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I. INTRODUCTION

The problem of finding the electromagnetic fields due to a plane wave
incident upon a plane-stratified medium reduces to the problem of solving
a second-order linear differential equation with variable coefficients.

There exists a limited number of specific layer variations which yield a
differential equation solvable in terms of known functions [1]-[9]. 1If

the dielectric profile is not one of these, then the differential equation
may be solved by various approximate methods [10]. At high frequencies,

that is, when the dielectric variation over distances of the order of a wave-
length is small, the WKB (Wentzel-Kramers-Brillouin) or phase-integral sclution
may be used [1, Ch, 4], [2]. One may also construct an approximate differ-
ential equation to obtain a'saiﬁfion good éf either high or low frequencies.
Another technique is to approxiﬁate the dielectric profile by one or more
profiles for which an exact solution is knocwn. TFor example, pfohably the
most obvious approximation is a "stepped" profile consisting of homogeneous
layers of arbitrary number and size.

In a recent paper by Casey [11], it was shown that the fields in a plane-
stratified layer may be expressed in terms of Hill functions. This method
gives formally exact solutions for a nearly arbitrary dielectric profile in
the layer. We shall in this paper be concerned with finding the fields
outside the inhomogeneous region using the Hill function approach. More
precisely, we are interested in the rate of convergence of certain infinite
determinants asscciated with the Hill function method. The rate of conver-
gence will be seen to depend upon frequency and other parameters of the
problem. Additionally, we shall be interested in the effect of certain

dielectric profile approximations which may conveniently be made using the



Hill-function method of solution. For this study, we shall consider a
dielectric profile for which a known-function solution may be obtained
and compare numerically the known-function solution and the Hill-function

solution.



ITI. FORMULATION OF THE PROBLEM

The geometry of the problem is shown in Figure 1. A plane wave is
incident upon a stratified dielectric layer of thickness d and permittivity
e(z). On either side of the transition layer are homogeneous regions of

permittivity €, and €,. The permeability in all regions is By We shall

1 2

consider only the case of a plane wave polarized perpendicular to the plane
of incidence, as shown in Fig. 1. Also, e—th time dependence will be
assumed for all field quantities and suppressed throughout.

In region (1), z < 0, the total electric field is the sum of the

incident and reflected fields,

ay _ 1 i '
B = e w0
with
ik, cos @, z -ik. cos 8, z
v =e L 1 4+re 1t i, @)
In region (2), z > d, the transmitted field is
ik, sin 8, x
(2) _ 1 i
Ey ¢2 e (3)
with
ik2 cos Gt (z=d)
1#2 =T e . (4)

R and T are respectively the reflection and transmission coefficients to

1,2~ “"Hof1,2

Now, the following conditions describe the transition region;

be determined, and k

1) linear, 2) isotropic, 3) time-invariant, 4) inhomogeneous, 5) source-

free. For this case the wave equation for the electric field E is
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Fig. 1. Geometry of the problem of a plane wave incident upon
an inhomogeneous dielectric layer.



v2E+v[i-€£}+k2E=0. (5)

We may specialize this further by noting that for our case the field will
have only a y component, with no variation in y, and that the permittivity

is a function of z only; or Ex = E

2E
., 0, 3;1 = (0, and € = €(z). The wave

equation thus becomes -

2

[v2, + kz(z}]Ey =0 . _ (6)

Using the method of separation of variables, we seek solutions of the form

Ey = p(z) X(x) . (7

Substituting (7) intoc (6) and dividing by VX gives

L LAY 114

Since x and z are independent variables, each must be constant. If this

2
constant value is Yy, then we obtain the two equations

X +y2X=0 )
U @ -y =0, ' 10)

Solutions to (9) are
X = eIin . a1

A boundary condition at z = 0 is the continuity of Ey so the x variation of
the fields in the layer must be that of the fields in region (1). This
requires that

Yy = kl sin 0, (12)

and

ik, sin 6, x
o e, 13)

Note that the variation in x is not a function of k -~ since of course k is

a functicn of z - and sc.does not depend upon the dielectric profile.



We have now reduced the problem to that of solving (10), a second-

order, linear differential equation with a non-constant coefficient,

In

order to numerically investigate the resulting fields, we choose a linear

dielectric profile as shown in Fig. 2., We have in the layer

e(z) = sl(l + az)

where

a= (er - 1)/d
and

_ 2.2
The equation to be solved may now be written as

AR kz(cos2 8, + az)y = 0

1 i i

Subsequent application of boundary conditions at z = 0 and z

complete the solution.

-

d will

(14)

(15)

a6}

a7
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Fig. 2. Transition region with linear dielectric profile.



III. KWOWN-FUNCTION SOLUTION

To put (17) into a familiar form, let

2k
w o= sgi (az + c052 61)3/2 (18)
v =3 e a9

to obtain
w' = kl(az + cos2 B.)lf2 (20)
i

ak
w'! = ~§l-(az + c052 Bi)—llz (1)

-2/3

P o= wvt(_‘i___B_“y_+ wl/BVIJ

B e ¥ B T U S (22)

3 9

By substituting these expressions into (17), a change of variables is

accomplished and (17) becomes

-2/3 ‘ _
w"Fi—?rE-+ wl/BV'] + w'2[w1/3V" +‘%'WH2/3V' + (wl/3 - %—w 5/3}Vj =0,

(23)

w'? 43

— = 3w, we divide (23) by w''w and obtain Bessel's equation

Noting that

3}

of order 1/3,

V‘

v ¥ L A
vrl i a-Sv-o. (24)

9w

The solution to (24) may be written as

v=AJ , W) +BJ (w) (25)

1/3 -1/3
where J+1/3 denotes the Bessel function of the first kind of order *1/3 and

A and B are constants to be evaluated. The fields in the layer are now



ik, sin 6, x
B, = Ve L 1 (26)

where

1/3

P =w IA J1/3(W) + B J-l,S(W)] . Q27

Now we require that the tangential components of the electric and magnetic

fields be continuous across the boundaries, that is at z = Q

g - g (28)
b Y
(1)
Hx = Hx {29)
and at z = d
) _ 30
Ey Ey (30)
(2) _

Hx in all regions is given by the field equation
VI'i @E
) : R . S (32)
2z

Substituting the expressions for the fields, given by (1), (3), (26), and

(32), into (28)-(31) yields four simultaneous linear equatioms in A, B,

R, T:
1w, a ok i 1 0| A ]
1/3 o o
w3 19,3 w, 32 /5) -1 ol |3 1
= . (33)
1/3 4 , 1/3 d ,
(-1 vy Jf2;3) (1 Wy 32/3) 0 -1 R 0
1/3 d 1/3 .d ,
L(wd 3179 Gy " Iyy3) L ‘L LT LO_
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Here we have introduced the notation of subscript o and d indicating the

argument w evaluated at z = 0 and z = d and superscript o and d meaning

the function J evaluated at z = 0 and 2 = d. From these equations it is

found that
-1/3., d d
. 2w (1J -J )]
- o 2/3 -1/3
A Z (34)
173 d
(J +41J )
_ Yo 1/3 -2/3
B = 2 (35)
d o d o d o d o
13539173 = o3 T3 ¥ 3 Joazz F 1 a3 oy
d o d o d d 0
. B e Y R ¥ o e V& Sttt V W 23t 92073 Tapa 36
D
i 2‘/—' 1/3 ;2/3
T = TTD » (37)
where
=(i.:r"°L )J +(J +:tJd )J
2/3 1/3 1/3 1/3 —2/329-1/3
L SR LN NI LI LR o (38)
2/3 —1/379-2/3 173 = J-273%273

This completes the solution for the fields in all regioas,

As stated earlier, we are interested in the field outside the tranmsition
region which requires that we know R and T. It will be seen later that the
Hill-function approach requires the evaluaticn of the same infinite deter-
minants to find either R or T. Therefore it will be necessary to comsider
only one of these quantities., We will use R.

Now, for computational purposes the reflection coefficient R will be
expressed in terms of the Airy functioﬁs, Ai(+) and Bi(+). By substituting

into (34) the relations [12]
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Jy1/30 = %_- /375 [V3 At{-u) ¥ Bi(-u)] (39)
312,3(»:) = V3f2u [* V3 AL'(-u) + Bi'(-u)] , (40)
where
w= (372 w23, (41)
we cobtain

d

~a1%15i°% - B1d1ai%) + v/uduo a1981° - B1941%)

+ i[—JEE(AidBiO' - 813191 & /G;(nAid‘Bio + 51974191
R = d,..0 d o d_.o d, .o ' (42)
(a1°'Bi%" - Bi%'a1%") + Vugu_(A1°B1° - BLTALY)

+ i[fE;(—Aid'Bio +8i%141%) + /E;(AidBio' - i%i°M)

It should be noted that the arguments of the Airy functions in this expressicn

are —u_ and —u,. If we let
(o] d

B e-iZn/3 "

o o (43)
=i2n/3
vg=e ug s (44)

then it can be shown that

~aidrpi®r - B191ai%n + Jvovd 41981° - B1%41%)

+ i/, (a19m1°7 - B19a1°"y -/ (-a19181° + 51914191
R = d : (45)

a1drpi° - Bi%ras®n) + Jvovd ai981° - 81%41°)

d

+i[-/v i%741° - 419'81%) - g a1%8i° - 31%i°")]

where the arguments are -V and vy In order to have the arguments of the
Airy functions real, (42) is used when €. > 1 and (45) when Er s 1. This

is done, again, for computational purposes.
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1V, HILL~FUNCTION SOLUTION

Let the following change of variables be introduced into (10);

g = mz/2d (46)
u(z) = v(z) . (47)
This gives
o+ B (P -y (48)
Now if the coefficient g(z) ='(§% £ (kz - yz} is even and periodic in m,

as a function of [, then it may be expressed as a Fourler cosine series and
(48) becomes
(-1
u''+ (A +2 ] g cos 2nf)u =0, (49)
n=1
oo
This is Hill's equation., If E [gn| converges, then we may proceed and
n=1

write the solution in terms of Hill functions [13]-[15],

u = Au; + Bu, , (50)

where A and B are constants.
As will be seen, it is not necessary to specify the functioms u, and u,3
that is we need not actually solve the differential equation for the fields
in the transition layer if only R or T is desired.

In the layer, then,

Ey = Au_ + Bu (1)

1 2

im
2dwy

= - ] . ]
B » [Aul 4 Buz] (52)

where the x dependence has been suppressed, Application of boundary

conditions at z = 0 and z = d, as given in (28)-(31), gives



S - =iw u}(0) 07
2dk. cos @ ui(G) 2dk. cos 6 1 0 A
1 i 1 i
ul(ﬂ) UZ(O) N -; 0 _B
-ir ui(ﬂ/2) =ir uE(w/2)
——— . o e o 0 -1||Rr
2dk2 cos Bt 2dk2 cos Bt .
ul('n/2) uz('n'/?.)_ v -1 T
; - L _

From (53), the reflection coefficient is found to be

¢y 0y _ dy 0, o d d
(1:12 uy v, ) + aoad(ul u, = u, ul)
+ 1f-a l w3 - of w01 +a (o Wt - o ufh]
R=
(ud' u? —ud‘ ") +aa @ ud—uo ud
2 1 1 2 od 1l 2 21
+ i[ao(ug' u‘i’ - ui' u ) + ad(u 2' - u u ™1
where

ao = L1 cos ei

= Ll(Er - sin2 81)1/2

2k.d
_ o=y
Ll— T

Now the Hill functions may be normalized by setting

ul*{ﬂ) = ui(D) =1

ul(0) = u,(0) = 0
=rnd we have
d, d _ d d,
. ul +aoadu2 iad l+iaou2
d, d . d d, °
ul + acad 5 + i adul + i aouz

13

. (53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

Sp to find the reflection coefficient we must find ul(ﬂ/Z), UZ(T!'/Z}, u]'_(n/2),

ﬂi(‘nl 2).
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In principle, the Hill functions may be found 1f the coefficients of
the Fourier series in (49) are specified. Thus, we might expect that the
value at £ = 1/2 would be expressible somehow in terms of these coefficients.

This has indeed been found to be so [15, p. 34] and the results are

T
ul(n/2) = cos ['f VA ]Cl (61)
sin(-gh YA }
uz(n/2) = —————- 5 (62)
Iy 0
i
ui(w/Z). = —YA sin(-i /A }CO (63)
' - n
uy(n/2) = cos(z /% ) 5, . (64)
So, Sl’ CO’ C’l are the one-sided infinite determinants
g -8 .|
0 n,m A - 4112
1
g __~ 8 ®
51 - s + oo n—’m:+]2. (66)
R 3 - (@2n+1) 5
(gn—m + gn—i-m) (1 + sgn n sgn m)
C0 = Gn o + y 7 (67)
3 -
€ e (A = 4n”) 0
g _+g
R (68)
B A - (2 + DY,
‘where
{1 n=20
€ = (69)
q 2 n>0
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0 n=20
= 70
- { - (70)
gn
1 n=m
s-={ (71)
Balt 0 n#m
0 n=0
sgnn={ (72)
1 n>0 .

The Fourier coefficients A and g, are

I W
_ 1 _ 2 nnz
g, = 3 L [er(z) sin ei]cos o dz (73)
12 )
A= i L [sr(z) -~ sin ai] dz ., (74)

where €. (z) is the relative permittivity in the layer, E(z)/sl. Some insight

as to the structure of the determinants may be gained by writing them as

] gz gl = 33 82 - ggl_ g3 - gs
Aal o A= 4 A -4 A = 4 v
gl = g3 1 84 gl = 35 gz - 36
A - 16 A - 16 A - 16 A - 16 *
.gz = 34 gl - gs gﬁ g]. = 37
o= |3 -3 > - 36 l=373% 3-36 . (75)
B3~ &5 By " Bg 1 " & . Eg
% = 64 X - 64 Y = 64 T- 66




1-81 gl—gz gz—g3

A-1 A -1 A=-1
Vgl_gz ¥ - 83 31—34
A =9 A= 9 A=9
A= 25 A - 25 A= 25
33_34 gz_gs gl-gﬁ
A= 49 A = 49 A = 49
1 /2 8, 72 g

A A

v’2_gl g2 gl+g3
Y L+ A= 4
2 g, g, + &5 g,
* - 16 X - 16 L+3—%
533 32+g4 gl+g5
A - 36 A - 36 A - 36
.. 8t g B, * 83

A-1 A=-1 A-1
g1+ 8y l+g3 81 tg,
A=-90 A - A -9
8y T 23 Bt 8 1 el
A = 25 A= 25 A =25
g3+g4 82"'85 gl+36
A = 49 A - 49 A - 49

83-34
% =1
gz-gs
A =9
81 ~ B¢
% = 25
g7
l-3"%
&./2_.33
A
g, + 8,
% — %
8; + &g
A - 16
. 86
L+5735
33'"84
A - 1
g T-85
g
8 t &g
X - 25
By
1+3—%

16

(76)

(77

(78)
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One should note that appfoximating the dielectric profile by truncating the
Fourier serles does not result in finite determinants., However, truncating
the determinants then requires a knowledge of only a finite number of Fourier
coefficients for their evaluation. The more basic question then is what size
determinants to use in finding the reflection coefficient. In practice,
however, one must approkimate the actual permittivity profile so we shall
study independently the effect upon the reflection coefficient due to
truncating the Fourier series and truncating the infinite determinants.
later, some analytical details will be presented with regard to convyergence.
Presently, we continue with the Hill-function solution for the linear dielectric
profile,

The coefficient in (48) for the linear profile is
2 2
g(z) = Lj(az + cos” 68,) , Os<zzx<d . (79)

Fig. 3 shows the even periodic extension of this which is the function given
by the Fourier series in Hill's equation., The two horizontal axes illustrate

the change of variables in (46). The Fourier coefficients for this function

are
fe_ =1

- |_x ) 2 2
A= ( 5 + cos ei) Ll (80)

2 2 1 = &

nT
g, = (81)
0 n even .,

Since Z 1'-i-:i.s absolutely convergent, the infinite determinants converge
n=1 n
and the reflection coefficient may be found. This completes the Hill-

function selutien,
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V. KUMERICAL CALCULATION OF THE REFLECTION COEFFICIENT

From the Fourier series for g(z) we obtain the series for the linear
relative permittivity profile as

€, +1 4 § 1
£ (z) B e————— (E - 1) i
r 4 ﬁz F n=1 (2n - 1)

{(2n - 17wz
7 €08 g .

(82)

Figs. (4a), (4b) show profiles approximating the linear profile cobtained by
truncating the series in (82), The superscript n in ES )(z) gives the number
- of terms retained. Thus, ain)(z) is the actual dielectric profile that is
solved if one truncates the series for g(z) in n non-zero terms.

In Figs. (5)-(7) the magnitude of the reflection coefficient is given
as a function of either L1 or ei with €. and L1 or ei constant. Each figure
consists of a family of five curves. One is the exact reflection coefficient
obtained from the Airy-function solution. The remaining four are computed
from the Hill-function solution using various degrees of profile approxi-
mation, namely Eén)(z) withn =1, 2, 3, 4. For each curve using the Hill-
function solution, the computing procedure was as follows: The infinite
determinants were truncated to size 3x3 and the reflection coefficient
calculated, The determinant size was the incremented by one until the
computed reflection coefficient differed by less than 0.5% from the one
preceding. The final values of the reflection coefficient R and the
determinant size NS were recorded. For each successive data point, the
initial determinant size was set at one less than the final size of the
determinant for the preceding point. For Fig. (5), calculations were

begun at Iy = 0.2, and for Figs. (6), (7), at ei = 0.
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The criterion of 0.5% change in R gives no clue as to the accuracy of
the final R, The idea here was that if the determinants have converged close
to their exact value for a given NS, then so0 has R, and therefore R cannﬁt
change by more than some small amount if NS is increased. The probiem is
that the change in R can alsc be small if R is converging slowly, with a
value perhaps far from the exact value, The error can therefore vary over
a wide range, and this is evident when comparing the reflection coefficient
for n = 4 to the exact R. Fortunately, however, the error was small in all

but a few places, a notable one being for . 2, L, = 4, and ei = 30° (Fig.

1
7d). This was roughly the point of maximum error, about 10%. Here the size
of the determinant would have to be made greater by one or two to reduce the
error to a more typical value of 0.5%. The range of the error as cbtained
from reflection coefficient data (not shown) is about 0.1% ~ 10%Z,

Since the error was reasonably uniform, the behavior of convergence
with respect to the parameters ei, Ll’ and € is clear. In Tables Ia, Ib,
we show the range of final determinant size in the computations for each
combination of Ll and ein). It is seen that larger NS is required as Ll
increases. From (80), (81), if (er - 1)/2 »> cos2 ei, then the determinants
behave similarly as & function of the quantity (er - l)Li. Since Ll is the
length of the tramsition region in quarter wavelengrhs of region (1), we
may state that the coﬁvergence is most rapid when the change in permittivity
is small and occurs through a region thin with respect to wavelength, Also,
Tables Ia, Ib indicate that convergence is not strongly dependent upon Bi
since most combinations of Ll and n have a single value for the determinant
sizes.

Now, consider an cff-diagonal element of So or C_ of the form_(gp + gq)/

(A - 4n2), as in (75), (77), where n is the row of the element. For the

linear profile this is



111 2 3 4
n ! e
1 4 4 4 4

(a)
Lit 4 2 3 4
n
1 4 4 4 4

3 4 4 6 9
4 4 5 6 6-7
(b)

TABLE I. Range of final determinant size in the Hill-function
computations vs. Ll and n; a) e, = 0.5, b) By ® 2,0,
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2 7 1
g +tg ‘Z(Er - 1y [ 7t _EJ
cp  °q _ p-__q (83)
2 (e = 1)
A = 4n £ + cos” & 12 - 4n2
2 ij71
where
ol 1 5
Qf_(-—z--i-"‘f}f_z. (84)
P q

If the frequencﬁ is such that the magnitude of the Li term in the denominator
is much greater than 4n2 then all elements of rows less than n are nearly
frequency independent. As L1 is made smaller the 4n2 term will dominate and
more elements will go as L%. These that have been going as Li will be small

compared to the constant elements so that we may truncate the determipant

by disregarding those elements for which

(e - 1)
r 2 2 . 2
{———5———— + cos BiJLl << 4n” (85)
With Er = 2 we have
(e_ - 1)
1 T 2 3
F < ——5— +cos 8, 2% (86)
so that we write (B3) as
2
2 _4n”
Ly =% - (87)
This gives the truncated determinant size as
NS = 3L, . (88)

1

This result is valid for Sl and C1

considering their elements. It compares well with the empirical result

also, and could have been obtained by

NS ~ 2L., obtained by inspection of Table Ib, It is significant that

1’
‘the required determinant size is directly proporticnal to Ll' This Tesult
may be extended to an arbitrary profile by noting that the general Fourier

coefficients are proportional to Li, as shown in (73), (74).
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The effect upon the reflection coefficient due to truncating the
Fourier series for g(z) is shown by Figs. (5)-(7). It is seen that for a
given number of terms retained, more accurate vsalues of R are obtained for
smaller L. One should note, especially from Fig. (5), that keeping only
the first term gives very poor results even for small Ll and that a sub-
stantial improvement is effected by adding a second term. This could be
expected after comparing the dielectric profile approximations in Fig. (4).

If the infinite determinants are truncated to size NS, then the highest
Fourier coefficient needed for their evaluations is Bang® It fellows then that
for small Ll the dielectric profile may be approximated with fewer terms of
the Fourier series. However, the converse is not true, That is, the deter-
minants for a profile which can accurately be represented by few terms of the
series do not necessarily converge faster than if the profile requires a
relatively larger number of terms., This is because keeping a finite numbex
of series terms still gives infinite determinants whose rate of convergence
depends upon the size and placement of the non-zero elements. Examples of
faster convergence with more series terms may be found in Tables Ia, Ib.

Actually there is no reason to be concerned with truncating the Fourier
series since cme may always obtain the number of terms required to evaluate
the truncated determinants, This is obvious if the profile, or the coefficient
g(z), is such that the integrals in (73}, (74) car be evaluaﬁed directly. If
not, then graphical or nurerical integration may be used. An alternate
approach is the discrete Fourier transform {DFT). The DFT requires ntl

values of the function at equally-spaced points in order to obtain nt+l values

approximating the first nt+l Fourier coefficiaents, These values converge to

the actual Tourier coefficients fer large n. In our case then, we require

the value of er(z) at the points z = md/n, m = 0,1,2,...,n, to find the
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Fourier coefficients A through g . Using the fast Fourier transform (FFT)
aigorithm allows one to compute the DFT coefficients very economically for
large n. |

Although the Hill-function solution for the reflection coefficient is
formally exact, the accuracy of results obtained by its implementation is
limited by economics. In Table IIa, we give a summary of the cost and time
required for computing the Hill-function data used for this paper. It should
be noted that we have tabulated the total number of reflection coefficient com-
putations, This is slightly greater than twice the number of points used to
construct Figs. (5)=(7) due to the computing procedure described earlier. In
Table IIb the cost and execution time for the Airy-function computatioms is
summarized. A comparison shows that for the accuracy obtained with the Hill-
function solution and the range of Ll used, the Hill-function method cost
about one-fifth as much per reflection coefficient as did the Airy-function
solution. At higher frequencies, or larger Ll’ larger determinants will
have to be evaluated, and since the work required for determinant evaluation
goes up as the cube of the size [16], the cost will rise sharply. This
limits the usefulness of the Hill-function method, as applied here, to
transition regions witk a thickness of no more than a wavelength or so,

A method of reducing the cost of finding R that was not investigated
numerically, but would appear significant, is now described.’ We break up
the transition region into n layers as shown in Fig. 8, with the solution

for the mth layer written as

u(m) = Amuim) + Bmpgm) . (89)

The application of boundary ccnditions yields 2(n+l) equations for the

unknowns R, T, Am’ Bm, m=1,2,...,0n, and we may solve these for K in terms
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NS 3 4 5 6 7 8 9
No. of R's 677 830 318 195 52 113 107
Total No. of R's 2292
Execution time 6.78 minutes
Cost 20.34 dollars
(a)
Total No. of R's 280
Execution time 4,08 minutes
Cost 12,24 dollars
(b)
TABLE II.

Computations summary for a) Hill-function solution,

b) Airy-function solution,
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|z
region (2)
Z=d
ufni - An u{in) + Bn Ug‘)
um""" Az U(|2) + Bz Ulzz’
u“’=A,u‘:’ + B,u(z"
o X
\"E’Smn (1)

Fig. 8. Geometry of transition region divided into n layers, with
the respective Hill function for each layer.
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of uim)(ﬁfz), uém)(ﬂ/2), ui(m)(ﬂ/Z), ué(m)(ﬁ/Z), m=1,2,...,0. We now compare
the cost for finding R by using a single transition region of thickness Ll and
by dividing the layer into n regicns of thickness Ll/n. From (88), the
necessary truncated determinant size is 3Ll so that for the single transition
region we must compute four determinants of size 3L1. For the n layers, we
must compute 4n determinants of size 3L1/n. Remembering that the work required
for determinant computation goes as the size cubed, we find the cost ratio of

the two methods 1s

3
,4(3L1)

‘3L13
4nf—~i
n

Thus, by dividing the transition layer into n equal parts, we reduce the cost

. (90)

of evaluating the necessary determinants by a factor of lfnz. We expect a
point cf diminishing returms, however, since one must solve 2n + 2 simultaneous
equations for R. Also, more work is required in setting up the problem, for
example finding the Fourier coefficients for each of the n regions,

The computer subroutines will not be examined in detail, but are pre-

sented in the Appendix along with a brief description.
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VI. ANALYTICAL CONSIDERATIONS

If L, is small, we may approximate the Bessel differential equation,

1
(24), as
AR '
VARNE T e i (91)
Sw
Its solution is
y= e+ p@3, (92)
which gives
v =3 e+ @ . (93)

After applying boundary conditions we obtain

w2/3 - w2/3 + 1 2/3(w_1/3 - w"1/3)
R = d o d o (94)
- 2/3 2/3 -1/3 -1/3.
wi =Wy + i 2/3(wd + v )
. 2(&: -'.'1)
2 1/2 r ~° 2 1/
(e,~1){e-sin” 8,)""" cos 8, +1 T, [cos 6, - (s msin” 6,07 "]
B C2(e_~1) ’
2 1/2 : T 2 1/2
(srwl)(er-sin ei) cos Bi + i ——E;Ef—-[cos ei + (Er—sin ei) ]
(95)

If the frequency is low enough the higher power terms may be dropped giving

w;1/3 - w—l/3 cos 8, - (e_ - sin’ 8.31/2 ‘

R = 2 = d - - f2 1 (6
wH3 L U3 s e, 4 (e - sin” 8,)"?
d 0 L k *

the abrupt boundary reflection coefficient. To see how good the approximation
in (94) is we expand the Bessel functions and form the products in (36).

Keeping the first two terms of the series expansion gives generally,

o1 (Rl L1 faPfe) 1 [t
u'v  ulv! | 2 2 al (vt | 2 2 Ty (A4u)! {2 2 *

97)
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Substituting this into (36) gives all terms containing the first four powers

of Ll' Keeping only those of =1 and 0 power yields

ﬁw“1/3w1/3 " w1/3w;l/3

2/3 ~-1/3 ) 2/3 =2/3
d o d wa - 1/2 Y4 Y

+12/3 w;
273 2/3
+ 1/2 wy W

-27/3 ~1/3
+1i2/3 Wy v,

_ ~1/3 =2/3
i2/3 wy W

1/3 ~1/3
d Wo

98

2/3w—2/3

dw_l/3w1/3 + 1/2 vy

a Tw

-1/3 -2/3 _

1/2 4

--(s:r-sin2 61)1/2 c053 ei + (Er—sin2 61)3/2 cos Bi - 1/2(sr—sin2 61)2
_iZ(Er—l)

Llw

Z . .1/2 3 . . L2 .3/2 2 _ .2
—(sr—sin Bi) cos Bi 4 (sr—s;n Bi) cos ei + 1/2(€r—sin Gi)

4 . 1/2
4+ 1/2 cos Gi + [cosrai = (Er"31n, Bi} ]

i2(e_-1)

' 4 r , 2 1
- 1/2 cos Gi + Llﬂ [cos Bi + (ermsln Bi)

/2]

99)
If the 0 power terms are dropped here, we again have the abrupt boundary
reflection coefficient, so that (98) may be considered to contain the first-
order correction to the abrupt boundary coefficient. Since this expression
is somewhat more complex than (94), we may assume that the reflection
coefficient obtained by simplifying the diffsrential equation directly is
a rather crude approximation.

A first-order approximation identical to (98) may be easily obtained
from the Hill-function formulation. Using {(61)~(64) we have for the
reflection coefficient of (60)

n So 2 1/2
tan(E_Ji]fzg aay - Yk CU] + 1 L;[cos 8, §; - (ﬁr—é;n ei) & Cl]
R = .

s
tan[lzr- '}—X}[Fz aoad + I/A— CO} + i Ll[COS ei Sl + (Er*Sinz 61)1/2 Cl]

(100)
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Let tan f% VX } = %-AA and recall that a s ad,_/f « Ll. In order to avoid

higher powers of L1 in R, we set the four infinite determinants equal to one,
their limit as Ll -+ 0. Under these conditions, (100) may be shown to be
identical to the first—order Bessel function approximation in (98),

To get a better approximation with higher powers of Ll’ we may expand

{75)-(78) and obtain

e g
n=1 A = 4n
@ 8o __
s, =1- —2l L (102)
n=1 A - (2n-1}
N - - g2
Cop =1+ —-—3“—;-—;— ’ ——‘1——27+ (103)
n=1 A - 4n” n=l A ~ 4n
-] g -
c, =1+ 2n-1 . .. (104)

n=1l A - (Zn—l)2
At low frequencies A is small so Li may be factored from the numerator of
the series shown explicitly. Terms with higher powers of L1 may be found by
factoring subsequent infinite-series terms in (101)-(104). These further
terms are products of gn's and are complicated due to the many combinations

possible,
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VII. SUMMARY

The problem of finding the zlectromagnetic fields outside an inhomo-
geneous, stratified layer for TE plane-wave incidence has been solved in
terms of Hill functions. TFor a region with a linear dielectric profile we
have demonstrated the utility of the Hill-function formulation by direct
comparison with the Bessel function solution. For a transition region
with thickness on the order of a wavelength or less, the Hill-function
method was substantially cheaper for obtaining accurate numerical results
for the reflection zcoefficient. At higher frequencies, convergenca of
infinite determinants becomes slower and limits the usefulness cf the
Hill-function solution. However, it was shown that breaking up the
transition region into subregions can reduce the cost of finding R at
higher frequencies, At low frequencies analytical approximations for R
were readily obtained by simply expanding the suitably truncated deter-

minants.
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APPENDIX

The subroutines used for numerical evaluation of R by the Hill-function
method are now presented. The subrcutines HY1, HY1P, HY2, HY2P are usg2d to
compute ul(ﬂf2), ui(ﬂlz), uz(nf2),,u2(ﬂ/2), ué{ﬁfz) respectively. These
quantities are denoted by the variables Y1, Y1P, ¥2, Y2P, ALAM Is tu: Fourier
coefficient A, NS is the determinant size, and G is a vectar consisting of
tlie Fourier coefficlents £1> Bgs =v=3 Bgpo The subroutines CDET and CBIG
sre called by the above subroutines and actually perform the detarminant
evaluation by the Gauss eliwinavion method.

For evaluating the knowm-function solution, three subrotutines are usad.
The subroutine AIRY computes Ai(z), Ai'(z), Bi(z), Bi'{z) for che real argument
z. Ir the IO list for this subroutine we have the argument Z Iz the above
functions, respectively, AI, AIP, EI, ZIP, The subroutines BESL, BEST are

called by ALRY.
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FORTRAN IV G LEVEL 21 AIRY OATE = 73135
QUal . SUBROUTINE AIRY(Z,AT,AIP,BI,BIP) o
0002 IMPLICIT REAL=B{A=H,N=2) ) T
03 RFEFALZE ARR{IL0O)
- on%  GNUL=.333333333333333
: 0935 GNIZ=, 4666 6EAEAEEE6HT = seen - -
: 0036 ZETA=GHUZ*DABS{Z *¥] .50y
e X ¢ SRI=NSAKT(3.DC)
w8 T T T SRZI=NSMMTADARSIZ)) Tt T T T o
guae P1=3,141592653586793
o powy I[F{Z)143,2
2 511 2 DZETP=NEXPLIETA) T i o
; quiz CALL BESI{ZETA,ANULyCsARR,10I)
P 13 AIl=ARRI1}=DIETP
Jala TCALL BEST(ZSTA,L,GNUZ,.C.ARR, YOBY —  — — 7 T
DoLs AT2=ARR(1)=DZETP
0016 CALL RESK(ZETA,GNMU1,0,AR%,100)
f co17 T UAK1=ARR{L) /NZETH T T T T T
: gals CALL BESK{ZETA,GNU240,ARR,100)
__@0lS_ AK2=APR(1}/DZETP
opz2o” T TAT=SRZ¥AKL/(SwaxOTYy T T T T
0021 AIP=-7%AK2/[SR2%PT)
6922 BT =2.DO*SP ZxAT1/SRI+SRIxAKL/P]
go23 T TRIP=2.N0%ZEAT2/SR3HIXARZ/PY T T T T T
0024 RETURN
0925 1 CALL BESJ{ZETA,CGNU1,0yARR,10C0) B
‘ UOZEB "4\) 1=ARR{}_]' ) o ToTTmmmm T T T - T
co27y CALL RESJ{ZETA,GNUZ,0yARR,10%)
_op28 . AJ2=AR2{1)
F woze 77T gall RESY(ZIETA,GHNUL,Q4ARR,1G0} T e
i ¢G30 AY1=ARR(1)
boooomam o EALL BESYUZETAJOMUZ. deARR GARAY | - e i g
Gnsz AY2=ARR(1) : - S -
0033 AT=(SRZ/2.N0)=(AJI-AY1/SR3)
= ATP=(-2/2.N0)*{AJ24AY2/SR3)
Gn3s T TR E(~SRI/2 00 AS1/SRILAYL) oo T
0036 AIP={~-2/2.00)%AJ2/5R3=-AY2)
0037 _____ RETURN
C038 3 AT=.35502B053837817 B T - -
0039 BI=AI%5R3
0040  AIP=-,258R19403792807
cosl T 7 T plP=-AIP®3R3 T o T
au4sz RETHRN
G043 END_ _ . —
| T
R S L _ R S
|
Lo o —— _ o I i} TP I .
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FORTRAN IV G LEVEL 21 BFSI DATE = 73135
00YL ________ SUBRNUTINE REST (X,VsNsALDIMA)
ooa2 IMPLICIT REAL®S {(A=-H,N-1) T T
TVVE) REAL®B X,V,A
T 11 S NDIMFNSICN A{1),0Ca(2),G60(7)
; 0ous DATA EPPS/Ll.D-147 T T T T
: Coue DATA ACM/Z405500207000300301/
| Cuol_ B  DATA THRSHX/2.D10D/
cons DATA THRSHV/.78D-37 T
¢o09 NATA SD720P /241978676F65564F6/
o g1y % DATA PL /1413243FAL8885A31/
; 0011 DATA S§2 /2411A51AF625307037
gol2 DATA S3 F141133RA004FN0621/
G013 DATA s4 /1411151322ACTNE 249/
0o14 NATA S5 /7411097418ECATCCE/ T
0015 DATA EC /14323C46TE3TNBOCE/
ool DATA TWOD3 JI40ANAAAAAAAAAAAR/
! 0017 DATA TWODLS  /74u222222222722222/ T
| G018 DATA GAL1l) /14080 6F3NAEECC38EY
| ems____ DATA _GA{2) - /IC1FTF3N3AEB38152/
0o20 DATA GA{3) J2C13A0TR933933309/
on21 DATA GAt4) /1C1B456348RZERCOT/
G022 __ . ..._.___ DATA GAL5)  /Z41383QFCRDBENSET/ . _
: 0223 DATA GAl6) 71C12R1211E1F3574A2/7 T T T
: 0024 DATA GALT) 1140225679525 75320/
5 6325 . DATA GA{B) _ /IC164203BAS2A6RATD/
GU26 DATA GR{1) /I41R5FPA4JASS5R259/ T
c027 DATA GB{Z2) J1422FFC&46988A114F/
._._oc28 ~ DATA R3{3)  /I416166FEFAC29673/
; 0629 DATA GB(4) 11426598 F4ETFREARER, T T 0
| ud3d DATA GB15S) /1C139FSE38BA8R156C/
i 031 DATA GA(e) /1416 T695A732B1AC4L/
0032 DATA GRI(T) /240TR503060234C9C/7
0533 DATA OND3/240155555555555555/
G034 COSHIEXPX)=.5D0%(FXPX+1e/EXPX)
] 0035 VKL{Y)=DEXPIX=(1.D0=-COSHIDEXP(Y)11)) T, T T
| 0936 WRONSK(AIVPL s AIV,AKV)=(, 5005 TWNDX-AIVPL*AKV) /ALY
__0a37 . LMB=N
0038 ASSIGN 450 TO 1K1
039 Kv=1
0040 .._ .. IF (VeNE&Q) KV¥=2 e ——
C
C ENTRY EOP RESI CALCULATES (THE I-BESSEL FUNCTION
- OF X FOP NRNERS V.14V ,2+VyeeeyN+VI*¥EXP (=X]) .
c T RIKY=1(K+1.X)/T(K,X) IS STORED IN A{K+2) “‘
C TEMPORARILYs THIS ELIMINATES DVERFLOW PROBSLEMS
C
r 0oal 100 CONTINUE i o T T
i GOu2 IF (XelEsUsD2aUReVelTaDaDNaOReVeliEaleD0OaliRaNaLTe0)
- ) X 61 TR 95 -
o¢G43 THNDX=2,u0 0/ X -
0044 FK=UaeNO
~ 0Das . FkP1=1.00 i o L -
b 0046 K=LMA - — T
‘ ocaT TEMP=—{DFLODAT(L M3} +V)
l__"ono4e_m“'_ . TEMp=TEMPETWADX
6849 120 K=K+1 T
0050 FKMI=FK

0051 _FK=FKP1
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DATE = 73135

FORTRAN TV G LEVEL 21 RESI
)
i o052 . CTEMP=TEMP-Tw#DX .
CJbh3 FKP1=TEMP=EK+FKM]
G054 IF ((FKPL+14DJ).NELFKPL) GO TN 120
o
; C THE POINT NF 2ECHRSINM K IS NOW WELL DETERMINED,
: C
L 0055 3 IF ({K+21.6T.LN1MA} GO TO 995
v0s6 KP=K+2
0067 AIKP=0.N)
.~ 0058 Nk=0FLAOATI{K }+V _
: 0059 DR=DR+NR
; 006D DN 150 M=1,K
Lo el o KP=KP-1
U0Aa2 A KP)=X/{NR+EX A(KP+1))
o063 NR=DR-2.3N2
- Coes 150 CONTINUE o
! C
f C NOBMAL TZF I'S BY SUMMATION FDRMULA
VO U U
uDes BGAM=1,003
006 Q2DXPV=1,071)
e 0047 N 1F (KV.EQ.1) 60 TO 200
| 0068 D2 NXPY = TWINK ) &y
; Cu69 TEMD=V+2,000
L AT BGAM=GA(L)I+GBULIZUTEMP+
2 GAL2)4GR(2)/(TEUP+
3 GA{3)+GB(3) /(TEVP+
N 4 GA(4)+GR4)/(TEMP+
| 5 GA(SY+GR{5) 7| TEMP+
n 6 GAL{G)Y+GR(6) /{TEMPH
| g GALTIGBITIA(TEMPHGA(SIINN)
0071 BEAM=RGAM/ (1, 0N3+V)
0072 209 CONTINUE
(oo..G073 CA(1)=1.002 o
! 0074 TEMD=Q2DXPVERGAM
g Q075 SIG=TEMP
| 0076 N __ ENl=V+le0RO
ouTT TEMP=TEMPx [EN1+ENL)
0078 EN2=V+V
@979 ... .. Dl=1,0Dd _ e
[ 0083 D2=V
! goel DO 250 M=1,K
GO82 o AMEL)SACMIEA(MelY)
0083 SIG=SIGHTEMPRA (M+1)
0on4 ENLI=ENL+1.000
s D085 EN2=FEN2+1.0D0 .
i VOEL) D1=D141.000
| coaT N2=N2+1,0N0
 PO8B_ . TEMP=TEMPE(ENL/DIIHLEN2/DZ 1B S
UOB9 250 CONTINUE
£099 A{11=1.0:3/51G
_Dosl NO 300 M=i,K _ L
5 0062 ALY+ =8 1M1} %A(1)
! 0093 A50 CONTINUE
[ ¢ 1 ¢ 1 7 S GO TO 1K14145C.1106). . . _
0025 450 RETURN
coes ENTRY RBESK{XyVsNsA,LDIMA)
§ _ G097 L¥8=1 . _
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FORTRAN IV 4 LEVEL 21 REST DATF = 72135
Lt ENTRY RFESK CAICULATES EXRAX)ETHE K-BESSEL
C FUNCTIDONS FOR ORDERS VW41l ,V425esasV+Ne
00¢<8 ASSIGN 1100 TO 1K1
. __. Dbo9s CoVX=v N
| vled Kv=1 T e o
I 0101 If (V.FQ.0a.D0) GO TO 10D
0192 TF {Vv.LT.THRSHV) GD 70O 1029
D103 TEMP=Ev~1.aD3 0 T T CoTmmTm e
0104 IF ({TEMP+THRSHV).GT.0aN0) GO TO 1030
R 2 L  KV=3
| 0106 GO TN 180 Tt
i o107 1020 CONTINUE
L. 018 o kv=2 _
G109 G0 T3 190 o T T
G110 1030 CONTINUE
______ o111 ) YX=TEMP
r Gll2 T Ry=4 T T T T T -
i 0113 60 TO 100
L. Cll4 1109 CONTINYE
0lls IE { X LTLTHASHX) GO TN 1500 -
C
- € COMPUTE K(V,X) RY INTEGRATION
e c T i
i Glis H=DLOG((X+28. T}/ IX%,.5D0-1,00))
i D117 ©111¢ CONFINUE ,
o118 YKM=YKE(H) ' T T o
0119 1F (KVeNEo1l) VEM=VKM*COSH{DEXP{V*H})
0120 LF lvkM.GT.ACM) 60 TQ 1150
- G121 T H= ,SD0%H T T T e e T B
| 0122 60 TO 1110
L. @123 _ 1150 CONTINUE
Cl24 LMR=2 T - T -
0125 S1G=,5D0+VKM
- ©126 . S=SIGW¥H
| 0127 1y80 conTinne T T T Tt T
| G128 HP =, GDO%H
, viz9 __ ¥P=-HP
0139 5161=0.00 -
0131 PO 1200 M=1,LMB
N | 7 - S __XP=XP+d _
I 0133 —yKMayKL(XPY T T T T T T -
0134 1F [(KV.ME. 1) VKM=VKMCOSHIDEXPIVEXP))
0125 SIG1=SIGlt+VKM
0136 1200 CONTINUE T o
0137 51G=SIG+SIGL
I <5 =4 . 5P=5 e o
0139 s=§igx.p T T B
i N140 TF (DABS(GSP=-S}.LFLI{EPPS%®S)}) GO TO 14%7
i oe1sy . \=HP e .
0142 LMB=L MR+ MR T —
0143 GO TO 1130
. 0l4a 1497 CONTINYE
f 0145 TG0 TN laun N T
i G146 1500 CONTINUF
L Gl47 . EXPOX=DEXP(X] . _ .
C
C COMPUTE K({VXyX) AY SUMMATION QF 15
0143 LMR=3 .
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eOPTRAR IV 6 LEVEL 21 RES] RATE = 73135
. g149 - [F(KVENL3} =1 TG 1525 i
01840 AA=CC=NLOG{THaNNX) o T - -
G151 1510 G TD (152:3,1542,151541530) (XV
0192 1520 CNNTINUE
0153 DFi=—A4
0154 a0 TN 15539
: a15% 1525 COHT IHNUE o
0156 NZ=((RGAMSQ2NKPY 22205y /DSIN(PI*V )= 6/ T N
G157 60 TD 1559
0158 1530 CONTIRUE
o
_ C FUNCTINNS NF v UST AT TRAMSFIRMED TO FUNCTIONS
L. . B} C OF ¥X=V-1la L
c - S
159 RGAM=RGCAM/YV
N o180  Q2DXPV=Q2DXPY/TWOOX i
; 161 L™M3=2 B Comm o
| 1562 1540 CONTINUE
(R e e e A
o COMOUTE DZ BY SERIES APRROXIMATION T -
c
. 0163 AA2=AARAA o o B o
i 0184 AAI=AA2®AA
| 0165 ARG= AAZEAL
L D1s6. o AASSARGEAN
o167 S=-VX T
C165 DZ={THON15=AAG+SE4TWANIH {AA3#52+44A2%S3) +,5D0%AA
o o X (S4#52532) +0ND3RS2*53) ¥ 5+
F X 25N0%(54+52%32 ) +THANIFAA+SI+AA2ES 2+ T
5 X OND3IXAA4-SNTZiP
| I +5 ¥ I  DZ=(ANLESHITONDBESIHAARS 2+ TUODI¥AAB NI =S -
X AAZ2 1Sy AA T T
Q173 nz=-n1
. o1TL CIF {KV.ER,2) 6O YO 1550
' 0172 SIGL=A(2)+TunOX=YRA(L])
i 0173 515=07Z%SIG1=EXP0X
L olTa o GO TO 1860 e
c17% T 1580 CONTINUE
G174 SI1G=DZ¥A(1)%EXPNX
0T i LMR=3 o B e i
[ cL/e 1560 CONTINUE
i C
L e EmMRNTE ML
€
G179 TEMP=({BRAME)2DKPY ) ¥% 2% (VX+2, 0001 /(1. IN0-VX} J$EXPOX
N 0180 EN1=VX42,2D2 B o
i 0181 ENZEVX+YX
! QLa2 En3I=V X
L ¢183 . NZ=EM3 v s
0184 D3=1.000~N2
0185 D1=1.0DY
- U1B6 DOO15TD M=LME,K,2 SR S
0ld SIG=8]GAR{M)wT MR
J1an EMi1=FN1+2,0D0
- ¢189 C EN2EEN2+L. DD B . e —
&19d ENZI=EN3I+] ., DD
C191 Di=N1+1.073
.. ... Disz NZ=N242,0D i o
| R



gRTRAN IV G LEVEL

0193

21  BESI

. N3=03+1.D0

20742742

G194 7 T T TEMP=TEMPx(EN1/DL}=(EN2/N2 )% (ENI/D3)
plLas 1570 CONTINUE
- C _ . o

C SI5 CONTATNS K{vXeX)

o
gloe  s=ExpOXxsle e
a1s7 IF (KVeNT.4) G2 T 1860

c

€ USE WRONSKIAM TO GET K(V,X)*EXP{X} S

G198 S=WRANSKIA{L)45IN145)
01e9 ... 1850 CONTIRNUE e

c

C ROW USE WRONSKIAN T0 GET KiVel,X)I*EXZ(X)

L5 CONTAINS K{V,X)=EX0X o L o o

0294 SP=WRONSK{A{2) 4A01),5)
0201 A12)=5P
n2iz. o ooMtw¥=S L o
€233 NR=TwBNX*V
0234 DN 1900 M=2,N
7!’)2’.95_ _ o DR=0R+TWODX . L L e ~ o o
0235 A{ME1L)=NREA(M)I+AIM=1)

1933 CONTINUE

. RETURM

QG5 DRINT leXsVyNaK, LDIMA
1 FORMAT('QERROR IN RES I/K X=7",514.5,'
X LDIMA=',15)

V=',E1l4.5,

tONST LTS, K=, 15,

p21l T RETURN T T o mmmm e
p212 END
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73135

49702804 T2T049401

- FORTRAN IV 6 LEVEL 21 AFESJ DATE =
}
'
S ¢ 1 SN SUBROUTINE BESJIX,V My AsLDIMA) L
0502 ' IMPLICIT REAIL®S {A-H,0=-Z)
G003 REAL®B XeAqV
C
r ¢ ENTRY RESJ 0T SURRQUTIMF CALCULATES THE J-RESSEL
: 7 EUNCTION GOF X FOR DRDFES Val4V 2tV aees NV
.  R{K) IS STORED N A{K+Z) {TEMPORARILY)
c JEv4K) 1S STORED INTD A(K+1) T
c x>0
R c 0<¢=V<1,.nN0
[ C N>=0 o
; o AIMENSTON OF ARRAY A MUST SE AT LEAST MAX{X,M)+lA
L€ LDIMA IS THE NIMENSION OF A SUPBLIEL BY THF
C USER. i Tt TTT o e
o
o . ,C, B B ***#**t*#*-&*##*****#"&#*##***##*#*#*!ﬁ**x-\k‘c#*#*#*ﬁ‘.:"t****raﬂ-n,
[ c ERROR RFTURNS
g c FOR X, V, OR N QUT OF RANGE OR 1¥ NIMEMSICN
L € OF ARRAY FURNISHED IS TOC SMALL.
c
(& FRRIR RETURN T[HFORMATINN INCLUDES
e C_ Xy Ve Ny MUy AND LDIMA AHERE MU 1S THE
{ c Si1ZE-2 NF THE ARRAY A NEERED (MU IS
i c MEANINGLESS IF ANOTHER PARAMETER IS
P _ c . __CYT OF RANGZy EeGaeeX==5.1
C
ConN4 DIMENSION A(1l)
I o111  DIMENSIDM GA{B),GRIT)
{ flele DATA PI1/3.1415925535857932D0/7 T T
; CaaT DATA GA/5.56369€633428373750-1,4-1.5
i L .  X-3,6268398299612859N0,-1,12713462333298800 1,
TXEB. TI16417339220661N0,-2.691911585444792700,
X1o3%413198732411108D-1,~6426062596183068710U/
I 1) __DATA GB8/1.137393373796284401,4. 798545220728675301,
7 X6.0B76455111606656D0,1.055597616497223102,
: X- 3.62 35087 15E06619200, 6.463221025538285600,
P  X448169233955659386D-1 7
0Jc9 DATA PI2/1.5707563226794896600/ -
00190 EQUIVALENCE (GD,GOLRGY , GNSMLV)
o1} ~ DATA THRSHV/,789D-3/
: 461 DATA EC /740G3C4ETERTORIACES o
! €013 DATA S2/1.5449340669482264/,
i 1 52D2S0/I4UAD2RFSABCET2L3/4
2 $5/1.036G27T75514337400/,
3 $33/,4006856343865314/,
B o 4 S4/1.0823232337111381°00/
! 0014 NDATA P14D72/74115A57ER3T9CESS/ T
: B35 DATA THSJ/.12D3/
i gole _ DIMENSTON GOVSMO{4) B
Go17 ASSIGN 51¢ TC JYl Tttty T T/
Q0138 ASSIGN 110 T JY4
. ¢o1e 80 CONTINUF
: 0020 TF(XelEoliaMRuValToe0ueNRaVaGELLL D ORNLLTAL) GO TO 595
i o
P ) € SEY UVERFLO4 INGICATOR OFF B
c
C 87 CALL OVERFL{MU}

VP 1=V+1.00GC
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FORTIAN [V 6 LEVEL 21 RES S DATE = 73135
gn22 CIX=IFIX(SNGLIX) ) o L
0023 LMR=IX+1 )
v024 MU=LMB
032% GN TO JY4,{110,12C)
0026 110 CONTINUE ' o )
4027 IF(LMALLTLN) MU=N
G328 . lzn CONTIMUE e
. e
c LMAR [S THE VALUE OF 1 FNR WHICH WE ARE ASSURFD
o c THAT J(V+1,%X) 15 ON THE TAIL 2F THE FUNCTION,
: ¢ ToEa  LME=IFIXIX+L) ' e o T
c LET LL=MAXI{LY¥RsNlaue
G . ~ DEFINE MU TO RE THE POINT FROM WHICH WE
c TMUST RECUR TO ASSURE THAT JdiveLL.x) 77
c 1S ACCURATELY DETERMINED
o
i c FOR I=LLylL+lymees™U o T
; C WE STORE RUII=J(I+LeX)/JUT, %) INTO ACI+2).
L& THMIS _AVDIDS THE PROBLEM CF OVERFLOW S
c INHERENT [N THE GROWTH OF THE J~FUNCTION T
I WHEN RECURRING BACKWARD 0N ITS TAIL
S, NOTE THAT ®{1-1)=X/l2%tvsTy=xXxmtiyy . _
| 0029 THODX=24 DG/ X
i G030 DR=TWONX®:( V+DFLOAT (MU) )
L33l  FKPl=l.00Q o _ o
0032 FL=3.00
Q033 180 CONTINUE
o
f c ITERATE UNTIL FKP1 1S GREATER THAN REGISTEIR ACCuPACY
o
0034 suslemy o B B
0c3s DR =NR+THNDX
gn3s FKM1=FK
._0037 __ .. . FKsFKP1l__ L
i 3038 FKPI=DRHFK-FKM]
% 0039 IF ({FKP1+1.,00).NE.FXP1) 60 TO 180
i C o o e
c THE VALUE OF MU IS NOW WELL DETERMINED
- C
e SOOHA CMy=MU+ R
l 0041 M=MlJ
| 0042 IE(LM321.GTLLNIMAY 5O TO 995 ,
| o0e3 o AMe2N=0WDA
0044 200 CONTINUE
0045 IF (M.ED.LMB)} GO TO 250
0046 C DR=2%(MeV) e i
o047 M=M-1
0049 ALM$2)=X/0O-X3A(M+3) )
L 004S 6N I 205 . . _ _

'

€050
0951

e B2 i

C
C
c

250 CONTINUE

STARE JRAR{T} INTO A(l+1) FOR I1=04112se0esLMBF]

AL M #1)=1.000/7A0 M +2)

COAUM 20510000
RFCUP BACKWARD TO GET JBAR S
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ECRT2AN IV 6 LEVEL 21 - RES. NATE = 73135 20/42/4;
0053 280 CANTINUE .
054 NR=2%(4+V) /X T
2055 AfMI=DUxA(MEL)=A{H4+2)
0I%6 - M=w-1 5 g
0057 IF (M. GTL.D) 62 TO 280 i Tt o
<
. € CLEAR R'S5  UNDERFLOW MAY OCCUR HERE
c S
0053 LMR=LMA4+]
anss DT 290 M=LMB, M)
00D ) TOA(MEZ ) A M2} EA(ME]) B T T
%
——oe € 287 CALL OVERFLII)
C 288 17 (1.FQ.3) A(M+2)=0.D0 T o - -
0061 293 CONTINUE : .
C
T T T UNQRMALTZE SEQUENCE OF JBARS BY SUMMATYION T T T T T T T
c
_oosz IF {V.EQ.0.03) 60 T0 305
G0A3 T T yx=EvEzZLGDY T T T T - o T T
0064 RGAM=GA(LI+GR{1)/(VX+
A GAL21+GRL2)/ (VX4
X GA(3)Y+GR{3)/(VX+ e o T T T e s o e
X GALG }+GRUG)I/Z{VX+
% GAUSIHGBISIZIVXE
X GALGY+GRIGIZ(VX+ -
! X GALTI+GRLTI (VX+GAIBII IV )
0055 RGAM=BGAM/ VD]
Q066 R 77”'#BGA\ISQ=EGAM*RG1—‘J_' ’ Tt T T T T
0067 Q2DXPV=12. COQ/ X 2
0468 305 CONVINUE
. .
C SUMMATI DN
0069 ALPHA=A{2}y
0a7o PHI=2.0Rc 7 T T e e e
0071 1F [VeER.ULGD0) GO TO 329
_©eo72  ___Bl=1.000 . _
o073 n2=v
0074 EN2=V
20075 . ENl=v#Z,0P0
00Te PHI=O2NXPVERGAM N o T T
0077 ALPHASPHI#ALPHA
_ooys 320 CONTINUF -
o gave DO 350 M=1, MU,Z o
nos8o IF (V4ER.0.N3) GO TO 330
0081 PHI=PHI*[EN2/D2)*[ENL/D1)
0082 02=02+2.700 o o
0083 EN1=SN1+2.0D0
_Q98y 00 D1=1,0004D1 .
0085 ENZ2=EN2+1.000 - T
$JB6 330 CAONTIRUE
_Gosr.  ALPHA=ALPHA+PHI®A(M42)
0028 350 CONTINUE — -
C ALIVsAL?2 ) s naas ALLMB+2) CONTAIN JRAR{D) JRAR(L) saee s JRAR{LMS4])
L MILMB43)reessAlMU+2) CONTAIMN R[IMB+1)reeesRtMU)
C
C NORMALIZE JBARS
r



DRTRAN [V & LEVEL 21 BESJ DATE = 73135 20742742
0089 M= M+ 2 . L s I
009y DD 460 I=1,M ST T
0091 457 ALT)=A(1)/ALPHA
9992 4467 CONTINUE
uos3 500 CONT INUE i i T
CO%4 GO TN JY1,(513,1100)
Q95 514 CANTINuE o .
LUSE RETURN o
0097 895 PRINT 14X, VeNyMli, LOIMA
2198 CRETURN ) i )
U199 1 FNRMAT(TOSRRAR TN BESL X='4El%e5," V=Y4E14,5+" N=tU,15,% My=1,15,
X' LDIMA=T,15)
g1o0 _ ___ RETURN I
9101 ENTRY BESY [XeVyNgA LDTMAY TroTTTT e
0102 ASSIGN 1193 TO JYl
G103 . ___AS'STGN 120 TN JdY4 . B - ” o -
C104 60 TO 38D
c1o5 1100 CONTINUE
Oi06. _VX=V o _ e
0197 Ta= DABS{AL1))-THSJ
: C
R .- CCMPUTE 5O AMDC Gl . i
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ABSTRACT

The problem of determiﬁing the reflection and transmission coefficients
for a plane wave incident upon an inhomogeneous, stratified region of finite
thickness is solved in terms of Hill functions., The effect that parameters
of the problem have upon cost and aCCurécy of the solution is discussed from
both analytical considerations and numerical results obtained from solving
the problem for a region with a linear ﬂielectric profile. Expressions for
the reflection coefficient at low frequencies are obtained using the Hill—.

function formulation, as well as the familiar Airy-function formulation.



