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PART 1

INTRODUCTION

l1.1. Statement of the problem and the goal of this report

Let Xl, X2

random samples for which the probability density functions or the

o B Xﬁ and Yl’ Y2, SEE 5 Yn form two independent

probability functions are f(x; 6) and h(y; @), respectively, where
o= (61, Bys vees adl) and @ = (ﬁl, ¢2, ceey ﬂdz) are unknown para-
meter vectors.

Let g (y) = g (8, @) be a real valued function of the unknown

parameters. Perng and Hasza ( (3) ) developed a sequential procedure

to find a fixed width confidence interval which is of the form

I=(gly) -d, g () +d) such that

(1.1) 1lim Pr(g () el)=1-a where a is preassigned.
d—>0

In order to understand the problem consider the following theorem and

sequential procedure,

Theorem 1.1. (Perng and Hasza (3) )

Let Qm be the maximum likelihood estimator (M.L.E.) of 8 based
on X;, X5, +0ey X and Qn be the M.L.E. of § based on Yl’ Yoo veey Y o

Assume that the regularity conditions (Zacks (4) ) for the M.L.E. are

satisfied and that

§ ————>0 with probability 1 as m —>% and



¢

=

————> ¢ with probability 1 as n —>«

in such a

manner that

m

> r where 0 < r < 1,

mrin

Furthermore, assume that g (y) = g (8, #) has continuous derivatives

of order zero, one and two at y = (8, @).
Then,
|m+n (g () -8 (x) ) Asymp _ N (0, A) as m, n—> =
where I-k:(-gm Qn)andk=m+n,
-1 -1
A=V, O+ U-1) "V, @D,
v =1
¢ —1
v, @ =T @b,
a=(a)—M for 1 = 1,2, ..., d, ,
= i a0 1
i
b=() =50 fori=1,2,...,4d,
= i Bﬂi 22
I (8) is the Fisher Information Matrix of X and defined by
821n f (x; 8)
1(8) = (I (9),)=-E( Y Hordwm L2, »eey d
- =] 38, 36 L
i) Fioom L@y, veny d
‘S8imilarly,
3%1n b (v; )
I (@) =-E( Y fori=1,2, ...,

30, an j =



Given below are the five steps of the sequential procedure.

Step 1. Determine o and d.

Step 2. Take m observations from X and n, observations from Y.

Step 3. (Sampling Rule) Suppose that at any stage there are p
observations from X and q observations from Y. Then we

take the next observation

(1.2) from X if ;EE <r and

from ¥ if ;EE =3

where

P
vl(_qp)

(1.3) ¢ = ,
N3 2 \5

ACREER AR

Vi) = a'L €,)a,

-~ ~ 1 A -~

V@ b T @) b .

Step 4. (Stopping Rule) Stop sampling if either of the following
conditions is satisfied:
G A

d2

(1.4) i) k >

or



2 % 2 %
c. v.(8) C, V., (8)
(1.5) ii) p > .i__%l and q > _.1'_"'._._.‘3-_..3._ ,
d d

where k = pt+q,
Ck is a sequence of positive real numbers such that
Ck —> cand ¢ (c) =1 - % , where ¢ is the cumula-
tive density function of N(O, 1),

~

(1.6) Ak =r Vl(gp) + (1 r) Vz(gq) .
Notice that k —> ® as d —> o under the assumption that A < = .

Step 5. Construct a confidence interval Ik as follows when sampling

is stopped:
L7 T = (aly) - 4, g + @ .

Perng and Hasza ( (3) ) have shown that the confidence interval Ik

has the following asymptotic property as in (1.1):

lim Pr(g(y) € Ik) =1-a.
d —o
However, it is not known how well the sequential procedure will behave

with various values of d, in which experimenters or researchers may

be interested. Alsc it is of interest to see whether the sample sizes
are reasonable as a result of the sequential procedure. A Monte Carlo
study was used to evaluate the performance of the proposed procedure

and this paper reports the results of the Monte Carlo study.



PART 1II

SIMULATION RESULTS

The four cases of the real valued function g (y) to be studied

are shown in the Table 2.1.

Table 2.1
Case density of X density of Y g(y)
1. N (ul, ci) N (u2, cg) Ui/ﬁg
£ Poisson (Al) Poisson (Az) ll - Az
3. | Exponential (ll) - Exponential (Az) Alllz
4, Exponential (Al) ~ Exponential (Az) ll - Az

In each case, 1,000 simulations were carried out for each set of para-
meters to determine the coverage probability, the average and the
standard deviation of the total sample sizes, and the fixed sample sizes

to achieve

@) P(e)-s@ lcd=1-a.

To generate random samples, 'Super Duper' random number generator
( (2) ) was used for cases 1, 3 and 4, and Kemp's method ( (1) ) for

case 2.



In the next four sections, each of the cases is studied and discussed.
Tables and plots of the results are given for each case and an effec-

tive way of choosing parameter values is discussed.

Appendix A includes the computer programs used to generate random
samples, get the coverage probability, and the average total sample

sizes.

The computer programs used to compute the fixed sample size to achieve

(2.1) for cases 2 and 4 are shown in Appendix B.



2.1, Normal distribution case

Let Xl, Xz, «aey and Yl, Y2, «ss be two independent random
samples from N(ul, cg) and_N(uz, og), respectively.
2 2 2, 2
LEt g(l) = g(ul, Gls ]—12! 02) sl 01/62 .

The steps of the sequential procedure are presented below,

Step 1. Let o = 0,05.

Step 2. Take 7 observations from X and from Y.
(With various trials, it is felt that seven is appropriate
for the initial observations).

Step 3. Compute the following:

06(03/05)  98(05/0%)
a' =(— )

© 1/03) ,

Bul Bci

28(0]/0) 9g(os/03)

2
B! = ) = (0 -a}/a3)

du 302

2 2
2 2

0 /267

2

I(uz, ug) = 1/0<2 0

0 1/2e:\r2 .



Hence,
-1 2 4, 4
== ' =
Vl(g) a'l (ul, Ul)_g_ 201/02 and
el 20, _ o b, 4
Vz(_a_) _12_ I (u2’ 02) _}_3_ 201/02
Since Vl(g) = Vz(g), we get

(2:1.1y # = #=ldis

Thus, if there are p observations on X and q on Y, then we

take the next observation from X if

(2.1.2) 5%5 £ % and from Y 1if
2, 1
ptq 2

Step 4. Compute A:

- rlv@ + 4 - 0T,

b
|

(2)(205/55) + (2) (203 /03)

|}

4, 4
801/02 .



Hence, ,
A B, DA
A, = 8(s1/5))
where k = p+q ,
52 Ez:) (X X )2/ X g X./
- = P Py
L qei * P Pogup &
2 9 & & 4
52=>:(Yj-Y)/q. Y=$Yj/q.
3=1 1 1 3=1
" 2 : B 9 ptq+l3
Second, define Ck = (1.96) ;’:‘Fﬁ .

It can now be seen that the minimum values of p and q that make Ck
positive are p = q = 7, which were used in Step 2.

Thus, stop sampling if

2 p+q+l13 Si
(2.1.3) ptq > (1.96) m 8(—2-)
S
2 L 2
dZ

Notice that the difference between p and q is either zero or one when

the above is satisfied. This is clear since r= % .

Step 5. Construct a confidence interval as follows when sampling is

stopped:

72 ]
- N

w
S ot

s2

(2.1.4) I, = (—— - d, ——%- + 4d) where k = p+q .
8
2
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For the purpose of simulation we now define the wvalues of all the

parameters Mps 6?, Hoys cg and the confidence width d.

Because there is an infinite number of combinations of these values,

it would be desirable to find an effective way of choosing them,

To do so we shall investigate how the random samples from N(ul, ci)

are to be generated and how that relates to Step 4 and Step 5.

Let €15 €ps surs which will be generated, be a sequence of random
samples from N(0, 1). Then Xi, the i th sample from N(ul, Ui), would

be generated by the following formula.

X, = 01 Ei + ul .

i
2 ) q ¢ ol
Let Sej = I (ei - el) /p and Se, = I (ej - e2) /fq ,
1=1 j=1
- P ‘- ' 1
where e; = E ei/p s e, = I e /q, and {ei} and {gj} are two

1=1 j=1 4

independent sequences of random samples from N(0, 1).

Now consider the stopping rule (Step 4),

2
9 ptq+l3 Sl 2

p+q 2_8(1.96) S:H:TE (—

2 , in particular,
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p I 2
2 I (X, -X)%p
$1.2,.2 jmj T P 2
(--—2-) fd” = /d
s q _.
2 T (Yj - Y ) /q
3=1 4
2 2
Ul Se1 2
=( > 2)
do, Se
2 2
2
%
Let A= —5 then the above becomes
do
2
A Se2
1,2
( 5 7 S
Se
2

Next, in Step 5, the following inequality would be considered to

determine, in each simulation, whether the confidence interval covers

2,2
the ratio 01/02 .

2 2 2
o ) 5
- - d < 3 ol 2 + d which can be rewritten as
Sy 2 55
Ui Sei oi 0? Se?
azsz-d5022025e2+d.
2 °€2 2 2 *Fy

If we divide the above by d, it reduces to
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ASei ASe?

(2.1.5) -1 < X < + 1
Se - - Se2
2 2

As has been seen the sampling rule (Step 3), the stopping rule

(Step 4), and the coverage probability of the confidence interval
(Step 5) do not depend on ul and uz, and hence without loss of genera-
lity we may let Hy = Uy = 0. Furthermore, Steps 3, 4 and 5 would

not be affected by specific values of c%, ci and d as long as A is

the same .

In other words, if we use the same starting seed numbers to generate
a sequence of random samples (via Super Duper) for any combination of
ai’ og and d with A being equal, we would stop with the same wvalues
of p and q, respectively, and get the same inequality as in (2.1.5).
Therefore, we need to consider only the values of X , which reduces

the difficulty of choosing a combination of Hys My ci, cg and d.

Now consider the fixed sample sizes needed to achieve

2

2 5.2
(2.1.6) Pr(| sy/s, - oj/o,| = d) = 0.95.

The reason for this is to see if the sample sizes due to the sequen-

tial procedure are reasonable.,’

Suppose all the parameters are known. Then for any given d, p and ¢q
can be computed such that (2.1.6) is satisfied. Then compare these
values to those in (2.1.3) for the goodness of the sequential procedure.

Consider the following:



13

p(q-l)og Si ci p(th)oz d

= Pr( 2 7 - 3l 7))
Q(P-l)ol Sy g, q(p—l)c1
pSes/(-1)  p(e-1)  plal)

=P —p—— - —— | < ——. )
q Se,/(q-1) q(p-1) q(p-1)

(2.1.6)
) _ plg=1) (¢=1) 1
Pr(| F(p-l, q-1) q(p-1) | & q(p-1) ° .x)

Where F 1) is a central F random variable with p-1

(p~-1, q~
and q-1 degrees of freedom.

Notice the fact that the difference between p and q is either zero or
one when sampling was stopped. Hence, p and q may be chosen such that

(2.1.6) is near 0.95.

The Table 2.1.1 shows the coverage probability, the average and the
standard deviation of the total sample sizes for the sequential proce-

dure, based on 1,000 simulations, and the fixed sample size for each A.



14

Table 2.1.1

N Coverage Average Total Standard Fixed Sample
Probability Sample Size ~ Deviation Size*

o3 1.000 26.5 11.0 22
1.0 .998 50.4 25.7 48
1.5 .939 85.9 42.0 88
2.0 +311 137.4 60.3 140
2.5 .897 206.8 80.6 208
3.5 .932 391.7 110.1 390
4,5 931 639.4 148.9 636
5.0 .936 7177.7 163.8 782
3.5 .934 946.5 173.7 , 944

*To get the fixed sample size using (2.1.6), a Monroe Calculator
(Model 1730) was used for A = 0.5 through A = 3.5. The function
PROBF in SAS was used for A = 4,5 through A 5.5

Table 2.1.1 shows the coverage probability first decreases but
then tends to increase a A increases. The average total sample size
matches very well with the fixed sample size regardless the value of A.

The plots in Figure 2.1.1 through 2.1.4 show the frequency distri-
butions of the sample sizes with different values of A. The shaded
area indicates that portion in which the confidence interval did not
cover the ratio. This phenomenon occured when the sample size was
either very small or very large.

This situation could be explained by studying the stopping rule
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in (2.1.2). 1If Sifsg is small at an early stage, the stopping rule
would be satisfied and the upper confidence limit may not be large
enough to cover the true ratio ci/cg. On the other hand, if Silsg is
not small, then the stopping rule would let us keep sampling until the
stopping rule is met. However, if si/sg is still relatively large at
a later stage, then the lower confidence limit may not be low enough

to cover the ratio.
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2.2. Poisson distribution case

Let Xl, XZ’ eeo, and Yl’ Y be two independent random samples

2, LI B ]
from Poisson (Al) and Poisson (Az), respectively, and g(y) = g(ll, Az) =

kl - kz.

Again, each step of the sequential procedure is presented.
Step 1. Let o = 0.05
Step 2. Take 7 observations from X and from Y.

Step 3. Compute the following:

a(x, - A,)
o (& ¥ ]
Bll
a(x, - A,)
ot [ et iy gl
axz
_ ,=1 _ =1
I(Al) = Al i I(kz) = 12 “
Hence,
= -1 -
Vl(ll) = al (Al)a Al and
_1 _
VZ(AZ) b1I (Az)b = 12 .
5 %
V. (2.) A
Thus, r = L = . .
L Y Y%
v+ v,0,) SRR
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Because the M.L.E. of X, is X and the M.L.E. of A, is *I'q .

1 P 2
i
X _ p
(2,2.1) r = SN - s where Xp = I Xi/p and
224t e
P q
q

=l
|
™
=
[N
~
Nal

Thus, if there are p observations from X and q from Y, then the next

observation is taken from X if

);5 and from Y if

o o

|v

~
L

(2.2.2) -;- < (%

Step 4. Using 1i) of (l1.5) as the stopping rule (we could have used
i) of (1.5) as the rule),
define Ck = 1.96, where k = p + q.
Then stop sampling if

= = = 2,.2
> (X + |X +Y 1.96)°/d d
p_(p » q)( )7/d" an

= [5 - 2..2
2.2.3 > (¥ + X +7% 1.96)°/4° .
( ) q_(c1 A q)( ¥
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Step 5. Construct a confidence interval as follows:

2,2.4) I, = (X -Y -d,%X -Y + 4d).
( ) k (p q 2 q )

The Table 2.2.2 shows the coverage probability, the average and the
standard deviation of the total sample sizes for the sequential proce-
dure, and the fixed sample size for various values of 11, Az and d,

each based on 1000 simulations. Also given are the average sample

sizes on X and on Y due to the sequential procedure, and the fixed
sample sizes on X and on Y, in parenthesis. The frequency distributions

of the sample sizes are given in Figure 2.2.1 thru 2.2.4.

To get the fixed sample size of X and Y, consider the following:

Pr(lip - ?q -Gy =) <D

(3 B g (A = 2] <pd
Pr(} £ X, - Y, - p(A, - zp
i=1 i gq f=1 j 1 2

- P q q q
T Pr(| in—% EYj—p(ll—lzﬂip d| £Y, = t)Pr( £ Y, =t)

£=0  i=1 j=1 j=1 1 j=1 1
(2.2.5)

- P £ q

= Ipr(| X - -p0 -0 <P d) PR(EY, = t) .
t=0 1=l b 3=11
P
It is known that I Xi is a Poisson random variable with parameter
q i=1

pll and I Y, is a Poisson random variable with parameter qhz.

=17
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Note that sampling rule (2.2.2) and the stopping rule (2.2.3) suggest
that the ratioc q/p be approximately equal to (Aszl)% when sampling
is stopped. Combining these results, approximate values of p and q
may be computed such that equation (2.2.5) is close to 0.95. A
computer program was developed for this purpose and is given in

Appendix B.

As Table 2.2.1 shows, the coverage probabilities in genmeral are very
close to 0.95, and the average total sample sizes, and the average
sample sizes from X and Y agree very well with the fixed sample sizes.
Again, the shaded area in the plots indicates that portion in which the
confidence interval of (2.2.4) did not cover the difference of A, and

Az.



2k

Table 2.2.1

kl *2 d Cg:ﬁ;?ﬁe A;eiaie Sag?le S;ze ngzngd gixei Sa;ple S;ze
bility oxe _ tion | e
2 2 1 .942 31.2 ( 15.6 15,5) 4.4 28 ( 14 14)
5 <947 123.4 ( 61.7 61.7 8.0 120 ( 60 60)
.25 <957 492.6 ( 246,2 246.4) 15.5 484 ( 242 242)
2 4 2.0 977 4.4 ¢ 7.0 7.4) 7 11 ( 5 6)
i.0 «952 45.3 ( 18.8 26.5) 4.2 43 ( 18 25)
D .941 179.7 ( 74.5 105.2) 8.2 174 ( 72 102)
.33 .934 403.8 ( 167.3 236.5) 11.5 396 ( 165 231)
<25 . 945 717.6 ( 297.3 420,3) 15.4 710 ( 294  416)
2 .939 1121,1 ( 464.4 656.7) 20.3 1113 ( 461  652)
1 4 1.0 .938 34,8 ( 11.7 23.1) 4.4 33 ( 11 22)
.3 «945 138.2 ( 46.1 92.1) 9.1 132 ( 44 88)

«33 947 311.7 ( 104.1 207.6) 12.3 303 ( 101  202)
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2.3. Exponential distribution case 1,

Let Xl, X2, ... and Yl’ Yz, .»« be two independent random samples

from Exp (Al) and Exp (12), respectively, and g(y) = g(Al, Az) =

Each step of the sequential procedure is given below.

Step 1, Let a = 0,05
Step 2. Take 5 observations from X and from Y,

Step 3, TFirst compute the following:

) B(AIIAZ)

-1
= = )Lz 5
BAI
a(x./Ar,)

b= 1 2 —"Alllg ’

9A

2

-1 _ 2 -1 .2
I (Al) = ll and I (AZ) = 12 .

Hence,

v,(0) = a 1‘1(11)a (*1/12)2 and

-1 2
Vz(lz) =b1 (lz)b = (Alflz) .

Alfl

2-
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Thus,

(2.3.1) r=r=%,

Hence, if there are p observations from X and q observations from Y,

the next observation is taken from X if

o)

o , and from Y if

P =

(2.3.2) = >

Step 4. First, define Ci = (1-96)2 iEE¥§§ .

A= r'lvl(;\l) + (1 - r)‘lvz(xz)

2
4(AI/A2)

Because the M.L.E. of kl is ip—l and the M,L.E, of 12 is

_ _ g
Y where X_ = E X, /p and Y = /q ,
q Pogm1 a” 4o

A = 4

1
-~ [g,.
N

Thus, stop sampling if

4(1.96)2@ /3 )2 p+q+9
(2:3.3) P+q2> E .
d2 ptq-9
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Step 5. Construct a confidence interval as follows:

Y ¥
(2.3.4) I, = (— -a, =L +q
X X
P P

For the purpose of simulation, we shall investigate how a sequence of
random samples from a exponential distribution with parameter Al could

be generated and how that relates to (2.2,3) and (2.3.4). Let €13 €35 eres
to be generated, be a sequence of random samples from the standard

exponential distribution ( Exp (1) ). Then X,, the i th sample from

i!
Exp (ll), could be generated by:

Now let A = | s then stopping rule (2.3.3) can be written as:
2

Stop sampling if

2 ,2 - ,- .2 ptg+9
p+q>4(1.,96)" A (eZ/el) v g

_ P _ q
where e, = Z e,/p , e, = T e'/q, and
L™ 0y 2" 2%
{ei} and {es} are two independent sequences of random

samples from Exp (l).
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Again consider the following inequality to check whether the confidence

interval I, covers the ratio Al/lz.

P

¥ A ¥

____fL - £ 1 < —f{ + d which can be written as
X A X
P 2 P

Mey/e)) - 1 <8 <A (eyfe)) + 1.

As in the normal case the sampling rule (2.3.2), the stopping rule
(2.3.3), ‘and the coverage probability of the confidence interval in
(2.3.4) do not depend on specific values of Al’ 12, and d as A is
constant.

Thus, we need to consider only values of A instead of choosing combi-

nations of A Az, and d.

1,

To get the fixed sample size, consider the following:

Pr(l?fq/:T{P - M <

Pr(|l1e2/(12e1 = ‘\1/"2] < d)

(2.3.5)

= Pr(|52/51 -1 f_ﬁhl).
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Since ;2 is a gamma random variable with parameters q and q, and 51
is a gamma random variable with parameters p and p, it can easily be
shown that EZ/EI is a central F random variable with 2q and 2p degrees

of freedom. Therefore, (2.3.5) may be rewritten as:

(2/3/6) Pr(lF(zq’ P

Considering r = %, p and q can be choosen such that (2.3.6) is as near

0.95 as possible,

The Table 2.3.1 shows the simulation results with various values of A,
The frequency distribution of the total sample sizes are given in Figure
2,3.1 through 2,3.4, Table 2.3.1 shows that the coverage probabilities
are close to 0.95 and the average total sample sizes are reasonable

compare to those from the fixed sample size procedure.
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Table 2.3.1
A Coverage Average Total Standard Fixed Sample

Probability Sample Size Deviation Size*

5 1.000 16.7 5.5 10
1.0 1.000 29,9 12,2 24
1.5 .961 48.7 20.3 42
2.0 .942 74.8 29,1 68
2.5 <943 109.9 37.8 102
3.0 .930 1313 46.7 144
3.5 <924 198.9 56.6 194
4.0 .931 258.6 64.1 252
4.5 .934 327.1 72.5 318
5.0 .927 397.9 84.2 390
7.0 .961 768.1 107.3 758
_ Q.O_ .951 1255.3 140.2 1250

*To compute the fixed sample size, a Monro Calculator (Model 1730) was
used for 2 = 0.5 through *» = 5.0 and PROBF in SAS was used for X = 7.0
and A = 9.0.
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2.4, Exponential distribution case 2,

Let X,, s «eo and Y., Y,, ... be two independent random samples
1 1* "2

from Exp (11) and Exp (12), respectively, and g(y) = g(ll, 12) = Xl - AZ.

The sequential procedure is given below.
Step 1. Let a = 0.05
Step 2. Take 7 observations from X and from Y.

Step 3. Compute the following:

3(11 - 12)
a=—= =1,
axl
3(A; = A,)
b:.-—-!-—-—i-:—l,
3l2
-1 2 -1 2
I (l1)=)\1 and I (12)—3\2.
Hence,
A,
r= 1 and
Al + AZ
A x ! ¥
(Bukol) g w mmspbomes e
X + Y X +Y
P q P q
_ p q
where X = I Xi/p and Y = [ Yj/q i
i=1 j=1



31

Thus, the sampling rule is: 1f there are p observations from X and

q from Y, take the next observation from X if

X
(2.4,2) —g~ > —2 and from Y if
q

=l

© o
a8
rn"ﬁl Lubdl

Step 4. ‘Let Ck = 1,96 with k = p + q .
Next, compute A:

A

r‘lvl(al) £ (L~ r)_IVZ(AZ)

_ 2
= (Al+3\2) .

Hence,

« S R,
=X +¥ ;
A (p q )

Thus, stop sampling 1if

(1.96)2 @ ~! + § 712
(2.4.3) p+q> P 4

d2

Step 5. Construct the confidence interval as follows:

=-1 = -l =-1 5 -1
= X L2 - d X - * [
I=¢( " Yq » X Yq d)
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For the purpose of simulation, let y = Azlll and ¢ = llld.

Then (2.4.2) can be rewritten as: Take the next observation from X

or from Y according to whether %‘ >y :l or 4« w-:l » respectively,
e P e
2 2
where El and 52 are defined as in the previous section. Stop sampling
2 2,--1 - =1.2
if p+q > (1.96)" ¢ (el + ¢y e, ) according to stopping rule

(2.4.3)

To find the coverage probability of the confidence interval Ik’ consider

the following:

o=l g =l ol el
Pr(X - Y -d < A, - A, <X - Y + d
1% q s T I q )
_ - -1 - =1 ks ] = ]
= Pr(lle1 - Azez -dx< ll - 12 j_klel - Azez + d)
] R | 5 & s =f . =]
(2.4.4) =Pr(e; " -ve, -F <l-%<e -Ve +C)

As has been seen, the sampling rule, the stopping rule, and the
coverage probability depend on Al’ 12 and, d only through ¢ and Z.
Thus, only various values of ¢ and Z are to be considered without

specifying the values of Al, A2 and d.
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To find the fixed sample size, consider the following.

-1 _ s -1
p].-(|1-{p R ARt IO N R

B = 4] = -1
= Pr(re, - ae, T = Oy - W) <@

= Pr(lél'1 - anz'l - -l < h
_ - =1 - =1 =1 - .
=79 Pr(le1 - Ye, - (1- vl <z Iez = y)h(y; q, q) dy

= Seee, T - wh - a - wl < hues g, 0

1 -1 1

=19 Pr(yy L4 (1-y) - ¢ <e T2y 4+ -+  hnly; g, dy

(2.4.5)

=I5 eyt + (-p) - 7H7E

<e <G L a-w+H s 0, 90y,

where h(y; q, q) is the probability density function of a

gamma distribution with parameters q and q.

We know that e, is a gamma random variable with parameters p and p.

1
Also note that the sampling rule and the stopping rule suggest the
ratio q/p be approximately equal to A2/A1 when sampling is stopped.

Hence, it is possible to choose approximate values of p and q such

that (2.4.5) is near 0.95.



34

Because equation (2.4.5) is mathematically complex, a computer program
was developed to solve for p and q. In Appendix B, a modified form

of (2.4.5) which was used for computer solution is given.

Table 2.4.1 shows the simulation results with various values of ¢ and
r., Figures 2.4.1 through 2.4.8 show the frequency distribution of

the total sample sizes.
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e wegh  hreew g Sewlesim o ied Sl st
bility

1.0 .5 994 5,14 7.8 LD 10 ( 5 5)
1.0 .976 19.2 (9.6  9.6) 22 (11 11)

1.5 .964 36.2 ( 18.1 18,1) 44 (22 22)

2.0 .957 62.7 ( 31.3 31.4) 70 (35  35)

2.5 .962 97.2 ( 48.7  48.,5) 106 (53  53)

3.0 .941 140.2 ( 70.0 70.2) 148 (74 74)

3.5 .960 189.6 ( 94.9  94.7) 198 (99  99)

4.0 .959 246.9 (123.4 123.5) 258 (129  129)

4.5 .954 311.6 (156.1 155.5) 322 (161  161)

.5 .5 .992 14.0 ( 7.0  7.0) 9 ( 6 3)
1.0 .990 15.2 ( 8.1  7.1) 15 (10 5)

1.5 .982 22.6 ( 14,0  8.6) 27 (18 9)

2.0 .953 36.3 ( 23.7 12.6) 45 (30  15)

2.5 .960 55.1 ( 36.4 18.7) 63 (42 21)

3.0 947 79.0 ( 52.1 26.8) 87 (58  29)

3.5 .946 107.2 ( 71.1 36.1) 114 (76 38)

4,0 .959 139.9 ( 92.8 47.1) 147 (98  49)

4.5 .949 176.6 (117.1  59.4) 186 (124  62)

5.0 .960 217.0 (l44.4  72.7) 225 (150  75)

5.5 .956 262.3 (174.3 88.0) 270 (180  90)

Contd..
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Coverage

V=) e Eﬂ::; Totaiampl?( Stee Y %ii‘f Sa;lple S;ze
.25 1.5 .984 18.0 ( 10.9  7.1) 25 (20 5)
2.0 .957 26.4 ( 18.8  7.6) 30 (24 6)

2.5 .958 39.4 ( 30.2  9.2) 45 (36 9)

3.0 .939 55.3 ( 43.5 11.8) 65 (52 13)

3.5 .949 75.1 ( 59.5 15.6) 85 (68 17)

4.0 .954 97.2 ( 77.0  20.2) 105 ( 84  21)

4.5 .945 122.8 ( 97.7 25.1) 130 (104  26)

5.0 .957 151.7 (120.7  31.0) 160 (128  32)
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2.5, Conclusion

A Monte Carlo study was used to evaluate finite sample sizes
performance of the proposed sequential procedure.

Four cases of real valued function of parameters were considered.
In all four cases and all parameters the simulation results indicated
that the coverage probabilities were very close to 0.95, the expected
Coverage probability., The average total sample sizes were v;ry reasona-

ble compare to those from the fixed sample size procedure.



(1)

(2)

(3)

(4)
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APPENDIX B

In this part, we whall illustrate how we can compute (2.4.5)

given p and q. We write the equation again.

1 -1 =

() 15 pr(ty M -py-a71 <e, < { y L -w+ I Haey; g, pay

1

For convenience, let

{y'1+(1—¢)-n'1}"1=c1,
{ Y_l + (1l -y + At }-1 =c, , and
§1=z

Then (1) becomes
(2) Pr(c; <2 <¢,) h (y; q, q)dy

where Z ~ Gamma (p, p) and

Y ~ Gamma (q, q).

c2
P . J—
7 < =1 _PB_ 4P P
__c2) ¢y Tip) Z e dz

| A

Now,I? Pr(cl
Integrating by terms, the above can be rewritten as

_ p p-k
P ,PZ & Z

-P
kml (p=k) ! p*
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Thus, (2) can be expressed by

2
p p-k q
® -pZ z q =l =
I3 - pP P AT vt e gy .,
k=1 (p-k) ! p r'(q)
c
1
And the final form can be rewritten as
= | p g e Pk
(3) ‘ro P_9_ . P¢;=9y g "
Fa) k=1 (p-k) ! p*
P q p Pk
A i S %
r(q) k=1 (p-k) ! p

Since ¢ and c, are functions of Y only, we can use numerical methods

for integration by using a computer.

The curvature of the function (3) turned out to be smooth enough to
use the trapezoidal method., However, each term of (3) can be very

large or very small,
Thus, we only can get an approximate value of (3).

By applying various values of p and q, we now can achieve (3) to be

close to 0.95 and hence we get the approximate p and q.
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ABSTRACT

Let Xl, Xz,-..., Xm and Yl’ Y2’ N—— Yn be two independent random
samples from the density functions f(x; 8) and h(y; @), respectively,
where § and § are unknown parameter vectors. Let g(y) = g(8, @) be

a real valued function of the parameters.

A sequential procedure which was developed by Perng and Hasza to
find a fixed width confidence interval of g(y) was investigated by

Monte Carlo study.

Cases of gél) were the variance ratio in normal distributions, the
parameter difference in poissoﬁ distributions, the parameter ratio
in exponential distributions and the parameter difference in exponential
distributions. It was of interest to determine the coverage probabili-

ties and the average total sample sizes due to the suggested procedure.



