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IIITROD.LCTLOMH

Journ.l beurinss come in differcnt sizes and shapes,
but they all busic::lly consist of a circular shaft, or journ:l,
rotating inside z circuler beuwuring. The diumeter of o full

beuring is slightly greater thon thot of the shaft. This
1llows the shaft to rotate in the be.ring on 2 thin oil film

while its lateral motion is restroined. ‘hhen 2 load is =zpplied
%o The bearing, the journal moves into an eccentric. position
relative to the besring and forms a converging oil film that:
sunports the bearing lozd.

In order %o produce an oil film, z supply of oil must
be introduced into the bearing in some manner. 0il flow
directly affects the periormsnce of the journal bezring by
changing the shape of the o0il film which in turn causes
changes in the friction torque, and the heat generated in the
0il film znd the bearing.

The required rate of oil flow is affected by the beuring
characteristics, such as length and diameter of the beuring
and bezring clearunce. Also affecting oil flow are the
eccentricity and spzed at which the shaft runs, the monner
and pressure a2t which the o0il is introduced into the beiring,
and the viscosity of the oil.

There have been severul studies done in the field of

hydrodynemic lubrication as applied to journal bearings.



Several different approiches to the solution of flow r:te
throuzh 2 journzl bearing have been token., These solutions
appeur in different forms =nd predict different flow r:tes.
Because of this, un experiment was conducted to compare
these solutions with experimentzl results. The influence
of inlet pressure and journ:l velocity on the end leak :ze

of a full journul be.ring were investigated, (3) (4) (7).*

*
( ) See Bibliography



TIIEORET LCAL REVIEW

Four works have been selected to compare with the experi-
mnentzl results. The authors of these works are li. Shaw end
B. liacks (8), S. leeds (6). J. Boyd and B. Robertson (1), and
A. Cameron (2). Their equations for end leakzge a2re presented
below, =2long with initial assum»tions uced in deriving the

equations and the conditions under which the equations are
applicable.

Shaw and liacks' equ:tion for the end leakage from a full

journal beuiring with a single oil inlet hole is

3 -
Q= cif& tan 1(2£E£) (1.0 +1.5 n2)

They derived this equution by assuming that the sunply
pressure huas the predominant effect on end leakage (Appendix II).
The equation is for a stationary eccentric journal bearing.

. It was assuned that the effect on flow of the pressure developed
in the oil film of an operating journal bearing is neutralized
by the small film thickness in the area of the developed
pressure. Then the flow throush = stationary eccentric journal
bezring as calculatéd by this equation represeants to a first
approximation the flow expected from an actual bearing oper-—
ating under load with the same eccentricity.

Heeds derived his equation for end leakage from a journal

bearing by solving Reynolds' three dimensionul differential,
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equxtion for the pressure distribution in an o0il film (Appendix
I1, equution 24). He did this by using Kingsbury's electrical
analogzy method which is based on the similarity between
Reynolds' equztion and the equation for the flow of electric
current through zn electrolytic both. This method solves
Reynolds' equ.tion for the prescure distribution in the oil
film from which fthe rem:ining bearing operitins chur:.cteristics
are obtained by graphic integration. This results in the
following equution:

Q= (X) (U) (r) (m) (L) (eq. 2)
Values for ¥, the end le:zk:ge constant, are tzbul:ted in
Table 5 (Appendix Iil) for vzrious eccentricity and L/D
ratios. MNeeds' work was done with a 120° journzl becringz but
Fuller (4) suggests that these values can be used for bezrings
of other arc lengths,

Boyd and Robertson developed the following equation
for the flow of lubricent in a concentriec, lightly loaded,

high speed jourmal bezring:

3
. nPo C -
Q = IMAL/D - 2 m d/D - 48 1/(s(1+ GESl/D))

53

The lubricant is supplied under prescure from a single inlet

(eq. 3)

hole., Their derivation of this equ.tion is based on the

work done by Lusket and liorgan (5), who solved Reynolds'
generalized equation by a successive approxim:tion method.

This method involves guessing a set of initial values for the

unknovnsg. This set is then used to calculute a new set of
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values for the uwnlmovms. This new calculated set of unknowas
is then used to eaclculate mmothier new set. This process
contirvez uwntil there is ~lmost no chrngoe from one set to the
next.

To obtain the flow Ifrom an eccentric bearing, the vilue
of QB must be modified by o factor RB. Therefore:
Q= QB X HB

. (1.0+1n)’ (1/p - 2 n.a/D)

B™(1/D - 2 W da/D+ 3n(1/D+ 2 = &n.16)) (eq. 4)

where R

This equation is not intended to be used for values of
eccentricity ratio, n, grexter than 3.5.

Cameron assumed the inlet pre-sure and film thiclmess
at the inlet hole were the dominant fzctors affecting end

leck:ze. The eguation derived is
o

Q

1]

(87 Ba)/(1241)) Ry (eq. 5)

where h,1s the film thickness at the inlet hole and Ry is 2
coefificicnt depending on the geometty; of the inlet oil
opening. Values for Ry ere plotted as functions of the a/L
ratic in Figure 10 (Appendix Iil)., For wvalues of d/L less
than 0.6, the empiriecal formula

Ry = 1.2 + 11.0 a/L (eqs 6)

gives close approxim:tions for vilues of R..
ALl of these derived equations are based on constant

oil viscosity. This is not true in en actual bearing because
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there is a viscosity drop due to the heating of the o0il us it
pasces throuzh the bearing, However, Needs showed that the
viscosity chin-e in the fila cun be neglected if the viscosity
(M) is taken as the average film viscosity.

The precedinz equations ire quite different in form =nd
predict different resulis for end leakage. As a4 comparison
of these recults, Figure 1 shows these predicted flow rates
25 a function of inlet pressure and Figure 2 shows them as a
function of journal velocity. Needs' equation indicates
flow rate is independent of inlet pressure, while the other
three equations indicate flow is independent of velocity.

These predicted flow rates are also compared with the

experimental results in the next section of this paper,
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DAPERL BNTAL LNVESTIGATION

Test Liquivment:

The test fixture consisted of o shaft nd bearing of
1-3/4 inches nominzl dizmeter. In the usual journal be .ring,
the bearinzg is fixed and the shaft rotates inside it with
eccentricity depending on the load. In this fixzture the
shaft position wus fixed and the eccentricity was set by
having the bearing movable. The eccentricity between the
shaft and the bearing was measured by two pairs of dial
indicators with 0,0001 inch divisions., One p=2ir of indicators
was positioned at each end of the bearing with the two
indicators in each pair placed 90° apsrt around the bearing.
Various shaft speeds were obtzoined by changing pulley diaméters,
Different oil inlet pressures were obbtained by regulating the
air pressure over the oil in ﬂhe 0il supply tank, Drawings

and specifications for the test equipment are in Appendix IV.
Test Procedure:

The o0il used in the test was Liobil S.A.E. 10W non-detergent,
It's viscosity was measured with a Saybolt Universal Viscometer
at 78° F and was found to be 6.47 x 10~ reyns. The oil
inlet pressure was measured by a 0 - 100 psi pressure gauge
near the bearing inlet. Shaft speed was measured or checked

~during each test with a stroblisht. The oil flow was determined
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by measuring the volume of o0il required to refill thé oil
supply tank to a specified depth aftér: a 15 minute test run.
Two tests were run at each pressure and shaft speed to check
the reproducibility of the results.

The experimental data recorded during the tests are

tabulated belowr:



Tible 1. 15 minute test for 3600 becring at 536 rpm.

Inlet oil Volume Ilow
pressure flow rate
Test Run (psi) (inB) (inB/sec)
1 1 10 T35 0.0082
2 10 7.02 0.0078
5 1 20 10.56 0.0117
2 20 10.40 0.0116
3 1 30 13.29 0.0147
2 30 13.61 0.0151
4 1 40 16.66 0.0185%
7 40 17,09 0.0190
5 1 50 19.16 0.0213
2 50 19.13 0.0213
6 1 60 23413 0,0257
2 60 23.55 0.0262
7 i 70 26.88 : 0.0298
2 70 26.82 T 0.0297
8 1 80 36.98 0.0411
2 80 36.73 0.0408

Table 2. 15 minute test for 360° bearing and 10 psi
inlet pressure.

Shaft Volume Flow
speed flo ragte
Test Run (rpm) (in”) (in”/sec)

1 1 0 4,70 0.0052
2 0 4,76 0.0053

2 1 536 T35 0.0082
2 536 7.02 0.0078

3 1 1232 10 0.0198
2 1232 17.51 0.0195

4 1 1810 21.78 0.0242
2 1810 22,39 0.0249
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DISCUSSLOIN ARD CONCLUGIONS

Pigures 3 .and 4 compare the experimentally obtained
flow rates with those czlculated from the equations. These
curves were plotted from the data tabulalted in Tables 3 =2nd 4
of Appendix IIIl.

The experimentzl curve or Figure 3 shows that the end
leakage flow rate increases with increasing inlet pressure.
The flow rate increzsez from 0,008 in3/sec 2t 10 psi to
0.0410 in3/sec at 80 psi inlet pressure. The dashed curve
in Figure 3 is a2 linear estimate of the flow rate as a function
of inlet pressure (9). It was obtained by applying 2 linear
regression analysis to the experimental data (Appendix III),
This resulted in the following équation for the flow rate as

a function of inlet pressure:
Q=0.001476+ 0,000441 PO (eq 7)

This gives a fairly good approximation of the experimentelly
determined relationship between flow rate and inlet pressure
for the range of pressures tested,

The experimental curve of Tigure 4 shows that the end
leakage flow rate also inecreases with increasing shaft speed,
The flow rate increased 1,51 times from O to 536 rpm, 2.46
times from 536 to 1232 rpm, and 1.25 timés from 1232 to
1810 rpme Overall the flow rate increased 4.64 times when

the shaft speed was increased from O to 1810 rpm. The
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dashed line in Figure 4 is a lineer estimate of the flow rate
as a function of shaft speed. It was obtained in the same
manner as the dashed line in Figure 3, The equation for

this line is:
Q=0,0042+0.,0000114 N (eq. 8)

where N is the shaft speed in rpm. This line deviates some
from the experimental results but it shows well the lineer
trend of increasing shaft speed in the rance tested, A
closer fit couwld probably be obtained with more data points.
If the data in Tables 3 and 4 are combined,giving a table
of flow rates as functions of shaft speed and inlet pressure,
then a multiple regression analysis can be applied to the data (9).
This gives an equation for the flow rate as a function of both
the shaft speed and the inlet pressure. This analysis resulted
in the following equation:

Q==-0.001641.23 x 10"5 F+3.8 x 10-4]? (eq 9)

This eguation applies for a 360° bearing with a L/D=1.0,
an eccentricity = 0.23, and a fluid viscosity as used in
this experinent.

The ‘theoretical results on the basis of Shaw and Macks®

equation predict a linear increase in the filow rate with.

faey -~ A L | o R e s SO
LS B v viad e & b A L

e _-4'.._.'..';.,.'..._:-...... i te m i_.._-_.L."

1 L Sy — Lo e
QLY redlloCu b o

i e
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an incre:se in the inlet pressure. Compared to the experi-
mentzl results, their predicted volues are 2 to 3 times
lower than those found experimentally. Vhen the shaft speed
is increased, this differcnce becomes even larger, which
is understandable, since Shaow and liacks' equation was developed
for a bearing with no shaft velocity.
lieeds' theoretical eguation is independent of inlet
pressure and therefore predicts a constmnt value of end
leakage for all values of inlet pressure, Conpared to the
experimental rcsults, Needs' predicted flow is too hizgh for
low inlet pressures and too low for high inlet pressures, with
agreement with the experimental results at about 15 psi.
Necds' equation is the only one that predicts an increasing -
flow rate with increasing shaft speed. His predicted flow
rates for increasing shaft speeds follow the experimental
results fairly closely at the 10 - 20 psi level. But, =2s
ghovm in Figure 4 by the “"o's"™, which indicate flow rates for
verious inlet pressures for a constart rpm, Needs' results
becoie increasingly less accurate for increasing inlet pressures.,
Boyd and Robertson's theoretical equation predicted the
largest flow rates. For the sharft speed of 53%6 rpm, their
predicted volues ranged from 4.5 to 8.5 times higher than
the experimental values, but dropped to 1.5 times higher
at a shaft speed of 1810 rpm, It can be assumed that the
increase in flow rate with increase in shaft speed occurs

at every inlet pressure, s indicated by the multiple resression
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equation and, also, the "x's® on Ficure 3., Thus, Royd
and Robertson's equation gives zcceptably predicted flow
rates for the higzher shaft speeds and lower inlet pressurese.

Cameron's theoretical ecuztion predicts the lowest flow
rates. His predicted values ronge from 16 to 30 times less
than the experimental volues for low shaft speeds and up
to 90 times lower for the hizher shaft speeds. IXrom this, it
may be concluded that Cameron's equation is of no practical
use in predicting flow rctes.

It can 2lso be concluded that for bearings with a L/D
ratio equal to 1 and a2 low eccentricity retio:

1. ©Shaw and llacks' equation would give a2 conservative
estimate of flow rate for low shaft speeds;

2, Boyd and Robertson's equation would give satisfectory
results for high shaft speeds;

3. HNecds! equation would zive approximate results for
low inlet pressures end all shaft speeds,
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SULLIARY AHD RoCOUIEBITDATIONS

experimental investigation of the effect of inlet

pressure and shaft speed on end leakage throurh a full journal

bearing was conducted to provide deta for comparison with

analytical solutions. A journzl bearing of 1-3/4 in. nominal

diameter =nd length with 0,0029 in. diametrzl clearance was

tested.

The inlet pressure wos varied from 10 te 80 psi

with the shaft speed set at 536 rpm. The shaft speed wes

varied from 0,0 to 1810 rpm with the pressure held at 10 psi.

The experimental results were compared with the four Tfollowing

theoreticel predictions:

1.

Shaw and liacks' analysis of a stationary eccentric
bearing where the supply pressure has the predominant
effect on end lezkage,

Needs' equation bzsed on a solution of Reynclds!
equation by means of an electrical analogy.

Boyd and Robertson's equation based on the work done
by Huskat and llorgan who solved Reynolds' equation
by a successive approximation method.

Cameron's equation where the inlet pressure and the
local film thickmess have the dominant effect on
end leckage.

Comparing the theoreticel predictions with the experi~

mental results shows Shaw and Macks*!, Needs', and Boyd and

Robertson's equations give approximate solutions to the flow

rates.

These solutions are accepitable only in certain inlet

pressure and speed ranges,
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This experimental investigation was limited in scope
and certainly did not cover all the possibilities available
for investization, It is therefore recommended that the
following areas be considered for further investigation:

1. Tor canstant speed, inlet pressure, and eccentricity
ratio, the effect of L/D raotio on end leaka:e should
be studied.

2. For various L/D ratios, the effect of different
sheft cpeeds, inlet pressures, and eccentricity
ratios on end leakage should be investigated.
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APPIIDIX I

Homenclature

C = dizmetral clearance in inches

‘= radial cleorance in inches

(o]

D — bearing diameter in inches
d - 0il inlet hole dizmeter in inches
— bearing eccentricity in inches

ho - 0il film thickness in inches (subscript denotes position)

S~

— HNeeds' end leckage constant

~ bearing length in inches

L =

— one=half bearing length in inches

m - clearance modulus (ratio of radial clearsnce to journal radius)
N = shaft speed in rpm

n -~ eccentricity ratio

Pb - 01l inlet pressure in psi

Q - flow rate of oil in cubic inches per second

QB — flow rate with no eccentricity in cubic inches per second
as used in Boyd and Robertson's equation

Rd — flow coefficient in Cameron's equation
r - shaft radius in inches

Ry — correction factor of eccentricity in Boyd and Robertson's
equation

8 — an integer with values 1, 2, 3, ...
U - shaft" peripheral speed in inches per second
u - velocity of lubricant in x direction

v - veloclty of lubricant in y direction
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velocity of lubricant in z direction

coordinnte 2longz the circumflerence of the developed
surface of bearing or journal

coordinzte along the normol to the develeped surface
coordinate along the axis of the bearing
aversge viscosity in reyn

shear stress (subscript denotes position)
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APPIIDIX 1L

Derivations

Show and lincks' equ-tion:

Shuw =2nd Macks derived an expression for the rzte of
flow from the ends of a stationury journszl bearing having
a central oil supply groove. From this caleulation they
predicted the flow rote from a2 bexzring: lubricated by a2 single
inlet hole,

Figure 5 (a) shows =zn eccentric journzl besrins and

Figure 5 (b) shows a developed view of the bearinsg surfoce.

Load
R
X (@) K jatng
(a) Becentric journal (b) Developed view of
bearing. bearing surface,

Figure 5. Yeccentric journal bearing with central oil groove.

Figure 6 shows a developed oil film and & particle of

0il with all of the axial forces acting on it. For stntic
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(b) Forces on on elementary particle of oil betwecen the
developed bearing surfaces,

Figure 6. TFrecbody diasram of on oil film.
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equilibrium

(7; + 3,_% d}’)d?& dz — ?; C;):clz +Pc’xciy -(P+§JZ>J)(J/=O

which reduces to

Hewton's law of viscous flow

—

ELE. e '/AA CJzk”

d 2 d ¢?
Therefore,
2w 1 dP
- Z
4 ?ia AA
Integrating twice with respect to y yields
dw - L dP oy 4o,
d A dz
I 4P 2
= — 20 +
W 2 M Jd2z2 /y‘ +C',;L Cg

Bvzluating the two constants of integration by noting that

wW=0 when y=0 or h gives

| JP _
Co=zx gz " Cz=0
Thus
wos s TR - (eg. 10)



c3p dP [@+3 B —9—+___—-5“"26)
- - = n sm©4+3n
Q = 12 dz " (2 K

s o en
+ hZsme (<os®6 +2)]
3 o
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Q=~PC37K§_E_(I+'.5 n2> (eg. H)

&_A dz

From equation (10)
._‘%._P__ = EZ’L_"_V_
J 2 (k)

Integrating with respect to z gives

P s __.a_/,‘_A_E._u_ zZ + C\
# (4=h)
Bvaluating the constant of integration by noting p= Pg when
z=0 yields
c, = ©

and

e M w
= == — 2z + L
b= 3G

Therefore

2w

P-F% = d (d-W) =

and since p=0 =zt z=1L/2

. 24 W L
° T 4(d-h) 2

The quantity of liquid flowing zcross on elementary area is

dQ:wdxdy
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4@ = 5 55 d(u-h) Jdxdy

For a jowrnal bearing h=c¢(14n cos )
and dx=1rde
Substituting these values for h and dx into the equ.tion

for 4Q yields

4@ =50 X [¥"-cyQr+ncese)] dpdo

o

oTr
Q ‘—'2‘5‘4%‘[ ”f 4 dy de "fﬂ%@ 0 cos )4z o]

Integrating with respect to y gives

a/t:o’z [f‘mh d fn._c__(i*‘gcoge)hld?]

substituting in h=c¢(14+n cos 8) yiclds

¢ :2_{‘_ 2 [)’2’(_53 (l+ncos 9)3.:!9 _I‘z’é (I+ncoes G)Ct(lif}cose)a's‘(
/‘A Jz -] 3 / a

_ [Izn (anos 9) dé]

IZ/M o’Z

- cqp o P 2 2 3 3
e TTEPE. [(,+3n Cos® +3N°Cos" @ +nh cOsé’)dQJ
or
_efi 24w JP
L A(d-W) ¢



Substitutiag into equation 11 yields

Q___rc_r(F (I+I.Sl’?2>

which is the lezkage from one end of the beiring. The leskage

from both ends of an eccentric bearing is

Q= 2;/:”:; = (1% 15 r?) (eg. 12 )

Shaw and Eazcks used the above result to predict the flow

throuzgh a bearing lubricated by = single oil hole, Trom
equation 12 the flow per unit circwmferenti=zl length through

a concentric bezring, n=0, with a centrsl oil groove is

& = c? L
3AML
From Figure 7, the flow across AX is
AG, = S8 Ay
° 3L

%ﬁQp ‘1\ AQn{

AX -~ k—x-ﬂ lﬁ—ﬂx
R} o
L/a y&x‘ﬂJd

. SE— - [CZZ]<F,
0ul hole” N\ 72 <%

Figure 7. Journz:l bearing with single o0il supply hole in
the unlouded region.,



and the flow at ainy other point. olonsz the bearing to a first

approximztion is

A Qq T 3 ML secd Fesd A%

or

Clim ARy = dQ = Sl Co.SQa( d X
Ax >0 Gt ],

Integrating,
nr 3
C’ R 2
- . C_oSo(f:JX
Q 2{ 3_/4}_

and putiingzg

1}
\
g
i
o

% =g
dx = L Secao( d«

and noting when

X=C o = O
-
Xx=nre h = Tan &77
then
1p L
e C 2

Shaw and llacks assumed the flow through a bearing fed

by a single o0il hole varied in the sume munner with attitude

30
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as did the flow througih o bearing fed by a central oil groove,

then

0 B G s G

leeds and Boyd oand LKobertson bosed their theoretical
equations on the work done by Reynolds. By solving Reynolds'
Three dimensionzl equ:tion for the pressure distribution in
an oil film, they were z2ble tc develop their owvn theoretical

equations for the end leakage from = journal bearing.

Reynolds' equitior:

The following assumptions are involved in develo?ing
Reynolds' three dimensionzl eguation for the pressure dis-
tributior in an oil film:

1+ Iubricant is Newtonian; i.e., shezr stress is proportional
to the rate of shear.

2. Film is so thin compared with the rotio of kinematic
viscosity to linear velocity that: motion of fluid is
laminaxr.

3. HNo slip occurs between fluid and bearing surfaces.

4. Fluid inertia terms zre noegligible.

5. Weight of fluid is negligible.

6 Fluid is incompressible.

Te Fluid film is so thin that the pressure remains constant
across its depth.

8. Fluid film is so thin thit any curvature of the bearing
surfaces may be ignored and the film unwrapped for analysis.,

9. The viscosity of the fluid is wniform throuchout the film.
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Figure 8 shows = full journal beuring with both the
journzl and shuft rotaiting. Figure 9 shows un elementory
cube of lubricant with 211 the forces zeting upon it in the
x and z.directions. <ror static equilibrium the sum of the

forces in the x direction nust equil zero:

_(7;: % i? d> )dey‘x chJy’f(?;*j?;

Tedida 4 (- 3T dx)dydz ~(Pry 22 ) dyds = 0

or
! Vi d%a Jz *é—?}‘— c‘xcl;tq!z— clx Jydz = C

Ty O 4z |

7 J _

=T "”%; =@ . (eg. 14)

The summation of the forces in the z direction must

also equal zero for static equilibrium:

(7;‘*:2;':11)3)/32 “,EJsz +(7; *j%dg)dxdz

= Ldxdz 2 (P-le 4L d2)dxdy (P4 1440 42 ) dx dy= O
which reduces to

od T2 o 7 o P ee. I8
—_— = % zZ — = @ = O
oY o X o 2 ( 8 )

By Newton's law of viscous flow:

Tx N /U\%:% ' (eg. Ig)

R
S

(eg. 17)

o~
)
i
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Figure 8, A full jourmal bearing.

(Tz + o‘ ) dx dz dy
(7x +j;7;‘ Ddx dz - ' -Tx dx dy

Tz dy dz -

(P- ‘/e X dx) dy dz

(% =+ 22 42V dx dy
(P ""sz)dxd/

= < ;
.’ R .'/(P+ ’/253? dx)dy dz
Y ;
T dx d=z - - (7 + o’x) dy dz
Vv

U X e T5 dx d=

Z
Figure 9. Forces acting upon an elementary cube of lubrlcant

in the x and z directions,



34

Substituting equation 16 into equition 14 yields

J LS o Jay = oF
;‘i(/’\ol“i v (/Aa:f o X
o (dia o dfa ) o P (eg- 18)

o 4* dydz Tod X
Because of the very thin folm of lubricant in the y direction,

. od4 “wo _— n
the velocity gradients ;3 and 53"2- will be negligibly small

compured to the velocity gradientjéz. Hence, the second
term on the left of equation 18 can be ignored to give
2
o T U - | ___OIP. (e ;Ci')

By the same procedure for the z direction, the following

equation can be derived:

2 |\ JdP
S T~ dz (eg. 29)

Integratinzg equation 19 twice gives

w- A dE(E) iy v ce

EBvalucting the constonts of integration by use of the fuact

ﬂmtu=UQMRny=zmmzmdu=U1MNny=hghms

o U - Us l _':J_F_' h
C, =0, C, - T
and
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Applying the szme procedure to equztion 10 yields

- h (eg 22)
had 2 M c)z (3" )'ﬁ-

From the volume-continuitly equition of fluid mech:nics

dv . _ d&4 _ Jw (eg- 23)
Jda o X d 2

Inserting equ tions 21 =znd 22 into equ~tion 23 gives
Pr.
4o = - 2o 4 (9 -W ]+ S g e-nadf
_d [h-4 3
o X [ h Yo # h U‘]
Integrating with rospect to y and assuming const.unt viscosity
v, AP 7y
j dV = E/AI (d (- UZ] dz 2(;! L\)J])C//
o .
h h
h- - hd
J%(T*)Uf’ dy o/o!x (£) 4 4y

rerforming the integration before differentiction by the

use of Leibnitz Rule gives

- 2 3 A 5P dr - (B (x-90 2)]"
5 % o"““(a' Wy by - (5F (& )?a:)]hj

h _ -
& e - (o )]

o

[& R - (Fo )]
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Rearr.nzing and cuncelin; terms yields Reynolds' differential
equation in three dimensions for the jpressure distribution
in an o0il film as
)
3 4P 3 ( )o“u, J(Vo+ Y1) 2y
S 500 ) s 2 (R L)) = (V)i +h =%
(eg- 24)

It was Tfrom this equ.tion th .t lieeds experiment:lly

u]

derived his equution for the end lexksge from a journcl
bezring. By using Kingsbury's. elecirical anzlogy, Needs was
able to experimentzlly determine the pressure distribution
in the o0il film., Using this, eeds obtained the rem:ining
bexring operating characteristics by _raphic integr:tion.
Boyd and Roberison developed their equation from the
works by lluskat and liorzon, who solvedi Rey:olds' equition

by a successive approxinmation nethoed.
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Regression annlysis:
The nithemuztical model in linenr regression is specified

by the equ;tioh
Y:o<+ﬁx +E

T is o fuiction of X, but is statictics the term "regrezsion®
is used to describe this rel=tionship. Y is called the
dependent vzri:ble ::id X the independent variable. In this
model Y is the sum of a random part, & , and a part Tixed by
X. The fixed part determines the means of the porulutions
szmpled, one mean for each x. These mezns lie on the straight
line represented by M= +P X | the vooulation regression
line, The purameterd is the mean of the populztion that
corresponds to x=0; thus,o specifies the height of the
regression line when X=X, ﬁ is the slope of the lire op
the change in Y per unitrchange in x. & is the variable pard
of Y th:t. is drawn at random from a norm:l populztion and is
independent of x.

The m.themutical model for the multiple regression is
Y= o + B, X + Bx, t+£&

This model is the stme as the linear regression model only
now Y is a function of two voriables Xy and Xne }ﬂ and B,
now measure the averase or expected change in Y for their

respective changes in X1 and X2.
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ACPEHDIX ITIL

Sample C.lculations:
Following Shaw and Mack's analysis, the flow rate can be
calculated at various inlet pressures as follows:

3p
Q=C )_o
SN

¢ =0,00145 inch

tan™'( 22Z) (1.0+ 1.5 n?)

M =6,47 x 10"6 reyns.
r=0,8747 inch

L =1,750 inches
n=0.,23

P =10 to 80 psi

(0.00145)° (10) -1 , 2
Q= By G E oSy e () (1.0+1.5(.23)°)

Q= 0021 in-/sec

The results are tabulated in Table 3., Since Shaw and
Macks' analysis is independent of shaft speed, the flow rate
at various shaft speeds is a constant and is tabulated in
Table 4 for 10 psi inlet pressure.

Needs' formula for end lezkage is independent of inlet
pressure. Therefore the flow rate for various inlet pressures
is a constant 4nd is tabulated in Table 3 for a shaft speed of

536 rpm. The flow rate at various shaft speeds can be
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Table 3. rlow lates for Vorious Inlet Pressures ot 536 rpm.

Pressure Experimental whaw ound Boyd and ileeds Cameron
liacks Lobertson _ _

(psi) (injfsec) (in”/zee) (in”/sec) (in’/sec) (in’/sec)
10 0.0080 0.0021 0.0259 0.0098 0,00027
20 0.0117 0.0042 | 0.0718 0.009¢& 0.00054
20 0.0149 0.0063 0.1077 0.0098 0.00081
40 0.018c 0.0084 0.1436 0.0098 0.00108
50 0.0213 0.0105 0.1785 0.0098 0.00135
60 0.0260 0.0126 0.2154 0.0098 0.00162
70 0.0298 0.0147 0.2513 0.0098 0.00189
80 0.0410 0.0168 G, 2872 0.0098 0.00216

Table 4, TFlow Rates for Various ohaft opeeds =t 10 psi pressure

Shaft Experimental Shaw and Boyd and  Needs Cameron
Speed ; Lacks Robertson

(rpm) (in”/sec) (in”/sec) (in”/sec) (inB/sec) (inj/sec)
0 0.0053 0.0021 0.0359 0.0 0.00027
536 0.00&0 0.0021 0.0359 0.0098 0.00027
1252 0.0197 0.0021 0.0359 0.0226 0.00027

1810 0.0246 0.0021 0.0359 0.0331 0.00027
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calculated as follows:
Q=K UrmlL
From Table 5, for L/D=1 snd n=0.23, the value for K is
0.073.

U=49.09, 112.83 and 165.77 in/sec
r= 0.8747 inch
n=c/r=0,00145/0.8747

L=1.75 inches

0004
Q= (0.079)(49.09) (F=gHr2 )(0.8747) (1.75)

Q=0.0098 in’/sec

These values are tabulated in Table 4 for an inlet pressure
of 10 psi.

End leakage on the basis of Boyd and Robertson's equation
can be czlculated for a concentric journal bearing with various

inlet pressures as:

3
X C -
B 3_M [X/D ~o -1 2 \/S(Hﬁ‘

S=|

Q asﬁ/o]

C=0.,0029 inch
M=6.47T “‘1’0"'6_ _reyns

g = 0:875 inch

D =1.7523 inches

d=0.250 inch
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S =the series 1, 2, 35 45cce

P =10 to 80 psi
(3.14)(10)(.,0029)”

Ry = P I IS A B
(3)(6047 x 10543) ,3"2 ,an .}42? = L!(I-If' E(Hg:) 3(“‘(3"‘(0'@6.‘2;

Q= 0.0154 in’/sec.

Then for an ecceniric Jjournal bearing

Qik%jz RB

en) (B2t
ﬁ ¥ =2 A i/ +3n(Vp +2- b6

n-= 0023

(;4.23)3 (s-2Aa.1426) 25 329
[.5 +3,%8%¢ +(3){0.33X0-5 +2.o-2~:c)]

I

kg

Q= 00,0359 in3/sec.

The results are tabulated in Teble 3.
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Boyd =und Robertson's equation is a2lso independent of
shaft speed. Therefore, the eﬁd leakasze for various shaft
speeds is a constant and is tabulated in Table 4 for 10 psi
inlet pressure.
From Cumeron's analysis the end leakage for various

inlet pressures can be calculated as:

A value for Ry can be taken from Figure 10 for 4/L=.143

or it can be calculated from the empirical formula

Rd:'1.2-+11.0 a/L
Rdz 211
ho= 0.00175

L=1.75 inches
S =6.47 x 10~° reyns.
P, =10 to 80 psi

] (0.00175)7(10)(0.25)(2.77)

- D
= .= 0.,00027 .
(12)(6.47)(10‘6)(1.75) el

These values are tabulated in Table 3. The value for
end lezkage for different shaft speeds is also tabulated in

Table 4 for10psi inlet pressure for Cameron's equation,



Table He

0.250
0.500
0.750
1.000

« 250

1.500
2.000
<.500
5.000
4,000

Firure 10.

Values of ¥ for ileed's Bguztion for Ind Leakage,

COOO0OLC 00000
L

0.8

— =y
O o ron
G AL O

L] L] L] - -

COoOOoO00 COOoO0
LI o0
R R *A

CoOoCoO

0.4

0.192
0.186
0,133
0,104
0,036
0.072
0.054
0.040
0.0:26
0.0

1"t

=

e

=N WU oyl 00w O

=

Cameron's coefficient for end leakoge.

!

«6 4T «8 .9 1.0

0.2

0.096
0.104
0.087
0.075
0.063

0.054
0.042
0.020
0.0
0.0

473



Table 6.

Pressure

(B)
(psi)

10
20
30
40
50
60
70
80

sum-~360

mean=-40

PSR -

o o v gl

Py
-

Linear Regression Analysis of Flow Rate vs. Inlet
Pressure.

Flo?“§ate Deviations sguare Product

J
(in’/sec)  p q p? pq

0 =40 -.0191 1600 0.764

0.0080 -30 -0,0111 900 0,353
0.0117 ~20 -0,.0074 400 0.148
0.0149 -10 -0,0042 100 0.042
0.0188 0 -0.0003 0 0.0
0.0213 10 0.0022 100 0022
0.0260 20 0.0069 400 0.138
0.0298 30 0.0107 900 0.321
0.0410 40 0.C219 1600 0.876
0.1715 ' 6000 2.644
0.0191

éample regression coefficient

- sum of products of devictions, p and a
sum of squeres of deviztions, p

1l

1

n

N

[}

H

2.644/6000 = 0.000441

Q+4b(P-P) (sample regression. equation)
mezn flow rate

mean inlet pressure

0.0191+ 0.000441 (P-40)
0.,001476 4 0.000441

44
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Table 7. idrpear desression Ancelysis of Flow Rate vs. Shoaft

speed.
chaft Speed flow kate Jeviations Squares  Product
(1) (Q)
(Rpi) (inj/sec) 1 q n2 nq
0 0.0053 -894.5 ~=0.0091 800130 .14
536 0.0080 -358.5 ~0,0064 128522 2.29
1232 0.0197 3375 0.0053 113906 1.79
1610 0.0246 915.5 0.0102 838140 .34
sum—-3578 0.0576 1880698 21.56
nean-894.5 0.0144

b= 21.56/1880698 = 0,0000114
Q = Q4+ b(F-1)

T = mean speed

Q = 0.0144+ 0.0000114 (H-894.5)

0.0042+ 0.0000114 1

o
n



Table &, ILultiple Re-ression Analysis of Ilow vs. Shaft

opeed and Inlet Pressure.

46

Flow |Speed {Press,
Rate 1 P
wx19* [(xom) | (psi)| % N° 5= 1 Q 1P
(lnj/ X 106
sec)
S 0 10 28 0 100 0.0 2.053 | O
c0 5356 i0 64 287296 100 4,256 [0.,08% | 5360
17 536 & 157 287296 400 6.271 10.274 | 10720
149  |556 50 2z 287296 900 7.9386 0,477 | 16020
188 536 40 353 227296 1600 10,077 D.752 | 21440
187 1232 10 388 1517824 100 _4.370 0.197 112320
213 Z6 50 454 267296 =500 11.417 |1.065 | 26800
246 [1810 10 605 5276100 100 44,526 10,246 | 18100
260 [536 60 676 287296 5600 13.936 |11.560 | 32160
298 |536 70 383 287296 4900 5.973 12.086 | 37520
410 536 ($10) 1581 257296 £400 21576 15,220 | 45880
2211 |7350 | 390 [5496 [|7092292 |20700 160.72 110.00 | 223380
201 600 55.5
The next to the last last are sums.
The last line are means.
The multiple regression equation is:
Q= a+b I+Db P
2

p= {Zp°) (¢nq) - (enp) (£pq)

D

2

p < &n7) (spq) - Enp) (Erq)

D
as Q - b‘ﬁr-rbhi?
D= (2n°) (£p°) - (gmp)?
£n° = £1° - (€N)2/11 = 7092292 — (7330)2/11 = 2207847

£p° =£P° ~ (£P)2/11 = 20700 ~ (390)2/11 =

6873
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2 .2 ye — A 25 2raq _
$9° =2Q° - (£¢)°/11 = 0.005496 - (0.2211)%/11 = 0.00105
223380 - (7330) (390)/11 = -36501
160.72 - (733%0) (0.2211)/11=13.387

]

gnp= €LP - (£i7) (£P)/11
sng= g1 - (£1) (£Q)/11

£Dpa= £PL - (£5Q) - (£2)(2Q)/11 = 10.0 = (390)(0.2211)/11 = 2,161
10

]

D = (2207647)(13.387) - (~26501)° = 1.7842 x 10

g eg=] - {5 2. _
(6673)(13.787) = (<26501)(2.161) _1.25 x 1070

b

17 1.%842 x 1010
b, = (2207847)(2.161) = (=36501)(13.367) _ 3.8 x 1074
1.3642 x 1010

a = 0.0201 = 1.23 x 102 (666) - 3.8 x 10”4 (35.5)= -0.0016

Q= -0.0016 1.23 x 1072 ¥ 3.8 x 1074 1



APPLADIX IV

Test equipment drawings and specifications:

Shaft dienmeter - 1,7494 inches

Bearing dismeter - 1.7523 inches
Eccentricity - 0,00033 inches
Eecentricity ratio - 0.23

Bezring length - 1.75 inclies

0il inlet pressure - 10 to €0 psi

Shaft speed - 0, 536, 1232, 1810 rpm
Qil brond - Lobile 34E 104, nondetergent
0il viscosity =~ 6.47 x 10"6 reyns

Local film thickness - 0,00175 inch

0il irnlet hole diazmeter — 0.25% inch

48
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Adr
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Air supply

0il £il1
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supply
tank
Figure 13.
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Test apparatus piping diegram.
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An ezverim=at was conliucted to determine the influence of
inlet pressure and shafs spced on the end lezkage from a full
dournzl be=ringz, The resulits or Tne experinmental invesuigztion
were LThen compared wita four theoresical prsdictions for the
end lezksge.

The experiment was performed on a journcl and bezring of
1-3/4 inch nominal dizsmster with a dizmetral clearsnce of 0.0029
inch, eccentricity ratic equal te 0.23, and a L/D ratio equal
to 1.0, The oil used w=s liobil 525 10d nondeterge ent with a
viscosity of 6.47 x 10-}E reyns as. c® P, The oil was introduced

into the bearing through = single irlet hole of 1/4 inch dizmeter.

£

e inlet. »nressure w=s v-.ried from 10 to &0 psi with z shaft speed

o]

£ 536 EPFi. The shaft spesl wos varied from 0 to 1810 3L with
the inlz2% pressure at 10 »nsi,
The results showed Thet Shiv .nd sizcks', ileeds', =2nd Boyd

3

and mobertson's equations gave =uproximate solutions to the flow

rate, Bach solution compared to the ezperimental resulis in

different speed and pressure rin.

1)}

S, ©Shaw and IHacks' predictad
results were the closzzt to the ezperimentzl results for low
snaft speeds for the iunlet pres-ures testzd, IHeeds' predicted
resultis agreed within roison with the sxperimental resulits for the
shaft speeds tested with the inlet pressure between 10 to 20 psi.
Foyd znd Pobertson's results zzreed with the ezxperiwmental resulis

inlel

}-J .

best. for 70-80 psi inlet pressure and low rpm and 13-20 ps
pressure and the higher shoft roms. Cameron's soludion 4id nod
agree with any of the 2bove predicted v:lues or with the experimental

results,





