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Abstract

Let p be an odd prime and y(k,p™) be the smallest positive integer s such that every
integer is a sum of s k-th powers (mod p"™). We establish v(k, p") < [k/2]42 and v(k, p") <
Vk provided that k is not divisible by (p—1)/2. Next, let t = (p—1)/(p—1, k), and ¢ be any
positive integer. We show that if ¢(t) > ¢ then v(k, p") < ¢(q)k'/? for some constant c(q).
These results generalize results known for the case of prime moduli. Next we generalize
these results to a number field setting. Let F' be a number field, R it’s ring of integers and
P a prime ideal in R that lies over a rational prime p with ramification index e, degree
of inertia f and put t = (p/ —1)/(p — 1,k). Let k = p'k; with p { k; and ~(k, P")
be the smallest integer s such that every algebraic integer in F' that can be expressed
as a sum of k-th powers (mod P") is expressible as a sum of s k-th powers (mod P").
We prove for instance that when p > e + 1 then v(k,P") < c(t)p"/?®. Moreover, if

8.44/logp
p > e+ 1 we obtain the upper bounds ~(k,P") < 2313 (k‘_) -+ 5 if f =2 or 3,
1

5.55/ log p
and v(k,P") <129 (k:_) + 5 if f > 4. We also show that if P does not ramify
1

17
2
f>2and k > p//2

k 2.83/logp f
then ~(k, P") < (—) + 5 if f>2andk, <p//?, and y(k, P") < ( ) k if

k1 pf/%l
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Chapter 1

Introduction.

The original problem as stated by Edward Waring in his book Meditationes Algebraicae
(1770 edition, pages 203-204) was:

“Omnis integer numerus vel est cubus; vel e duobus, tribus, 4, 5,6, 7, 8, vel novem
cubus compositus: est etiam quadratoquadratus; vel e duobus, tribus et c¢. usque
ad novemdecim compositus et sic deinceps.” In the 1782 edition, page 349, he
adds guardedly “ .. . consimilia etiam afirmari possunt (exceptis excipiendis) de

eodem numero quantitatum earundem dimensionum.”

In modern language and notation, we call the previous statement “Waring’s Problem”,

and we can state it as follows:

“Can every positive integer be expressed as a sum of at most s k-th powers of
positive integers, where s depends only on k, not on the number being repre-

sented?”

There seems to be little doubt that Waring had only limited numerical evidence in favor of
his assertions and no shadow of a proof. The case k = 2 was proved by Lagrange in 1770,
who showed that each positive integer could be expressed as a sum of at most four squares
of positive integers. During the next 139 years, special cases of the problem were solved

for k = 3,4,5,6,7,8,10. Finally in 1909 Hilbert [19] solved the problem for all k in a very



complicated argument, which did not produce an explicit bound or value for s. The minimal
such is called “Waring’s Number” and denoted by ~(k).

Using their powerful circle method, Hardy and Littlewood [17] obtained a still deeper
result containing Hilbert’s theorem. They proved that for a € Z the number A(a) of rational

integral solutions z; (for i =1,2,...,s) of the equation
i +ak++at=a

has the same order of magnitude as a*/*~'. Namely,

(1 1/k)

M) =)

O_as/k:—l + O(Cbs/k_l)

where o, the singular series, is a function of a, lying between finite positive bounds, see [27].

After spending a considerable amounts of time and effort on the problem, many variations
of the problem emerged such as the case we discuss in Chapter 2. In the second chapter of
this work we restrict our attention to finding upper bounds for Waring’s Number modulo
a positive integer m, denoted by (k,m). We generalize many known results as well as
develop new theorems.

The next logical step in the evolution of this problem is to direct the efforts towards
studying the problem in Number Fields. Notice that not every integer can be represented
as a finite sum of k-th powers. As an example, consider the sum of squares of Gaussian

Integers

(ay + b1i)* 4 (ag + boi)? + -+ + (as + bi)? = (P +ai+- - +a> =02 b2 —1?)

+ 2i(arby + aghy + - - - + asbs).

Clearly, any Gaussian integer with an odd imaginary part can not be expressed as a finite
sum of squares of Gaussian integers.

Let F' be any algebraic number field of degree d = dy + 2d,, where d; is the number of
real automorphisms and 2d; is the number of complex automorphisms. Let R be the ring of

integers of F', and k be a fixed positive integer. Let Ry be the subring of R generated by the



k-th powers of elements of R. An element of a in F is said to be totally positive if o(«) is
positive for all embeddings o : F' — R. T'g(k) is defined to be the minimal positive integer
s, such that any totally positive element in R, of sufficiently large norm can be expressed
as a sum of at most s k-th powers of totally positive elements in R.

Siegel [26] was the first to successfully find an upper bound for the number of squares
one would need to express algebraic integers as a sum of squares, for those algebraic integers
that can be expressed as a sum of squares. Later in [27] he developed a generalization of

the Hardy-Littlewood method for Number Fields. Siegel obtained
Tr(k) < dk(2" +d) +1,

where d is the degree of the field extension Q C F. He also posed the question “Is there a
bound for I'g(k) which is independent of the degree of the extension?”.

Birch was among the first to answer Siegel’s call. He proved in [5] that if s > 2% + 1
and « is any totally positive algebraic integer with a sufficiently large norm, and if « is
congruent to a sum of s k-th powers modulo any prime power, then « is the sum of at most

s k-th powers of totally positive integers in R. That is,
Tr(k) < max{2" + 1, vp(k, P™")}, (1.1)

where P" runs through all prime power ideals in R. Note that yg(k,P™) here is defined to

be the minimal positive integer s, such that any element of R that can be expressed as a

sum of k-th powers is the sum of at most s k-th powers of elements in R (mod P")
Finding upper bounds for yg(k,P") is what we will refer to as “The Local Waring’s

Problem over Number Fields”. Birch obtained an upper bound for the local case in [6]
vr(k,P") < KO, (1.2)

for all prime power ideals in R.

Ramanujam independently obtained in [24] the upper bound
vr(k, P") < 8k°. (1.3)

3



for all prime power ideals in R.

In Chapter 3 of this work, we generalize some of the results that we obtain for the case
of Waring’s number modulo an integer m to the Number Field setting. In Chapter 4, we
consider a slightly different approach to the Local Problem and we obtain upper bounds for
vr(k,P") which are independent of the degree of the extension of the Number Field F, as
well as consider the case when the prime ideal P does not ramify.

For more on the classical Waring’s problem and other special cases see “Waring’s Prob-

lem: A Survey” by R. C. Vaughan and T. D. Wooley [33].



Chapter 2

Waring’s Number (mod m).

2.1 Introduction and Notation.

We start by considering “Waring Problem” in Z/mZ. For any positive integers m and k
let (k,m) denote Waring’s number (mod m), the smallest positive integer s such that
every integer is a sum of s k-th powers (mod m). It is plain that if m has prime power
factorization m = IT/_ p then (k, m) = max; v(k, p*) and so we may restrict our attention
to prime power moduli.

The case of prime moduli has been thoroughly studied and dates back to Cauchy [9], who
proved y(k,p) < k for any prime p; see [21] for a further discussion of this case. Estimates
for v(k, p™) date back to the work of Hardy and Littlewood on the classical Waring problem.
They established [17, p. 186, Theorem 12| the uniform upper bound ~(k,p") < 4k for any

prime power and for odd p the sharper bound
(k") < L= k4 1; (2.1)
p—1
see also Landau [23, Kapitel 1, Satz 31]. This estimate is essentially best possible for
arbitrary k. Indeed, if p is odd and k = p°~!(p — 1) then every k-th power (mod p®) is

either 0 or 1, while if k = p*~!(p — 1)/2 every k-th power is either 0,1 or —1 (mod p°), and

SO

Y —php") =p°—1 and y(EL— p) = 1(p° - 1), (2.2)
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for any n > e. Similarly, for p = 2, as noted in the next paragraph, one has vy(k,2") = 4k or
v(k,2") = 4k — 1 when k = 2° and n > e + 2. With the exception of these extremal cases,
the upper bound of Hardy and Littlewood can be substantially improved.

For p = 2, Subocz [31] determined the exact value of v(k,2"). If k& > 1 is odd then
v(k,2") = 2 for n > 2. Suppose k is even, say k = 2°k; with e > 1 and k; odd. Then
y(k,2")=2"—1if4 <n < e+2,and y(k,2") =2°"? if n > e+ 3 and k > 6. Small [29],[28]
had already treated the cases k = 2 and 4: (2,2?) = 3, v(2,2") = 4 for n > 3, y(4,23) =7,
v(4,2") = 15 for n > 4. Henceforth, we shall assume p is odd.

2.2 ~(k,p"), v*(k,p"), and Lemmas.

As noted by Small [29], [28] the main difficulty in going from representations of a number
as a sum of k-th powers (mod p) to representations (mod p™) is in dealing with values of
k divisible by a power of p that prohibits the lifting of solutions. Small gives a procedure
for determining the value of v(k,p") and calculates the value for a number of special cases
including k = 2 and 3. The first case of special interest is the determination of v(p,p?).

Several authors (including the present) independently discovered the bound,

1(p,p°) <4, (2.3)

for any prime p; see Corollary 2.2.1. The earliest reference we could find is the work of
Bhaskaran [4]. (Small seemed to be unaware of this work and only proved a much weaker
bound for v(p, p?).) The bound is also implicit in the work of Bovey [7], and rediscovered
by Benschop [2]. Voloch [34] verified that in fact v(p,p*) < 3 for p < 211 except for
p = 3,7,11,17 and 59. With a program in UBASIC (see Appendix A) we extended the

range to p < 1000 and found no further exceptions.

6



For prime power moduli p™ it is convenient to study the related quantity v*(k, p™), the
smallest s such that every integer is a sum of at most s k-th powers of integers coprime to

p, that is, the smallest s such that for any integer a the congruence
bk 4+ =a  (modp?) (2.4)

is solvable in integers x; with pt x; or x; =0, 1 <i < s, and x; # 0. The following lemma

is well known.

Lemma 2.2.1. Lifting Lemma. Let k = p®ky with p 1 k.

(1) Suppose p is odd. Then for any n > e + 1 we have v*(k,p") = v*(k,p*™'). More
specifically, any solution (x1,...,xs) of (2.4) with p t z; for some i and n = e + 1 can be
lifted to a solution (mod p™) for anyn > e+ 1.

(ii) Suppose p = 2. Then for any n > e + 2 we have v*(k,2") = ~v*(k,2°"%), and the

analogous lifting statement holds.

Proof. Suppose first that p is odd. The proof is by induction on n starting with n =e + 1.
Let x1,...,x, be a solution of (2.4) with p { z;. We lift this to a solution (mod p™™!) by

finding ¢ such that
(1 +tp" )+ a5+ +2F=a  (mod p")
or equivalently
(b + b+ 2 —a) + (ko) (2.5)

k
(2) i PP 4 (ip" ) =0 (mod ptT).

That is

Moo ab —a) +kta?p" =0 (mod pth).



. e
Here we have used the fact that if p'||j then p®~* | ( ) for e > i , and so the remaining
J
terms in the binomial expansion vanish. Dividing by p" we obtain a linear congruence
(mod p) that is solvable for ¢.

When p = 2 extra care needs to be taken since the third term of the binomial expansion
k(k—1)
2
that n > e + 2. O

222 =€) 2k=2 qoesn’t vanish if n — e = 1. Thus we need the stronger assumption

For odd p, the multiplicative group of units (mod p"), G(p"), is cyclic and so we have

Lemma 2.2.2. For any positive integer k and odd prime power p™ we have
vk, p") = v7(d, p")

where d = ged(k,p"*(p — 1)). Moreover, if d > n then y(k,p") = v(d, p").
Proof. In short, this follows since the subgroup of k-th powers in Z; equals the subgroup of
d-th powers. To be explicit, let v*(k,p") = s, v*(d,p") = r, k = dw for some w € N. Then
for any a € Z there exist zy,xy, -+ ,x, € G(p"), such that a = 2§ + 25+ -+ 2% (mod p"),
that is a = (29)? + (z9)¢ + -+ + (2%)¢ (mod p"), which implies that r > s. On the other
hand, a = y{ + y§ + -+ + 3¢ (mod p"), for some y; € G(p"). Since d = ged(k, d(p™)) there
exist 7, j € Z so that d = ik + j¢(p") and for any z € G(p") 2/*®") =1 (mod p"), hence we
have a = (y8)F + (y5)* + -+ + (y1)* (mod p"), and so r < s.

The second part of the lemma follows from the observation that if d > n and p|z then
¥ =29 =0 (mod p"). O

Lemma 2.2.3. For any odd prime power p™ and positive integer k we have

Y(k,p") <" (k,p") < y(k,p") + 1.

Proof. We may assume by Lemma 2.2.2 that k[p"~'(p—1), say k = p°k; with 0 < e <n-—1
and ki|(p — 1). From the lifting lemma, Lemma 1.1, we have v*(k, p") = v*(k, p°™!), and so

we may assume further that e = n — 1, that is
k=p"tk with kq|(p — 1).

8



In this case k > p"~! > n and so p|z; implies that p"|x¥, that is 2% = 0 (mod p"). It follows
that v*(k,p") = v(k,p") unless 0 has no nontrivial representation as a sum of less than or
equal to v*(k,p") k-th powers. In the latter case we represent —1 in a nontrivial manner

and add 1, thus we have the inequality above. O
Next, we obtain Landau’s result in (2.1).

Theorem 2.2.1. Let k = p°ky with p1 k. Suppose p is odd, we have

p
Yy < | ——
y(k,p") < (p 1)k+1

Proof. We start by finding an upper bound for v*(k, p™!). Let a € Z/(p“™), then a can be

uniquely represented in the form
a=ug+up+up® + - +up”  (mod ptt), (2.6)

where u; € Z/(p) = {0,1,2,...,p—1} for 0 < i <e.
We assume as in the proof of Lemma 2.2.3 that k;|(p — 1). Since wu; can be expressed as

a sum of v, = 7y(k,p) k-th powers for all i and by Cauchy bound

y=7k,p) =v((k,p—1),p) < (k,p—1) =k

we have
1 1
< k1p6<1+5+---+—)

Finally by the lifting lemma, Lemma 2.2.1, and Lemma 2.2.3 we have the desired inequality.
O

The following lemma sharpens a result of Bovey [7, Theorem 1].



Lemma 2.2.4. Let p be a prime and k be a positive integer with k = p®ky, where p 1 k.
Put v, = ~(k,p™). In particular v; = vy(k1,p). Then
(i) For any positive integer n, Yn+1 < (271 + 1)vn + 7.

(i) For any positive integer n,

(29 +1)" —1].

N | —

vy(k,p") <

Proof. Let k = p°ky with p 1 ky and v = v(k,p) = v(k1,p) the latter equality following
from 2? = x (mod p) for all z. Put s = v, = v(k,p"). If 7,1 = s the inequality in part (i)
is immediate. Otherwise, some integer is not a sum of s k-th powers (mod p™"*1). Letting
m denote the smallest such non-negative integer, we have m — 1 is a sum of s k-th powers
(mod p"™), and so m = (m — 1) + 1 is a sum of s + 1 k-th powers (mod p"*'). Thus the

set of all sums of s + 1 k-th powers (mod p™*') has larger cardinality than the set of all

sums of s k-th powers, and so there exist integers 1, ..., 9,41 such that y¥ + .- + y§+1 is
not congruent to any number of the form —a% — 25 — ... — 2% (mod p™*!). On the other

hand, since every value (mod p™™?) is of the form u + p™v where u runs through a complete
residue system mod p" and v a complete residue system (mod p) we know there exist

integers x1,...,x, and vy such that
—(¥ ) pruy = —I—ny (mod p™*™1).

Moreover, by our assumption on the y; we have p { vg. We see that p"vy is a sum of (2s+1)
k-th powers. Since every integer mod p"*! is of the form u + p"vyv where u is taken

(mod p™) and v (mod p) we conclude that

Y1 <5+ 2s+ D) =520 +1)+7m =7%E2n +1) +7. (2.7)

The inequality in part (ii) follows easily by induction on n. The case n = 1 is trivial.

Assuming the result for n we have

1 1
Yrt1 < V(2 +1) + 7 < 5[(2’71 +1)" =12y + 1)+ = 5[(2% +1)"* —1].

10



]

Corollary 2.2.1. If p is an odd prime, k = p°ky with pt ki and v, = y(k1,p) then for any

positive integer n,

[(2y1 + Dymintetlm) ] 4f & is odd,

DO [

vk p") <
L2y + 1)minterln) 4 9] if k is even.

Proof. It n < e + 1 the result follows immediately from Lemma 2.2.4 (ii). If n > e + 1
and a € Z, we start by obtaining a representation of a as a sum of s < %[(271 + 1)t — 1]
nonzero k-th powers (mod p®™!). If k is odd then 0 has a primitive representation as a sum
of k-th powers, so the result in follows from the Lemma 2.2.3 and the lifting lemma, Lemma

2.2.1. [l

In comparison, Bovey [7] proved y(k,p") < 3(3y)™®H™) If e = 1 and (ky,p— 1) = 1
so that 7, = 1 then we get from Corollary 2.2.1, v(pky,p") < 4. If e = 1 and p > ki so
that v, < 2 (see eg. [21]) then we have y(k,p") < 12. Voloch [34, Lemma 3] obtained the
sharper bound 7(k, p") < 8 under the constraint e = 1, p > max{27k?, 13}.

2.3 0Old and new Results.

S. Chowla, Mann and Strauss [25], showed that for prime moduli we have the uniform bound
v(k,p) < [k/2]+ 1,

provided that k is not divisible by ’%1 when p is odd. Our first theorem generalizes this to

prime powers.

11



Theorem 2.3.1. For any k and odd prime power p™ with k not divisible by ’%1, we have

Ak, p") < (k. 6(0")/2) +2 < [k/2) + 2.

For prime powers the extra 1 in the upper bound is sometimes needed. For example if
p = 3 (mod 4) then 7(2,p?) = 3 since p cannot be represented as a sum of two squares
(mod p?). Indeed, 2° + y* = 0 (mod p) implies z =y = 0 (mod p) since (_—1> = —1, and
so 22+ y* =0 (mod p?) g

Proof. As noted before, the slightly stronger inequality
Y(k,p") < kj2+1 (2.8)

was established by S. Chowla, Mann and Straus [25] when n = 1 and so we assume that
n > 2. First we treat the case k = p" 'k with ky|(p — 1), ky < (p — 1)/3, and prove that
2.8 holds. In particular p > 5. If k; = 1 then by Lemma 2.2.4 (ii),

k
pn71+1:_+1

(3"—1) < -

DN | —
DO | —

v(k,p") <

unless p = 5, n = 2. A computer search shows ~*(5,5?) = 3, so the inequality is
still valid. If k&, = 2 then p > 7 and v = v(2,p) = 2. Thus by Lemma 2.2.4 (i7),
v(k,p") < %(5" —D<p 1= g + 1 unless (p,n) = (7,2),(7,3) or (11,2). One checks
on a computer that v*(14,49) = 7, v*(22,121) = 6 and then by the recursion Lemma 2.2.4
(¢) and since (98, 7%) < v*(98,7%) = v*(14,7%) =T,

v(98,73) < [27(98,7) + 1]7(98,72) + 7(98,7) < 7-5 + 2 = 37,

and so again the result holds.

Next we prove that for k1 > 3 and n > 2 we have y(k;p" !, p") < k/2. Since p — 1 >
3k1 > 9 and kq|(p — 1) we have p > 13; there is no such k; when p = 11. Now by Lemma
2.2.4 (it) and the fact that 71 = y(k1,p) < k1/2 + 1 we have

v(k,p") < 5 [2(k1/2+ 1)+ 1" = 1] < (ks +3)™

DN —
N =

12



1
If k1 = 3 we get y(k,p") < 56” < gpnl = k/2, since p > 13. Suppose k; > 4 so that
7 -1 ki +3
1—3(k1 +3) < k. Now k; < p implies that 1t < e and so
1 1 7 1.7
kn<_k k? n—1<_k _n—ln—1<__n—2k
—1
Finally, let k& = kip®, be an arbitrary value with ged(p, k1) = 1, pTJ( ki and put

ki = (ki,p— 1), ¢ = min(e,n — 1). Then for any n > 1 we have by Lemma 2.2.2
Yk, p") =y (kap®,p") < 5 (kap® ") = 7 (K, ")

By Lemmas 2.2.1 and 2.2.3 and inequality 2.8 we then have

/

* e e/ e e 1
T ") <0 (0 ) <o p ) 1S SH 2,
where k' = Kjp® = (k, 6(p")). -

I. Chowla [10] showed that if p is odd and ;%1 is not a divisor of k then ~(k,p") < k5.
Dodson [15] sharpened this to y(k, p™) < k7/ ®. Finally, Bovey [7] established

Yk, p") <o k2T (2.9)
for odd p with ’%1 not dividing k. Here we eliminate the e.
Theorem 2.3.2. For any k,n,p with (p — 1)/2 not dividing k we have
v(k, p") < V.

We also establish a more general result. Let t = (p — 1)/(p — 1,k) and ¢(t) be the

Euler-phi function.

| =

Theorem 2.3.3. For any € > 0 there is a constant c(€) such that if ¢(t) > — then

€

vk, p") < c(e)k”.
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Notice that, Theorem 2.3.2 is obtained on taking € = 1 / 2.

Cipra, Cochrane and Pinner [21] proved Theorems 2.3.2 and 2.3.3 for the case of prime
moduli. Konyagin [22] was the first to obtain v(k,p) <. k¢ for ¢ > ¢(e). This result and
Theorem 2.3.2 were conjectured by Heilbronn [18] for the case of prime moduli. Heilbronn
[18, Theorem 8] proved (&, p) <, p1/¢(t).

Here, we will establish an even more general result which will give us Theorems 2.3.2

and 2.3.3.

Theorem 2.3.4. Let q be a positive integer and put t = (p — 1)/(p —1,k). If ¢(t) > q then
v(k,p") < C(q) k‘l/q, for some constant C(q).

Theorem 2.3.2 is just the case ¢ = 2, while Theorem 2.3.3 follows by taking ¢ > 1/6.
To prove the theorem we start by generalizing two lemmas of Bovey [8, Lemma 3, Lemma

5]. For any n-tuple u = (uq,...,u,) € R let [Jull; = Z ;).

i=1
Lemma 2.3.1. Let ay,as,...,a,,m be integers with m > 0, and ged(ay,as, ..., a,,m) =
1, and let T : Z" — Z be the linear function given by T(u) = > a;u; . Suppose
that vy,...,v, € Z™ are linearly independent vectors with T(v;) = 0 (mod m), 1 < i <

n. Then for any integer a there exists a vector u € Z" with T(u) = a (mod m) and
1 n
Jullh < 52 [[vi[1-
i=1

Proof. Since ged(ay,...,a,,m) = 1 there exists w € Z" with T'(w) = a (mod m). Say
w:invi for some z; € R, 1 < ¢ < n. Now x; = y; + ¢; for some y; € Z and ¢; € R

=1
n

with |e;] <1/2,1<i<n. Putu= Zeivi =w— Zyivi. Then T(u) = a (mod m) and

=1 =1
1 n
[ully < 52\!%'“1- O
=1

The next lemma generalizes Heilbronn’s inequality [18, Theorem 8] from p to p”,

14



Lemma 2.3.2. For any positive integer t there is a constant ci(t) such that if k = kyp™*

with ki|(p — 1) and (p — 1) /ky =t, then
Yk, p") < en(t)p0.

Proof. We start by proving the same upper bound for the “easy” Waring’s number §(k, p™)
defined to be the minimal s such that every integer is a plus-minus sum of at most s k-th

powers (mod p™), that is

+ab +ab+ ... +2" =a (mod p")

S

is solvable for all a. Let t = (p — 1)/k1 and put r = ¢(t). Let R be a primitive t-th
root of one (mod p"), ®;(x) be the t-th cyclotomic polynomial over Q of degree r and

w be a primitive ¢-th root of unity over Q. We claim that ®;(R) = 0 (mod p"). Say

rt—1= H ®,4(x). Then H ®,y(R) =0 (mod p"). If ®4(R) =0 (mod p) for some d | t then
dlt dlt
ord,(R) < t. Since ord,(R) =t we know that ®4;(R) =0 (mod p) if and only if d = ¢t. Thus

®;(R) = 0 (mod p"). The set of k-th power units (mod p") is just {1, R, R?,..., R}
Let f : Z" — Z|w] be given by

flzy, 29, ... 2,) =21 + 20w + -+ + 20"

Then f is a one-to-one Z-module homomorphism.

Consider the linear congruence
z1+ Res+ RPx3+ -+ Rz, =0 (mod p*). (2.10)

By the box principle, we know there is a nonzero solution of the congruence (2.10) in integers
v; = (ay,as,...,a,) with a;| < p¥", 1 <i<r. For2<i<r—1setv;=f w1 f(v)).
Then vy, ..., v, form a set of linearly independent solutions of (2.10) and so by Lemma 2.3.1

for any a € Z there is an r-tuple of integers u = (uy, ..., u,) such that

up +ug R+ usR* + -+ u, R =a (mod p"),
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and 377, |ui] < 530 [lilli. Thus 6(k,p") < 530, luilli. Now plainly [v;]i < p"/".
Indeed, as shown in [8], ||v;||; < 7(A(t) + 1)"p™/", where A(t) is the maximal absolute value
of the coefficients of ®,(x). Thus §(k,p") <, p™/". Now ~(k,p") < (t — 1)6(k,p") since
—1=R+R*+---+ R"! (mod p"), and so the lemma follows. O

Proof of Theorem 2.3.4. We may assume k = k;p"~ !, with ki|(p — 1). The theorem was

established in the case n = 1 in [21, Theorem 1]; say
v(k,p) < cq K1, (2.11)

for some constant ¢,, whenever ¢(t) > ¢. In [14] the value of ¢; = 83 is obtained.
Suppose first that p > 3%clk;. Put 1 = y(ki,p). Then by Lemma 2.2.4 (ii) and (2.11)

we have

(n+1)"-1)

IN

(37)"

< 3k

v(k,p") <

N | —

-1
R
- q'1 1 ’

and it follows from k; < p/(3%¢{) that

n—1
n n nil/q p a
v(k,p") < 3"k <3q—cg>
= 3cq(p"’1k1)1/q
= Bqul/q.
-1
Suppose next that p < 39clk;, so that ¢ = P < 3%;. Put

1

* — t
¢'(a) = max er(t),

where ¢;(t) is as given in Lemma 2.3.2. Then by Lemma 2.3.2 and the assumption r =

¢(t) > q, we have

v(k, p") ey (t)p™/*)

IN - IA
o
*
S
g
3
~
Q

I
o
*
—~
)
~—
iS]
Q
i~



Therefore, from p < 37clky,

n—1
vk, p") < Hqp T ek’

= 3c*(q)c k1.
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Chapter 3

Waring’s Problem over Number
Fields.

In this chapter we will generalize some of the theorems and lemmas of Chapter 2, as well
as some of the other results found in the literature. The methods used in this chapter were
motivated by the work of R. Stemmler [30], but improvements will be made.

Unless otherwise specified, from this point on we let F' be any algebraic number field, R
it’s ring of integers, and for a fixed positive integer k we let Ry be the subring of R generated
by the k-th powers of elements of R. Furthermore, let P be a prime ideal of R, such that P
lies over the rational prime p. Suppose that P has ramification index e and degree of inertia

f and set ¢ = p/. Assume that k = p"k; with ged(ki,p) = 1 and P"||k, so that n = er.

3.1 Rk, ’}/R(k‘) and 53(%)

Some work has been done on the relationship between R and R,. Paul Bateman and
Rosemarie Stemmler in [1] gave a detailed characterization of R, when k is a rational

prime. Later M. Bhaskaran generalized that result to any positive integer k in [3] as follows:

Theorem 3.1.1. /3, Bhaskaran, Theorem 1.] R = Ry, if and only if
(1) k is relatively prime to the discriminant of F,

(1) k has no factor of the form (p/ —1)/(p? — 1), where p is a rational prime which has
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a prime ideal factor in R of degree of inertia f, and d is a divisor of f such that f/d > 1.

Notice that conditions (I) and (I7) above are equivalent to the following conditions ()

and (ii) respectively

(7) None of the prime divisors of k ramify.

(27) If P is a prime ideal of R such that Pk, then every element in the finite

field R/P is expressible as a sum of k-th powers.

Let vg(k) be the least positive integer s, such that the equation

k= a, (3.1)

is solvable for all totally positive @ € Ry, with z; € R for i = 1,2,...,s, and let dr(k) be

the least positive integer s, such that the equation
+abtalk £ £a2b =q, (3.2)

is solvable for all & € Ry, with z; € R for i = 1,2,...,s. Note that, when k is odd 0x(k)
and g (k) are equal since (—1)¥ = —1. In general if —1 can be expressed as a sum of k-th
powers and p is the minimal positive integer s such that —1 can be expressed in at most s

k-th powers, then
Tr(k) < por(k).

Also we note that in the proof of Theorem 3.1.1 listed above, Bhaskaran showed that when
R = Ry, dr(k) is bounded above by a constant depending only on k, but he did not produce
an explicit bound.

For any ideal 9t in R, let gnAr be the set of elements in R which are expressible as
a sum of k-th powers (mod ). In Lemma 3.1.1 we show that gnAy is a subring of R.
We define (as in [30]) 0(k,90) to be the least positive integer s, such that every element in
Ay is congruent to an element of the type % + 25 + ... £ 2% (mod M), with z; € R

for i = 1,2,...,s. We also define (k,9) to be the least positive integer s such that every
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element of gnA; is congruent to an element of the the type % + a5 + .- + 2% (mod IM).

Note that, when k is odd v(k, ) = §(k, M) since (—1)F = —1.
Lemma 3.1.1. ggA; is a subring of R.

Proof. Let S be the set of sums of k-th powers in R/9t. Note that S is a subring of R/9
since it is closed under addition and multiplication. Also, —1 € S since —1 = |R/IM| — 1
(mod 9M), where |R/9M| is the order of the finite additive group R/9M. The set gnAy is the

inverse image of the subring & under the canonical map R — R/.

O

There are two results that we can apply at this point to reduce the global problem of
finding upper bounds for yg(k) and dr(k) to the local problem of finding upper bounds
for y(k,9) and 6(k, ). One result is due to B. J. Birch [5] which was mentioned in the
Introduction.

The second result due to R. Stemmler makes use of the identity for the (k — 1)-th

difference of z* (also used by R. Stemmler and P. Bateman in [1])

k—1

D (=1 (k B 1) (x+0)* = (ko + %(k: — 1)k

, 1
=0
Notice that this equation implies that

(k)R C R, C R.

Hence Ry, consists of certain residue classes in R/(k!)R.

Consequently, if 6(k, (k!)) = s, a € Ry, and
a— %(k— Dk! = faf £ 2b £ .- £ 25 + (k)C, for some C € R,
then
a_ix’fix’;imix’;Jr(k;!)CJr%(k— k!,
that is
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k—1
(K
::l:k’:l: k:l::l:k _1k—1—z
o L1 L+ Ty xs+l§:0( ) i

Thus we have

k-1

Sr(k) < 6(k, (k1) + Z (k ; 1)’

=0
K=l
and since Z < ) = 2871 we have the following key inequality,
Sr(k) < 0(k, (K)) + 281,
In particular, dz(k) is finite, and we also have

Yr(k) < p((k, (K1) +2"71),

provided that —1 can be expressed as a sum of at most p k-th powers.

1) (C + ).

(3.3)

(3.4)

Since R is a Dedekind Domain, the ideal (k!) in R has a unique prime ideal factorization,

say (k!) =P{*Py?---P/*. Furthermore, from the Chinese Remainder Theorem it is plain

that
v(k, (k!) = max v(k, P;*),

1<i<t

Let d be the degree of the number field extension. Stemmler obtained that

d(2k —1)+1 when k is odd
‘ )
o(k, (k1)) < { d(4k — 1)+ 1 when k is even.

Stemmler’s results depend on the degree of the extension except for the case when k is a

prime. For an odd prime exponent p > 3 Stemmler obtained

Yr(p, p!) = 0r(p,p!) < (p+2)/3.

For the case when p = 2 Stemmler obtained the global result

Jr(2) < 3.
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We will now focus our attention on finding an upper bound for §(k, Q™) and ~(k, Q™),
where Q is a prime ideal of R, and m > 1 with Q™||(k!). That is, we can consider congruences
of the form

+aob b+ £2" =0 (mod Q™), (3.5)

for any « € Ry, or equivalently we can consider the equation
+ai+T £ £7 =7, (3.6)

over R/Qm.

We can also consider the localization of R at the prime ideal Q.

Lemma 3.1.2. Let R be any Dedekind domain, and Q a prime ideal of R. Then R/Qm
and RQ/QS are isomorphic, where Rg is the localization of R at Q, and Qg s it’s unique

maximal ideal.

Proof. Consider the map ¥ : R — Rgo/Qg™, given by ¥(a) = a + Qg™. ¥ is a ring
homomorphism, and for any a € R we have a € ker(¥) if and only if a € Qg™ N R =
Q™. hence ¥ induces an injective homomorphism ¥ : R/ o" — Rp / Qo™ given by
V(e + QM) =V(a) =a+ Qo™

To show the surjection, recall that since R is a Dedekind domain then so is Rg, so if
A and B are two ideal in R with A=P{Ps2.--Pf and B = Q' Qf--- QI such that
Q, # P; for all 4, j, then A + B = R since no maximal ideal can contain A + B.

Pick a nonzero element (a/b) + Qg™ € Rg/Qg™ (that is a,b in R and b is not in Q).
We wish to find z+ Q™ € R / Q™ such that V(x4 Q™) = % + Q5. Equivalently, we need to
find z+ Q™ ¢ R/ Q™ such that bx —a € Qg. Since b is not in Q then (b) R is not contained
in Q, so (b)R+ Q™ = R. Hence there exists § € R and a € Q™ with b+ a = 1, and so

06b—1=—a € Q™. Therefore, we have

—Qaa

b

a a m
K@ -1 =af— 2= " eQn,
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which implies that

af = (mod Q7).

So take z = af (mod Q™). Thus V is an isomorphism.

One could also prove the surjection for rings of integers by noting that

IR/Q™| = |R/Q" = |Ro/Qa|™ = |Ra/Q%|.

Thus we can consider (3.6) over the ring Rg / Q4 instead of R / om.

3.2 Lifting Theorems.

In this section we will prove a modified version of a The Hensel lifting lemma used by
Stemmler, [30, Theorem 5. It yields an analog to the lifting lemma, Lemma 2.2.1, from

Chapter 2.

Definition 3.2.1. Let R be the ring of integers in a number field and P™ be a prime ideal
power in R. Let Rp be the localization of R at P and let @ € Rp be a uniformizer. A

solution xy,xs, -+ ,xs to the congruence
+af +ab £ . £28 =a (mod ™)
is called primitive if and only if ged(x1, o, -+ ,x5,m) =1 in Rp .
First we have the following lemma,

Lemma 3.2.1. Let R be a ring of integers and P a prime ideal in R lying over the rational

prime p with ramification index e. Let Rp be the localization of R at P, and let w be the
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uniformizer. Suppose k and j are integers such that p"||k, with r > 0 and k > j > 2. Then

.)x’f_ﬂwf(”_”)tj is divisible by 71 where

for any x and t the binomial term <
J

. er+{}%ﬂ ifr >0,
|1 when r = 0.

Proof. For any X € Z define v,(X) to be the the multiplicity of p dividing X, and for any
Y € Rp define v,(Y) to be the the multiplicity of 7 dividing Y. Let k = p"k; and j = p'j;
with 7 > 1 and ¢ > 0 where p 1 ky,j;. Then

(k) k:(k—l) k1 (k—l)
)= =1 . =P -1 . .
J J\J—1 Ji\J—1

That is,

Thus,
k : ,
p [(])] > max{r —¢,0} for any r and 7.

Now, since 7¢||p we have that ( ) 2 Ipim=endd is divisible by memaxtr—i0k+i(n—er) that
J
is,
k k—j__j(n—er)yj ; :
Ve || . )" t/| > emax{r — 1,0} + j(n —er).
J

Sowheni>r>1

Vn {( )xk—JWJ(n_er)tj} > jn—er)> (n—er)p' > (n—er)p'.
J

In this case the binomial term (2" 777 (n=er)tJ ) is divisible by 7™ if n + 1 < (n — er)p", or

equivalently
1
n2€r+er+ .
pr—1
Since
er+1: _r—1<r<p —1’
e+1 e+1— — p—-1
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we have

er+1 e+1
pr—1"p—1
Thus the lemma is true when
N> er 4 e+ 1
p—1
If i = 0 then
Un {(5) xk_jﬁj(”_er)tj} > er+ j(n —er).
Hence, the binomial term is divisible by 7" if n + 1 < er + j(n — er), or equivalently if
n>er+1/(j —1). By assumption j > 2 therefore - <1< [;i H Thus the lemma

is still true.

When 1 <7 < r then

W[C)ﬁﬁﬂmﬂwq26@—U+jm—mﬂzdr—ﬂ+ﬂm—mﬁ

and the binomial term is divisible by 7"+! if
e(r—i)+p'(n—er)=pn—eiter(l—p)>n+l

That is,
4+ 1
77,267”-1-61.—'_ .
pr—1

Similar to the previous case, we have (since i > 1)

ez+1:i+1—z<_<p —1.
e+1 e+1— — p—-1

which is equivalent to the inequality,

e? +1 <€ +1 '
p—1"p-1
. e+1
Again the lemma holds for n > er + 1
p J—
The inequality for » = 0 follows immediately since 5 > 2. [
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Theorem 3.2.1. Let R be a ring of integers and P a prime ideal in R lying over the

rational prime p with ramification index e. Let Rp be the localization of R at P, and let w

be a uniformizer. Suppose ©"||k, with n > 0.

1
a) If n > 1 then for any m > n + [H—l—‘ , if the congruence

a=af 42k +.. 2% (mod P™)
has a primitive solution x1,xs,...,xs in R, then the congruence

a=xf +ab+--+2F (mod P

(3.7)

(3.8)

also has a primitive solution x'y,xh, ... z% in R, with i = z; (mod P™), 1 < i <s.

S

b) If n = 0 then for m > 1 if the congruence (3.7) has a primitive solution, then the con-

gruence (3.8) also has a primitive solution satisfying the same condition.

Observations.

+1
p_

e
1. Notice that since {—1—‘ < er =n, Theorem 3.2.1 is an improvement on

Stemmler’s [30, Theorem 5] where m needed to be at least 2n 4+ 1 in order to

perform the lifting. Also note that the (4) signs in (3.7) or in (3.8) could be

replaced by (£) and the Theorem will still be true.

e+1
p_
holds for m > n + 1 when p > e+ 1.

2.

] < 1 when p > e+1. Consequently, Lemma 3.2.1 and hence the theorem

3. If no primitive solution for the congruence in (3.7) is available, then we can

find a primitive solution for the congruence with o — 1 in place of «, and then

add 1.

Proof of Theorem 3.2.1. Say k = p"k; with p { ki, so that n = er.

1, so that » > 1. Let m be any positive integer, m > n + [

(1,22, ...,xs) is a primitive s—tuple satisfying

bk 4+ =a (mod P™).

S
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After reordering we can assume that ged(z;,P) = 1. Pick # € P — P? and consider the

congruence
(rp +tam ™k +2b + ... + 2% = a (mod P,

that is,
(b + b+ b —a) + (kb I ™)t (3.10)

k
(2) xllc727_[.2(mfn)t2 I (tﬂ,mfn)k =0 (HlOd erJrl).

On the left-hand side of the last congruence we have (zf + 25 + -+ + 2% — a) € P™,
(kxllcflﬂ,m—n) c me _ me—l—l'
By Lemma 3.2.1 the remaining terms of the binomial expansion will vanish (mod P™*1).

Hence, we are left with a linear congruence in t,
(¥ +ab+- a2 —a)+ (ki ™™t =0 (mod P™. (3.11)

By Lemma 3.1.2, R/P”Jrl is isomorphic to RP/PQH, and by choosing m € P — P2,
so that 7 is a generator of the unique maximal ideal Pp in Rp the congruence (3.11) is

equivalent to the equation
(¥ + b+ 2 —a) + (kI = AT (3.12)

over the local ring Rp for some \. Since (2§ + 2% + -+ + 2% — a) € P™, then 7™ |(z% +
rh+ .- 4+ 2% — ), that is (2F + 25 + -+ + 2% — @) = v;7™ for some v; € Rp. Similarly
(kzh~tam=n) = vyr™, for some vy in Rp with 7 { vy. Thus we have
™ 4+ vem™t = AL
VTt = (AT — vy)T™.
Cancelling 7™ from both sides we obtain the linear congruence

vot = —vy; (mod ),
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which is solvable for ¢, since 7 { vs.

If n = 0 then for any m > 1, each of the terms in the sum

k
Z (k> a:]f_jwj(m_")tj
J

=2
are divisible by at least 72. Thus the same argument holds.

]

The following definition and theorem were given by R. Stemmler in [30], and are listed

here for completeness purposes.
Definition 3.2.2. [30, Stemmler] Let P be a prime ideal of R, such that P*||k!.

I) We define Ri(P) to be the set of elements « in R such that for any positive

integer j the congruence
o = 25(j) £ a5(j) £ - £ 25()  (mod P)

has a solution x1(j),z2(j),...,zs(J) in R for some positive integer s depending
on « and j.

IT) we also define R}, (P) to be the set of elements a in R such that the congruence
o=+t +a2b+.. .+ 25 (mod P
has a solution xi,xs,--- , x5 in R for some positive integer s depending on .
Both Ry(P) and R} (P) are actually subrings of R.

Note that, if « is an element in Ry(P), then we know that the congruence
a=zF+a2k 4+ 425 (mod perle/e-1ly

where P¢||k, has a solution. Therefore, by the lifting theorem, Theorem 3.2.1, we deduce
that the congruence

a=+at k£ £ oF

s

(mod P*)

28



has a solution x, x9, -+ ,xs in R. Hence, € R} (P), and therefore
Ri(P) C Ri(P).

Theorem 3.2.2. [30, Stemmler, Theorem 6.] Let k! :7?1’\1732’\2---73]7\j where P, # Py
whenever a # b. Then

Ry =) Ru(P) = [ Ri(P), (3.13)

P! Pk!
and if
a=ah(i) +a5(@) + -+ 2FE) —ah (6) —ab (@) — - —2%()  (mod PM)  (3.14)
has a solution x1(1),x9(i), - ,x.(2), -+ ,x5(i) in R for i = 1,2,---,j and every « in R,

then §(k, (k) < s.

As noted in [30], Theorems 3.2.1, and 3.2.2 outline a method to find upper bounds for
d(k, (k1)) and v(k, (k!)). Essentially, we need to consider congruences of two types. The first

type is a congruence of the form
a=a¥+ak .+ 28 (mod P),

for every prime ideal P of R that divides k! but does not divide k. The second type is a
congruence of the form

a=s"+ab 4+ -+ 25 (mod P,

for every prime ideal P of R dividing k, such that P¢ is the highest power of P that divides
1
k,and n =c+ [Q_F —‘
p—1
As at the beginning of this chapter, let k£ be a fixed positive integer, and let P be a prime

ideal in the ring of integers R. Assume that P lies over the rational prime p, say k = p"kq,
and has ramification index e > 1. Let f > 1 be its degree of inertia. Put n = er so that
P (k), and put ¢ = p’.

To find dr(k, P™), we wish to solve the equation
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over the residue ring R / P™ with s being minimal. Notice that, by The Hensel lifting in
Theorem 3.2.1 we need only to consider congruences modulo P**! when p > e + 1 and
modulo P+ (e+D/(P=D1 otherwise.

From Lemma 3.1.2, R/P"Jrl is isomorphic to Rp/Pp”H, and Rp is a local ring with
unique maximal ideal Pp. In fact Rp is a discrete valuation ring. Hence there exists
an element 7 € Pp — Pp> C Rp, such that (7) = Pp, and we can write RP/PP"H =
Rp /(7). Also note that Rp /() is isomorphic to F, the finite field with ¢ = p/ elements.

Moreover, since the k-th powers modulo P**! are actually d-th powers where

d = gcd(k,q"(q¢—1))

= p'gcd(ky, (¢ —1)),

and since gcd(ky,p) = 1, then we can assume that k = p"k; with k; dividing (¢ — 1).
Next, we generalize Lemma 2.2.4 of chapter 2, but to prove it we need the following

lemma.

Lemma 3.2.2. Let R be a ring of integers in a number field F', and P be a prime ideal of
R. Let Rp be the localization of R at P, and let (w) = Pp be the unique mazimal of Rp.
Then for any integer m > 1, any element in Rp is congruent to a unique element of the
form u + o™ (mod (7™*1)), where u € Rp runs through a complete set of representatives
of residue classes in R’p/(ﬂ'm), and v € Rp runs through a complete set of representatives

of residue classes in Rp /().

Proof. Since |Rp/(m)| = q we have ¢™ choices for u, and ¢ choices for v, and so altogether

m—+1

q elements of the form u + va™. Thus all that remains is to show that these elements

are distinct (mod (7).

Assume that there exists u; + v17™, us + vom™ as above such that
up + 07" = ug 4+ ver™ (mod (7).
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Hence u; — ug + (v — v2)7™ = Ar™ ! for some A € Rp. Thus uy — uy = 7™(A1 — (v — v3)),
and so 7"|(u; — ug), that is u; = uy (mod (7")). But since u; and uy were chosen from a
complete set of distinct representatives of residue classes in Rp / (™), we must have u; = us.
This implies that v; = vy (mod (7)), and again by choice of the v’s, we have v; = vy in

Rp. [l

Theorem 3.2.3. Let k be a fized positive integer, and let P be a prime ideal in the ring
of integers R. Assume that P lies over the rational prime p, say k = p"ky with r > 1, and
has ramification index e > 1. Let f > 1 be its degree of inertia. Put v, = v(k,P™), in
particular v, = y(k, P). Suppose that every element in the finite field R/P is expressible as
a sum of k-th powers. Then, for any positive integer m,

(i) Y1 < 20+ D)ym + 71

(i) o < 51220+ )" = 1.

A stronger form of this theorem is given in Theorem 3.2.4 for the case where p > e + 1.
Note that by Lemma 3.1.2, 7,, = v(k,P™) is the smallest positive integer s such that
every element in Rp / (7™) is a sum of s k-th powers. In particular, for 7 we will be
considering the finite field Rp / (r) =F, of ¢ = p/ elements. Also note that the statement
“sums of k-th powers” can be replaced by “sums of 4+ k-th powers” and the proof will remain

the same.

Proof. The proof is very close to the proof of Lemma 2.2.4 of chapter 2. Let ~,, = s. If
Ym+1 = 5, then (i) holds, otherwise, the set of all sums of (s + 1) k-th powers in Rp /(7™ 1)
has larger cardinality than the set of all sums of s k-th powers, and so there exists an element
A € Rp /(7™ 1) that is expressible as a sum of (s + 1) k-th powers, but not as a sum of s

k-th powers (mod 7™*1). Say,

s+1
A= Zaf (mod 7™*1),
i=1
for some ay,...,asy1 € Rp. By Lemma 3.2.2, there exist ug and vy in Rp such that
m—l—l)'

A=uy+vr™  (mod 7
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s+1
In particular, up = Z a¥ (mod ™), that is ug is a sum of k-th powers (mod 7™). It follows
i=1

that —ug is also a sum of k-th powers (mod (7)), and since v, = s, —ug = Z bY (mod 7™),
for some by,...,bs, € Rp. =

By our assumption on A, 7 { vy (since otherwise A is expressible as a sum of at most s k-th
powers (mod 7™1)), and we see that vor™ is a sum of (2s + 1) k-th powers (mod 7™*1).
Now, by Lemma 3.2.2 every element of Rp / (7™ *1) is of the form u + 7™vov where u runs

through a complete set of representatives of elements in Rp / (1)

, and v runs through
a complete set of representatives of Rp / (m). We choose the representatives u and v such
that the following holds. If @ is a sum of k-th powers (mod 7™) then we choose u to be a
sum of at most s k-th powers of elements of Rp. Since u + n™vgv is a sum of k-th powers

(mod 7™ 1)

then w is a sum of k-th powers (mod 7™), and so it is a sum of at most s k-th
powers in Rp. Moreover, by our assumption that every element of R/P is a sum of k-th
powers, the representative v can be chosen to be the sum of at most v; k-th powers in Rp.

Thus we conclude that
Y1 <5+ 25s+ 1)1 =sCn+1) +7m =7%mCn+1)+m. (3.15)

As in the proof of Lemma 2.2.4, the inequality in part (ii) follows easily by induction on

m. The case m = 1 is trivial. Assuming the result for m, we have

1 1
Ymt1 < Ym (271 +1) + 71 < 5[(2’71 +1)" =12y + 1)+ = 5[(271 + )" —1].

Corollary 3.2.1. Let R and P be as before. Let v = er + ¢, where

{1 ifp>e+1,
.

[gﬂ ifp<e+1.

Assume that every element in R/P is expressible as a sum of k-th powers. Then for any
positive integer m,

vk, P™) < Z[(2y(k, P) + 1)mintmt 4 1],

N | —

32



Proof. If m < v the result follows immediately from Theorem 3.2.3 (i7). If m > v, then
follows from Theorem 3.2.1. Indeed if o has a primitive representation as a sum of k-
th powers (mod P¥) then it does (mod P™). On the other hand, if a does not have
a primitive representation as a sum of k-th powers (mod P¥), then we find a primitive
representation for o — 1 as a sum of k-th powers (mod P") and by Theorem 3.2.1 o — 1

has a primitive representation as a sum of k-th powers (mod P™), then add 1.

]

Definition 3.2.3. Let R be the ring of integers in a number field F' and P be a prime ideal
in R. For any positive integers m, and k define ,, Ay to be the subset of Rp given by

mAk:{aeRp|ozEI’f+x§+--~+xf (mod 7™), for some x1,s,...,2, € Rp, s € N}.

Notice that, it follows directly from Lemma 3.1.1 that the set of sums of k-th pow-
ers in Rp/P} is a subring (since it is closed under multiplication, addition and additive
inverses). Since ,, Ay is the inverse image of this subring under the canonical mapping
Rp — Rp/Pp™, n Ag is a subring of Rp.

The next lemma was proved by Ramanujam in [24].

Lemma 3.2.3. [24, Ramanujam, Lemma 3.] Let C be a commutative ring, 2 an ideal of C,
and s > 0 a rational integer. We denote by AP") the set of p*-th powers of elements in 2,
and by A, the set of elements in C of the form ag+ pai + - - -+ p°as with a; € AP Let Cs
be defined from C as Us is defined from A. Then Cs is a subring of C, and U, is an ideal of

Cy. If v,y € C, with x =y (mod A), then ¥ = y*" (mod Ay).

Proof. The case s = 0 is trivial, so we may assume that s > 1, and that the lemma
holds with s — 1 instead of s. Since C;, = C®") + pC,_;, the inclusions C;.Cs C C, and
pCs_1 + pCs_1 C pCy_q are trivial, and only the inclusion C®) 4+ C®*) C C, remains to be
verified. For x,y € C, we have
Pty Pt Pt _ PN i proi
¥ +y (x+y) 0;@5(2,>xy : (3.16)
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and if p'||i, p*~!|| (p‘ ), and hence by induction, — E (p. )xiyps_i belongs to pC,_1, and
i i
0<i<ps

the right side belongs to Cs. Thus C; is a ring and 2, a subring of Cs, and clearly Cs2, C 2.
Finally, if 2 = 2 + y with y € 2, if follows from (3.16) that 27" = 2*" (mod 2l,), which

completes the proof of the lemma. O

Lemma 3.2.4. Let k = p"ky with r > 1 and ged(ki,p) = 1. Let P be a prime ideal in
R such that P lies over the rational prime p. Also, let Ay and Ay, be the subrings of Rp
generated by sums of k-th powers and ki-th powers of elements in Rp respectively. Then the
set

N = {(gc’(;rJr]r)xffw1 +--4p',) € Rp |z € Ay, fori:O,l,...,r}
s a subring of Rp and A C M.

Proof. Since 91 = (Ay, ), it follows from Lemma 3.2.3 that 91 is a subring of A, and hence
a subring of Rp. Now, if 2% = (xkl)pr € Ay, then zF € M. Since N is a subring, it is closed

under addition and multiplication. Therefore, A, C . O

Lemma 3.2.5. Let P be a prime ideal in the ring of integers R lying over the rational prime
p with ramification index e < p—1. Let k = p"ky with r > 1, ged(ky,p) = 1 and let n = er.

Then for any v € Rp with w1t v, and any positive integer j < n, vr! € (,41)Ax only if e|j.

Proof. Let vrd € (n+1)Ar with 7 { v. By the Ramanujam representation of sums of k-th

powers and Lemma 3.2.4 we have
= d —|—p:c7fr_1 +---+p"x, (mod 7", (3.17)

where x; € (n41)Ap, for all © =0,1,...,7. Since n = er and 7°|p, say p = un® with 7 { u.

Notice that for [ =0,1,...,r,
P> e+ 1) > (r—De+ 1.
Therefore if 7|z; then
Vw(pleT_l) Sle+p '>er+1=n+1,
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where v, is as defined in the proof of Lemma 3.2.1. Hence, p'a? =0 (mod 7"*1). Thus,

in (3.17) let ¢ be the minimal with 7 { ;. Then

v = plw  (mod 7" (3.18)
for some w € Rp with 7t w.
Since v/ € Rp, we have
vl = ag+a T+ -+ agm + - Fa,m™  (mod 7", (3.19)
where 7 { ay for A = 0,1,...,n, and a)’s are uniquely determined. Therefore, from (3.18),

(3.19) and by the uniqueness of the representation, we must have j = ei.

]

Theorem 3.2.4. Let P be a prime ideal in the ring of integers R such that P lies over the
rational prime p. Let e be the ramification index of P and f be the degree of inertia. Let
k= p'ky withr > 1 and ged(ky,p) = 1. Let p/ = q, n = er, and assume ki|(q—1). Assume
also that p > e + 1 and that every element in the finite field R/P is expressible as a sum of
k-th powers. Put v, = v(k,P™). In particular v1 = v(k, P). Then, for any positive integer
m,

(1) Ym+1 = Ym unless elm in which case Y1 < V(271 +1) + 7.

(ir) v(k, P™) < %[(2% +1)fm/el 1],

Proof. Let 7, = s and assume that ~,,,1 > s+ 1, so there exists an element A € Rp that is

expressible as a sum of (s+ 1) k-th powers (mod 7™*!), but not as a sum of s k-th powers

(mod 7™*1). Say,
s+1
A= fo (mod 7™*1),
i=1
for some x1,..., 15,1 € Rp.

Define U and V to be a complete sets of representatives in Rp of the residue classes in

Rp/(m™) and Rp/(m) respectively. We choose the representatives u € U and v € V such
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that the following holds. If @ is a sum of k-th powers in Rp/(7"™) then we choose u to be a
sum of at most s k-th powers of elements of Rp. By our assumption that every element of
R/P is a sum of k-th powers, the representative v can be chosen to be the sum of at most
v1 k-th powers in Rp.

By Lemma 3.2.2, there exit uy € U and vy € V such that

A =uy+ver™  (mod 7).

Notice that,
s+1

Uy = fo (mod 7™),
i=1

that is wp is a sum of k-th powers (mod 7). Since the set of sums of k-th powers in
Rp/(m™) is a subring.slt follows that —wug is also a sum of k-th powers (mod (7)), and
since v, = S, —up = ny (mod ™), for some yi,...,ys € Rp.
Thus vem™ = A — ug Z(:1r1nod 7™t is a sum of (2s + 1) k-th powers (mod 7™!). That is
V7T € (m41)Ag, and by Lemma 3.2.5 e|m. Therefore, there can not exist an element such
as . Hence, if e t m then 7,11 = Y.

If e|m then by our assumption on A, 7 1 vy (since otherwise A is expressible as a sum of

at most s k-th powers (mod 7)), and we see that vom™ is a sum of (2s+ 1) k-th powers

m+1) m+1)

(mod w . Now, by Lemma 3.2.2 every element of Rp / (7 is of the form u + 7™ vyv
where u € U, and v € V. If u + 7™ is a sum of k-th powers (mod 7™*!) then u is a
sum of k-th powers (mod 7™), and so it is a sum of at most s k-th powers in Rp, by the
definition of U. Also by the definition of U, (7™ wvp)v is a sum of (2s + 1)v; k-th powers
(mod 7™*1).

Thus we conclude that
Ym1 S5+ 25+ )y =sCn+1) + 71 =720 +1) + 7. (3.20)
For part (i7) we proceed by induction. From part (i) we have

Y1 =72 ="""=Ye—-1 = Te
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and

Ye+1 S 76(2")/1 + 1) + 4!
= m@2n+1)+m

(271 +1)?—1].

N | —

Suppose

V@-netn < 5 (2 +1)* —1].

DO | —

Then

A

Yaet1l = 7((a—1)e+1)(271 +1)+m
(2 + 1) =112+ 1) +m

[(2y + 1) —1].

N~ DN

[]

Corollary 3.2.2. Let P be a prime ideal in the ring of integers R such that P lies over the
rational prime p. Let e be the ramification index of P and f be the degree of inertia. Let
k= p'ky withr > 1 and ged(ky,p) = 1. Let p/ = q, n = er, and assume ki|(q—1). Assume
also that p > e+ 1 and that every element in the finite field R/P is expressible as a sum of

k-th powers. Then for any positive integer m,

1
v(k,P™) <

5 [(QV(IC,IP) + 1)min{r+1,fm/e'\} + 1] )

Proof. As in the proof of Corollary 3.2.1. If m < n + 1 the result follows immediately from
Theorem 3.2.4 (i7), since {%-‘ <r+1. If m > n+1, the result then follows from Theorem
3.2.1. Indeed if o has a primitive representation as a sum of k-th powers (mod P"™!) then
it does (mod P™). On the other hand, if o does not have a primitive representation as a
sum of k-th powers (mod P™™!), then we find a primitive representation for & —1 as a sum

of k-th powers (mod P"™!) and by Theorem 3.2.1 o — 1 has a primitive representation as

a sum of k-th powers (mod P™), then add 1.

37



3.3 The Group of Units in R/Pm.

In this section, we let P be any prime ideal of the ring of integers R. Assume that P lies
over the rational prime p, and has a ramification index e > 1, that is P¢||p in R, and let
f > 1 be the degree of inertia of P. Let m be any positive integer. By Lemma 3.1.2, R/Pm
is isomorphic to Rp / Pr™, and Rp is a local ring with the unique maximal ideal Pp. In
fact, Rp is a discrete valuation ring, hence there exists an element 7 € Pp — Pp> C Rp,
such that (m) = Pp, therefore we can write Rp/Pp™ = Rp/(7™). Also note that Rp /()
is isomorphic to I, the finite field with ¢ = p’ elements.

Note that from this point on @ will be our notation for the residue class o + Z in the
residue ring R / 7 for any ideal 7 of R.

We know that (Rp/(7))" = the multiplicative group of units in Rp /() is cyclic. Hence

there exists an element a € Rp such that (a) = (Rp/(r))", which implies that

ordma = [al = |(Rp/(m))

=(qg—1).

We have a9~! = 1 + br for some b in Rp. Replacing a by a + 7 if necessary we may assume
that 7 1 b.

Next, let G be the multiplicative group of units in Rp / (™). Let the order of a in G
(ordizmy(a)) be pr. Then a* =1 (mod 7™), which implies a* = 1 (mod 7). Thus (¢ — 1) is
a divisor of p. Also p must be a divisor of |G|, so to find 1 we need to know the order of G.

Let U C Rp be any set of representatives of the residue classes of Rp / (7), then every

element z € Rp / (7™) can be uniquely represented in the form
T =y + T+ ugm 4 A Uy 7™ (mod ™), (3.21)

where u; € U for 0 < ¢ < m — 1. Therefore x € G if and only if uy # 0. Hence we
have ¢ — 1 choices for uy and ¢ choices for w;, for 1 < i < (m — 1), which implies that
|G| = (¢ — 1)¢g™ . Consequently (¢ — 1)|mu and p|(q — 1)¢™ !, therefore u = (¢ — 1)p’ for

some 0 < j < f(m—1).
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Lemma 3.3.1. Let P be a prime ideal in the ring of integers R, such that P lies over the
rational prime p, with degree of inertia f and ramification index e. Let m € Rp such that
() = Pp. Then

(1) For any a € Rp

a4V =1 4 prt,

where b is some element in Rp and

w=je+1 ife<p—1,
p>G—le+p ifp<e<plp-1),
©=>jp if e >p(p—1).

(ii) If p> e+ 1 and @ is a generator for (Rp/(w))" such that a®' = 1+ br for some b
in Rp with w1b, then

qla=Dp — 1 4 e,
where ¢ is some element in Rp with w1 ¢, and p = je + 1.

Proof. For any a € Rp, we have 9! = 1 (mod 7). Thus, there exist an element b € Rp

such that
a’l'=1+br. (3.22)
Next consider ,
—
a™ N = (14 br)? =1+ pbrr + p Vil + bPrP
J
=2

p

) for all 2 < j < p—1. Thus we have to consider two
J

and p (or equivalently 7¢) divides (
cases:
Case 1:p>e+1.

Then there exists by in Rp such that
(@71 =1+ 7°*1p,.
We proceed by induction. Assume for a given value of 4,
(aq—l)pi—l — 14 ﬂ_(z‘—l)e—O—lbi_l
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Then

(aq—l)pi _ (1 + 71_(z’—l)e—l—lbi_l)p
p—1
-1 +pw(pl)eJrle1 +Z (p) (ﬂ_(z’fl)eJrlbiil)j +7Tp(i*1)e+pb€_17
= N
and so
(aqfl)pi — ]+ ety
for some b;.

Notice that, if the conditions in (i7) are satisfied, then b in (3.22) can be chosen so that
7+ b. Therefore, as done above, we have (a?")?" = 1+ 7"*1b; for some b; with 7 1 b,.
Case 2:p<e+1.
In this case the previous argument will not hold, since the last term in the binomial expansion

PP is divisible by 7P at most. There exists ¢; in Rp such that 71 ¢; and
(@™ 1P =14 7Pey.
So

p—1
(CLQ*I)pQ = (1+7Pc))P = 1+ prPe, + Z (p) (wPey)’ + ﬂ_pQCﬁ).

=2 N

Except for the 1, all the terms in the binomial expansion on the right hand side are divisible

by m*2 where ay = min{e + p, p?}. Thus we can find ¢, in Rp such that
(a9 =1+ 72¢s.

Next,
p—1
(@) = (1470 = L+ pr®c+ Y @ (1°2¢5)7 + P2
=2
Letting aig = min{e + g, pas}, we can find ¢3 in Rp such that
(@)’ =14 1%c;.
Continuing in the same manner, we obtain

(aq—l)Pj =14 n%¢;,
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where a; = min{e + o1, paj_1} and ¢; is in Rp. Now, if ap = e + p then a3 = 2e + p, and

by induction a; = (j — 1)e + p for any j and so
@@V — 1 4 pl=Detp

On the other hand if ap = p?, or equivalently if e > p(p — 1), then notice that ap > 2p and

therefore by induction a; > jp for j > 2.

Now, we can characterize the group of units in Rp/Pj with the following lemma.

Lemma 3.3.2. Let R be the ring of integers in a number field F'. Let P be a prime ideal
in R lying over the rational prime p with ramification index e. Let G be the multiplicative

group of units in Rp/Pp. Then

|Gl = (¢ —1)g" ",
and there exists elements @, by, by, ..., b, such that the following conditions are satisfied.
(’l) G == <6,Z_)1,52, e ,Z_)L>,
(79) ¢ is minimal,
(1ii) a € Rp is a representative for the generator of the cyclic group of units
(Bp/Pp)".
ordimy(a) = (¢ — 1)p%,

where
a=[(m—-1)/e]l=r whenp>e+1,

a<[(m—p)/e+1] whenp<e<p(p-1),
a < [m/p] when e > p(p — 1).
(iv) ordimy(b;) = p”, where
[(m—1)/e] =r whenp>e+1,
fi<q [m=p)/e+1] whenp<e<p(p—1),
[m/p] when e > p(p — 1).
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forg=1,2,..., 1.
Proof. We can choose @ € Rp/Pp as in the arguments preceding Lemma 3.3.1, that is
a € Rp such the <E> = (Rp/(ﬂ'))*. Since the group G is a finite and abelian, then by
the Fundamental Theorem of Finitely Generated Abelian Groups, there exist by, bo, ..., b,
elements in G, such that conditions (z) and (i7) are satisfied.
By Lemma 3.3.1, if p > e + 1 we have

(aq71>pj -1 + 7Tj6+1bj =1 (mod 7Tm)

if and only if je +1 > m, that is 7 > [m —‘ Thus

e

ordgmy(a) = (g — 1)plm=1/el.

Also, if p < e < p(p — 1)

a* = (""" =1 (mod 1)

m-p

if (j —1)e+p>m,thatis j > +1,s0let p= [u%—lw and we get
e

ordmy(a) < (¢ —1)p°.
Next, if e > p(p — 1) then (a? 1)? =1 (mod #™) if and only if j > [E—‘, that is
p
ordgmy(a) < (g — 1)p™/7l.

Furthermore, for j = 1,2,...,¢, ordm)(b;) = p” for some 3; < f(m — 1).
From Lemma 3.3.1 we have the following:

L) (b‘;-_l)pﬁ =1 (mod 7™) if fe+1 > m when p > e + 1.

I1.) (b;’fl)pﬁ =1 (mod 7™) if ( —1)e+p>m when p <e <p(p—1).

L) (6" =1 (mod 7™) if Bp > m when p(p — 1) < e.

Since f3; is less than or equal to such 3 we have the desired result.
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3.4 The set of k-th power units in R/P""e,

In this section we will use the notation defined at the beginning of this chapter. That is, let
P be a prime ideal in R such that P"||(k) for some positive integer n. Also, assume that
the prime ideal P lies over the rational prime p, and has a ramification index e > 1, and let
f > 1 be the degree of inertia of P. Furthermore, we write k = p"k; where ged(p, k1) = 1,
r > 1 so that n = er, and we put g = p/.

As in the previous sections, let m be the uniformizer of the local ring Rp, that is 7 €
Pp — Pp? C Rp such that (1) = Pp. Also, recall that from Lemma 3.1.2 Rp/Pp — Pp" =
Rp/(7") = R/P". Therefore, for any integer ¢ > 1 we can write Rp/Pp""* = Rp /(7""%)
which is isomorphic to R / Prte. Moreover, since the k-th powers in Rp / (m) are actually
d-th powers where

d = ged(k,q—1) = ged(ki,q — 1),
qg—1

k1
Let G be the multiplicative group of units in Rp/(7n""¢). By replacing m with n + ¢ in

we can assume that k; divides (¢ — 1), and set ¢ =

Lemma 3.3.2 we get that G = <E, by, b, . .. ,l_)b>, such that ¢ is minimal, and

OT’d(ﬂn+a)(a) = (q — 1)p0‘,
where

a=[(n+e—-1)/e] =r whenp>e+1,
a<[(n+e—p)le+1] whenp<e<p(p-1),

a<[(n+¢e)/p] when e > p(p — 1).

—1
&Wheane%—l.

Also for j = 1,2,...,¢ we have ordim+)(b;) = p” where B <
Let G* be the subgroup of G generated by {6’“,5?,55, e ,Bf},which is the subgroup of

all k-th power units in Rp /(7).
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Now, as seen in Section 3.2 the critical values of ¢ that we need to consider are

1 ifp>e+1,

[;J_rﬂ when p <e+ 1.

Lemma 3.4.1. With the notation and assumptions above, if p > e + 1 then GF = <Ek>, a

cyclic group of order t. Otherwise,
ord sy (a®) = tp*,

such that
p<min{0,pr — 7} ifp<e<p(p-1),

p<min{0,py =7} ife = p(p—1),
where py = [(n+¢e€—p)/e+ 1| and ps = [(n+¢)/p]. Also, for j =1,2,... ¢,
Ord(ﬂn+s)(bj) — pﬁj_min{ﬁj’r}7
where 3; is given by ordim+ey(b;) = P

Proof. First, assume that p > e + 1, so that ¢ = 1 then we have

o (B _»
or (7rn+s)< ]) — gcd(l{;)pﬁj)
_ pﬁj _ pﬂjfmin{ﬂj,r}
ged(p'ky, pP)
—1
for 1 < j <. Since r = & > 3; we have OTd(Wn-Fs)(b?) =1.
e
(g —Dp"
ord zn+ey(a
&) =k, (- Do)
-~ ged(k,tk)

By denoting @* = T we get G¥ = {1,T,T?,..., T""'}.
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Next if p < e < p(p— 1)

By (q - 1>pa
ordime (@) = ged(k, (¢ — 1)p)
(q—1)p*

ged(pky, (g — 1)p*)
_ tpa—min{r,oz}

_ tpmin{O,a—r} < tpmin{O,pl—'r’}'
Similarly if e > p(p — 1) then
ord(ﬂnﬁ)(ak) < tpmind0p2—r}

Also if e > p then as before we have

OTd(ﬂn+€)<b?) = pﬁj*min{ﬂj’r}’ for 1 SJ S L

Notice that, T' (as defined in the proof above) satisfies the congruence
T"'=1 (mod 7"")

with ¢ being minimal. Therefore, T' can be taken to be a primitive ¢-th root of unity in

Rp/ (1),

Lemma 3.4.2. let P be a prime ideal in R such that P"||(k) for some positive integer n.
Assume that the prime ideal P lies over the rational prime p, and has a ramification index
e>1, and let f > 1 be the degree of inertia of P. Let k = p"ky where ged(p, k1) =1, r > 1
so that n = er. Put q = p/ and let t = (¢ — 1)/ky. Suppose that e +1 < p and let T be
a primitive t-th root of unity modulo P"™'. Then every element in Ry is congruent to an

integer linear combination of elements of the set {1,T,T?, ..., T*Y=1} modulo P"*!.

Proof. Since p > e + 1 then

k=pki>p >pr>er+r>er+1=n+1.
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Let m be the uniformizer of the local ring Rp. It follows that if umr € Rp is any nonunit
then (um)® = 0 (mod 7). Therefore, by the definition of Rj and Lemma 3.1.1, any
element in Ry is congruent to a sum of elements of the set of k-th power units modulo
(7). Recall that r = (n + e — 1)/e, and by 3.4.1 any element in Rj will be congruent
to a sum of elements of the set {1, T,72, ... ,Tt_l} modulo P"*¢, or equivalently modulo
(7). In other words, all elements of Ry are expressible as integer linear combinations of
elements from the set {1,7,72,...,7""'} modulo (7"*¢). Furthermore, let ®;(z) be the ¢-th
cyclotomic polynomial over F', then ®,(z) has degree equal to ¢(t), say ¢(t) = [, where ¢ is
the Euler ¢—function. As in the proof of Lemma 2.3.2, ®;(T) = 0 (mod 7"*¢). Therefore
every element in Ry is congruent to an integer linear combination of elements of the set
{1,7,7% ...,7""'} modulo (7).
Finally, with the help of Lemma 3.1.2 we have the desired result.
O

Notice that when p < e then the set of integer linear combinations of elements from
{1, T,72, ... ,T(W)_l} forms a subring of the ring of all elements that can expressed as sums
of k-th powers modulo P"*1.

The next lemma was proven by Tornheim in [32].

Lemma 3.4.3. Let 'y be the set of all elements in the finite field Rp/Pp = I, expressible
as sums of k-th powers. Then Fy is a subfield of F, with ¢ = p/* elements where f, is a

divisor of f.

Proof. Clearly F; is closed under addition and multiplication. If 0 # x € Fy, then —z =
(p — 1)z a sum of elements in F; and 27! = (z71)*2*~! a product of elements in ;. Thus
[F, is a subfield of IF,. Furthermore, [F; is an IF,-vector subspace of the f-dimensional vector

space [F,. Therefore, there must exist an integer f; > 1 such that f; is the dimension of [F;.

Hence F; has ¢; = p’* elements, and f; must divide f. n
We will denote the subfield in Lemma 3.4.3 by F,.
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Lemma 3.4.4. Let 71,79,..., Ty € Fy, be a set of linearly independent elements over I,
where the representatives T; € Rp are sums of k-th powers in Rp. If for rational integers

AL, Agy o Ay, mowithm > 1

f1
Z AT =0 (mod 7™),
i=1

then
p(m/ el I\

forallt=1,2,..., f1.

Proof. Assume that for Ay, A, ..., g, m € Z with m > 1 and
f1
Z AN, =0 (mod 7™). (3.23)
i=1

Then, in particular,
f1
Z)\,LT@EO (mod 7T),
i=1

and by the assumption of the set {m,7,...,7}, we have «|)\; for all i« = 1,2,..., f;.
Furthermore, since \; € Z, then \; = pa;; for some o,y € Z, 0 < i < f;. Therefore by

cancelling p from both sides of (3.23) we get
f1
Z a; 11 =0 (mod ™). (3.24)
i=1

Note that if m < e then we are done. So we assume that m > e. Then (3.24) implies

that
f1
Z a1 =0 (mod 7).
i=1

Therefore «; 1 = pay o for some ;5 € Z for all 0 < ¢ < f;. Hence P\ for all 0 <4 < fy.

By cancelling p from both sides of (3.24) we get
f1
Z Qiom; =0 (mod 7™ %). (3.25)
i=1
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Again, if m < 2e we are done. Otherwise, let m = pe + ¢ for some rational integers
p>2and 0 <o <esuch that o > 0 if p = 2. Then by repeating the same argument p — 2

more times we get p°|\; for all 0 <14 < fi. Put A\; = p”a;, and we have

f1
Z a;,7 =0 (mod 7). (3.26)
i=1

So if 0 = 0 we are done. Otherwise, if o > 0 then (3.26) implies that

J1
Z a;,7i =0 (mod ),
i=1

and again we get that pla; , and consequently p?™'|);, for all i.

O

J1

Consider the set S = {an (mod 7"*9) ! 0<n; <plteel _ 1}, as a subset of
i=1

Rp / PRTe. Notice that all elements of S are sums of k-th powers, also any two elements in

S are distinct. Therefore, |S| = p/t[("+9)/¢l " Furthermore, if f = f;, that is all the elements
of Rp/Pp are k-th powers, then S = Rp/PA*".

3.5 When k is a prime integer.

Theorem 3.5.1. Let R be the ring of integers in a number field F', and P be a prime ideal
of R, such that P lies over the rational prime p. Let k be a rational prime, and assume that
every element in the finite field R/P is expressible as a sum of k-th powers. Then for any
positive integer m

(@) If P 1 (k) then v(k, P™) = y(k, P).

(i1) If P | (k) (that is k =p), say P¢||(k) and k =p > e+ 1 then

v(k,P™) =1 when1<m <e and
v(k,P™) <4 when1l<e<m.

48



For the case P 1 (k) one can apply a number of new results due to James Cipra [11]
(improving the work of Winterhof in [36], and [37]). First, if f is the degree of inertia of P,

then he proves

v(k,P) < 8f(k+ 1)1
Also he obtains the uniform bounds,

(83vk if f =1,

v(k,P) << 16vVk when f =2,

\10\/% when f > 3,

F—1
provided L 5 1 k.

Proof of Theorem 5.5.1. 1f k is a rational prime, we have
¥ +yF = (x+y)* (mod kR),

that is every sum of k-th powers in R/kR is a k-th power, and so vy(k, kR) = 1. Hence, for
P | (k), 0 <m < e we have y(k,P™) = 1. Next, assume that m > e+ 1. Then by Theorem
3.2.1, if a € Ry, is congruent to a sum of s k-th powers (mod P¢*!) then « is congruent to

a sum of s k-th powers (mod P™). By Theorem 3.2.4 (i) we have,

vk, P < (kP (2v(k, P) +1) + (K, P)

= 124+1)+1=4

Now, assume that P 1 (k), that is e = 0. As above, by Theorem 3.2.1, if § € R is
congruent to a sum of v; = y(k, P) k-th powers (mod P) then [ is congruent to a sum of

v k-th powers (mod P™) for any integer m > 1.
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3.6 The Lattice Method.

Let F be any algebraic number field, R it’s ring of integers, and for a fixed positive integer k
we let Ry be the subring of R generated by the k-th powers of elements of R. Furthermore,
let P be a prime ideal of R, such that P lies over the rational prime p. Suppose that P has
ramification index e and degree of inertia f and set ¢ = p/. Assume that k = p"k;, with
gcd(ky,p) =1 and P"||k, so that n = er. Put t = (¢ — 1) /k1, let m be the uniformizer of the

local ring Rp, and let m > 1 be any integer.
l

Asin Lemma 2.3.1 in chapter 2, we let ||v||; = Z |v;| for any I-th tuple v = (vq,vg, ..., 1))
i=1
in Z'. Let the set {1, T,7?%, ... ,thl} be the set of the t-th roots of unity in RP/P}? , as in

the argument leading to Lemma 3.4.2 in section 3.4. Also, the set of the ¢-th roots of unity
in Rp / P is a subgroup of the multiplicative group of k-th power units U = {1, 79,..., 7}
in RP/PQ, and the two sets are equal when p > e + 1.

From Lemma 3.4.2 we have that if p > e + 1 then any element in Ry is congruent to an
integer linear combination of {1,7,7%, ..., 7~} C UX modulo P™.

Let | = ¢(t). We have the following lemma.

-1

Lemma 3.6.1. Let L : 7! — Rp/Pgl, be the linear map given by L(n) = Z nT". Suppose
i=0

mg, my,...,my_1 in Z' are linearly independent such that L(m;) = 0 (mod 7™) for all

i=0,1,...,0 —1. Then for any a € Ry, there exists an [-tuple u, with L(u) = a (mod 7™)
-1
1
and lfull < 5 " llm ]
i=0
This proof is very similar to the proof of Lemma 2.3.1.

Proof. By the paragraph preceding the lemma we know that there exists a w € Z! with
-1

L(w) = a (mod (7"1)). Say w = inmi for some z; € R, 1 <14 <. Now x; = y; +¢; for

=0
-1

-1
some y; € Z and ¢; € R with |¢;| < 1/2, 0<i<l—1. Putu= Zeimi :W—Zyimi.
i=0 i=0
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-1
1
Then L(u) = a (mod 7™ and |Jul|; < 5 Z; [y 1. O

Now, we will assume that p > e + 1. Hence the set of k-th power units UX is the set
of t-th roots of unity in Rp / P (or equivalently in R / P™). Otherwise the following only
relates to the elements in Ry that are congruent to integer linear combinations of elements
of the set of ¢-th roots of unity (mod 7).

Consider the linear congruence

lixm' =0 (mod ™). (3.27)
Note that this congruence describes the elements in the ker(L), where L is the map
defined in Lemma 3.6.1. This kernel forms a lattice, call it £, with volume vol(L) =
[Im(L)| = [Z": ker(L)] .
Let
By = {(wo,21,...,01-1) € Z[0< 2y < M,i=0,1,...,1 -1},

and notice that the image of L is the image of the subring ,,,.4; under the canonical mapping

Rp — Rp/(’/Tm). Therefore, denote Im/(L) = ,, A
Al |1 Rp /(7)== p™

50 |mAg| = p* for some integer 0 < a < fm. Hence if |By| = (M + 1)} > |,,Ai|, then by
the Box Principle there exist two distinct I-tuples (zg,z1,...,2;-1), and (Yo, y1, ..., %—1) in

By, such that
-1

Z(xl —y)T"=0 (mod ™).

i=0
Thus we take M = |, Ak, and a; = 2; — y;,4 = 0,1,...,1 — 1. Then the [-tuple of

differences vg = (ag, a1, - ..,a;_1) is a nonzero solution of the congruence 3.27 , with
;| < |mAp|Vt=pt < g™t foralli=0,1,...,1—1.

Let w be a primitive ¢-th root on unity in C, and let [ = ¢(¢). Define the map f : Z! —
Z|w], such that
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-1
f(@o, 1, mi1) = Z Tiw',
i=0

which is an injective homomorphism of Z-modules.

Again as in the proof of Lemma 2.3.2, for 2 <i < (I — 1), let

viig = f" (Wiflf(vo))-

Then the vy, vy,...,v;_; form a set of linearly independent solutions of congruence 3.27,
and [|villi <¢ |y il

Now by Lemma 3.6.1 for any a € Ry, there exists a solution to

-1
Z uwT"=a (mod 7"), (3.28)
i=0

-1 -1
1
with E lu;| < 5 E ||vill:. Consequently
=0 i=0

N
|
—

(k, P"*) <

Ivill1,

N | —
-
Il
o

and so
5k, P) <4 |oniny Ak < gD, (3.29)

Finally since T+ 72 + -+« + T = —1 (mod 7""!) we have
'y(k)a,Pn—H) < (t - 1)5(1{:,7371—&-1) < |(n+1)Zk|1/l'
Hence we have proven a generalization of Lemma 2.3.2 of chapter 2.

Theorem 3.6.1. Let P be a prime ideal of R lying over p, with ramification index e > 1 and
degree of inertia f > 1. Let k = p'ky, with ged(ki,p) = 1 and r > 1. Let ¢ = p’, assume
ki|(g—1) and let t = 1=

1
such that for any positive integer m

. Assume also that e < p — 1. Then there exists a constant c(t)

v(k, P™)

IN

c(t) |mzk | 1/¢(t)

< e,
where ,, A is the subring of Rp/Pp™ generated by the k-th powers of elements in Rp/Pp™.
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One can now rewrite the upper bound established in Theorem 3.6.1 in terms k.

Corollary 3.6.1. With all assumptions and notation as in Theorem 3.6.1.
Yk, ™) < 37RO

Proof. Since

t
p"‘

we have p/*" = kt 4 p", or equivalently

Therefore,

1
g0 = pfm/e) [k (t 1 _>

1/(f+r) fm/o(t)
o))

fm

_kt 1 @) (f+r)
= [+ 5)]

fm
_ fm 1\ ¢OF+n
— k00U (t+ — ,
1

Now, since

1/é(t)
(fi ] <1, and <t + k:_> < (t+ 1)1/¢(t) < 3, the desired inequality
r 1

follows directly from Theorem 3.6.1. O
Now we can prove the following generalization of Theorem 2.3.4 of Chapter 2.

Theorem 3.6.2. Let P be a prime ideal of R lying over p, with ramification indexr e > 1

and degree of inertia f > 1. Let k = p"ky, with ged(ky,p) =1 and r > 1, so that P™||k with

—1
n=er. Let ¢ =p’, assume ki|(q — 1) and set t = q

. Assume also that p > e+ 1 and
1

that every element in R/P is a sum of k-th powers. Then, for any positive integer h there

exists a constant C'(h) such that if t > C(h) and if ¢(t) > h, then for any integer m > 1

v(k, P™) < kM
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Proof. By the lifting result in Theorem 3.2.1 we will consider the case where m =n + 1 =
er+1. J. Ciprain [11] and [12] obtained that for any positive integer h there exist a constant

¢, € N such that if ¢(t) > h we have
v =k, P) = v(k1, P) < cnky’™. (3.30)
Now by Corollary 3.2.2 we have

y(k, P < 2 [(2m + DIV 4]

NSRS NN

(271 + 1) +1]

3,}/1)7"4—1'

A\

Thus by inequality (3.30)

7<k7 PnJrl) < 3T+1C;;+1k§r+1)/h

= 3Chki/h (3h02k1)r/h.
Set C'(h) = (3cy)". If t > C(h) then (3cp,)"ky < p’, and it follows that

Yk, P < Beyp My < Bk, (3.31)
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Chapter 4

Modified Method and Results

4.1 Introduction.

In this chapter as in Chapter 3, unless otherwise specified, we let F' be any algebraic number
field, R it’s ring of integers, and for a fixed positive integer k we let Ry be the subring of
R generated by the k-th powers of elements of R. Furthermore, let P be a prime ideal of
R, such that P lies over the rational prime p. Suppose that P has ramification index e and

degree of inertia f and set ¢ = p/. Assume that k = p"k; with ged(ky,p) = 1, » > 1, and
qg—1

ky
One can see that the method applied in Chapter 2 and generalized in Section 3.6 of

P™|(k), so that n = er. Also we assume that k;|(¢ — 1) and set t =

Chapter 3, can be very useful to obtain upper bounds for Waring’s problem over number
fields when the dependence of the degree of inertia f is allowed. In other words when f is
sufficiently small, and can be bounded by a constant independent of the the degree of the
extension then we obtain good bounds.

If we combine our early results with the method of Stemmler from [30] we obtain an

upper bound for the global case as follows. Suppose k has the prime ideal factorization
(k) = P" Py Py,
where the P; are distinct prime ideals such that P; () Z = p;Z with p; a prime integer. Let

fi _q
fi the degree of inertia of P; for i = 1,2,...,m, and put ¢t = max bi } Then for any

k/p;

(2
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positive integer h there exists a constant C'(h) such that if ¢(¢) > h then

a(k) < 27704 max {4(k, P}
< 287!+ max {C(h)kF/"}

1<i<m

< 2R C(h)kYh,

where d is the degree of the extension.
Clearly, the upper bound above is not sharp. In this chapter we will modify the method

used in the previous chapter to obtain sharper results.

pl—1

4.2 Studying the case when t = P 4.
1

Theorem 4.2.1. Let R be the ring of integers in a number field F', and P be a prime ideal
of R, such that P lies over the rational prime p. Suppose that P has ramification index

e < p—1 and degree of inertia f and set ¢ = p/. Assume that k = p"k; with ged(ky,p) = 1,
q J—
1

1
. Then,

r > 1, and P"||(k), so that n = er. Also we assume that k1|(q—1) and set t =

if t =4 and m 1s any positive integer we have

V6k—1 ifp=1 (mod 4),
(k, P™) <
-k ifp=3 (mod4).

p—1

Moreover, for m > er + 1 we have v(k, P™) = (p"™! — 1).

In the course of the proof we shall obtain the following lower bounds for the case p = 3

(mod 4), (in which case f > 2),

(4k)?/U+D 1 if r =1,

4.1
(4]{;)3/(2max{fﬂ“}) -1 ifr>2. -y

vk, P > {

Proof. We shall work over the local ring Rp. Let P = (7). By the lifting theorem, Theorem

3.2.1, we need only consider congruences (mod 7"*1) where n = er. Furthermore, by the
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assumption p > e + 1 in the theorem we have that the set of k-th power units U* 1 in Rp
modulo (7"*1) is precisely the set of 4-th roots of unity {+1,+7'}

By Lemma 3.4.2, every element in R that can be expressed as a sum of k-th powers
is congruent to an element in the form of ng + nyT (mod 7"*1), where ng,n; are rational
integers. Also, since (7¢) = (p) = pR, the smallest positive rational integer congruent to
zero modulo (7711) is p/® /¢l "and [(n + 1)/e] = r + 1. Thus ng and n; can be chosen
from the complete set of representatives {0,1,...,p " — 1}.

Since t = 4, p is odd, so we can consider two cases, p = £1 (mod 4). If p =1 (mod 4)

then there exist positive integers a and b, with b < a and
a4+ b =p=0 (mod 7"t).

Since the 4-th cyclotomic polynomial ®4(x) satisfies the congruence ®4(T) = T? +1 =0

(mod 7*1), we have T? = —1 (mod 7"*!), and therefore can take T = ab (mod 7"*1),

"1 is the multiplicative inverse of b (mod 7"*1).

where b (mod 7

Now we can use the same method applied in the proof of Theorem 2 in [21] which
essentially follows from Lemma 3.6.1. Let £ be the lattice in Z? consisting of points (z, )
satisfying  + yT = 0 (mod 7™*'), then (a,b) and (—b, a) form a basis for a sublattice £’ of
volume vol(L') = p"*.
Let

<1 1< <1}
a’/’ _— —— J—
=575 y_2

N | —
VAN

o= {a(a,t) +y(~b,0) | -

be the the fundamental parallelogram of £’ centered at the origin. Then g contains p”

distinct integer points. Let A be the subring consisting of all the elements in Rp/(7"*1)

that are expressible as sums and differences of k-th power, the mapping 1 : p N Z? — A,

given by n(z,y) = r+yT (mod 7"*1), is surjective by the definition of A. 7 is also injective
since the only point in g mapped to zero modulo (7"!) is the origin.

Let g : R? — R U {0}, be the map given by g(z,y) = |z| + |y|, then g restricted to p

takes on it’s maximum value at the corner points
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i(a;b’a—;—b) andi<a—21—b’b;a>'

Since p is odd, a and b are of opposite parity, so g restricted to o N Z? takes on its

maximum value, which is (a — 1), at one of the points

i(a—b—17a—|—b—1> andi<a+b_1,b_a+1).
2 2 2 2

Thus
v(k,P") <a - 1. (4.2)

We can now obtain an upper bound for y(k, P"*1) expressed in terms of k. Since

7 f_l
4 )

k=p'ki=p

hence 4k > p"t/=1. Therefore, if f > 2 we have 4k > p'*! > a2, while if f = 1 then
-1 2
4f = p! (p_) > gpr“, and so 6k > p"*1 > 2. Thus
p
Wk —1 when f>2
/{7 n+1 < - )
(kP )_{ V6k —1 when f=1.

Hence, for any f

vk, P < 3VEk — 1.

Next we consider the case where p = 3 (mod 4). Since the set of k-th power units
is actually {£1,£7} and since 7" and 1 are linearly independent over F,, it follows from
Lemma 3.4.4 that 1 and T are linearly independent over Z/p"*'Z. Therefore, every element
that is congruent to a sum of k-th powers is congruent to an element of the form 4+ng4+n,T

r—41
P —1

r+1 1
We see in particular that v(k, P"™!) < 2 pT) = p"t1 — 1. Moreover, the element

n+1)

(mod = , where ny and n; can be chosen from the set {0,1,2,...,

r+1 1
ng + 7T (mod 7r”+1) with ng = n; = (pT) can not be expressed by any fewer k-th
powers. Thus
vk, P = prtt — 1. (4.3)
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f_
4

Since k = p"ky = p" (p

which implies

1 1
)7 that is 4k = p"*/ (1 — _f) Hence p™™/=1 < (4k) < p™*7,
b

(4k)(r+1)/(r+f) < pr+1 < (4k)(r+1)/(r+ffl).

Consequently
(4k) /D 1 < A (k, PrHY) < (4k)HD/0H-D (4.4)

Note that since p/ = 1 (mod 4), and p = 3 (mod 4), then f must be an even integer.

From (4.3) and since r > 1 we have

Yk, P =@ =1) = p'(p—1/p)
B p—1/p
- (Gt )
Ak

< —

the last inequality following since p/ > p?.

Now, we will obtain lower bounds for v(k, P"*1) from (4.4) in terms of k, by considering
the relation between f > 2 and r > 1 as follows.
Case 1. Suppose r = 1.

Then direct substitution in (4.4) yields

(4k)2UHD 1 < ~(k, P < (4B)27 —1 < 4k — 1. (4.5)

Case 2. Suppose 2 <r < f.
Then

=<
+
—_

ﬁ
+
—

v
e

Also
r+1 < r+1 <
r+f—1"7"2r—17—




Hence, we get from (4.4)

(4K)2/CD 1 <~ (k, P < 4k — 1. (4.6)

Case 3. Suppose 2 < f <.

Here
r+1 ST +1 S i’
r+f— 2r T 2r
and
r+1 <7 +1 _ 1L
r+f—1"r+1
Therefore, we have
(4k)3/Cr) — 1 < y(k, P < 4k — 1. (4.7)
m
. pf —1
4.3 For an arbitrary value of { = —.

k1

A very similar approach to the one used in section 4.2 can be used for any value of ¢ other

than 4. In this section we will prove the following main result

Theorem 4.3.1. Let R be the ring of integers in a number field F', and P be a prime ideal
of R, such that P lies over the rational prime p. Suppose that P has ramification index

e < p—1 and degree of inertia f and set ¢ = p/. Assume that k = p"ky with ged(ky,p) = 1,
q R
1

1
r > 1, and P"||(k), so that n = er. Also we assume that k1|(q — 1) and set t = . Then

for any positive integer m

vk, P™) < o(t)y(k,pt),
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where v(k,p"™') is as defined in Chapter 2. Moreover,
(
(ﬁ) k41 if f=1,

& (8.44)/logp 1 )
(kP < max | k2313 <H> 1l =2 or3,

(5.55)/ log
max {120 (£) 7 ) rza

In particular,
v(k, P™) < k for p > 4628.6.

This is sharper than the result obtained by Ramanujam in [24], where he showed that
v(k, P™) < 8k°.
First consider the following two results

Theorem 4.3.2. Let R be the ring of integers in an algebraic number field F', and let P
be a prime ideal in R that lies over the rational prime p. Assume that P does not ramify
and has a degree of inertia f = 1. Then for any positive integer m, R/P™ and Z/(p™) are

1somorphic as rings.

Proof. By the assumptions we can write P = pR and by definition of extension rings R
contains Z, also note this result is well know for m = 1, so let m > 2 and the map
0 :7Z — R/P™ be the canonical map given by 6(a) = a + P™ in R/P™.

One can easily show that ¢ is a homomorphism of rings, so we consider the kernel of 6,
ker(6), and observe that for any integer a, a belongs to ker(#) if and only if a as an element
of R belongs to P™ = p™R, or equivalently a is divisible by p™. Thus ker(0) = p™Z, and
by the Fundamental Theorem of Homomorphisms Z/p™Z is isomorphic to the image of the
map 0, Im(0).

Now, |Z/(p™)| = [Im(0)| = p™, and the cardinality of R/P™ is p™/ = p™. Therefore
Im(0) = R/P™.
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Hence when f = e = 1 the problem is reduced to the problem we discussed in Chapter 2. If

we have f =1 (and e arbitrary) we still get the following.

Theorem 4.3.3. Let R be the ring of integers in an algebraic number field F', and let P be
a prime ideal in R that lies over the rational prime p with ramification index e. Let k = p"k;
with pt k1 and r > 1, and put n = er. Assume that P has a degree of inertia f = 1. Let A
be the subring consisting of sums of k-th powers in ring Rp /(7). Then A and Z/(p"+")

are isomorphic as rings.

Recall that A can be considered as the homomorphic image of Ry under the canonical

epimorphism from R to Rp/(7").

Proof. f = 1 implies that Rp/(7w) = F, = Z,. Any element x € Rp is congruent to an
element of the form

ug + uy T+ -+ upm™ (mod 7Y

where u; € Rp can be chosen from a complete set of representatives for the residue classes

in Rp/(m) for all 0 < i < n. Therefore, we have
Rp /(™) = Ly + 1l + - - - + 7"y,

where Zp = {0,1,2,...,p — 1} is a complete set of representatives in Rp for the residue
classes in Rp /().

Furthermore, if € Rp /(7" ") say,
n—l—l)

r = ug+wum+---+u,m (modw

= w+7m (w4 +u,"")  (mod ")

= wuy+or (mod "),
we have ¥ = (ug + v7)* (mod 7"t1), that is

k-1
A
oF =l + E < )u’g i +oFrF (mod 7).
: J
Jj=1
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Since p" ~ 7 | k all of the terms j = 1,2,...k — 1 vanish. Also since p > e + 1 we
have k > p” > pr > er +1 = n + 1 and so the last term vanishes as well. Therefore

k — ,k

2" = uf (mod 7"th)

. This implies that the subring A is actually generated by sums of k-th
powers of the representatives {0,1,2,...,p — 1}. Thus A C Zp + pr + -+ p”zp C A
That is,

A=Tp+ ply+ -+ 'Ly,

Hence, A and Z/(p"*!) are isomorphic as rings. O

Proof of Theorem /.3.1. By the lifting result in Theorem 3.2.1, it suffices to consider the
case m = er +1 =n+ 1. Suppose f = 1, if e = 1 then by Theorem 4.3.2 we have the
stronger results from Chapter 2 such as Theorem 2.3.1, or Theorems 2.3.2 and 2.3.3. Also
if e > 2, then by Theorem 4.3.3 we have

’7(]{:’ Pn+1) = V(kjvpﬂ_l)?
hence we still have the results from Chapter 2. In particular, from Theorem 2.2.1
p —

v(k, P < (Ll) k+1.

Now, let f > 2. Assuming that p > e + 1 implies that the set of ¢-th roots of unity
{1,T,7?,...,T""'} is precisely the set of k-th power units U¥,, in Rp /(7). Hence, by

Lemma 3.4.2 every element in Ry is congruent to an element of the form
no + an +--+ nl—lTl_1 (mOd 7Tn+1)>

where ng,ny,...,n;_1 are rational integers, and [ = ¢(¢). Furthermore, since plntD/el —
pller+h/el — pr+1 ig the smallest positive integer congruent to zero modulo (7"*1), then n;
can be chosen from the set {0,1,...,p"™ =1}, fori = 0,1,2,...,l—1, which is the complete
set of representatives of rational integers modulo (7"*1). If we allow for + then n; can be

chosen from the set {0,1,...,(p"" —1)/2}, for i =0,1,2,...,1 — 1.
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Thus

Yk, P™) < ly(k,pth)
= o(t)y(k,pt)
o)y ((k, p(p™),p*1),

IN

where (k, p"™1) is as defined in Chapter 2. It suffices to use the trivial bound ~(k,p" ') <
p" ! and so

’Y(k‘,Pn—H) S ¢(t)pr+1.
We can now express the upper bound in terms of k. Since k = p"k; then we have
V(kapn+1> < ka if kl/p > ¢(t>

Otherwise, consider ¢(t) > ki/p. Then

-1 -1
e Ol
that is
1
11
to(t) > p e

but the left hand side of the inequality is a rational integer, so
t* > to(t) > p/

Therefore we have

t > pld=nr2, (4.8)

Let
1 =k, P) = v(k1, P), and yny1 = y(k, P™T).

We use the lifting result from Corollary 3.2.2

1
Tot1 < 5 (27 + 1)+ 1.
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k = p"ky implies that r = log (k‘ﬁ) /log p <logk/logp. Therefore,
1

1 k. 1
Va1 < 5 (27 +1) {(271 + 1)10g(k1)/logp i > (4.9)
Let A be a subgroup of the multiplicative group of units in Rp/(7) with f linearly

independent points over F,. T. Cochrane and J. Cipra proved in [13, Corollary 6.1] that

if |A] > 1.26p//3 then v, < 128,

if |A] > 1.17p*// then v, < 2312.

We take A to be the multiplicative subgroup of k-th power units in Rp /() with |A| = t.

-1 _ 2
/ 5 > ?f, therefore by (4.8) |A| > 1.17p*? for p > 17. Similarly for f = 3

—1
we have that |A| > 1.17p%3 for all p > 2. Furthermore, if f > 4 then fT > g, which

If f =2, then

implies |A| > 1.26p// for p > 5. So for f = 2,3 we take 7; < 2312 and we get

Tnr1 < 2313 [(4625)10g(,fl)/1ogp] N

N —

log(4625)

o1z (F) L]
o 5

a3 k (8.44)/logp . 1
B k1 2’

IN

If f> 4 we take v; <128, and get similarly

(5.55)/logp
e

<129~
Tnt+1 = ( o
Hence by finally applying Theorem 3.2.1 and observation (2) following the theorem we

have the desired result.

Let G be the multiplicative group G = F; = (R/P)* and G* = {2"|x € G}, so that

—1 qg—1
Gk =1 - . 4.10
PRy R PR (4.10

Using known upper bounds for v; and equation (4.9), we obtain
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Corollary 4.3.1. Let R be the ring of integers in a number field F', and P be a prime ideal
of R, such that P lies over the rational prime p. Suppose that P has ramification index
e < p—1. Assume that k = kip" with r > 1 p1 ky, and P"||k, so that n = er. Assume also
that every element in the finite field R/P is expressible as a sum of k-th powers. For any 0
with 0 < 6 < 1, if (k1,q— 1) < (¢ — 1)}7° then for any positive integer m,

(5.764+2.78/6)
log p

v(k,P™) < 159 (4*?) (kﬁ) + %

1
Proof. Cochrane and Cipra proved, in [13],

Y1 < 633(2ky )08/ 081G

By the assumption k; < (¢—1)'7%, and from (4.10), we have |G*| > (¢—1)°. Since g—1 > 2

we get

log 4
633 (2(q — 1)' %) Floela=D

N <
log 2+(1—6) log(g—1)
= 0633 (4 5log(g—1) )
633
< SRR
!

Therefore, from equation (4.9) we have
10g(%(1+7<8)<1633)))+4log2/6

633 1 k logp 1
it/ 70 SR Y -
(reea) () g

Lk ) (5.764+2.78/0)/ log p

< 159 (4*7) (k—
1

v(k, P™)

IN

+ 5

In special cases, we get a sharper bound.
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Corollary 4.3.2. Under the same hypotheses as Corollary 4.5.1, for any positive integer m

(

1.10/logp )
SE)TT a1,

g\ 6V er 2 1/4

N Ot

v(k, P™) <
1.95/logp )
(&) 1 i (kg —1) < 20

i (
\2

Proof. If (k1,q —1) = 1 we have that v; = v(k1,P) = 7(1,P) = 1. Therefore, the first

NJEN]

—

2.84/logp )
) +1 if (kg —1) < 2¢Y2

T

inequality follows immediately from the equation (4.9). To prove the second and the third
inequalities we use the following:

From the estimate of Hua and Vandiver [20], and Weil [35]

s—1

IN(a) = ¢ < (ki — 1) =,

for the number N(«) of solutions of the congruence
b4+ 2f =0 (mod P)

over the finite field R/P with a # 0. Hence, we get N(a) > 0 and
=7k P)<s i |GH > gite,
In particular, since ¢ > p > 3, if (ki,q — 1) < 2¢"/* then we get |G*| > ¢**, hence
7 < s=2. Also, if (k;,q—1) < %ql/?’ then |G*| > ¢?/3, therefore 7; < 3. The second and
third inequalities follow from the equation (4.9).
Finally, if (ki1,q — 1) < 2¢*/? then |G¥| > ¢*/2, and in this case Cipra [11], and inde-
pendently Glibichuk [16], proved that 7; < 8. This, and the equation (4.9) yield the last

inequality.
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Notice that the method used in this section is very similar to that used in the proof of
Theorem 3.6.1 and to obtain the upper bounds in Corollary 3.6.1. The key difference is that
in this section we pay more attention to the set A and it’s cardinality, where A is the subring
consisting of sums of k-th powers in the residue ring Rp /(7). In the proof of Theorem 3.6.1
we only made use of the fact that |A| < ¢" = p"/, whereas here we notice that |A| < p™®®),
which leads us to the question, if ¢ is the number of k-th power units in Rp / Pr", and f is
the degree of inertia of the prime ideal P, then how do ¢(t) and f compare? In other words
which of the bounds is sharper? We would be able to answer those questions and obtain
sharper bounds for Waring’s number over algebraic number fields if we had sharper upper

bounds and lower bounds for the cardinality of A.

4.4 The Unramified Case

As before, in this section we let R be the ring of integers in a number field F. Let P be
an unramified prime ideal in R, such that P lies over the odd rational prime p and has
degree of inertia f > 1. Thus P||(p). Let k be a positive integer, such that k = p"k;, and so
Pr||(k). Assume that ki|(q — 1) where ¢ = p’ and set t = (¢ — 1)/k;. Recall that Theorem
4.3.2 implies that when e = f = 1 the problem is reduced to one discussed in Chapter 2
and we obtain the results in Theorems 2.3.1, 2.3.2 or 2.3.4. This section focuses on f > 2.

We will prove the following main result

Theorem 4.4.1. Let R be the ring of integers in a number field F. Let P be a prime
tdeal in R, such that P lies over the rational prime p and has degree of inertia f > 2.
Let k be a positive integer, such that k = p"ki. Assume that ky|(q — 1) where ¢ = p/ and
set t = (q—1)/k1. Also assume that the P is unramified, and that every element in the
finite field R/P = Rp/Pp = F, of q elements is expressible as a sum of k-th powers. Let
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v = v(k,P), then for any positive integer m,
vk, P™) < 2k ifp=2,

and if p is odd

v(k,P™) < min

(ﬁ)kdhsv <pf/J;—1)k‘} if f>2 and ki > p!/?

<%>k+6 if f =2 and ky > p/7?
\

where 6 =1 if ky = p—1 and § = 0 otherwise.

The proof of Theorem 4.4.1 follows immediately form Proposition 4.4.2 and Ramanujam’s
result [24, Proposition 1] which we give below in Proposition 4.4.1.

Suppose that the set of k-th powers in Rp/Pp = IF,s generates a subfield F,, with ¢; = ph
elements where f;|f. Notice that here f; may be equal to f. Ramanujam proved in [24] (as
shown in Lemmas 3.2.3 and 3.2.4) that if Ay, is the subring of Rp generated by sums of
k1-th powers, then the subring

m:{(ng%—prple---—i—prxr)6R7>|$i€Akl forizO,l,...,r}

contains Ay which is the sub ring generated by sums of k-th powers in Rp. Actually

Ramanujam showed that the two set are equal unless p = 2 and f; # f.

Proposition 4.4.1. [2/, Ramanujam, Proposition 1] Let R be the ring of integers in a
number field F'. Let P be an prime ideal in R, such that P lies over the rational prime p
and has degree of inertia f > 1. Let k be a positive integer, such that k = p"ky with r > 1
and ptky. Assume that ki|(q — 1) where ¢ = p/. Also, assume that P does not ramify. For

any positive integer m

P
< [ —

where § =1 if ky = p—1 and § = 0 otherwise.
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To get the remaining upper bounds in Theorem 4.4.1, we have the following.

Proposition 4.4.2. Let R be the ring of integers in a number field F'. Let P be a prime
tdeal in R such that P lies over the odd rational prime p and has degree of inertia f > 1.
Let k be a positive integer, such that k = p"ky. Assume that ki|(q — 1) where ¢ = p’ and set
t=(q—1)/ki. Also assume that the P is unramified, and that every element in the finite
field R/P = Rp/Pp = F, of q elements is expressible as a sum of k-th powers. Then for

any positive integer m

¢ 2.84/log p
th (kﬁ) +1iff>2 and ky < pfP2,
v(k,P™) < (1#) k if f>2, and ky > p'/2,
[ 2k if f =2, and ky > p.

Lemma 4.4.1. With the same assumptions as in Theorem 4.4.2, for any positive integer

m we have

v(k, P™) < fy(k,p ),

where y(k,p"™') is as defined in Chapter 2.

Proof. Since P does not ramify, and p > 3, by Theorem 3.2.1, we need only consider
congruences modulo P"*!, where n = er = r. Also, it follows from Lemma 3.4.2 that
the set of sums of k-th powers in R/P is spanned over I, by the set of k-th power units
Y = {T, T, TQ, . 7T¢(t)71}. Here T € R is as in Section 3.4, that is, T = a* where a is a
representative for the residue class which is a generator of the group of units in R/P. Recall
also that T is a primitive ¢-th root of unity in R/P"*!.

Furthermore, since every element in the finite field R/P = F, is expressible as a sum of
k-th powers, there must be a set of f linearly independent (over F,) elements in the set V,
say {Tl,Tg, o ,Tf}. In particular, f < ¢(t).

Now, since 11,75, ...,Ty are elements is 2 such that T.,T,, ... ,Tf € R/P=F, are

linearly independent over F,, then as shown in Lemma 3.4.4 in Section 3.4, T3,T5,..., T}
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are linearly independent over Z when viewed in R/P"*!. Consider the set

f
S = {Zmﬂ (mod P | 0<n; <p™t'— 1}.
i=1
Then any two elements in S are distinct and
|S| _ ‘R/Pr+1| _ p(r—l-l)f‘

Therefore S = R/P" .
For any element o € Ry, there exist rational integers nq, na,...,ny € Z/p"7Z such that

a can be represented as follows
f
a= anTz (mod P"t1).
i=1

Let s = y(k,p"™!) be as defined in Chapter 2. Then there exist rational integers z;1, Tso, - . . , Tis

such that

S
_ § k r+1

j=1
for some \; € Z, and thus

f s

a= Z ZxZTZ (mod Pt1h).

i=1 j=1

Hence
Yk, P™) < fs = fy(k,p).
m
Remark:

Since f < ¢(t), the upper bound in this result is sharper than the one obtained
in Theorem 4.3.1.
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Proof of Proposition /.4.2. As in the proof of Lemma 4.4.1, since P does not ramify, and

p >3, by Theorem 3.2.1, we need only consider congruences modulo P"+1. If k; < p//? then

:pf—l pf—l_f/2 1

13 > =D T 90
kq pf/2 pf/2

and since t € Z the last inequality implies that ¢ > p//2. In this case Cipra [11] and
independently Glibichuk [16], proved that

7 =k, P) <8

Applying the lifting results in Corollary 3.2.1 (or equivalently Corollary 3.2.2), as in section
4.3, we get

vk, P < = [(29(k, P) + 1) +1].

N | =

That is, we get

17 1

Since k = ky1p” then r = log (k—kl> /log p. Thus we obtain

v(k, P < %7(17)1°g(¥i)/1°g1’+%

17 L log(17)/logp 1 17 L 2.84/logp 1
< (= fo=" + =
2 \ Kk 2 2 \ Kkt 2

On the other hand, if k; > p//? then from Lemma 4.4.1 we have

vk, P < fr(k ™) <

f f
) (pf_]/z) - <pf/2‘1> .

Finally, we consider the case when f = 2 and k; > p//? = p. Then from Lemma 4.4.1 as

above

2
3k, P < 2k ) < 2

1

< 2k.
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Appendix A
UBASIC Program

The UBASIC Program used to extend the range for p in the result obtained by Voloch [34]
that (p,p?) < 3 for p < 211 except for p = 3,7,11,17 and 59 to p < 1000.

10 dim C%(10000):dim P%(10000):dim M%(10000)
20 input P

30 for I =0 to P

40 M%(I) = O:mext [

50 P2 = P?

60 for A=1to P—1

70 for D=1to (P—1)\2

80 if (p — 1)@QD = 0 then goto 100

90 next D

100 if modpow(A, D, P) =1 then cancel fornext A
110 next D

130 if modpow(A, P — 1, P2) = 1then A= A+ P
135 print "a =";A

140 for I =0to P —1

150 C%(I) =modpow (A, I, P2)

170 next I
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180 for J=0to P —1

190 P%(J) =modpow(.J, P, P2)

200 next J

210 for B=0to P — l:for C =0 to B

220 S = (1 + P%(B) + P%(C))QP2

230 S1 =movinv(S, P2)

240 for K =1to P —1

250 if modpow(C%(K) * S1,P — 1, P2) = 1 then M%(K) =1
260 next K

270 next C'next B

280 for I =0to P —1

290 if M%(I) = 0 then print ”Exception”,P,C'%(I)
300 next [

310 P=nxtprm(P)

315 print "p =";P

320 goto 30
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