uniformly distributed for
0 6 x 6 1. The thick spline in Fig. C.1 is identically zero for x 6 0.2 and x > 0.8, and
its function and up to 4th-order derivatives are continuous within the range 0.2 6 x 6 0.8.
By applying Eq. (C.1) to the time-dependent Schrödinger equation (TDSE) in Sec.3.1 and
projecting out the two-dimensional splines, one derives the Schrödinger equation in B-splines
representation. The matrix form of the resulting equation reads like Eq. (3.14).

In B-splines, each spline only interacts with the nearest n (the order) splines. This
special property leads to banded matrices for the Hamiltonian and the overlap, making the
eigenvalue problem in the time-independent Schrödinger equation or the linear equation
in the time-dependent Schrödinger equation readily solvable either using ARPACK banded
matrix routines [86], or LAPACK banded matrix routines [170].

Finally, we need to address the imposition of boundary conditions, which is straightfor-
ward in B-splines. We only consider three cases: no boundary, Psi = 0, and Psi′ = 0. First,
no boundary condition requires no action, as in Fig. C.1. Second, for zero wave function
boundary condition, one simply remove the left-most or the right-most spline. Finally, for
zero derivative boundary condition, last two splines on the boundary need to be replaced
with one spline—the average of the two.
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C.2. Finite-element discrete variable representation
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Figure C.1: The basis splines un(x) on a uniform grid. The thick line indicates the spline
that is nonzero only for 0.2 < x < 0.8.

C.2 Finite-element discrete variable representation

The contents in this section are adapted from a note originally from Brett Esry. One
other similar version has appeared in the PhD thesis by Christian Madsen [171].

We want to write down the details of using finite-element discrete variable representation
(FEDVR) to solve one-dimensional time-independent Schrödinger equation, as in Sec. 6.2.
It’s trivial to adapt it to the time-dependent Schrödinger equation. The generalization to
higher dimensions using the direct-product form for the wave function is also straightforward.

The idea of FEDVR is to take a domain [a,b] and split it into a number of elements,
Ne. Then, within each element, expand the solution on a cardinal function basis giving
the discrete variable representation (DVR). The solution will be matched at each boundary
between elements, but we will only match the function, not the derivative. The book on
spectral elements—the engineering term for FEDVR—by Boyd [172] has many details, but
we will give the ones specific to our applications. First, the basis functions, or the cardinal
functions are required to have the property

un(xi) = δni (C.2)

where i runs from 1 to N over the grid points in a given element, and n runs from 1 to
N over all elements of basis. For the following discussions, we will assume each element
[xj, xj+1] has been mapped to the logical domain [−1,+1] using

x =
xj+1 − xj

2
y +

xj+1 + xj
2

, y ⊆ [−1, 1]. (C.3)
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C.2. Finite-element discrete variable representation

We write our basis function as

un(y) =
(1− y2)φ′N−2(y)

[(1− y2
n)φN−2(yn)]′(y − yn)

, (C.4)

where the φn’s are the orthogonal polynomials of the Gauss-Lobatto quadrature (see Page
888 of Ref. [173]) with the end points fixed at ±1. The grid points yn are chosen as the
zeros of one of the φn’s. This connection is what makes this a DVR approach and is also
what it ties to Lobatto quadrature.

To solve the Schrödinger equation, we need to expand the wave function as

Ψ(x) =
∑
jn

cjnu
j
n(x) (C.5)

where j is the element label to indicate where the un is defined. Note that Ψ(xjn) = cjn.
Continuity of the wave function at element boundaries requires

Ψ|x=xj− = Ψ|x=xj+ , thus cjN = cj+1,1 (C.6)

So,

Ψ =
Ne−1∑
j=2

[
N−1∑
n=2

cjnu
j
n + cjN(ujN + uj+1

1 )

]
+

N∑
n=2

cNenu
Ne
n +

N−1∑
n=1

c1nu
1
n (C.7)

Applying the variational principle for the c’s gives

HHHccc = ESSSccc (C.8)

The overlap matrix is

Sαβ = < uj
′

n′|u
j
n >= δj′j < ujn′ |u

j
n >

=δj′j

∫ xj+1

xj

dxujn′(x)ujn(x)ρ(x) = δj′j
xj+1 − xj

2
wnρnδn′n (C.9)

with ρ as the volume element and w as the weights of the Gauss-Lobatto quadrature. This
applies to all cases except n = 1 or N . In these cases, we need

Sαβ =< uj
′
N + uj

′+1
1 |ujn >= δj′j

xj+1 − xj
2

wNρNδnN + δj′+1,j
xj+1 − xj

2
w1ρ1δn1 (C.10)

and,

Sαβ =< uj
′
N + uj

′+1
1 |ujN + uj+1

1 >= δj′j
xj+1 − xj

2
wNρN + δj′j

xj+2 − xj+1

2
w1ρ1 (C.11)

Inspection of these expressions and the form of Ψ shows that the overlap matrix consists
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C.2. Finite-element discrete variable representation

of diagonal N × N block matrices in one element, and they overlap at the corners due to
continuity.

Next,we evaluate the Hamiltonian which consists of the kinetic energy matrix and the
potential energy matrix. The kinetic energy matrix elements can be evaluated within each
element, then the total matrix constructed as

T jn′n = < un′|T |un >= − 1

2µ

∫ xj+1

x′j

dxρun′(x)
1

ρ

d

dx
(ρ
d

dx
)un(x) (C.12)

=− 1

2µ

2

xj+1 − xj
[δn′Nρ(xj+1)un(1)− δn′1ρ(xj)un′(−1)]

+
1

2µ

2

xj+1 − xj

∫ 1

−1

ρdyu′n′u
′
n (C.13)

The question is whether the surface terms survive when we build the full kinetic energy
matrix. To answer this question, the argument generally proceeds as follows: if one integrate
the kinetic energy by parts on the whole domain boundaries [x1, xNe+1], all bases satisfy
u = 0 or u′ = 0 at the domain boundaries (or ρ = 0) so the surface terms at x1 and xNe+1 do
vanish. The kinetic energy matrix elements are then simply taken to be the above results
minus the surface terms. This is called the weak form of the differential equation, while the
second derivative — as in Eq. (C.12) — is the strong form. The weak form is used for basis
functions with discontinuous first derivatives. Thus

T jn′n =
1

2µ

2

xj+1 − xj

N∑
i=1

ρiwiu
′
n′(yi)u

′
n(yi) (C.14)

and the full kinetic energy matrix is composed of these elemental T-matrices. Finally the
potential energy is simply

< uj
′

n′ |V |u
j
n >= δj′jδn′n

xj+1 − xj
2

wnρnVn, (C.15)

like the overlap matrix.
We thus have Eq. C.8 with SSS diagonal and HHH banded. We convert this to a standard

eigenvalue problem using Cholesky decomposition

SSS = LLLLLLT ,LLL = SSS
1
2 (C.16)

So,

HHHccc = ESSSccc⇒ LLL−1HHHLLL−TLLLTccc = ELLLTccc⇒ H̃HHddd = Eddd (C.17)

with H̃HH = LLL−1HHHLLL−T and ddd = LLLTccc.
One last thing need to be addressed is the boundary conditions. We again consider three

cases: Ψ = 0, Ψ′ = 0, and no boundary condition (for ρ = 0). To impose Ψ = 0, we simply
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C.3. Comparing B-splines and FEDVR

leave out u1 in the left-most or uN in the right-most. For Ψ′ = 0, we impose no boundary
conditions since Lobatto quadrature is used. When ρ = 0, we also make no restrictions on
Ψ, but use Radau quadrature instead of Lobatto. The reason is that ρ = 0 introduces a
singularity via SSS, and we don’t want a grid point where ρ = 0 (Radau includes y = 1 but
not y = −1).

C.3 Comparing B-splines and FEDVR

The B-splines representation and FEDVR are similar in several aspects. They are both
grid methods involving high-order local polynomials. In principle, they are both more
accurate than low-order methods, such as finite difference. In solving the Schrödinger equa-
tion, the Hamiltonian in both representations are banded matrices. Such banded-matrix
property makes the numerical scaling in terms of the dimensionality more preferable than
dense matrices. Further, for multi-dimensional Schrödinger equation, the Hamiltonian ma-
trix quickly becomes sparse, where one could take advantage of the sparse solvers, such as
PARDISO [88, 118].

One of the drawback for B-spline is its non-orthogonality for the basis functions, which
means the overlap matrix must be evaluated and B-splines typically requires a bit more
operations than that in FEDVR. In FEDVR, due to the diagonal potential matrix, it’s
more convenient to handle the non-separable potentials than that in B-spline. However,
due to the non-continuity of the derivatives at each element boundary, the FEDVR could
potentially cause some stability issue in practical implementation. Despite of the difference,
the overall efficiency comparing these two methods, according to our established experience,
is more or less comparable. Both methods work smoothly for the calculations performed in
this dissertation.
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Appendix D

Time-dependent Schrödinger
equation for H+

2 in length gauge

Starting from Eq. (3.1), the time-dependent Schrödinger equation for H+
2 is

i
∂

∂t
Ψ(RRR;rrr, t) =

(
H0 +

e

µc
AAA · ppp+

e2

2µc2
AAA2

)
Ψ(RRR;rrr, t). (D.1)

In the dipole approximation, the electric field is given by

EEE(t) = −1

c

dAAA(t)

dt
. (D.2)

With the transformation ΨL(rrr, t) = e
ie
~AAA(t)·rrrΨ(rrr, t), the new time-dependent Schrödinger

equation for ΨL becomes

i
∂

∂t
ΨL(RRR;rrr, t) = (H0 +W ) ΨL(RRR;rrr, t), (D.3)

which is said to be in the length gauge since the interaction term W = eEEE(t) · rrr couples the
electric field to the position operator. Since the dipole operator is DDD = −errr, the interaction
is also written as W = −EEE(t) ·DDD.

To solve Eq. D.3 in prolate spheroidal coordinates, one should follow the same formalism
as in Sec. 3.1.1 except the interaction term in Eq. 3.2 now becomes

W = −EEE(t) · rrr = E(t)z = E(t)
R

2
ξη, (D.4)

where E(t) = 1
c
dA(t)
dt

. Thus in B-splines representation, the interaction matrix in Eq. 3.14 is
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evaluated as

Wij,i′j′ =

∫ ∞
1

dξ

∫ 1

−1

dη(ξ2 − η2)ui(ξ)vj(η)Wui′(ξ)vj′(η)

=

∫ ∞
1

dξ

∫ 1

−1

dη(ξ2 − η2)ui(ξ)vj(η)E(t)
R

2
ξηui′(ξ)vj′(η)

=
RE(t)

2

(∫ ∞
1

dξ uiξ
3ui′

∫ 1

−1

dη vjηvj′ −
∫ ∞

1

dξ uiξui′

∫ 1

−1

dη vjη
3vj′

)
(D.5)
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