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Abstract 

Extrusion is a widely used processing technology for various food products and is also 

commonly applied in non-food applications involving plastics, rubber and metal. Expanded 

products for human and animal consumption such as snacks, breakfast cereal, pet food and 

aquatic food typically consist of a biopolymer matrix of starch and proteins that have natural 

physical, chemical and polymeric variability.  Additionally, variability in extrusion parameters 

such as water injection and screw speed is often observed depending on the process controls 

employed. This can potentially lead to inconsistency in product quality. Stochastic modeling 

helps in studying the impact of variability of various parameters on the end product, which in 

turn helps in better process and product quality control. The primary purpose of this research was 

to develop a mathematical model for flow behavior of biopolymer melts inside extruder barrel 

and bubble growth dynamics after exiting the extruder using mass, heat and momentum transfer 

equations. This model was integrated with a Monte-Carlo based stochastic interface for input of 

randomly generated process data (based on experimental data acquisition) and output of 

simulated distributions of end-product properties such as expansion ratio and cellular 

architecture parameters (cell size and wall thickness).  

The mathematical model was experimentally validated using pilot-scale twin screw 

extrusion for processing of cereal-based cellular products. Process and product data were 

measured at different in-barrel moisture contents (19-28% dry basis) and experimental screw 

speeds (250-330 rpm). Experimental process parameters such as specific mechanical energy 

(212.8-319.3 kJ/kg), die temperature (120.7-170.6
o
C), die pressure (3160-7683 kPa) and product 

characteristics such as expansion ratio (3.29-16.94) and cell size or bubble radius (435-655 

microns) compared well with simulated results from the mathematical model viz., specific 



mechanical energy (217.6-323.9 kJ/kg), die temperature (116.8-176.1
o
C), die pressure (3478-

6404 kPa), expansion ratio (4.56-19.4) and bubble radius (426-728 microns). Experimental 

variability in product characteristics was quantified using coefficient of variation which 

compared well with simulation results (example, 2.5-4.9% versus 0.24-3.1% respectively for 

expansion ratio). The stochastic model was also used to conduct sensitivity analysis for 

understanding which raw material and process characteristics contribute most to product 

variability. Sensitivity analysis showed that the water added in extruder affects the magnitude 

and variability of expansion ratio the most, as compared to screw speed and consistency index. 
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Chapter-1 Introduction 

With the increase in population, and also due to changes in the consumer preferences a 

revolution took place in the food industry to produce different varieties of products with better 

quality. In the production of different variety food products, along with different other methods, 

extrusion cooking played an important role especially in the production of expanded products 

such as breakfast cereal, snack food, pet food etc. Extrusion cooking not only has its impact on 

the increment of production but also holds great potential in the incorporation of difficult 

biomaterials such as fiber besides maintaining organoleptic quality of the food product. 

 1.1 The extrusion process 

The extruder is a compilation of different units such as pump for transportation, heat exchanger 

for heating, bio-reactor shearing and transformation of raw materials into finished extrudates 

(Chiruvella et al., 1996). Based on the presence of number of screws in the extruder, they can be 

classified into two types: (i) single screw extruder and (ii) twin screw extruders. The single screw 

extruder has a simpler geometry as compared to twin screw extruder. However, the twin screw 

extruders are more versatile in their usage as compared to single screw because of their complex 

geometry. Based on the type of relative screw rotation direction, the twin screw extruders can be 

further classified as co-rotating (both screws rotate in the same direction) or counter-rotating 

(both screws rotate in the opposite directions). According to the interaction of the two screws, 

there are two types of twin screw extruders: intermeshing (partially, fully) and non-intermeshing 

(separated, tangential). For intermeshing twin-screw extruders, the separation between the screw 

axes is less than the outer screw diameter.  
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The screws rotate inside barrels that are temperature controlled, and it is possible to adjust the 

number of barrels depending on the desired length of the extruder. The flour, water, and other 

ingredients are mixed and cooked as they are transported along the barrels by the screws, before 

passing through the die. The high temperature and high pressure condition inside the extruder 

results in several phase transitions such as vapor expansion, starch gelatinization, melting, and 

defragmentation. Along with these phase transitions the other changes such as protein 

denaturation, amylose-lipid complex formations also take place (Lai and Kokini, 1991). Based 

on the starch gelatinization taking place inside the cooking zone, the extruded products are 

classified into cooked (in case of snacks, ready-to-eat foods); and partially cooked (in case of 

pasta, 3G snacks etc.) products. It is well known fact that, the physical and sensory properties of 

a food product are largely dependent on the processing conditions of the ingredients used. To 

survive in the competitive food market, the food industries need to innovate new products. 

Generally trial and error methods are used for trying out different processing conditions to find 

the best products that suits the consumer needs. Full scale experimental studies are cumbersome, 

time consuming, and expensive. In this context, mathematical tools such as modeling or 

computer simulations play an important role in designing the process tools for the development 

better product.  

 1.2 Objectives 

The objective of the thesis is to develop a mathematical model capable of predicting the 

expansion of the extrudates based on the operating conditions such as moisture content, screw 

speed etc. and study the effect of variability of these parameters on the end product. The main 

objectives of this study were to 
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1. Develop and validate a deterministic mathematical model for the behavior of flow inside 

the extruder to simulate pressure, temperature and energy profiles inside the extruder. 

2. Develop and validate a deterministic mathematical model for the expansion and 

shrinkage of bubbles after the extrudate exits from the die and couple it with  model from 

objective 1 to simulate  dynamics of cell structure  

3. Develop and validate a stochastic model to study the effect of variability of operating 

conditions (screw speed, water injection) and material properties (consistency coefficient) 

on the variability of the end product characteristics. 
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Chapter 2 - Mathematical Modeling of Flow Behavior and Cell 

Structure Formation During Extrusion 

 2.1 Introduction 

With the increase in population, and also due to changes in the consumer preferences a 

revolution took place in the food industry to produce different varieties of products with better 

quality. In the production of different variety food products, along with different other methods, 

extrusion cooking played an important role especially in the production of expanded products 

such as breakfast cereal, snack food, pet food etc. Extrusion cooking not only has its impact on 

the increment of production but also holds great potential in the incorporation of difficult 

biomaterials such as fiber besides maintaining organoleptic quality of the food product. 

The extruder is a compilation of different units such as pump for transportation, heat exchanger 

for heating, bio-reactor shearing and transformation of raw materials into finished extrudates 

(Chiruvella et al., 1996). Based on the presence of number of screws in the extruder, they can be 

classified into two types: (i) single screw extruder and (ii) twin screw extruders. The single screw 

extruder has a simpler geometry as compared to twin screw extruder. However, the twin screw 

extruders are more versatile in their usage as compared to single screw because of their complex 

geometry. Based on the type of relative screw rotation direction, the twin screw extruders can be 

further classified as co-rotating (both screws rotate in the same direction) or counter-rotating 

(both screws rotate in the opposite directions). According to the interaction of the two screws, 

there are two types of twin screw extruders: intermeshing (partially, fully) and non-intermeshing 

(separated, tangential). For intermeshing twin-screw extruders, the separation between the screw 

axes is less than the outer screw diameter.  
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The screws rotate inside barrels that are temperature controlled, and it is possible to adjust the 

number of barrels depending on the desired length of the extruder. The flour, water, and other 

ingredients are mixed and cooked as they are transported along the barrels by the screws, before 

passing through the die. The high temperature and high pressure condition inside the extruder 

results in several phase transitions such as vapor expansion, starch gelatinization, melting, and 

defragmentation. Along with these phase transitions the other changes such as protein 

denaturation, amylose-lipid complex formations also take place (Lai and Kokini, 1991). Based 

on the starch gelatinization taking place inside the cooking zone, the extruded products are 

classified into cooked (in case of snacks, ready-to-eat foods); and partially cooked (in case of 

pasta, 3G snacks etc.) products. It is well known fact that, the physical and sensory properties of 

a food product are largely dependent on the processing conditions of the ingredients used. To 

survive in the competitive food market, the food industries need to innovate new products. 

Generally trial and error methods are used for trying out different processing conditions to find 

the best products that suits the consumer needs. Full scale experimental studies are cumbersome, 

time consuming, and expensive. In this context, mathematical tools such as modeling or 

computer simulations play an important role in designing the process tools for the development 

better product.  

 2.2 Literature review 

 2.2.1 Mathematical modeling 

Mathematical modeling acts as an effective tool in understanding the fundamental concepts of 

the process and also aids in simulating the outcome of a process without actually performing the 

experiment (Vergnes et al., 2006). Using the mathematical model for extrusion process the 

physical characteristics of the extruded product such as expansion ratio, bubble radius, open cell 
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fraction etc. could be predicted using the independent variables (input parameters) such as feed 

rate, screw speed, water and steam input in the extruder and pre-conditioner etc. The results 

could be modeled utilizing the mechanistic equations of heat and mass transfer taking place 

during the process. The concept of modeling the extrusion process started in the beginning of 

1940’s with the characterization of flow of polymers. The understanding of the behavior of 

plastics and other polymers is comparatively easier, because of the homogeneity in structure and 

well characterized physical and rheological properties (Tadmor and Klein, 1978; Tadmor and 

Gogos, 1979; Karwe and Jaluria, 1990; Gopalakrishna et al., 1992). Thus the polymers possess a 

predictable behavior upon carrying out mechanical interactions and thermo-mechanical 

processing. The changes upon interactions between bio-molecules and extruder are very complex 

(Chiruvella et al., 1996).  

 2.2.2 Early studies of flow mechanisms 

The basic understanding of the flow mechanisms of counter-rotating twin screw extruders first 

appeared in patents which have shown the forward pumping of filled C-chambers (Wiegand, 

1879; Montelius, 1929 and 1936). A clear mathematical discussion of the flow mechanism was 

first presented by Montelius (1929). The volumetric displacement by a single revolution of screw 

is given as: 

                                                       (2-1) 

where, AS is the S-shaped bore volume of the screw casing, A1 is the cross-sectional area of the 

single thread screw A and A2 is the cross-sectional area of the double thread screw. All of these 

cross-sections are taken as right angles to the axis, and S represents the pitch of screw.  

The modified expression for forward pumping capacity is given by Kiesskalt (1927) is given as: 
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                                                                   (2-2) 

where, m is the number of thread starts, Vc shows the total C-chamber volume and       is a 

backward leakage flow. 

A closed C-shaped chamber was produced by the intermeshing of two screws with left-handed 

and right-handed flights is advanced by the rotation of the screws towards the die (Rauwendaal, 

1986). The extrusion rate through an intermeshing counter-rotating twin screw extruder is given 

as: 

                                                                          (2-3) 

where, Q is the volumetric throughput, m is the number of the screw thread starts, N is the screw 

speed and Vc is the associated the C-chamber volume per screw. Most of these flow mechanism 

equations were developed considering the polymer extrusion. The researchers in 1960’s started 

looking at determining the chamber volume Vc as: 

                                                       
                 

 
       (2-4) 

where, Vb is the volume of a barrel half over one pitch. Vsr is the volume of the screw root, Vf is 

the-volume of the screw flight, Vcal is the volume of the intermeshing region, 

                                                                    
          (2-5) 

                                                                
        (2-6) 

                                                        ∫          
 

   
       (2-7) 

where, R is screw radius, H is channel depth, S is the pitch, b(r) is the width of the screw flight at 

position r. 
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 2.2.3 Viscosity models 

The main viscosity models found in literature are summarized in Table 2.1. To relate the 

viscosity of the product with the shear rate, many rheological models such as; power-law, Cross 

law, Carreau law exist. The apparent viscosity (µ) of a product is measured with: 

                                                                             µ = 
  

  
      (2-8) 

where,    is the shear stress at the wall (and expressed as a function of pressure drop), while 

   is the wall shear rate and depends on the flow rate.  

It was shown that, the maize and wheat flour can be modelled as power-law fluids µ = K    , 

with a flow behavior index, n, within the range 0.2 to 0.6 (Guy and Horne, 1988 and Lai and 

Kokini, 1991). The influence of operating conditions on the consistency K and the power-law 

index n of the cereal were first studied by Vergnes et al. (1993). The conclusions drawn from 

their study are as follows: 

- an increase in moisture content from 20.5 to 27.1% leads to an increase in n from 0.35 to 0.46, 

and a decrease in K from 9500 to 2750 Pa s
n 

(at T=165 to 170 °C); 

- an increase in melt temperature from 167 to 192 °C, with a moisture content of 27.1%, leads to 

a decrease in K from 2650 to 2010 Pa s
n
, and has nearly no influence on n (varying between 0.52 

and 0.50). 

Kirby et al. (1988) and Guy and Horne, (1988) showed that, an increase in temperature results in 

a decrease in viscosity. The decrease in viscosity is generally expressed in terms of an Arrhenius 

type relation with an activation energy depending on the extrusion conditions (summarized in 

Table 1). It was also shown that, the viscosity follows an exponential relationship with respect to 

moisture content X:              ; (k<0). It was also found that different rheological 
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properties are obtained if the branched polymers are stretched or in tension (Padmanabhan, 

1995Viscous dissipation cannot be neglected especially if the diameter of the die is very less and 

the viscosity of the food product is very high. In this study, viscous heating was assumed to be 

negligible due to bigger diameter of the die. 

Table 2-1 Viscosity models discussed in literature 

Model Name  Apparent Viscosity Note References 

Power law µ = Kϒ
n-1 

  

Power law 

modified  

µ = Kϒ
n-1

 exp ( K1 / T ) exp ( K2X ) Moisture content 

(X)  and 

temperature (T)  

Alvarez-Martinez 

et al., 1988; 

Kokini et al., 

1991;and Fan et 

al., 1994 

Modified 

Harper’s 

equation 

µ = Kϒ
n-1

 exp ( [ΔH + K1 X] / ƦT ) exp 

( - [ K20 + K21T ] X ) DG
K1

  

Degree of 

gelatinization 

(DG) Moisture 

Content (X)   

Kokini et al., 

1991 

Study by 

Bloksma and 

Nieman 

µ = Kϒ
n-1

 exp ( [ - ΔH / Ʀ] ( [ 1/T] – [ 

1/T0]))  

Temperature Bloksma and 

Nieman, 1975 

Power law with 

K and n 

affected by X 

and T
 

µ = Kϒ
n-1 

K = K0 exp { (E/R) ([ 1/T] – [ 1/T0]) – 

β (X – X0 ) } 

n = α1T + α2X + α3T . X 

Moisture 

Content X, X0  

and temperature 

T and T0 

Della Valle et al., 

1993 
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Study by 

Senouci and 

Smith
 

µ = Kϒ
n-1

 exp ( ΔH / ƦT  ) exp ( kX ) 

N
-a 

N  is the screw 

speed
0
 

Senouci and 

Smith, 1988 

Study by 

Bouzaza et al.
 

µ = Kϒ
n-1

 ( 1 – k1W ) exp ( k2X ) W is the specific 

Mechanical 

Energy
0 

Bouzaza et al., 

1996 

 

 2.2.4 Microscopic modeling of bubble formation 

The modeling of bubble growth surrounded by a fluid under a given pressure has started many 

years ago. A large number of studies were made, with different degrees of complication. Barlow 

and Langlois (1962), with their model on bubble growth in a Newtonian liquid, are probably 

pioneers in the domain of bubble growth modeling. A simple model describing inertia-controlled 

and heat-diffusion-controlled growth in a uniformly superheated liquid and in a non-uniform 

temperature field was developed by Mikic et al. (1970). Yang and Yeh (1966) further advanced 

and derived equations for a bubble growing in a power-law fluid, a Bingham fluid, and a 

Newtonian fluid. Street et al. (1968) further advanced and proposed models for viscoelastic fluid 

and power-law fluid. The concept of cell model was first introduced by Amon and Denson 

(1984). In their study, they considered that finite number of molecules for the bubble growth are 

available, since the bubble is surrounded by an envelope of liquid (with a finite thickness) which 

was opposed to other studies where the radius increases with time without any limitation. 

Venerus et al. (1997, 1998, and 2001) conducted studies, where they studied the range of 

applicability of such a model with the assumption of a thin boundary layer. 
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The researchers further advanced and developed models for simultaneous bubbles, where they 

studied each bubble individually (Arefmanesh et al., 1990). In another study, they also developed 

a method for obtaining the concentration profile in the envelope surrounding the bubble without 

making the assumption of a second- or third-order polynomial (Arefmanesh et al., 1992). More 

recently, Ramesh and Malvitz (1998, 1999) considered surface evaporation or gas loss condition 

in their model not only to molding process, but also to extrusion process. Shafi and co-workers 

predicted polymer foam processes using the models of bubble growth in addition with nucleation 

models (1996, 1997 and 1998). A simple analytical expression for bubble growth as a function of 

time in a power-law fluid was developed by Huang and Kokini (1999). Pai and Favelukis (2002) 

focused their study on the domain of validity of the assumption of isothermal bubble growth. 

Most of the studies discussed above were done for polymers, Shimiya and Yano (1987) were the 

first people focused on wheat flour. Fan et al. (1994, 1999) and Mitchell et al. (1998) developed 

models applied to extrudate expansion or to oven rise of dough during baking, while other 

researchers adapted the methods from polymer industry to agro-business industry (Huang and 

Kokini, 1999; Schwartzberg et al., 1995; Shah et al., 1998; Achanta et al., 1999). With the 

advancement of technology and availability of modeling software, attempts are made to couple 

these microscopic models (at the bubble scale) with models for the macroscopic scale. For 

example, Shimoda et al. (2001) combined classical nucleation rate and bubble growth models 

with a power-law fluid model. They studied the bubble growth in the die region only and the 

simulation results showed good agreements with experiments: when the inlet pressure increases, 

the onset position of foaming moves toward the die exit. But they have not studied the flow out 

of the die, and they have assumed a 4
th 

order profile of concentration in blowing agent in the 

envelope. Alavi et al. (2003a, 2003b) coupled a microscopic model for bubble growth with 
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macroscopic exchanges of mass and heat. This model is applied for extrusion at low temperature 

with supercritical CO2. 

              

 2.3 Model Development and Validation 

 2.3.1 Assumptions of the model 

Modeling of food extrusion process is a complex process because of the heterogenous properties 

of the food materials and their phase transitions are not well-defined. Hence there were several 

assumptions considered in the model.  

1) The temperature increase inside the extruder only takes place due to conveying of melt 

inside the extruder. The effect of thermal energy of the barrel on the temperature 

evolution inside the extruder is considered as negligible. 

2) The flow is steady, isothermal and fully developed and the net flow in axial direction is 

only considered. The material flowing inside the extruder is considered to be 

homogenous and incompressible fluid following power law. 

3) Gravity effect is negligible and is ignored. 

4) The change of raw material from granular state to melt fluid inside the extruder is 

assumed to be transformed suddenly. This change is assumed to take place as soon as 

barrel becomes full. 

5) Leakage flow is ignored. 

6) The moisture content is always expressed in dry basis (unless explicitly mentioned) i.e. 

mass of water per unit mass of dry solids. 
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7) Expansion due to die swell is neglected and expansion considered is only due to 

evaporation of water. Expansion due to die swell is significant at lower temperatures (Fan 

et al., 1994). 

8) The diffusion coefficient and viscosity coefficient is considered to be a function of 

moisture content and temperature. 

9) The process dynamics at the microscopic level is studied by considering all bubbles to be 

uniform and spherical in shape. 

10) The phenomenon of coalescence is neglected. 

11) Sectional expansion ratio is considered to be the expansion ratio and axial expansion of 

the extrudate is not considered. 

12) The complex chemical reactions and degradation of starch components are neglected due 

to difficulty in modeling such reactions. 

 2.3.2 Modeling the flow behavior inside the extruder 

Tayeb et al. (1989) and Yacu (1985) developed a basic model for a twin screw extruder and 

hence they are used as to develop the basic model inside the extruder. Tayeb et al. was Pressure 

profile is developed based on Tayeb et al. (1989) and temperature profile is developed based on 

Yacu (1985). They do not consider the effect of thickness of the screw flight. Hence, the 

equations are modified to incorporate the screw thickness effect as well based on Rossen and 

Miller (1973). It is assumed that the material becomes fluid melt as soon as the barrel is full. 

There are two sections inside the extruder: Solid conveying section and melt pumping section. 

The actual length of the melt pumping section is the parameter which is affected by screw 

profile, screw speed, throughput, viscosity of the material and the overall flow resistance (Yacu, 

1985). The temperature increases very quickly in the melt pumping section. Viscosity of the 
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material is based on temperature and moisture content and hence it changes as well. Hence, the 

actual length of the melt is assumed. The temperature and pressure profiles are developed along 

the barrel and final temperature and pressure at the end of the barrel are obtained. 

The pressure drop across the die is calculated based on the final temperature obtained at the end 

of the barrel. If the pressure drop across the die is greater than the pressure at the end of the 

barrel, the actual length of the melt is increased. If the pressure drop across the die is lesser than 

the pressure at the end of the barrel; the actual length of the melt is decreased and the same 

pressure and temperature profiles are developed. This evaluation is done till the pressure drop is 

almost same as the final pressure at the end of the barrel. 

 2.3.2.1 Temperature profile 

The viscous heat dissipation is negligible as the screws in this section are only partially full. As 

we are assuming that the effect of thermal energy of the barrel on the temperature evolution 

inside the extruder is considered as negligible, the temperature does not increase in the 

conveying section. Yacu (1985) is used as a basic to develop the temperature profile inside the 

extruder. 

The screw sections become full in the melt pumping section and the raw material becomes melt. 

The temperature profile along the barrel is developed based on the mechanical energy generated.  

The amount of energy generated (∆E) from an element of thickness ∆x of screw (Yacu, 1985) is  

     
h

DhDxN )2(4 2  
  (2-9) 

where µ is viscosity of the melt given by equation 2-10, N is screw speed, D is the diameter of 

the screw and h is screw channel depth. 
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   1nK   (2-10) 

where                                                      
    

 
    

  

    
                                        (2-11) 

                                                                       
   

 
                                                               (2-12) 

where K is consistency coefficient of the melt given by equation 2-11 at temperature T and 

moisture content Xw; n is flow behavior index. 

The increase in temperature (∆TE) inside the extruder due to the energy generated (∆E) (Yacu, 

1985) is given by 

     
  

      
                                                                    (2-13)       

where mf is mass flow rate of the product exiting the die and Cp is specific heat at moisture 

content Xw given in equation 2-14 

Cp = 1.5 + (4.2*Xw)                                                       (2-14) 

Specific mechanical energy (SME) during the extrusion is calculated by  

SME = 
∑  

  
                                                              (2-15)         

 2.3.2.2 Pressure profile 

No pressure is developed in the solid conveying section as the screws are only partially full. 

Hence, the entire pressure is generated in the melt pumping section. Tayeb et al. (1989) is used 

as a basic to develop the pressure profile inside the extruder. 

The pressure developed is calculated using the flow rate equation. As we are assuming that there 

is no leakage flow; the flow rate consists of two components: Drag flow along the direction of 

flow and pressure flow acting in opposite direction to the direction of flow due to the generation 

of pressure. 
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where Qv is the volumetric flow rate  and lv is the channel width. The term (  
   

 
) is 

incorporated to include the effect of screw thickness based on Rossen and Miller (1973). The 

equation 2-16 helps in calculating the pressure gradient 
   

  
 where     

  

  
. This helps us in 

calculating the increase in pressure from an element of thickness ∆x of screw. 

FD and FP are the correcting shape factors for drag flow and pressure flow respectively and are 

dependent on depth/width ratio of the channel (Rauwendaal, 1986). The value of these 

parameters is obtained from Jiang, 2008. 

                                                   FD = 1 – (0.5356 * n
-0.4

) 
 

  
                                                     (2-17) 

                                                    FP = 1 – (0.6216 * n
-0.4

) 
 

  
                                                    (2-18) 

 2.3.2.3 Pressure drop across the die 

The pressure drop across the die Pf is given by the fluid flow equation for laminar flows in non-

Newtonian fluids (Steffe, 1992).  

    

  
  

  

          
 
   

  
   
    

 
   (2-19) 

Where          (
       

      
)     for          (2-20) 

                                    for          (2-21) 

The den represents the diameter of the entrance of the die and dex represents the die diameter at 

the exit. Ld and Ld1 are the die dimensions as specified in the Figure 2-1. 
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 2.3.3 Microscopic model 

 2.3.3 Microscopic model 

The microscopic model comprises bubble growth in the melt. The bubble growth takes place due 

to the pressure difference between saturation vapor pressure and opposing pressure components 

which include elastic stress, yield stress, tensile stress and atmospheric pressure. As the bubble 

grows due to conversion of moisture to steam, more moisture moves inside the microscopic 

shells from the matrix. The process dynamics at the microscopic level is studied by considering 

all bubbles to be uniform and spherical in shape. Schwartzberg et al. (1995) developed a model 

for vapor induced puffing (VIP) in popcorn kernels and is used a base to develop microscopic 

model.  

  2.3.3.1 Bubble expansion and shrinkage 

The domain is considered to be finite. It consists of a single bubble filled with vapor and 

surrounded by material. The bubble is considered to be spherical in shape and it is divided into 

Nmi shells for finite element modeling (Figure 2-2). Radius of the bubble is R and the cell wall 

thickness of the domain is W and radius of the domain is L; which is R+W. Initial values of  

these parameters are indicated with subscript o. 

 

Figure 2-1 Dimensions of the die 
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 Bubble expansion and shrinkage takes place depending on the pressure components acting on 

the wall of an individual bubble. These pressure components include vapor pressure (Pw), elastic 

stress (Pe), tensile stress (
  

 
), yield stress (Py) and atmospheric pressure (Pa) (Figure 2-3).  

 

 

Figure 2-3 Pressure components acting on individual bubble during expansion and 

shrinkage 

 

Pw 

Pa + Py + Pe + 2σ/R 

expansion 

Pw+Py 

Pa + Pe + 2σ/R 

shrinkage 

Figure 2-2 Microscopic shells of the bubble 

R 

L 

Ri 
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If the resultant pressure of these pressure components acts in the outward direction, it leads to 

expansion of bubble. Therefore the rate of expansion is dependent on Pw – Pa – Pe – Py - 
  

 
  and 

the rheological properties of the domain. As the water keeps diffusing into the bubble and 

temperature falls, the vapor pressure decreases with time. Hence, if the resultant pressure acts in 

the inward direction, the bubble shrinks and the rate of shrinkage is dependent on Pa + Pe + 
  

 
 – 

Pw - Py.  

Vapor pressure (Pw) of the moisture content in the bubble is given by equation 2-22. 

(Schwartzberg et al., 1995) 

            (2-22) 

where Pwsat is the saturation vapor pressure at a given absolute temperature (T) of the bubble and 

aw is the water activity at the surface of the cell. Xwc in equation 2-24 represents the moisture 

content at the inner most layer of the bubble. (Schwartzberg et al., 1995) 

 
                [        

       

       
]     (2-23) 

 
         

    
     

 (2-24) 

Where                      
                

        
 (2-25) 

                     (2-26) 

                         (2-27) 

Elastic stress (Pe) acting on the cell wall is given by equation 2-28. (Schwartzberg et al., 1995) 

 Pe    
 

 
 
   

 
 
 

 
(
  

 
)
 

  
     

      
  (2-28) 

Where                (2-29) 
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        [           ]           (2-30) 

 
              Tref      

(2-31) 

 
Er = 5 kPa, βf = 73, Tref = 383 

 

Here Xa means the average moisture content for all layers.  

 Yield stress (Py) acting on the cell wall is given by equation 2-32. (Schwartzberg et al., 1995) 

                            (2-32) 

Where                 (2-33) 

 

        [           ]                 

               Tref                                              

             βf = 73, Tref = 383 K 

(2-34) 

Neglecting the inertial effects, the equation 2-35 is used to evaluate the rate of change of bubble 

radius (∆R) in timestep ∆t during expansion based on different pressure components obtained 

above. (Schwartzberg et al., 1995) 

          
                

  
 

    √     

           
 
  
   

     (2-35) 

Where   ∑           
  

        
   

     

   

 (2-36) 

ξ in equation 2-36 accounts for the changes in consistency index (K) across the domain due to 

differences in moisture content across the different layers of the bubble and subscript i refers to 

the i
th

 shell in the discretization of the spherical bubble. The consistency index (K) at a given 

temperature T and moisture content Xw is given in equation 2-11. 

If the resultant pressure on the cell wall acts in the inward direction, the bubble shrinks and the 

rate of change of bubble radius is given by equation 2-37. (Schwartzberg et al., 1995) 
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    √     

           
 
  
   

     (2-37) 

   

The radius of the shells Ri and the domain radius (L) is obtained using the equations 2-38 and   

2-39 respectively. (Schwartzberg et al., 1995) 

 

  
       

 

  
 
  

   
 ∑

  

  

   

   

      
(2-38) 

        
 

  
∑
  

  

   

   

     (2-39) 

ΔM in the above equations represents the mass of dry solid in each layer of the bubble            

(∆M = 
 

   
  and ρi is the density of the dry matter in i

th
 shell of the individual bubble. ρm in  

equation 2-38 is the average density of the half of the i
th

 shell completing the spherical volume of 

radius and is given as 0.75 ρi + 0.25 ρi-1. 

Mass of dry solid in domain M is calculated by using M = 
    

       
 where ρdry is the density of dry 

unexpanded melt and Nbubble is the number of bubbles/m
3
 of unexpanded material. 

 2.3.3.2 Diffusion of water 

During the expansion of the bubble, water vapor diffuses into the bubble from the domain. Part 

of the moisture present in the spherical shells of the bubble is slowly converted into steam which 

is trapped inside the inner most layer of the bubble. As more and more moisture is converted to 

steam from the inner-most layer of the bubble, diffusion takes place in the spherical shells of the 

bubble in the inward direction. Xi represents the moisture content of the i
th

 spherical shell at any 
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instant of time and the change in moisture content     in timestep ∆t is calculated using the 

equation 2-40. (Schwartzberg et al., 1995) 

 
    

  

  
 
                       

         
 
                         

         
  (2-40) 

where        
       

 
  and                     (2-41) 

Equation 2-32 is used to calculate the change in all Xi except X1, XN, XC and XS. It is assumed 

that diffusion coefficient is a function of moisture content and temperature. Here Di-1, Di and Di+1 

are calculated at Xi-1 , Xi and Xi+1 respectively and temperature T. Diffusivity of water at given 

temperature T and moisture content Xw is calculated using equation 2-42 (Van der Lijn, 1976).  

 
          

     [
                           

            
]     (2-42) 

 

         
  

 

  
∑
   

  
 

 

   

   

 (2-43) 

Ai gives the area for diffusion for ith layer which is calculated using equation 2-43. 

∆XN and ∆XS are calculated using equations 2-44 and 2-45 respectively. (Alavi et al., 2003) 

 
    

  

  
           

               

         
     

           

      
  

 

(2-44) 

     
              

       
 (2-45) 

Here DS is diffusivity at domain surface and AS = 4πL
2
 is the surface area of the domain. 

Change in mass of water vapor in the bubble during timestep ∆t is given by equation 2-46. 

(Schwartzberg et al., 1995) 

 
   

    

  
                     (2-46) 
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where 
  

  

  
[   

          

  
 
 

  

   
  
] (2-47) 

 
  

   

    

   
    

 (2-48) 

 
          

     

    
 (2-49) 

Here    is the specific volume of water vapor given in equation 2-50 

   
  

  
         

  

 
 (2-50) 

Change in moisture content at the innermost surface of the pore ∆XC  is calculated using equation 

2-51. (Schwartzberg et al., 1995) 

       
           

          
               (2-51) 

where       ,   
 

    
 
 

  
 
 

 
  (2-52) 

    
 

 
 when (R1-R) > R and         when (R1-R) < R (2-53) 

Here ρc is the density at innermost surface of the pore. 

∆X1 is calculated using the equation 2-54. (Schwartzberg et al., 1995) 

 
    

 

 
 
                   

       
     (2-54) 

There are instabilities in the model if the timestep (∆t) used is not small enough.  The value of 

the timestep used is given in equation 2-55.  

 
        

      
 

   
 (2-55) 

The value of the timestep is dependent on the cell wall thickness. As the cell wall thickness is 

very low after the expansion of the bubble, the value of timestep (∆t) used during shrinkage is 

given in equation 2-56 
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 (2-56) 

 2.3.3.3. Open cell fraction and open pore volume 

During the expansion of the bubble, the tensile stress Sw develops in the pore walls. If the tensile 

stress Sw developed in a cell exceeds the tensile failure stress Sf; the cell wall ruptures and an 

open cell is formed. Coalescence of adjacent cells can take place when the cells rupture and the 

radius of individual cell can increase. As the phenomenon of coalescence is neglected in this 

model, the open cells lose their ability to expand further. In reality, the initial radii and other 

properties vary for all the bubbles. Therefore, all bubbles do not rupture simultaneously and the 

expansion of the bubbles and the extrudate continues. The value of fraction of number of open 

cells fo varies between 0 to 1. A modified normal distribution of Sw and Sf is attempted to 

describe the variation of fo.  The change in open cell fraction ∆fo in timestep ∆t is given by 

equation 2-57. (Schwartzberg et al., 1995) 

 
    

  

√  
     

   

 
  (2-57) 

where  
   

       

   
 (2-58) 

Here    determines the spread of fo. In this model,   is considered as 2.5. At the beginning of 

expansion Sw  is given by equation 2-59 and towards the end of expansion when W<<R, Sw is 

given by equation (2-60).  

 
    

    
 

      
 (2-59) 

            (2-60) 

   

The failure stress Sf is given by equations 2-61 and 2-62. 
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                 (2-61) 

                                 (2-62) 

 
              Tref       

(2-63) 

 
Sm = 4000 kPa, βs = 73, Tref = 383 K 

 
 

Fraction of open pore volume Fo after timestep k is given by equation 2-64.   

 
   

∑       
 
     

 

         
  ∑       

 
     

  (2-64) 

 2.3.4 Macroscopic model 

The macroscopic model accounts for the heat and mass transfer that takes place at the extrudate 

level. The process dynamics at the macroscopic level is studied by considering the extrudate in 

cylindriacal shape. Alavi et al (2003) is used a base to develop macroscopic model.  

 2.3.4.1 Heat transfer 

For heat transfer at the macroscopic level, the cylindrical extrudate is discretized into finite 

number of concentric cylindrical shells (Nb) (figure 2-4). The extrudate cools down after it exits 

the die due to conduction, convection and evaporation. The fall of temperature due to 

evaporation is discussed later in section 2.7 where the microscopic and macroscopic models are 

coupled. The heat transfer in the outermost layer takes place due to conduction with the adjacent 

layer and convection with the atmosphere and heat transfer in the inner layers takes place due to 

conduction.  
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Figure 2-4 Macroscopic shells of the extrudate 

 

The numerical form of unsteady state heat transfer equation is taken from Geankoplis (1993). 

The local temperature of each shell is denoted by Tj (j = 1 to Nb) and average temperature is 

obtained by taking the mean of all temperatures. The change in temperature ∆Tj in timestep ∆t is 

calculated using equation 2-65. This equation is applicable for all ∆Tj except ∆T0 (temperature at 

center where j=0) and ∆TNb (layer in contact with atmosphere) 

 
    

 

  
 
    

  
         

    

  
      (2-65) 

where 
   

     

   
 (2-66) 

Here ∆x is the discretization step size, α is the thermal diffusivity in the starch matrix and ∆t is 

the timestep. The change in temperature at the center where j = 0 is given by equation 2-67 

 
    

 

  
        (2-67) 

The temperature change in outermost layer takes place due to thermal conduction with the 

adjacent layer as well as due to convective transfer with the atmosphere. The temperature at the 

outer surface of the cylinder where j = Nb is given by equation 2-68 
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      (2-68) 

Where 
   

   

    
 (2-69) 

 

              

     
      
    

 

           
      
    

  (2-70) 

h in equation 2-69 is the convective heat transfer coefficient and keff  is the effective thermal 

conductivity of the porous extrudate. The equation for effective thermal conductivity is given by 

2-70 and it accounts for the porosity of the extrudate as well as the thermal conductivity in the 

solid and gas phase (Alavi et al., 2003). 

 2.3.4.2 Mass transfer 

Mass transfer takes place at both microscopic and macroscopic level. As the outermost layer is in 

contact with atmosphere, water diffuses from the outermost layer into the atmosphere. The 

numerical form of unsteady state mass transfer equation is taken from Geankoplis (1993). The 

local mositure of each shell is denoted by Cj (j = 1 to Nb) and average moisture (Cavg) is obtained 

by taking the mean of all temperatures. The change in moisture ∆Cj in timestep ∆t is calculated 

using equation 2-71. This equation is applicable for all ∆Cj except ∆C0 (moisture at center where 

j=0) and ∆CNb (layer in contact with atmosphere) 

 The effective diffusivity of the moisture content (Deff) is calculated by considering porosity of 

the extrudate into account (equation 2-73).  

 
    

 

  
 
    

  
         

    

  
      (2-71) 
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where 
   

     

      
 (2-72) 

Here ∆x is the discretization step size, Deff is the effective diffusivity due to porosity of the 

extrudate which is calculated using equation 2-73. 

 
     

   

 
    (2-73) 

Є and δ in equation 2-73 represent the porosity and tortuosity of the extrudate respectively and 

Dw is the diffusivity given by equation 2-42.  The change in moisture at the center where j = 0 is 

given by equation 2-74 

 
    

 

  
        (2-74) 

At the outer most layer of the extrudate, the moisture diffusion takes place from the inner layers 

as well as convection takes place from the outermost layer. The moisture at the outer surface of 

the cylinder where j = Nb is given by equation 2-75. 

 
    

    
     
      

   
         

     
      

      (2-75) 

where 
   

     

    
 (2-76) 

Here Ca is the ambient moisture content and Kxc is the mass transfer coefficient of water in the 

starch matrix. 

 2.3.5 Micro-Macro Coupling 

The linking of microscopic modeling with macroscopic modeling includes the linking of 

moisture contents of microscopic shells of bubble to macroscopic shells of the extrudate; 

temperature fall of the extrudate due to evaporation of water and coupling the growth of the 

bubble with the expansion of the extrudate. 
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 2.3.5.1 Linking of moisture content 

In order to link the macroscopic diffusion model to microscopic diffusion, the microscopic 

moisture content of all the shells Xi is reduced by same extent as reduction in Cavg at each 

timestep.  

 2.3.5.2 Temperature reduction due to evaporation 

∆Q is the amount of water evaporated from a bubble of mass (M) in a timestep ∆t. It is calculated 

using equation 2-46. This is linked to macroscopic model by decreasing the temperatures across 

all the macroscopic shells by 
   

   
  where λ is the latent heat of vaporization and Cp is the specific 

heat calculated using equation 2-14. 

 2.3.5.3 Expansion ratio of the extrudate 

As assumed, we are neglecting the axial expansion of the extrudate. Sectional expansion ratio is 

considered to be the expansion ratio. The expansion of the extrudate is cou pled to the growth of 

the bubble by using a modified form of equation used by Schwartzberg et al. (1995). 

Expansion ratio (ER) is calculated using the equation 2-77. 

 

           
  
  
   ∑       

  

  
  

 

   

 (2-77) 

The first term in the equation accounts for expansion due to closed cells whereas the second term 

accounts for expansion due to open cells. 

 2.3.6 Algorithm development  

The model equations are written in Visual Basic with EXCEL
TM

 as an interface to input the 

parameters and display the output results such as bubble radius, expansion ratio and open cell 

fraction versus time. The basic algorithm used in developing the code is shown in Fig 2-5. The 
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typical simulation time for the code is about 30-45 minutes depending on the computational 

ability of the computer and the code stops if the number of timesteps is greater than 200000. This 

number is chosen based on computational ability and this is sufficient for entire expansion and 

shrinkage. 
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Calculate ∆fo, ER, Fo (eq 2-57 to 2-64, 

2-77) 

Calculate delt (eq 2-55, 2-56) 

Macroscopic diffusion of water 

Calculate ∆Ci (eq 2-71 to 2-76) 

Macroscopic heat transfer 

Calculate ∆Ti (eq 2-65 to eq 2-70) 

Calculate L, D, K for different 

microscopic layers of bubble (eq 2-

11, 2-38, 2-39) 

Calculate ∆R (eq 2-35 to eq 

2-37)  

Microscopic water diffusion  

Calculate ∆Xi (eq 2-40 to 2-54) 

Print output 

time = time+delt 

Calculate new Ri, Xi, Ci, Ti, fo 

Y 

N 

End 

Calculate the pressure components  

Pe, Py, Pw, 
 𝜎

𝑅
 (eq 2-22 to 2-34) 

Calculate the pressure drop across 

the die (Pdie) (eq 2-19 to 2-21) 

Calculate pressure (P), temperature and SME at 

the end of the extruder (eq 2-9 to 2-18) 

Assume the length of 

the melt pumping 

Get initial values of the input parameters 

Start 

P = Pdie 

N 

Y 

timestep 

> 200000 

Figure 2-5 Algorithm for the mathematical model 
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 2.3.7 Methodology 

 2.3.7.1 Extrusion run 

Degermed corn meal purchased from Bunge (Atchison, KS) was used for production of corn 

puffs. The corn puffs were extruded using a pilot scale twin screw extruder (TX-52, Wenger 

Manufacturing, Sabetha, KS) with a differential diameter pre-conditioning cylinder. The extruder 

had a screw diameter of 52 mm and L/D ratio of 19:1. The screw profile and the barrel 

temperatures used were reported in Figure 2-6. A 3x2 factorial design was used with 3 in-barrel 

moisture contents (19%, 23.5%, 28% (db)) and two screw speeds (250 rpm and 330 rpm). The 

notations used for this treatments are shown in Table 2-2. Extrusion conditions were allowed to 

stabilize for ~10 minutes. The product from each treatment was collected for about 10 minutes. 

The raw material feed rate was maintained at 110 kg/h. There was no water or steam added in the 

preconditioner. The water was added only in the extruder.  

Table 2-2 Notations for treatments 

Treatment Notation Moisture content (d.b.) % Screw speed (RPM) 

M.C. LO, RPM LO 19 250 

M.C. LO, RPM HI 19 330 

M.C. MD, RPM LO 23.5 250 

M.C. MD, RPM HI 23.5 330 

M.C. HI, RPM LO 28 250 

M.C. HI, RPM HI 28 330 
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Head Number 1 2 3 4 

Barrel Temperature (
o
C) 50 60 70 90 

 

  

 

 

                                        1
a
     2

a
       3         4        5        6        7       8       9      10     11     12      13 

Element No: 

1 = SE
b
-2-F-78; 2 = SE-2-F-78; 3 = SE-2-3/4-78; 4 = SE-2-3/4-78; 5 = SE-2-3/4-78;  

6 = SE-2-3/4-78; 7 = SE-2-1/2-78; 8 = SE-2-1/2-78; 9 = SE-2-1/2-78; 10 = SE-2-1/2-78;  

11 = SE-2-1/2-78; 12 = SE-2-1/2-52 and 13 = SE (conical)-2-3/4-78.
c
 

 

a
Right shaft elements are single flighted. 

b
SE = Screw element 

Numbers: 

1
st
 – Number of flights 

2
nd

 – Relative pitch 

3
rd

 – Element length, mm 

c
All screw elements are forward and intermeshing                                                         

 

The die used was a circular die of 4.2 mm diameter. The dimensions of the die is given in Figure 

2.7. The product was cut immediately after exiting the die with a face-mounted flex knife (6 

blades) rotating at 539 rpm. The extrudates were dried in a dual pass dryer (Wenger 

Manufacturing, Sabetha, Kansas) at 212
0
 F for 15 minutes. Samples were collected at die exit as 

well as exit off the dryer. 

R 

L 

Figure 2-6 Screw profile 
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Figure 2-7 Dimensions of die used for extrusion 

 2.3.7.2 X-ray microtomography 

For determining the microstructure parameters i.e. average pore radius and cell wall thickness, 

representative samples were collected from each treatment were selected for image analysis. A 

desktop X-ray microtomography imaging system (Model 1072, 20-100 kV/0-250 µA, SkyScan, 

Aartselaar, Belgium) was used to scan the samples. A set of two-dimensional virtual slices were 

obtained after reconstruction for each sample. Image analysis software was used to calculate 

microstructural parameters such as average pore radius and cell wall thickness based on 

measurement of 2-D features from each slice. 

 2.3.7.3 Specific mechanical energy  

Specific mechanical energy (SME) was calculated experimentally using eqn 2-78 

 

   (
  

  
)  

(
    
   )

 
 
 

  
    

(2-78) 

where   is the % motor load torque, τo is the no load torque %, N is the screw speed of extruder, 

Nr is the rated screw speed (336 rpm), Pr is the rated motor power (22.37 kW) and ṁ is the mass 

flow rate (kg/s).  
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 2.3.7.4 Expansion ratio 

The Expansion ratio (ER) is the ratio of the extrudate cross-sectional area to the die orifice cross 

sectional area, and was calculated using equation 2-79 

 
    

  
 

    
 (2-79) 

where De is the extrudate diameter measured using vernier calipers and dex is the exit diameter of 

the die.  

The video of the product extruded out of the die was recorded using the videocamera. The 

maximum expansion ratio of the extrudate was obtained by using pixelruler and calculating the 

maximum diameter from the video. 

 2.3.8 Results and Discussion 

Predicted expansion ratio, die temperature, die pressure and average pore radius and cell wall 

thickness for each of the final extrudates were compared with experimental data at different 

moisture contents and screw speeds to validate the model. Confidence interval approach was 

used to compare the predicted resulted with the experimental results and the confidence interval 

percentage used was 95%. This approach signifies whether the experimental and predicted 

results are statistically different or same. 

 2.3.8.1 Pressure, Temperature and Energy inside the extruder 

The comparisons between predictions and experimental values of Temperature at die, Pressure at 

die and Specific Mechanical Energy are shown in Fig 2-8 to 2-10 respectively. The difference 

between experimental and simulated values of temperature at die, pressure at die and specific  
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mechanical energy was statistically not different at level 0.05. 

 

Figure 2-8 Experimental and predicted die temperature comparison 

 

 

Figure 2-9 Experimental and predicted specific mechanical energy comparison 
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Simulated results (Figure 2-8, 2-9) show that SME and temperature at die decrease with the 

increase in moisture. This is due to the decrease in viscosity of melt with increase in moisture 

thus decreasing the SME and die temperature. Also the simulated results showed that SME and 

Die temperature increased with increase in screw speed. This is due to greater shear generated 

due to higher screw speed. Die pressure decreased with increase in screw speed (Figure 2-10) 

due to quick conveying of raw materials and thus reducing the fill in the barrel. 

 

 

Figure 2-10 Experimental and predicted die pressure comparison 

 2.3.8.2 Bubble growth 

Figure 2-11 gives the growth and shrinkage of bubble with time of exit from the die. The bubble 

grows very slowly as soon as it exits the die and very rapidly at the end of expansion. As the 

vapor pressure decreases due to fall in temperature, the vapor pressure inside the bubble becomes 

less than the outer pressure and the bubble starts shrinking causing the shrinkage of the extrudate 

as well. Also, the bubble ruptures and becomes an open cell during expansion. The open cells 

lose their ability to expand and shrink.  
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.  

Figure 2-11 Bubble radius versus time for treatment M.C. LO, RPM LO  

 

The experimental average bubble radius and cell wall thickness were obtained from X-ray 

microtomography. The comparisons between predictions and experimental values of average 

pore radius and cell wall thickness are shown in Fig 2-12 and Fig 2-13 respectively. The trend 

shows that the average bubble radius decreases in increase in moisture and increases with 

increase in screw speed. The increase in moisture decreases the die temperature and hence the 

bubble radius decreases. Increase in screw speed leads to more die temperature and thus 

increases the bubble radius. The difference between experimental and simulated values of bubble 

radius was statistically different at level 0.05. 
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Figure 2-12 Experimental and predicted bubble radius comparison 

 

 

Figure 2-13 Experimental and predicted cell wall thickness comparison 

 

The same trend was observed in experimental and simulated cell wall thickness. Cell wall 

thickness increases with increase in moisture because increase in moisture leads to small bubble 

radius. But the simulated cell wall thickness obtained for all the treatments were very low 
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compared to the experimental cell wall thickness. The difference between experimental and 

simulated values of cell wall thickness and bubble radius was statistically different at level 0.05. 

This can be due to the high nucleation density used (27500 bubbles/ cm
3
 of unexpanded melt) 

which causes very low cell wall thickness due to the high number of bubbles. A proper 

nucleation density and rheological correlation for viscosity is important for studying the 

dynamics of the bubble and cell wall thickness needs to be further investigated. 

 2.3.8.3 Expansion ratio 

The change in expansion ratio of the extrudate with time is shown in Fig 2-14. The product 

grows slowly as soon as it exits the die and increases rapidly at the end of expansion. The figure 

shows the maximum expansion ratio and the final expansion ratio after shrinkage. This can be 

used to validate with the data obtained from extrusion run. 
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Figure 2-14 Expansion ratio versus time for treatment M.C. LO, RPM LO  
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The comparison between the predicted and experimental expansion ratio (both maximum and 

final expansion ratio) are shown in Fig 2-15, Fig 2-16 

 
Figure 2-15 Experimental and predicted expansion ratio comparison 

 

 
Figure 2-16 Experimental and predicted maximum expansion ratio comparison 

The difference between experimental and simulated values of temperature at die, pressure at die 

and specific mechanical energy was statistically not different at level 0.05. The trend in 
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simulated results show that the expansion ratio decreases with increase in moisture content and 

increases with increase in screw speed as expected.  

 2.3.8.4 Temperature fall in extrudate 

Fall in temperature of the extrudate is caused due to convection with the atmosphere as well as 

evaporation of water. As the bubble expands, water diffuses into the bubble and evaporates. 

Latent heat of vaporization causes the drop in energy which leads to drop in temperature. The 

temperature profile of the extrudate after it exits the die is shown in Fig 2-17 

 

Figure 2-17 Temperature after exiting the die versus time for treatment M.C. LO, RPM 

LO 

 

 2.3.8.5 Literature comparison 

Apart from the experimental validation of the mathematical model, the results from mechanistic 

model were compared with the literature values for better understanding. The literature values 

for expansion ratio of corn-based expansion products (Table 2-3) ranged from 3-19, depending 

0

20

40

60

80

100

120

140

160

180

200

0.00001 0.001 0.1 10 1000 100000
Time (s) 

Temperature (oC) MC LO, RPM LO 



 

44 

 

on the formulation and processing conditions which is in the same range of the value for 

expansion ratio predicted by the mathematical model (4.5-19.4).  

 

Table 2-3 Literature comparisons for expansion ratio of corn based expanded products at 

different processing conditions 

Reference Material 

Moisture 

content (db) 

Screw speed 

(RPM) 

Expansion ratio 

Chinnaswamy and 

Hanna (1988) 

Corn starch 15-40%  80-200 3.8-16.1 

Karkle et al. (2012) Corn flour
 

21-33% 350 5.9-10.5 

de Mesa et al. (2009) Corn starch  28.2 %  230-330 17.5-19 

Anton et al. (2009) Corn starch 28.2% 150 6.45 

Desrumaux et al. (1998) Corn grits 22.5% 130-200 9.14-12.8 

Ahmed (1999) Corn grits 22% 200 3 

Mezreb et al. (2003) Corn flour - 200-500 7.6-11.8 

 

For microscopic model or cellular architecture parameters (cell size, cell wall thickness), the 

values obtained from the mathematical model are compared with literature values (Table 2-4) for 

better understanding. It can be observed that the range of predicted (538-882 microns) and 

experimental values (435-728 microns) obtained for the cell size is in the same range for some of 

the values of the cell sizes obtained from literature. Also, the experimental values obtained for 

cell wall thickness (68.3-191.5 microns) is in the same range of the cell wall thickness obtained 

from literature (36-312 microns) although the predicted values of the cell wall thickness is very 

less (3.4-10.1 microns). 
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Table 2-4 Literature comparison for microstructure of corn based expanded products at 

different processing conditions 

Reference Material 

Moisture 

content 

(db) 

Screw speed 

(RPM) 

Cell size 

(Radius) 

(microns) 

Cell wall 

thickness 

(microns) 

Bubble number 

density (cells/cm
3
 

expanded product) 

Karkle et al. 

(2012) 
Corn flour 21-33% 350 375-525 90-165 - 

Cheng et al. 

(2007) 
Corn starch 29-37%

 
300 785-1470 36-80.5 7-45 

Trater et al. 

(2005) 

Corn starch + 

5% WPC 
35-51% - 575-850 65-75 2100-3400 

Agbisit et al. 

(2007) 
Corn starch 30-41% 200-400 1035-3160 65-125 18-146 

Babin et al. 

(2007) 

High amylose 

maize starch 
25% - 1650-1900 176.5-312 - 

Barrett 

(1992) 
Corn meal 17.6-25% 300-400 726-1052 - - 

 

Some of the input parameters of the microscopic model (Initial bubble radius, initial bubble 

density) are compared with literature in Table 2-5 for better idea. 
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Table 2-5 Literature comparison of some of the input parameters of microscopic model 

Reference 

Initial radius 

of bubble Ro 

(microns) 

Initial radius 

of domain 

Lo (microns) 

Initial bubble density 

Ncell (cells/cm
3
 of 

unexpanded melt) 

Reason 

Wang et al. 

(2005) 

650 1000 240 Ro =  
 

  
 
       

        
  

  

    
 
 

  

Schwartzberg et 

al. (1995) 

0.25 7.4 5*10
9 

 

Lach (2006) 5 320 500000 Assumed 

Cisneros and 

Kokini (2002) 

220-900 - 300-34550  

Fan et al. (2012) 100 200 -  

Alavi et al. (2003) 5 39.8 5000000  
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Table 2-6 List of symbols and their meanings 

Ai Interfacial area between layers i and i+1 in microscopic shells (m
2
) 

aw Water activity for given moisture content at bubble surface 

Cj 

Cp 

Concentration of water in the jth shell of the macroscopic shells (kg/kg dry matter) 

Specific heat (kJ/kg K) 

Dw Diffusivity of water in cell wall (m
2
/s) 

Deff Effective bulk diffusivity of water in porous extrudate (m
2
/s) 

Dwi Diffusivity of water in each layer of the starch matrix (m
2
/s) 

den 

dex 

D 

Di 

e 

fo 

FD 

Fo 

FP 

h 

K 

Kc 

Ks 

Kxc 

L 

Ld 

Ld1 

Lv 

M 

mf 

n 

nf 

N 

Nmi 

Nbubble 

Pw 

Pwsat 

Pa 

Pe 

Py 

Q 

Qv 

R 

Sw 

Sf 

Sm 

Sr 

Die diameter at entrance of die (m) 

Die diameter at exit of die (m) 

Diameter of screw (m) 

Internal screw diameter (m) 

Screw flight thickness (m) 

Fraction of number of open cells 

Shape factor for drag flow 

Fraction of volume of open cells 

Shape factor for pressure flow 

Screw channel depth (m) 

Consistency coefficient of melt (kPa s
n
) 

K at the innermost surface of the pore (kPa s
n
) 

K at the outermost surface of the pore (kPa s
n
) 

Mass transfer coefficient of water in starch matrix 

Radius of domain (m) 

Extruder nozzle length (m) 

Extruder nozzle dimension (m) 

Channel width (m) 

Mass of dry solids in the domain (kg) 

Mass flow rate (kg/s) 

Flow behavior index 

Number of threads 

Screw speed (rps) 

Number of spherical shells used for microscopic model 

Bubble nucleation density (bubbles/m
3
 of unexpanded material) 

Pressure exerted due to water vapor inside the bubble (Pa) 

Saturated water vapor pressure at temperature T (Pa) 

Atmospheric pressure (Pa) 

Elastic stress (Pa) 

Yield stress (Pa) 

Mass of water vapor in pore (kg) 

Volumetric flow rate (m
3
/s) 

Bubble radius (m) 

Average tensile stress in cell wall (Pa) 

Cell wall failure stress (Pa) 

Coefficient in Sr versus T correlation (kPa) 

Term in Sf versus Xa correlation (kPa) 
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SME 

t 

T 

Tref 

W 

Xw 

Xa 

XC 

Xi 

XS 

ρ 

ρdry 

σ 

γ 

µ 

  
Φ 

λ 

Ψ 

Є 

δ 

   
βf 

βs 

∆M 

∆P 

    
∆Q 

∆R 

∆t 

    
 

Specific mechanical energy (kJ/kg) 

Pitch (m) 

Temperature (K) 

Reference temperature (K) 

Cell wall thickness of domain (m) 

Moisture content (dry basis) 

Average moisture content across all layers (dry basis) 

Moisture content at the innermost surface of the pore (dry basis) 

Moisture content at i
th 

shell of the bubble (dry basis) 

Moisture content at the outermost surface of the pore (dry basis) 

Density of melt (kg/m
3
) 

Density of dry unexpanded melt (kg/m
3
) 

Surface tension at pore-shell interface (N/m) 

Shear rate (s
-1

) 

Melt viscosity (kPa s) 

Specific volume of water vapor (m
3
/kg) 

Screw pitch angle 

Latent heat of vaporization (kJ/kg) 

Spread factor in open cell fraction distribution 

Porosity 

Tortuosity 

Flow yield stress (kPa) 

Coefficient in   correlation 

Coefficient in Sf versus Xa correlation  

Mass of dry solids per layer of the bubble (kg) 

Pressure difference driving expansion 

Increase in pressure inside the extruder due to    thickness of screw 

Change in Q in timestep ∆t 

Change in bubble radius in timestep ∆t (m) 

Value of timestep 

Increase in temperature inside the extruder due to    thickness of screw 
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Chapter 3 - Stochastic study of flow and expansion of starch-based 

melts during extrusion 

 3.1 Introduction 

With the increase in population, and also due to changes in the consumer preferences a 

revolution took place in the food industry to produce different varieties of products with better 

quality. In the production of different variety food products, along with different other methods, 

extrusion cooking played an important role especially in the production of expanded products 

such as breakfast cereal, snack food, pet food etc. Extrusion cooking not only has its impact on 

the increment of production but also holds great potential in the incorporation of difficult 

biomaterials such as fiber besides maintaining organoleptic quality of the food product. 

Mathematical modeling acts as an effective tool in understanding the fundamental concepts of 

the process and also aids in simulating the outcome of a process without actually performing the 

experiment (Vergnes et al., 2006). The purpose of the mathematical model in the food process is 

to describe the heat and mass transfer occurring in the product as accurately as possible. 

Modeling of food extrusion process is a complex process because of the heterogenous properties 

of the food materials and their phase transitions are not well-defined. The extrusion process 

involves simultaneous mass and heat transfer along with other physico-chemical processes such 

as evaporation of water, protein denaturation, starch gelatinization etc.  

There are two types of uncertainties in modeling the heat and mass transfer systems (Feyissa et 

al., 2012)  

1) Uncertainties due to the model assumptions made to simplify the model development 

where only crucial physical phenomena are observed and the other phenomena are 

ignored or assumed to cause no effect. This often leads to the variation between the 
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predicted model dynamics and reality. This kind of uncertainty is called as Subjective 

uncertainty as it is related to the model assumptions or in other words, structure of the 

model. 

2) Uncertainties due to uncertainty in the values of the parameters used in the model. This 

uncertainty may occur due to the poor understanding of the phenomena or the values of 

these parameters are not available in literature. Though there are methods (Dolan and 

Mishra (2012), Beck and Arnold (2007)) to estimate the parameters in the food processes 

which could address this issue to an extent; the uncertainties in values of parameters 

causes issues in the predictive models (Wong et al., 2006). This can be dealt by taking the 

uncertainty in input parameters into account and studying the effect of these uncertainties 

on the end product characteristics. The effect of uncertainties in input parameter on the 

end product was currently studied in the model.  

 

Uncertainty and sensitivity analysis has been used in several applications such as quality 

assessment of composite indicators (Saisana et al., 2005), environmental models (Campolongo 

and Saltelli, 1997), ecological modeling (Cariboni et al., 2007), arterial blood flow and blood 

pressure models (Ellwein et al., 2008), data based mechanistic modeling in hydrology (Ratto et 

al., 2007), chemical models (Saltelli et al., 2005), process analytical technology applications (Sin 

et al., 2009). Uncertainty analysis helps in studying the effect of uncertainty of input parameters 

on uncertainty of output parameters whereas sensitivity analysis helps in knowing which input 

parameter affects output the most. There are two ways of sensitivity analysis methods (Sobol, 

2001) – local sensitivity analysis method and global sensitivity analysis method. Local 

sensitivity analysis method involves studying the effect of small changes in input of one 
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parameter on the output at a time whereas global sensitivity analysis method involves studying 

the effect of changes in all the input parameters at the same time on the output. Though the local 

sensitivity analysis was used more frequently due to less computational requirement; global 

sensitivity analysis was currently used in this model as it involves the changes in all input 

parameters simultaneously. 

Feyissa et al. (2012) studied the uncertainty and sensitivity analysis in a contact baking process. 

They used global sensitivity analysis method in the heat and mass transfer model of a contact 

baking process to study the effect of input parameters such as heat and mass transfer coefficients, 

evaporation rate parameters, thermo-physical parameter characteristics etc. and ranked the 

relative impact of each input parameter on the output. They used Monte-Carlo technique to study 

the uncertainty analysis. 

In this study, the effect of variability of input parameters such as moisture content and screw 

speed on the output i.e. expansion ratio of the extrudate was observed. Data Acquisition System 

(DAQ) was used during the actual extrusion run to record water injection into the extruder and 

the screw speed.  

 3.2 Methodology 

 3.2.1 Mathematical model and input parameters 

The mathematical model developed in Chapter 2 gives the pressure, temperature and energy 

profiles inside the extruder. It also explains the phenomena of expansion and shrinkage of 

bubbles after the extrudate exits from die and helps in obtaining the end product characteristics 

such as expansion radius, bubble radius, cell wall thickness etc. This model was used to study the 

effect of variability of input parameters on the output. The input parameters used for study was 
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in-barrel moisture content and screw speed and the effect of these parameters on expansion ratio 

can be observed using the Data Acquisition System (DAQ). 

 3.2.2 Extrusion run 

Degermed corn meal purchased from Bunge (Atchison, KS) was used for production of corn 

puffs. The corn puffs were extruded using a pilot scale twin screw extruder (TX-52, Wenger 

Manufacturing, Sabetha, KS) with a differential diameter pre-conditioning cylinder. The extruder 

had a screw diameter of 52 mm and L/D ratio of 19:1. The screw profile and the barrel 

temperatures used were reported in Figure 3-1. A 3x2 factorial design was used with 3 in-barrel 

moisture contents (0.19, 0.235, 0.28 (db)) and two screw speeds (250 rpm and 330 rpm). The 

notations used for this treatments are shown in Table 3-1.  

 

Table 3-1 Notations for treatments 

Treatment Notation Moisture content (d.b.) % Screw speed (RPM) 

M.C. LO, RPM LO 19 250 

M.C. LO, RPM HI 19 330 

M.C. MD, RPM LO 23.5 250 

M.C. MD, RPM HI 23.5 330 

M.C. HI, RPM LO 28 250 

M.C. HI, RPM HI 28 330 

Extrusion conditions were allowed to stabilize for ~10 minutes. The product from each treatment 

was collected for about 10 minutes. The raw material feed rate was maintained at 110 kg/h. 

There was no water or steam added in the preconditioner. The water was added only in the 

extruder.  
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Head Number 1 2 3 4 

Barrel Temperature (
o
C) 50 60 70 90 

 

  

 

 

                                        1
a
     2

a
       3         4        5        6        7       8       9      10     11     12      13 

Element No: 

1 = SE
b
-2-F-78; 2 = SE-2-F-78; 3 = SE-2-3/4-78; 4 = SE-2-3/4-78; 5 = SE-2-3/4-78;  

6 = SE-2-3/4-78; 7 = SE-2-1/2-78; 8 = SE-2-1/2-78; 9 = SE-2-1/2-78; 10 = SE-2-1/2-78;  

11 = SE-2-1/2-78; 12 = SE-2-1/2-52 and 13 = SE (conical)-2-3/4-78.
c
 

 

a
Right shaft elements are single flighted. 

b
SE = Screw element 

Numbers: 

1
st
 – Number of flights 

2
nd

 – Relative pitch 

3
rd

 – Element length, mm 

c
All screw elements are forward and intermeshing.                                                           

 

The die used was a circular die of 4.2 mm diameter. The dimensions of the die is given in Figure 

3-2. The product was cut immediately after exiting the die with a face-mounted flex knife (6 

blades) rotating at 539 rpm. The extrudates were dried in a dual pass dryer (Wenger 

Manufacturing, Sabetha, Kansas) at 212
0
 F for 15 minutes. Samples were collected off the 

extruder as well as off the dryer.  

R 

L 

Figure 3-1 Screw profile 
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Figure 3-2 Dimensions of die used in extrusion 

 3.2.3 Data acquisition system (DAQ) 

Data acquisition system was used during the extrusion run to record the extrusion processing 

conditions every second. This helps in understanding the variability of input parameters. Some of 

the parameters recorded by DAQ are water added into the extruder and screw speed. In-barrel 

moisture content was calculated from the water added into the extruder and feed rate. Fig 3-3 and 

Fig 3-4 shows the change in water added and screw speed every second during the extrusion run 

for treatment M.C. MD, RPM LO respectively. 

 

Figure 3-3 DAQ data for water added during extrusion for M.C. MD, RPM LO  
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Figure 3-4 DAQ data for screw speed during extrusion for M.C. MD, RPM LO  

 3.2.4 Expansion ratio 

The Expansion ratio (ER) is the ratio of the extrudate cross-sectional area to the die orifice cross 

sectional area, and was calculated using equation 3-1 

 
    

  
 

    
 (3-1) 

where De is the extrudate diameter measured using vernier calipers and dex is the exit diameter of 

the die.  

 3.2.5 Monte-Carlo simulation 

Though there are many techniques available for uncertainty analysis, Monte-Carlo simulation 

was used as it is the most effective way to analyze the uncertainty (Helton and Davis, 2003) and 

is the most reliable and effective technique (Sin et al., 2009). The steps involved in Monte-Carlo 

simulation are (Feyissa et al., 2012) 

1)  Uncertainty in input parameters 

2)  Sampling the uncertainty of input 
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3)  Evaluation of model 

4) Analysis of result – uncertainty of output 

 3.2.5.1 Uncertainty in input parameters 

This step varies for each input parameter. If the input parameter is obtained from literature or 

assumption, coefficient of variation (CV) was assumed. High CV signifies more uncertainty of 

the input parameter whereas less CV signifies less uncertainty of the parameter. If the input 

paremeter is measured from experiments, the uncertainty range of the input parameters can be 

obtained from experimental data. In this study, we are studying the effect of uncertainty of 

moisture content and screw speed. DAQ measures water injection to extruder and screw second 

every second which was used to obtain the uncertainty of these input parameters.  

 3.2.5.2 Sampling the uncertainty of input 

Random sampling was used to the sample the input parameters from the DAQ data. Random 

sampling is the most used type of probability sampling. 600 samples were selected from the 

input parameter data (DAQ data). In random sampling, each value of the input parameter has an 

equal probability to be selected for sampling. This value of the input parameter is selected 

independently of the values of other input parameters. The random selection is done using the 

random-number generator in MS-Excel. Thus, N random values of input parameters (screw 

speed, moisture content) were obtained from the sampling space. 

 3.2.5.3 Evaluation of model 

The N random values of input parameters selected from the sampling space were used as the 

input to the mathematical model. The first set of input data gives the first simulated output and 

the second set of input data gives the second simulated output, and thereby N values of output 
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data was obtained using N random values of input parameters. This step takes the most time as 

there are so many computations involved. 

 3.2.5.4 Analysis of result – uncertainty of output 

The uncertainty of output was obtained using the N values of output obtained in the previous 

step. It was represented by CV of the output data calculated by measuring the mean and standard 

deviation of the output.  

The algorithm for stochastic modeling is shown in Figure 3-5 
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Figure 3-5 Algorithm for stochastic model 
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 3.3 Results 

 3.3.1 Comparison between predicted and experimental stochastic results 

In this study, 20 random values of each input parameter (water added, screw speed) were 

selected from the DAQ data due to the time constraint. These values were input into the 

mathematical model and 20 values of expansion ratio were obtained. Each stochastic simulation 

took about 7-9 hours depending on the computational ability of the computer. The stochastic 

simulation was carried across all the 6 treatments.  

Mean value, Standard Deviation (SD) and Coefficient of Variation (CV) was calculated for the 

input parameters selected and the output obtained across all 6 treatments. The CV of the sampled 

input parameters is shown in Table 3-2 

Table 3-2 CV of input parameters (moisture content and screw speed) 

Treatment Water added (kg/hr) Screw speed (RPM) 

 

Mean SD CV (%) Mean SD CV (%) 

M.C. LO, RPM LO 5.8 0.17 2.9 253.9 2.48 0.98 

M.C. LO, RPM HI 5.9 0.15 2.6 330 0.28 0.09 

M.C. MD, RPM LO 9.9 0.14 1.4 253.3 0.32 0.13 

M.C. MD, RPM HI 9.7 0.14 1.5 329.8 0.3 0.09 

M.C. HI, RPM LO 14.4 0.15 1.1 253.4 0.35 0.14 

M.C. HI, RPM HI 14.6 0.15 1 335.1 0.25 0.07 

 

The output characteristic i.e. ER of the extrudate was obtained from the stochastic model. CV of 

the predicted ER was obtained using this data. CV of the experimental ER was also calculated. 

Table 3-3 shows the comparison between the CV of predicted ER and experimental ER. 
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Table 3-3 Comparison of CV of predicted and experimental expansion ratio 

Treatment Predicted ER Experimental ER 

 

Mean SD CV (%) Mean SD CV (%) 

M.C. LO, RPM LO 18.6 0.58 3.11 16.9 0.78 4.61 

M.C. LO, RPM HI 18.9 0.58 3.07 16.4 0.78 4.74 

M.C. MD, RPM LO 6.9 0.15 2.13 8.6 0.4 4.69 

M.C. MD, RPM HI 7.5 0.18 2.4 6.9 0.34 4.89 

M.C. HI, RPM LO 4.6 0.012 0.26 4.1 0.1 2.54 

M.C. HI, RPM HI 4.9 0.012 0.24 3.3 0.12 3.58 

 

The CV of predicted ER for the six treatments was in the range of 0.24 – 3.11 % whereas the CV 

of experimental ER was in the range of 2.54 - 4.89 %. Predicted CV was bit less compared to 

Experimental CV because there might be other parameters as well affecting ER.  

 3.3.2 Sensitivity analysis with respect to input parameters 

Using these stochastic simulations, sensitivity analysis was carried out for 3 different input 

parameters in which 2 input parameters were processing conditions such as water added into the 

extruder and screw speed and the third input parameter was material property i.e. consistency 

index. The sensitivity analysis was carried out by varying one input parameter by 10% while 

keeping other two parameters constant and observing its effect on the expansion ratio.  
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Table 3-4 Sensitivity analysis of expansion ratio with respect to water added in extruder at 

M.C. LO, RPM LO 

Water added (kg/hr) Screw speed (RPM) 

Consistency index 

coefficient 

ER (Simulated) 

5.83 253.9 1 18.7 

6.41 253.9 1 16.55 

7 253.9 1 12.64 

 

Table 3-5 Sensitivity analysis of expansion ratio with respect to screw speed at M.C. LO, 

RPM LO  

Water added (kg/hr) Screw speed (RPM) 

Consistency index 

coefficient 

ER (Simulated) 

5.83 253.9 1 18.7 

5.83 279.3 1 18.99 

5.83 304.7 1 19.15 

 

Table 3-6 Sensitivity analysis of expansion ratio with respect to consistency index at M.C. 

LO, RPM LO  

Water added (kg/hr) Screw speed (RPM) 

Consistency index 

coefficient 

ER (Simulated) 

5.83 253.9 1 18.7 

5.83 253.9 1.1 20.5 

5.83 253.9 1.2 20.51 
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Tables 3-4 to 3-6 gives the sensitivity analysis of expansion ratio with respect to water added in 

extruder, screw speed and consistency index respectively for the treatment M.C. LO, RPM LO. It 

can be observed that ER decreased with increase in expansion ratio whereas it increased with 

increase in screw speed and consistency index. A 10% increase in water caused 3.03 relative 

decrease in ER whereas 10% increase in screw speed caused 0.224 relative increase in ER. For 

consistency index coefficient, 10% increase caused 0.905 relative increase in ER. This signifies 

that water added in extruder affects the ER most compared to consistency index coefficient and 

screw speed. 

 3.3.3 Sensitivity analysis with respect to variability in input parameters 

Variability in input parameters was captured using DAQ data. Figure 3-6 shows that the water 

added in extruder followed a normal distribution across all the treatments.  
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Figure 3-6 Variability in water added in extruder for various treatments 

 

Figure 3-7 shows that there was no specific distribution or pattern in screw speed across all the 

treatments. Hence the uniform distribution was assumed for screw speed. A uniform distribution 

was assumed for the third input parameter i.e. consistency index coefficient as well.  
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Figure 3-7 Variability in screw speed for various treatments 

Tables 3-7 to 3-9 gives the sensitivity analysis of variability in expansion ratio with respect to 

variability in water added in extruder, screw speed and consistency index respectively for the 

treatment M.C. LO, RPM LO.  
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Table 3-7 Sensitivity analysis of variability in expansion ratio with respect to variability in 

water added in extruder at M.C. LO, RPM LO  

Water added in 

extruder (kg/hr) 
Screw speed (RPM) 

Consistency index 

coefficient 
ER (simulated) 

Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) 

5.83 0.09 1.5 253.9 0.25 0.1 1 0.01 1 18.7 0.25 1.32 

5.83 0.2 3.5 253.9 0.25 0.1 1 0.01 1 18.8 0.76 4.03 

5.83 0.32 5.5 253.9 0.25 0.1 1 0.01 1 18.9 1.46 7.74 

 

Table 3-8 Sensitivity analysis of variability in expansion ratio with respect to variability in 

screw speed at M.C. LO, RPM LO 

Water added in 

extruder (kg/hr) 
Screw speed (RPM) 

Consistency index 

coefficient 
ER (simulated) 

Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) 

5.83 0.09 1.5 253.9 0.25 0.1 1 0.01 1 18.7 0.25 1.32 

5.83 0.09 1.5 253.9 5.33 2.1 1 0.01 1 18.68 0.26 1.41 

5.83 0.09 1.5 253.9 10.41 4.1 1 0.01 1 18.64 0.27 1.45 

 

Table 3-9 Sensitivity analysis of variability in expansion ratio with respect to variability in 

consistency index coefficient at M.C. LO, RPM LO  

Water added in 

extruder (kg/hr) 
Screw speed (RPM) 

Consistency index 

coefficient 
ER (simulated) 

Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) Mean SD CV(%) 

5.83 0.09 1.5 253.9 0.25 0.1 1 0.01 1 18.7 0.25 1.32 

5.83 0.09 1.5 253.9 0.25 0.1 1 0.03 3 18.7 0.32 1.71 

5.83 0.09 1.5 253.9 0.25 0.1 1 0.05 5 18.7 0.43 2.32 

 

Tables 3-7 to 3-9 gives the sensitivity analysis of variability in expansion ratio with respect to 

variability in water added in extruder, screw speed and consistency index respectively for the 



 

77 

 

treatment M.C. LO, RPM LO. It can be observed that increase in CV of any input parameter led 

to increase in CV of expansion ratio. For 2% CV increase in water added in extruder, relative CV 

increase in ER was 1.605 whereas 2% CV increase in screw speed and 2% CV increase in 

consistency index coefficient led to relative CV increase in ER of 0.0325 and 0.25 respectively.  

This signifies that variability in water added in extruder affects the variability in ER the most 

compared to screw speed and consistency index coefficient. 

In the past, little work has been done on the uncertainty and sensitivity analysis of the food 

processes. Though Feyissa et al. (2012) studied the uncertainty and sensitivity analysis for mass 

and heat transfer in a contact baking process; they did not validate the model. Hence, this study 

was the first one to validate the stochastic model of the food process. Feyissa et al. (2012) 

determined how the temperature and water content change due to uncertainty in the value of the 

parameters and identified the relative impact of uncertain parameters on model predictions and 

ranked the parameters according to their impact. The identification of influential parameters is 

useful in further refining the model as it gives the idea of which parameters to be measured 

precisely or should be estimated from experimental data. They found that the evaporation rate 

constant at the evaporation temperature and thermal conductivity parameter are very important 

for temperature prediction liquid diffusion coefficient is very important for the prediction of the 

liquid water concentration.  

In non-food industry, Mejlholm et al (2014) developed a stochastic model for simultaneous 

growth of Listeria monocytegenes and lactic acid bacteria and validated the model from naturally 

contaminated samples of cold-smoked Greenland halibut and cold-smoked salmon. They studied 

the effect of 12 environmental parameters and microbial contamination. They used gamma 
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distribution for some parameters and normal distribution for some parameters from experimental 

collected data and obtained comparable predictions for stochastic model. 
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Chapter 4 - Conclusions and Future Work 

 4.1 Conclusions 

A deterministic mathematical model was developed for the behavior of flow inside the extruder 

to simulate pressure, temperature and energy profiles inside the extruder. In spite of so many 

assumptions, predicted values of temperature, pressure and specific mechanical energy were in 

good agreement with experimental values.  

A deterministic mathematical model for the expansion and shrinkage of bubbles after the 

extrudate exits from the die was developed and it was coupled with the mathematical model of 

flow behavior inside the extruder to simulate dynamics of cell structure and obtain end product 

characteristics such as expansion ratio and cellular architecture parameters (cell size and wall 

thickness). The model helped in understanding the process of extrusion of biopolymer melts at 

the fundamental level. Even though, predicted and experimentally obtained results of expansion 

ratio and maximum expansion ratio showed a good fit; the cellular architecture parameters i.e. 

cell size and cell wall thickness were statistically different for predicted and experimentally 

obtained results at level 0.05 suggesting that further work needs to be done in microscopic 

model. This can be due to the high nucleation density used (27500 bubbles/ cm
3
 of unexpanded 

melt) which causes very low cell wall thickness due to the high number of bubbles. A proper 

nucleation density and rheological correlation for viscosity is important for studying the 

dynamics of the bubble and cell wall thickness needs to be further investigated. 

A stochastic model was developed and to study the effect of variability of operating conditions 

(screw speed, water injection) and material properties (consistency coefficient) on the variability 

of the end product characteristics. This model was also used to conduct sensitivity analysis for 

understanding which raw material and process characteristics contribute most to product 
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variability. Sensitivity analysis showed that the water added in extruder affects the expansion 

ratio the most compared to screw speed and consistency index coefficient.  

 4.2 Future work 

Some future research can involve improving the model prediction for cell wall thickness and 

average cell size by refining the input parameters for bubble number density and initial cell 

radius. Phenomenon of coalescence was neglected in the model. Coalescence can be included in 

the model as it leads to decrease in number of bubbles and results in higher cell size and cell wall 

thickness as well. The model can be further improved by using different viscosity equations for 

viscosity inside the extruder and after the product exits the die. The viscosity equations could be 

different due to the differences in the shear rate inside the extruder and during the bubble growth. 

The shear rate inside the extruder is very high, whereas after the extrudate exits the die, the shear 

rate rapidly approaches zero due to free-surface flow. 

Further work can also be done on sensitivity analysis at different processing conditions. The 

sensitivity analysis was done at M.C. LO, RPM LO. The effect of the processing conditions on 

the end product characteristics may vary at different processing conditions. Sensitivity analysis 

of other input parameters like feed rate, ambient temperature etc. can be done in order to know 

which parameter affects the end product the most. 

 4.2.1 Sample calculations 

Phenomenon of coalescence was neglected in the model. Coalescence can be included in the 

model as it leads to decrease in number of bubbles and results in higher cell size and cell wall 

thickness as well.  
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Treatment: M.C. LO, RPM LO 

Average cell size R (Experimental) = 655 microns 

If 1 cm
3
 of expanded product is completely filled with bubbles (fully packed assumption) 

Number of bubbles in 1 cc of expanded product = 
 

 
 

 
    

 = 
 

 
 

 
        

 = ~850  

Sectional expansion ratio (Experimental) = 16.94 

Longitudional expansion ratio (Experimental) = 0.627 

Overall expansion ratio (Experimental) = 16.94 * 0.627 = 10.62 

Number of bubbles in 1 cc of unexpanded melt = 850*10.62 = ~9000  

As the coalescence phenomenon is assumed, it is assumed that 9000 bubbles/cm
3
 of unexpanded 

melt coalesce to form 850 bubbles/cm
3
 in the expanded product. 

Initial radius of the bubble Ro = 100 microns 

Initial bubble density Ncell = 9000 bubbles/cm
3
 of unexpanded melt 

Initial domain radius Lo = 285 microns 

Final radius of the bubble R = 655 microns 

Let us assume that the final domain radius is L 

The volume of the solid in the bubble remains the same after expansion 

 

 
    

    
         

 

 
             

(285
3
 – 100

3
) * 9000 = (L

3
 – 655

3
) * 850 

L = 801.8 microns 

Final cell wall thickness = 801.8 – 655 = 146.8 microns 

Final cell wall thickness (experimental) = 136.6 microns 
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It can be observed that the cell wall thickness obtained from calculations (146.8) was very near 

to the experimental cell wall thickness (136). This effect is due to coalescence. 

Expansion ratio = 
    

 

 
    

     
 

 
    

 
 = 
          

         
 = 2.1 

But it can be observed that the expansion ratio obtained from calculations (2.1) was very less 

compared to the experimental expansion ratio (16.94). 

Hence, this needs to be further investigated. 
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