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Abstract

Several methods for a stable solution to the equation F'(u) = f have been developed.
Here F : H — H is an operator in a Hilbert space H, and we assume that noisy data f;,
| fs — [l <9, are given in place of the exact data f.

When F' is a linear bounded operator, two versions of the Dynamical Systems Method
(DSM) with stopping rules of Discrepancy Principle type are proposed and justified math-
ematically.

When F' is a non-linear monotone operator, various versions of the DSM are studied. A
Discrepancy Principle for solving the equation is formulated and justified. Several versions of
the DSM for solving the equation are formulated. These methods consist of a Newton-type
method, a gradient-type method, and a simple iteration method. A priori and a posteriori
choices of stopping rules for these methods are proposed and justified. Convergence of the
solutions, obtained by these methods, to the minimal norm solution to the equation F'(u) =
f is proved. Iterative schemes with a posteriori choices of stopping rule corresponding to
the proposed DSM are formulated. Convergence of these iterative schemes to a solution to
the equation F'(u) = f is proved.

This dissertation consists of six chapters which are based on joint papers by the author
and his advisor Prof. Alexander G. Ramm. These papers are published in different journals.
The first two chapters deal with equations with linear and bounded operators and the last

four chapters deal with non-linear equations with monotone operators.
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Chapter 1

Dynamical systems gradient method
for solving ill-conditioned linear
algebraic systems.

Published in Acta Appl. Math., 111, N2, (2010), 189-204.



Dynamical systems gradient method for solving

ill-conditioned linear algebraic systems

N. S. Hoangt* A. G. Rammt?

tMathematics Department, Kansas State University,

Manhattan, KS 66506-2602, USA

Abstract

A version of the Dynamical Systems Method (DSM) for solving ill-conditioned linear algebraic
systems is studied in this paper. An a priori and a posteriori stopping rules are justified. An
algorithm for computing the solution using a spectral decomposition of the left-hand side matrix
is proposed. Numerical results show that when a spectral decompositon of the left-hand side
matrix is available or not computationally expensive to obtain the new method can be considered
as an alternative to the Variational Regularization.

Keywords. Ill-conditioned linear algebraic systems , Dynamical Systems Method (DSM),
Variational Regularization

MSC: 65F10; 65F22

1 Introduction

The Dynamical Systems Method (DSM) was systematically introduced and investigated in [19] as
a general method for solving operator equations, linear and nonlinear, especially ill-posed operator
equations (see also [20]-[23]). In several recent publications various versions of the DSM, proposed
in [19], were shown to be as efficient and economical as variational regularization methods (see [4]-
[10], [15]). This was demonstrated, for example, for the problems of solving ill-conditioned linear
algebraic systems (cf. [2]), and stable numerical differentiation of noisy data (see [16], [17], [3]).
The aim of this paper is to formulate a version of the DSM gradient method for solving ill-posed

linear equations and to demonstrate numerical efficiency of this method. There is a large literature
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on iterative regularization methods. These methods can be derived from a suitable version of the
DSM by a discretization (see [19]). In the Gauss-Newton-type version of the DSM one has to invert
some linear operator, which is an expensive procedure. The same is true for regularized Newton-
type versions of the DSM and of their iterative counterparts. In contrast, the DSM gradient method
we study in this paper does not require inversion of operators.

We want to solve equation

Au = f, (1)

where A is a linear bounded operator in a Hilbert space H. We assume that (1) has a solution,
possibly nonunique, and denote by y the unique minimal-norm solution to (1), y L N := N(A4) :=
{u: Au = 0}, Ay = f. We assume that the range of A, R(A), is not closed, so problem (1) is
ill-posed. Let fs, || f — fs5]] < d, be the noisy data. We want to construct a stable approximation
of y, given {0, fs, A}. There are many methods for doing this, see, e.g., [11], [12], [13], [19], [25],
to mention a few books, where variational regularization, quasisolutions, quasiinversion, iterative
regularization, and the DSM are studied.

The DSM version we study in this paper consists of solving the Cauchy problem

a(t) = —A*(Ault) — ), u(0) =uo, wo LN, i:= %, @)

where A* is the adjoint to operator A, and proving the existence of the limit lim;_, o u(t) = u(o0),

and the relation u(c0) =y, i.e.,

Jim Ju(t) — y = 0. (3)

If the noisy data fs are given, then we solve the problem
us(t) = —A"(Aus(t) — f5),  us(0) = uo, (4)
and prove that, for a suitable stopping time t5, and us := ugs(ts), one has
li — vyl =0.
tim [lus — ) = 0 (5)

In Section 2 these results are formulated precisely and recipes for choosing ts are proposed.

The novel results in this paper include the proof of the discrepancy principle (Theorem 3), an
efficient method for computing wus(ts) (Section 3), and an a priori stopping rule (Theorem 2).

Our presentation is essentially self-contained.

Our results show that the DSM provides a method for solving a wide range of ill-posed prob-

lems, which is quite competitive with other methods, currently used. The DSM yields sometimes



better accuracy and stability than variational regularization, and is simple in computational im-

plementation.

2 Results
Suppose A : H — H is a linear bounded operator in a Hilbert space H. Assume that equation
Au=f (6)

has a solution not necessarily unique. Denote by y the unique minimal-norm solution i.e., y L

N := N (A). Consider the following Dynamical Systems Method (DSM)

u(0) = up,

where ug L N is arbitrary. Denote T := A*A, Q := AA*. The unique solution to (7) is
¢
u(t) = e Tuy + e_tT/ esTdsA*f.
0

Let us show that any ill-posed linear equation (6) with exact data can be solved by the DSM.

2.1 Exact data

Theorem 1 Suppose ug L. N. Then problem (7) has a unique solution defined on [0,00), and

u(o0) =y, where u(oo) = limy_, o u(t).
Proof. Denote w := u(t) — y, wp = w(0). Note that wy L N. One has
W= —Tw, T=A"A. (8)
The unique solution to (8) is w = e Twg. Thus,
) i,
ful = [ P dExun, w).
0

where (u,v) is the inner product in H, and FE) is the resolution of the identity of the selfadjoint

operator T'. Thus,

2 Il 26\ 2
|w(co)||” = lim e d(Eywo, wo) = || Pywoll* =0,
t—o0 0
where Py = Eg — E_g is the orthogonal projector onto N. Theorem 1 is proved. a



2.2 Noisy data f;

Let us solve stably equation (6) assuming that f is not known, but fs, the noisy data, are known,

where || fs — f]| < J. Consider the following DSM
s = —A"(Aus — f5),  us(0) = uo.

Denote

ws :=us —y, T:=AA, ws(0)=wy:=uy—yecN".
Let us prove the following result:
Theorem 2 Iflims_,gts = oo, lims_gtsd = 0, and wy L N, then
li ts)|| = 0.
lim [lws(t5)]

Proof. One has
ws = —Tws +ns, 15 =A(fs =), |nsll < |Allo. 9)

The unique solution of equation (9) is

t
ws(t) = e Tws(0) —I—/ e~ =) sds.
0

Let us show that lim;_, ||ws(t)]] = 0. One has

t
. < 1 T . —(t—$)T
Jim Joso)] < fim e Tus) + i | [ gas], (10
One uses the spectral theorem and gets:
t t rlITl \
/ e_(t_s)Tdsm = / / dE,\nge_(t_s) ds
0 0o Jo
i, et — 1dE 1T — o—tA . (11)
= /0 € B\ s = /0 ﬁ PULE
Note that
1— e—t)\
0<——<t YA>0,20, (12)
since 1 —x < e ® for x > 0. From (11) and (12), one obtains
t 2 1Tl 1 — e—tA 9
H / e~ =T qsps|| = / |f\ d(Exns, ns)
0 0
17|
< tz/ d{Exns, 1) (13)

= £*||ns]|*.



Since [|ns]] < ||A|0, from (10) and (13), one gets
lim ||w5(t5)\| < lim <||€_t6Tw(5(0)H —|—t55||AH> =0.
6—0 6—0
Here we have used the relation:
lim [l ™" w5 (0)]| = || Pvwol| = 0,
6—0
and the last equality holds because wy € N'*. Theorem 2 is proved. O

From Theorem 2, it follows that the relation t5 = 5%, v = const, v € (0,1) and C > 0 is a

constant, can be used as an a priori stopping rule, i.e., for such ¢s5 one has
lim [lus(£5) — yl] = 0. (14)
6—0

2.3 Discrepancy principle
Let us consider equation (6) with noisy data fs, and a DSM of the form
g = —A*Augs + A* [, U5(0) = Uug. (15)

for solving this equation. Equation (15) has been used in Section 2.2. Recall that y denotes the

minimal-norm solution of equation (6).
Theorem 3 Assume that ||Aug — fs]| > Cd. The solution ts to the equation
h(t) == ||Aus(t) — f5]] = Co, 1< C = const, (16)

does exist, is unique, and
Lim [Jus (t5) —yll = 0. (17)
Proof. Denote
vs(t) == Aug(t) — fs, T:=A"A, Q= AA*
and
ws(t) == ug(t) — v, wp = uy — Y.
One has
L os(0)]> = 2Re A1), Aug(t) — fi)
= 2Re(A[~A"(Aus(t) — f5)], Aug(t) — fs) (18)

— —2fA*us(1)|> < 0.



Thus, ||vs(t)| is a nonincreasing function. Let us prove that equation (16) has a solution for C' > 1.

Recall the known commutation formulas:
e T A" = A*e™5Q, Ae™T = 1R 4.
Using these formulas and the representation

t
ug(t) = e_tTU() —l—/ 6_(t_S)TA*f5dS,
0

one gets:
vs(t) = Aus(t) — fs
= Ae Tug + A /Ot e I fyds — fs
= e 9 Aug + ¢ /Ot e*CdsQfs — fs
=e @Ay —y) +e U + e ) f5 — f5
=e QAwg + e Cf — 795
Note that

lim e @ Awy = lim Ae T wy = APy wy = 0.
t—00 t—00

Here the continuity of A, and the following relations
71

lim e Twy = lim e St dEswy = (Ey — E_g)wy = Pywo,
t—o00 t—o00 0

were used. Therefore,

Jim [Jos(1)]| = Jim [le™9(F — f3)]| < [If — foll <6

(20)

because [le~?|| < 1. The function h(t) is continuous on [0, 00), h(0) = ||Aug — f5|| > CJ, h(c0) < 4.

Thus, equation (16) must have a solution ;.

Let us prove the uniqueness of t5. Without loss of generality we can assume that there exists

t1 > ts such that |Aus(t1) — fs|| = Cd. Since |lvs(t)|| is nonincreasing and ||vs(ts)|| = |lvs(t1)]], one

has
lvs()]| = llvs(ts)ll, WVt € [ts, ta].

Thus,
d
E|yv5(t)u2 =0, Vi€ (ts,t1).



Using (18) and (21) one obtains
Atvs(t) = A"(Aus(t) — f5) =0, V€ [ts, ta].
This and (15) imply
us(t) =0, Vte (tg,ty). (22)
One has
us(t) = —Tus(t) + A" fs

t
=T <e_tTuo + / e_(t_S)TA*f(;ds> + A* fs

0 (23)

= —Te Tug— (I —e M)A f5+ A* f;s
= —e T (Tug — A* f).

From (23) and (22), one gets Tug — A*f = eTe™ T (Tug — A*f) = 0. Note that the operator e'* is
an isomorphism for any fixed ¢ since T is selfadjoint and bounded. Since Tuy — A*f = 0, by (23)
one has s(t) =0, us(t) = us(0), ¥t > 0. Consequently,

Co < ||Aus(0) — fsl| = [[Aus(ts) — fsll = C6.

This is a contradiction which proves the uniqueness of ts.

Let us prove (17). First, we have the following estimate:

[Au(ts) — fIl < [|Aults) — Aus(ts)l| + [|Aus(ts) — fsll + [ fs — [l

is (24)
< e_t“Q/ e*?Qds|||| fs — fIl + C3 + 6.
0
Let us use the inequality:
ts
He_t“Q/ ESQQdSH =||I —e %9 <2,
0
and conclude from (24), that
lim || Au(ts) — f[| = 0. (25)
6—0
Secondly, we claim that
lim t5 = oo. 26
61—% £} o0 ( )
Assume the contrary. Then there exist tp > 0 and a sequence (t5,)22, t5, < to, such that
lim | Au(ts,) = f|| = 0. (27)
n—oo

8



Analogously to (18), one proves that
ol _
.  —
where v(t) := Au(t) — f. Thus, ||v(t)|| is nonincreasing. This and (27) imply the relation ||v(to)| =

| Au(to) — f]| = 0. Thus,

0,

0 =v(ty) = e % A(ug — y).
This implies A(ug — y) = Qe R A(uy — y) = 0, so ug —y € N. Since ug —y € N, it follows
that ug = y. This is a contradiction because

Co < |Aug — fsll = [|f — fsl| <0, 1<C.

Thus, limg_,gts = oo.
Let us continue the proof of (17). Let ws(t) := ug(t) —y. We claim that ||ws(t)|| is nonincreasing

on [0, %s]. One has

= 2Re(—A*(Aus(t) — f5), us(t) — y)
= —2Re(Aus(t) — fs5, Aus(t) — f5 + f5 — Ay)

< 2] Aus(t) — i <||Au5<t> ol s - fH)

<0.

Here we have used the inequalities:
[Aus(t) = fsll = Co > ||fs — Ayl =0, Vt € [0,5].

Let € > 0 be arbitrary small. Since lim;_,~ u(t) = y, there exists ¢ty > 0, independent of §, such

that

[u(to) =yl < 5- (28)

N

Since limg_,ots = 0o (see (26)), there exists dp > 0 such that t5 > to, Vd € (0,dp). Since |Jws(t)|| is

nonincreasing on [0, ts] one has
[ws(ts)]l < llws(to)ll < [[us(to) — ulto)l| + llulto) —yll, Vo € (0,d0). (29)
Note that

to to
[[us(to) — u(to)l| = He_tOT/ e’TdsA*(f5 — f)ll < He_tOT/ s A*||6. (30)
0 0

9



Since e~toT foto e’TdsA* is a bounded operator for any fixed ty, one concludes from (30) that

limg_q ||us(to) — u(to)|| = 0. Hence, there exists d; € (0, dy) such that

lus(to) — u(to) | < 5, V6 € (0,61). (31)
From (28)—(31), one obtains
lus(ts) = yll = llws(ts)ll < 5 +5 =< V6 € (0,80).
This means that lims_,o us(ts) = y. Theorem 3 is proved. O

3 Computing us(ts)

3.1 Systems with known spectral decomposition

One way to solve the Cauchy problem (15) is to use explicit Euler or Runge-Kutta methods with a
constant or adaptive stepsize h. However, stepsize h for solving (15) by explicit numerical methods
is often smaller than 1 and the stopping time t5 = nh may be large. Therefore, the computation
time, characterized by the number of iterations n, for this approach may be large. This fact is also
reported in [2], where one of the most efficient numerical methods for solving ordinary differential
equations (ODEs), the DOPRI45 (see [1]), is used for solving a Cauchy problem in a DSM. Indeed,
the use of explicit Euler method leads to a Landweber iteration which is known for slow convergence.
Thus, it may be computationally expensive to compute us(ts) by numerical methods for ODEs.
However, when A in (15) is a matrix and a decomposition A = USV*, where U and V are
unitary matrices and S is a diagonal matrix, is known, it is possible to compute us(ts) at a speed
comparable to other methods such as the variational regularization (VR) as it will be shown below.
We have

t
us(t) = e Tug + e_tT/O eTdsA*fs, T := A*A. (32)

Suppose that a decomposition

A=USV™, (33)
where U and V' are unitary matrices and S is a diagonal matrix is known. These matrices possibly
contain complex entries. Thus, T = A*A = VSSV* and e = eV 5SSV, Using the formula
V5SSV = v eSS V*, which is valid if V is unitary and SS is diagonal, equation (32) can be rewritten

as

_ t _
us(t) = Ve 5V *ug + V / eSS 4sSU* fs. (34)
0

10



Here, the overbar stands for complex conjugation. Choose ug = 0. Then
t & —
us(t) =V / e 9545Shs,  hs = U*f. (35)
0

Let us assume that

5 <|I£II (36)

This is a natural assumption. Let us check that

A*fs #0. (37)
Indeed, if A*f5 = 0, then one gets
(f5: f) = (f5, Ay) = (A" f5,9) = 0, (38)
This implies
&>\ f = S5l = 117+ 115017 > 62 (39)

This contradiction implies (37).

The stopping time t5 we choose by the following discrepancy principle:

ts _ B _
| Aus(ts) — fsll = H/ 1995455 Shs — hs|| = [le=55Shs|| = Co.
0
where 1 < C.
Let us find t5 from the equation
O(t) = p(t) —CO=0,  P(t) := [ ny]). (40)

The existence and uniqueness of the solution ts to equation (40) follow from Theorem 3.

We claim that equation (40) can be solved by using Newton’s iteration (48) for any initial value
to such that ¢(ty) > 0.

Let us prove this claim. It is sufficient to prove that ¢(¢) is a monotone strictly convex function.
This is proved below.

Without loss of generality, we can assume that hs (see (40)) is a vector with real components.
The proof remained essentially the same for hs with complex components.

First, we claim that
VSShs #0,  and ||V SSe "5 #£0, (41)
so P(t) > 0.

11



Indeed, since e *% is an isomorphism and e **% commutes with v/.SS one concludes that

1V SSe 55 hs|| = 0 iff V/SShs = 0. If V'SShs = 0 then Shs = 0, and, therefore,
0= Shs = SU* fs = V*VSU* f5 = V* A* f. (42)

Since V' is a unitary matrix, it follows from (42) that A* fs = 0. This contradicts to relation (37).

Let us now prove that ¢ monotonically decays and is strictly convex. Then our claim will be

proved.
One has
d _ _ _ B _
A7 hs, €75 hg) = —2(e™"hy, S5 hy).
Thus, _ _ _
’l/)(t) — i”e—tgsh(g” — %||6_t‘?‘9h6||2 _ <e—tSSh57 ?Se—tSshw ' (43)
dt 2[|e~t5Shy| e~ 55 hs |

Equation (43), relation (41), and the fact that (e *Shgs, $Se™"55hs) = ||[v/§Se "SShs||? imply
() < 0. (44)
From equation (43) and the definition of ¢ in (40), one gets
P()(t) = —(e 55 hs, §Se 5 hy) (45)

Differentiating equation (45) with respect to t, one obtains

VOP(E) + P2 (t) = (SSe 55 hg, S5~ 55 hg) + (75 hs, §55Se ™5 hs)

= 2||5Se 55y 2.

This equation and equation (43) imply

. <€_t§5h5,556_t§‘9h5>2

wOH(E) = 2ASSe ol — S ey 2 |88 Sl > 0. (16)

Here the inequality: (e "Shs, SSe t5hs) < ||let55hs||||SSe 5 hs| was used. Since @ > 0,
inequality (46) implies

P(t) > 0. (47)
It follows from inequalities (44) and (47) that ¢(t) is a strictly convex and decreasing function on

(0,00). Therefore, ts can be found by Newton’s iterations:

tn
tn+1 == tn - ¢( )
—tn 5SS _ _
=t, + e hall — €0 le~t"9Shs||, n=0,1,..,

<§Se_t"§5h5, e_tn§5h5>

12



for any initial guess tg of t5 such that ¢(t9) > 0. Once ts is found, the solution wus(ts) is computed

by (35).

Remark 1 In the decomposition A = V.SU* we do not assume that U,V and S are matrices with
real entries. The singular value decomposition (SVD) is a particular case of this decomposition.
It is computationally expensive to get the SVD of a matrix in general. However, there are many
problems in which the decomposition (33) can be computed fast using the fast Fourier transform
(FFT). Examples include image restoration problems with circulant block matrices (see [14]) and

deconvolution problems. (see Section 4.2).

3.2 On the choice of t,

Let us discuss a strategy for choosing the initial value ¢y in Newton’s iterations for finding t5. We

choose t( satisfying condition:
0 < ¢(to) = [le 55hs|| — 6 < § (49)
by the following strategy
1. Choose tj := 10@ as an initial guess for .
2. Compute ¢(tg). If ¢y satisfying (49) we are done. Otherwise, we go to step 3.

3. If ¢(to) < 0 and the inequality ¢(to) > & has not occurred in iteration, we replace to by 2
and go back to step 2. If ¢(tg) < 0 and the inequality ¢(typ) > 0 has occurred in iteration, we

replace ty by %0 and go back to step 2. If ¢(ty) > J, we go to step 4.

4. If ¢(tg) > 9 and the inequality ¢(t9) < 0 has not occured in iterations, we replace tog by 3t
and go back to step 2. If the inequality ¢(¢9) < 0 has occured in some iteration before, we

stop the iteration and use tg as an initial guess in Newton’s iterations for finding ¢s.

4 Numerical experiments

In this section results of some numerical experiments with ill-conditioned linear algebraic systems
are reported. In all the experiments, by DSMG we denote the version of the DSM described in
this paper, by VR we denote the Variational Regularization, implemented using the discrepancy

principle, and by DSM-[2] we denote the method developed in [2].

13



4.1 A linear algebraic system for the computation of second derivatives

Let us do some numerical experiments with linear algebraic systems arising in a numerical experi-
ment of computing the second derivative of a noisy function.
The problem is reduced to an integral equation of the first kind. A linear algebraic system is

obtained by a discretization of the integral equation whose kernel K is Green’s function

s(t—1), if s<t
K(s,t) = .
ts—1), if s>t
Here s,t € [0,1]. Using Ay from [2], we do some numerical experiments for solving uy from the

linear algebraic system Anyuy = bys. In the experiments the exact right-hand side is computed

by the formula by = Ayuy when uy is given. In this test, uy is computed by

T
un = (ulta). ultn ), coulina)) s =

where u(t) is a given function. We use N = 10, 20, ...,100 and by s = by +en, where ey is a random
vector whose coordinates are independent, normally distributed, with mean 0 and variance 1, and
scaled so that |lex|| = dr¢|lbn]|. This linear algebraic system is mildly ill-posed: the condition
number of Ajq is 1.2158 x 10,

In Figure 1, the difference between the exaction and solution obtained by the DSMG, VR and
DSM-[2] are plotted. In these experiments, we used N = 100 and u(t) = sin(nt) with d,; = 0.05
and d,¢; = 0.01. Figure 1 shows that the results obtained by the VR and the DSM-[2] are very close
to each other. The results obtained by the DSMG are much better than those by the DSM-[2] and
by the VR.

Table 1 presents numerical results when N varies from 10 to 100, u(t) = sin(27t), and t € [0, 1].
In this experiment the DSMG yields more accurate solutions than the DSM-[2] and the VR. The
DSMG in this experiment takes more iterations than the DSM-[2] and the VR to get a solution.

In this experiment the DSMG is implemented using the SVD of A obtained by the function
svd in Matlab. As already mentioned, the SVD is a special case of the spectral decomposition
(33). Tt is expensive to compute the SVD, in general. However, there are practically important
problems where the spectral decomposition (33) can be computed fast (see Section 4.2 below).
These problems consist of deconvolution problems using the Fast Fourier Transform (FFT's).

The conclusion from this experiment is: the DSMG may yield results with much better accuracy
than the VR and DSM-[2]. Numerical experiments for various u(t) show that the DSMG competes
favorably with the VR and the DSM-[2].
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Figure 1: Plots of differences between the exact solution and solutions obtained by the DSMG, VR
and DSM-[2].

4.2 An application to image restoration

The image degradation process can be modeled by the following equation:
95 =g+ w, g:h*f7 HTUHS(S, (50)

where h represents a convolution function that models the blurring that many imaging systems
introduce. For example, camera defocus, motion blur, imperfections of the lenses, all these phe-
nomenon can be modeled by choosing a suitable h. The functions g5, f, and w are the observed
image, the original signal, and the noise, respectively. The noise w can be due to the electronics
used (thermal and shot noise), the recording medium (film grain), or the imaging process (photon
noise).

In practice g, h and f in equation (50) are often given as functions of a discrete argument and

equation (50) can be written in this case as
o
gsi=gitwi= > fihijtw, i€L. (51)
j=—00
Note that one (or both) signals f; and h; have compact support (finite length). Suppose that signal
f is periodic with period N, i.e., fitny = fi, and h; = 0 for j < 0 and j > N. Assume that f is

represented by a sequence fy,..., fy—1 and h is represented by hg, ..., hy—1. Then the convolution
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Table 1: Numerical results for computing second derivatives with d,..; = 0.01.

DSM DSM-[2] VR
N | Diter % Llinsol % Nlinsol %
20 9 0.0973 3 0.1130 6 0.1079
30 5 0.0831 4 0.1316 6 0.1160
40 7 0.0488 4 0.1150 6 0.1045
50 9 0.0614 4 0.1415 6 0.1063
60 6 0.0419 4 0.0919 6 0.0817
70 9 0.0513 4 0.0961 6 0.0842
80 6 0.0418 4 0.1225 6 0.0981
90 7 0.0287 4 0.0919 7 0.0840
100 7 0.0248 5 0.0778 7 0.0553

h x f is periodic signal g with period N, and the elements of g are defined as

N-1

gi = > hifi-jymoans i=0,1,.,N —1. (52)
j=0

Here (i — j)mod N is i — j modulo N. The discrete Fourier transform (DFT) of g is defined as the

sequence

N-1
gei= Y gie RNk =0,1,.,N - 1.
j=0

Denote § = (o, ..., gn—1)". Then equation (52) implies
g=1rh, fhi=(foho, filn, ... fv—1hn-1)T. (53)

Let a = (ag,...,an_1)" and diag(a) denote a diagonal matrix whose diagonal is (ao,...,an_1) and

other entries are zeros. Then equation (53) can be rewritten as
g=Af,  A:=diag(h). (54)

Since A is of the form (33) with U = V = I and S = diag(h), one can use the DSMG method to
solve equation (54) stably for f.

The image restoration test problem we use is taken from [14]. This test problem was developed
at the US Air Force Phillips Laboratory, Lasers and Imaging Directorate, Kirtland Air Force Base,
New Mexico. The original and blurred images have 256 x 256 pixels, and are shown in Figure 2.

These data has been widely used in the literature for testing image restoration algorithms.
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Original Blurred noisy image

Figure 2: Original and blurred noisy images.

Figure 3 plots the regularized images by the VR and the DSMG when d,; = 0.01. Again, with

an input value for 6,.;, the observed blurred noisy images is computed by

gl
lerr]|

gs =9+ 57‘61 err,

where err is a vector with random entries normally distributed with mean 0 and variance 1. In this
experiment, it took 5 and 8 iterations for the DSMG and the VR, respectively, to yield numerical
results. From Figure 3 one concludes that the DSMG is comparable to the VR in terms of accuracy.

The time of computation in this experiment is about the same for the VR and DSMG.

VR DSM

Figure 3: Regularized images when noise level is 1%.

Figure 4 plots the regularized images by the VR and the DSMG when 4,; = 0.05. It took 4
and 7 iterations for the DSMG and the VR, respectively, to yield numerical results. Figure 4 shows
that the images obtained by the DSMG and the VR are about the same.
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DSM

Figure 4: Regularized images when noise level is 5%.

The conclusions from this experiment are: the DSMG yields results with the same accuracy as
the VR, and requires less iterations than the VR. The restored images by the DSM-[2] are about
the same as those by the VR.

Remark 2 Equation (50) can be reduced to equation (53) whenever one of the two functions f

and h has compact support and the other is periodic.

5 Concluding remarks

A version of the Dynamical Systems Method for solving ill-conditioned linear algebraic systems is
studied in this paper. An a priori and a posteriori stopping rules are formulated and justified. An
algorithm for computing the solution in the case when a spectral decomposition of the matrix A
is available is presented. Numerical results show that the DSMG, i.e., the DSM version developed
in this paper, yields results comparable to those obtained by the VR and the DSM-[2] developed
in [2], and the DSMG method may yield much more accurate results than the VR method. It is
demonstrated in [14] that the rate of convergence of the Landweber method can be increased by
using preconditioning techniques. The rate of convergence of the DSM version, presented in this
paper, might be improved by a similar technique. The advantage of our method over the steepest
descent in [14] is the following: the stopping time ts can be found from a discrepancy principle
by Newton’s iterations for a wide range of initial guess ty; when tg is found one can compute the
solution without any iterations. Also, our method requires less iterations than the steepest descent

in [14], which is an accelerated version of the Landweber method.

18



References

[1]

Hairer, E., and Ngrsett, S. P., and Wanner, G., Solving ordinary differential equation I, nonstiff prob-
lems, Springer, Berlin, 1987.

Hoang, N. S. and Ramm, A. G., Solving ill-conditioned linear algebraic systems by the dynamical
systems method (DSM), Inverse Problems in Sci. and Engineering, 16, N5, (2008), pp. 617 - 630.

Hoang, N. S. and Ramm, A. G., On stable numerical differentiation, Australian J. Math. Anal. Appl.,
5, N1, (2008), Article 5, pp.1-7.

Hoang, N. S. and Ramm, A. G., An iterative scheme for solving nonlinear equations with monotone

operators, BIT Numer. Math. 48, N4, (2008), 725-741.

Hoang, N. S. and Ramm, A. G., Dynamical systems method for solving linear finite-rank operator

equations, Ann. Polon. Math., 95, N1, (2009), 77-93.

Hoang, N. S. and Ramm, A. G., Dynamical systems method for solving nonlinear equations with

monotone operators, Math. of Comput., (to appear)

Hoang, N. S. and Ramm, A. G., Dynamical Systems Gradient method for solving nonlinear equations

with monotone operators, Acta Appl. Math., 106, (2009), 473-499.

Hoang, N. S. and Ramm, A. G., A new version of the Dynamical Systems Method (DSM) for solving
nonlinear equations with monotone operators, Diff. Eqns and Appl., 1, N1, (2009), 1-25.

Hoang, N. S. and Ramm, A. G., A discrepancy principle for equations with monotone continuous

operators, Nonlinear Analysis: Theory, Methods and Appl., 70, (2009), 4307-4315.

Hoang, N. S. and Ramm, A. G., The Dynamical Systems Method for solving nonlinear equations with

monotone operators, Asian Europ. Math. Journ., (to appear)

Ivanov, V., Tanana, V., Vasin, V., Theory of ill-posed problems, VSP, Utrecht, 2002.
Lattes, J., Lions, J., Methode de quasi-réversibilité et applications, Dunod, Paris, 1967.
Morozov, Methods of solving incorrectly posed problems, Springer Verlag, New York, 1984.

Nagy, J. G. and Palmer, K. M., Steepest descent, CG, and iterative regularization of ill-posed problems,
BIT Numerical Mathematics, 43(2003), 1003-1017.

Ramm, A. G., Dynamical systems method for solving linear ill-posed problems, Ann. Polon. Math., 95,

N3, (2009), 253-272.

19



Ramm, A. G. and Smirnova, A. B., On stable numerical differentiation, Mathem. of Computation, 70,

(2001), 1131-1153.

Ramm, A. G. and Smirnova, A. B., Stable numerical differentiation: when is it possible? Jour. Korean

SIAM, 7, N1, (2003), 47-61.

Ramm, A. G. and Airapetyan, R., Dynamical systems and discrete methods for solving nonlinear
ill-posed problems, Appl. Math. Reviews, vol. 1, Ed. G. Anastassiou, World Sci. Publishers, 2000,
pp-491-536.

Ramm, A. G., Dynamical systems method for solving operator equations, Elsevier, Amsterdam, 2007.

Ramm, A. G., Dynamical systems method for solving operator equations, Communic. in Nonlinear Sci.

and Numer. Simulation, 9, N2, (2004), 383-402.

Ramm, A. G., Dynamical systems method (DSM) and nonlinear problems, in the book: Spectral Theory
and Nonlinear Analysis, World Scientific Publishers, Singapore, 2005, 201-228. (ed J. Lopez-Gomez).

Ramm, A. G., Dynamical systems method (DSM) for unbounded operators, Proc.Amer. Math. Soc.,
134, N4, (2006), 1059-1063.

Ramm, A. G., Dynamical systems method for nonlinear equations in Banach spaces, Communic. in

Nonlinear Sci. and Numer. Simulation, 11, N3, (2006), 306-310.

Tautenhahn, U., On the asymptotical regularization of nonlinear ill-posed problems, Inverse Problems,

10 (1994) 1405-1418.

Vainikko, G., Veretennikov, A., Iterative processes in ill-posed problems, Nauka, Moscow, 1996.

20



Chapter 2

Dynamical systems method for
solving finite-rank operator equations

Published in Ann. Polon. Math., 95, N1, (2009), 77-93.

21



Dynamical systems method for solving linear

finite-rank operator equations

N. S. Hoangt* A. G. Rammt?
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Manhattan, KS 66506-2602, USA

Abstract

A version of the Dynamical Systems Method (DSM) for solving ill-conditioned linear algebraic
systems is studied in this paper. An a priori and a posteriori stopping rules are justified. An
iterative scheme is constructed for solving ill-conditioned linear algebraic systems.

Keywords. Ill-posed problems, Dynamical Systems Method, Variational Regularization

1 Introduction

We want to solve stably the equation

Au = f, (1)

where A is a linear bounded operator in a real Hilbert space H. We assume that (1) has a solution,
possibly nonunique, and denote by y the unique minimal-norm solution to (1), y L N := N(A4) :=
{u: Au = 0}, Ay = f. We assume that the range of A, R(A), is not closed, so problem (1) is
ill-posed. Let fs, ||f — fs5|| < 0, be the noisy data. We want to construct a stable approximation
of y, given {4, f5, A}. There are many methods for doing this, see, e.g., [4]-[6], [7], [14], [15], to
mention some (of the many) books, where variational regularization, quasisolutions, quasiinversion,
and iterative regularization are studied, and [7]-[12], where the Dynamical Systems Method (DSM)

is studied systematically (see also [1], [14], [13], and references therein for related results). The basic

*Email: nguyenhs@math.ksu.edu
tCorresponding author. Email: ramm@math.ksu.edu
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new results of this paper are: 1) a new version of the DSM for solving equation (1) is justified; 2) a
stable method for solving equation (1) with noisy data by the DSM is given; a priori and a posteriori
stopping rules are proposed and justified; 3) an iterative method for solving linear ill-conditioned
algebraic systems, based on the proposed version of DSM, is formulated; its convergence is proved;
4) numerical results are given; these results show that the proposed method yields a good alternative
to some of the standard methods (e.g., to variational regularization, Landweber iterations, and some
other methods).

The DSM version we study in this paper consists of solving the Cauchy problem

at) = —P(Au(t) — ), w(0) =g, wo LN, = % @)

and proving the existence of the limit lim; o u(t) = u(o0), and the relation u(co) =y, i.e.,
Jim Ju(t) =yl = 0. 3)

Here P is a bounded operator such that T':= PA > 0 is selfadjoint, N (T') = N'(A).

For any linear (not necessarily bounded) operator A there exists a bounded operator P such
1

that T'= PA > 0. For example, if A = U|A]| is the polar decomposition of A, then |A] := (A*A)2
is a selfadjoint operator, T' := |A| > 0, U is a partial isometry, ||U|| = 1, and if P := U*, then
|P|| =1 and PA = T. Another choice of P, namely, P = (A*A+al)"1A*, a = const > 0, i s used
in Section 3. For this choice Q := AP > 0.

If the noisy data f5 are given, ||fs — f|| < 4, then we solve the problem
us(t) = —P(Aus(t) — f5),  us(0) = uo, (4)
and prove that, for a suitable stopping time t¢5, and us := ugs(ts), one has
li —y|l=0.
tim s — 3] = 0 (5)

An a priori and an a posteriori methods for choosing ts are given.
In Section 2 these results are formulated and recipes for choosing t5 are proposed. In Section 3

a numerical example is presented.

2 Formulation and results

Suppose A : H — H is a linear bounded operator in a real Hilbert space H. Assume that equation

(1) has a solution not necessarily unique. Denote by y the unique minimal-norm solution i.e.,
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y L N :=N(A). Consider the DSM (2) where uy L N is arbitrary. Denote
T:=PA Q= AP, (6)
The unique solution to (2) is
u(t) = e Tug 4+ e~ /t e*TdsPf. (7)

0

Let us first show that any ill-posed linear equation (1) with exact data can be solved by the DSM.
We assume below that P = (A*A + al)~'A*, where a = const > 0. With this choice of P one has
N(T) = N(A), |IT < 1.

2.1 Exact data

The following result is known (see [7]) but a short proof is included for completeness.

Theorem 1 Suppose ug L N and T* =T > 0. Then problem (2) has a unique solution defined

on [0,00), and u(co) =y, where u(co) = limy_, oo u(t).
Proof. Denote w := u(t) — y, wo := w(0) = ug — y. Note that wy L N. One has
w=—-Tw, T:=PA w(0)=uy—y. (8)
The unique solution to (8) is w = e~ T'wg. Thus,
Il
Jlw]® :/ e d{Exwo, wo).
0

where (u,v) is the inner product in H, and E) is the resolution of the identity of 7. Thus,

17l
lw(oe)||* = lim e A d(Exwo, wo) = || Pwol* =0,
t—o00 0
where Py = Eg — E_g is the orthogonal projector onto N. Theorem 1 is proved. O

2.2 Noisy data f;

Let us solve stably equation (1) assuming that f is not known, but fs, the noisy data, are known,

where ||fs — f|| < 0. Consider the following DSM

ity = —P(Aus — f5),  us(0) = uo. 9)

Denote

wWs == uUs — Y, T::PA, ’w5(0):w03:u0_y€/\/’l‘

Let us prove the following result:
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Theorem 2 IfT =T* >0, lims_,ots = 00, lims_,0t56 = 0, and wy € N'*, then
li ts)|| = 0.
lim [jws(t5)]

Proof. One has
s =—Tws+ G, C=P(fs—f), Gl <IPlo. (10)

The unique solution of equation (10) is
t
ws(t) = e Tws(0) +/ e =T ¢5ds.
0
Let us show that lims_,q ||ws(ts)|| = 0. One has

. (11)

t
. < 1 —+T : —(t—s)T
Y s = i e @)+ i | [T

Let E be the resolution of identity corresponding to 7. One uses the spectral theorem and gets:

t t Tl
/ e~ =T s = / / dEx\Cse™ 9N s
0 0 Jo

Il eth — 1dE 7 1 — ¢—tA . (12)
= /0 e 3 AGs = /0 — 4EXG:
Note that
1—e A
0<——<t VA>0, t>0, (13)
since 1 —x < e~ for x > 0. From (12) and (13), one obtains
t 2 1T 1 — o—tx
‘ / e =9 ds¢s| = / | |?d(ExGs, o)
0 0 A
Il
< t2/ d{Ex(s. Cs) (14)
0

= t]|¢s 1%

This estimate follows also from the inequality: |[e~*=*)T|| < 1, which holds for 7% = T > 0 and
t > s. Indeed, one has || [, e~ (=T (s|| < t, and estimate (14) follows.

Since ||(s]| < ||P]|d, from (11) and (14), one gets
lim ||w5(t5)|| < lim <||€_t‘5T’w5(0)|| + t55HPH> =0.
6—0 6—0
Here we have used the relation:
lim [ ™" w5 (0)]| = || Prvwol| = 0,
6—0
and the last equality holds because wy € N'*. Theorem 2 is proved. O
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From Theorem 2, it follows that the relation

C

t(s:é_,\/v

~v = const, € (0,1)
where C > 0 is a constant, can be used as an a priori stopping rule, i.e., for such ts one has

lim |us(ts) — y|| = 0. (15)
6—0

2.3 Discrepancy principle

In this section we assume that A is a linear finite-rank operator. Thus, it is a linear bounded

operator. Let us consider equation (1) with noisy data f5, and a DSM of the form
us = —PAus + Pf;, U5(0) = ug, (16)

for solving this equation. Equation (16) has been used in Section 2.2. Recall that y denotes the

minimal-norm solution of equation (1), and that N (T') = N (A) with our choice of P.

Theorem 3 Let T := PA, Q := AP. Assume that ||Aug — fs]| > Co, Q=Q* >0, T* =T >0,

and T is a finite-rank operator. Then the solution ts to the equation
h(t) := ||Aus(t) — fs5]| = Cd, C = const, C € (1,2), (17)
does exist, is unique, limgs_,gts = 00, and

lim [|us(t5) =yl = 0, (18)
6—0
where y is the unique minimal-norm solution to (1).

Proof. Denote
vs(t) = Aus(t) = f5,  w(t) :=ult) -y, wo:=uo—y.
One has
L loa(0) P = 24 Ais (1), Aus(r) — f)
= 2(A[~P(Aus(t) — £5)], Aus(t) — fs) (19)
= —2(AP(Aus — f5), Aus — f5) <0,

where the last inequality holds because AP = @ > 0. Thus, ||vs(t)| is a nonincreasing function.
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Let us prove that equation (17) has a solution for C' € (1,2). One has the following commutation
formulas:

e TP =Pe*?, Ae™*T = Q4.

Using these formulas and the representation

t
us(t) = e Tuyg —I—/ e~ =T p feds,

0
one gets:
vs(t) = Aus(t) — fs
t
= Ae Tyy + A/ e~ =T P fsds — fs
0
t
= e R Ayy + 19 / e*QdsQfs — fs (20)
0
=e QA —y) + e 9f + e — I) fs — f5
= e RAwy — e W f5+ e f = 7R Aug — e 9 ;.
Note that

lim e @ Awy = lim Ae T wy = APy wo = 0.
t—o00 t—o00

Here the continuity of A and the following relation

17
lim e 'wy = lim e *'dEswy = (Ey — E_g)wy = Pywy,
t—o00 t—o00 0
were used. Therefore,
. _ . _tQ _ _
i [os(1)]| = Jlim ™9 — o) < 1] — S5l < & (21)

where [le7*?|| < 1 because @ > 0. The function h(t) is continuous on [0, 00), h(0) = || Aug — fs|| >
C0, h(oco) < 4. Thus, equation (17) must have a solution ¢;.
Let us prove the uniqueness of ts. If ts is non-unique, then without loss of generality we can

assume that there exists t; > t5 such that ||Aus(t1) — fs|| = C9. Since ||vs(t)] is nonincreasing and

[vs(ts)ll = [lvs(t1)l], one has
[vs(I = [lvs(ts)ll, V¥t € [ts, ta].
Thus,
d
a”v5(t)”2 =0, Vte (ts,t1). (22)
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Using (19) and (22) one obtains
[VAP(Aus(t) = fo)lI* = (AP(Aus(t) = f5), Aus(t) = fs) = 0, ¥t € [t5, 1],

where VAP = Q% > 0 is well defined since Q = Q* > 0. This implies Q%(Au(; — f5) = 0. Thus

Q(Aus(t) — f5) =0, Vte [ts, ta]. (23)

From (20) one gets:
vs(t) = Aus(t) — fs = e_tQAuO — e_th(;. (24)

Since Qe™t? = ¢7*?Q and e7*? is an isomorphism, equalities (23) and (24) imply
Q(Aug — f5) = 0.
This and (24) imply
AP(Aus(t) — f5) = e "9(QAug — Qfs) =0, t>0.

This and (19) imply
d 2
= t>0. 2
sl =0, 30 (25)

Consequently,

C6 < [|Aus(0) = fsll = llvs ) = [lvs(ta)l| = [l Aus(ts) — S5l = Co.

This is a contradiction which proves the uniqueness of ts.

Let us prove (18). First, we have the following estimate:

|Au(ts) — fll < |Au(ts) — Aus(ts)|| + || Aus(ts) — fsll + 1 f5 — f]]

ts (26)
< e_t“Q/ e*?Qds| || fs — fIl + C5 + 6,
0
where u(t) solves (2) and us(t) solves (9). One uses the inequality:
ts
et [ qas] = 11 -9 <
0
and concludes from (26), that
lim ||Au(ts) — f|| = 0. (27)
6—0

Secondly, we claim that

lim t5 = oco.
6—0
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Assume the contrary. Then there exist top > 0 and a sequence (t5,)5 1, ts, < to, limp_o0 6y = 0,
such that
lim_[|Au(ts,) — £ = 0. (28)
Analogously to (19), one proves that
Sl <o,

where v(t) := Au(t) — f. Thus, ||v(t)|| is nonincreasing. This and (28) imply the relation ||v(to)|| =
[Au(to) — f| = 0. Thus,
0=v(ty) = e 0% A(up — y).

This implies A(ug — y) = Qe R A(uy — y) = 0, so ug —y € N. Since ug —y € N, it follows
that ug = y. This is a contradiction because
Co < |[Aug — fsl = [If = fsll <6, 1<C<2
Thus,
li = 00. 2
61_1)% ts = 00 (29)
Let us continue the proof of (18). From (20) and the relation ||Aus(ts) — fs]| = C9, one has
Cdts = |[tse™ "9 Awg — tse "9 (f5— f)]|
< |[tse™ 49 Awol| + |tse=59(f5 — £ (30)
< ||tse4 9 Awg|| + t56.

We claim that

lim tse %9 Awy = lim tgAe tTwy = 0. (31)
6—0 6—0

Note that (31) holds if 7' > 0 has finite rank, and wo € N'*. Tt also holds if T' > 0 is compact and
the Fourier coefficients wo; := (wo, ¢;), T'o; = \j¢;, decay sufficiently fast. In this case
1 > 1
| Ae™Two* < | T2e T o = Y Aje™ wg;|* := 5 = o(5), o0,
7j=1

12

provided that > 7%, ]woj])\j_2 < 00. Indeed,

One has

1 |2 1 1 1
sics S Ml oo sce o) 1o
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where ¢ > 0 is a constant.

From (31) and (30), one gets
0 < lim (C — 1)dts < lim |[tse™ 9 Awg || = 0.
6—0 6—0
Thus,

lim dt5 = 2
61_%5 0 (32)

Now, the desired conclusion (18) follows from (29), (32) and Theorem 2. Theorem 3 is proved. O

2.4 An iterative scheme

Let us solve stably equation (1) assuming that f is not known, but fs, the noisy data, are known,

where ||fs — f|| < 0. Consider the following discrete version of the DSM:
Uny1,6 = Uns — hP(Aups — fs),  uso = uo. (33)
Let us denote u,, := u, s when § # 0, and set
Wy i=up—y, T:=PA, wy:=uy—yeN.
Let n = ngs be the stopping rule for iterations (33). Let us prove the following result:

Theorem 4 Assume that T = T* > 0, h||T| < 2, limg_gnsh = 0o, lims_,gnshd = 0, and wy €
N+, Then

tim [ | = lim [l — ) = 0. (34)
Proof. One has

Wnt1 = wp — BTwn +hGs, G =P(fs = f), NGl < IPIS,  wo =uo —y. (35)
The unique solution of equation (35) is

wnt1 = (I = hT)"lwg +h Y (I = hT)'s.

i=0
Let us show that lims_,q ||wy,|| = 0. One has
n—1 '
ol < 7 = B+ |1 320 = s |- (36)
i=0
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Let E) be the resolution of the identity corresponding to 7. One uses the spectral theorem and

gets:
n—1 I
hZI hT) _hZ/ (1 — hA)'dE)
Il Il &7
Ty — @ —=an)» Thy — (@1 =)
=h — "~ dF, = — - dF,.
/0 T ) /0 A B
Note that
1-(1- "
og%ghn, YAS0, >0, (38)
since 1 — (1 — o)™ < an for all a € [0,2]. From (37) and (38), one obtains
nol K ITI 1~ (1— Ah)
HhZ(I —nrya| = [ R Pt )
=0 0
(39)

(17
< (hn)? /0 d(ExCs, Cs)
= (nh)?(|¢s]1°.

Alternatively, this estimate follows from the inequality (I —hT)?|| < 1, provided that 0 < hT < 2.
Indeed, in this case one has || E?:_OI(I — hT)%| < n, and this implies estimate (39).
Since ||(s]| < ||P]|d, from (36) and (39), one gets

i g <ty (17 = )5 0)] + P ) =
Here we have used the relation:
lim [|(I — RT)™ws(0)]| = [[Pxwol =0,
6—0
and the last equality holds because wy € N'*. Theorem 4 is proved. O

From Theorem 4, it follows that the relation

C

s V= const, € (0,1)

nsg =

where C > 0 is a constant, can be used as an a priori stopping rule, i.e., for such ng one has

li ns — Y|l =0. 4
lim [, — g =0 (40)
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2.5 An iterative scheme with a stopping rule based on a discrepancy principle

In this section we assume that A is a linear finite-rank operator. Thus, it is a linear bounded

operator. Let us consider equation (1) with noisy data f5, and a DSM of the form
Uns1 = Un — hP(Aun — f5), o = uo, (41)

for solving this equation. Equation (41) has been used in Section 2.4. Recall that y denotes the

minimal-norm solution of equation (1). Example of a choice of P is given in Section 3.

Note that N := N (T') = N(A).

Theorem 5 Let T := PA, Q := AP. Assume that ||Aug — fs]| > Co, Q =Q* >0, T* =T >0,

h|T| <2, h||Q|l <2, and T is a finite-rank operator. Then there exists a unique ng such that
|Auns — f5l] < CO < |[Aup;—1 — fs5]l, C = const, C € (1,2). (42)

For this ng one has:

lim [y, — y]| = 0. (43)
6—0
Proof. Denote
VUp = Aun—f(;, Wy ‘= Un — Y, Wo:=U—Y.

From (41), one gets
Un+1 = Aun+1 — f5 = Aun — f5 — hAP(A’LLn — f(g) = VUp — hQ’L)n.
This implies

a1 lI? = [lonll* = (Vn+1 = vy Vg1 + va)
= (=hQup, vn — hQuy + vy) (44)
= — (U, hQ(2 — hQ)vy,) <0
where the last inequality holds because AP = @ > 0 and ||hQ| < 2. Thus, (||vn])o2, is a
nonincreasing sequence.
Let us prove that equation (42) has a solution for C' € (1,2). One has the following commutation

formulas:

(I — hT)"P = P(I — hQ)", A(I — hT)" = (I — hQ)"A.
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Using these formulas, the representation

n—1

un = (I = hT)"ug+h > (I —hT)' Pf;,
=0

and the identity (I — B) E?:_(]l B! =1 — B", with B=1—hQ, I — B = hQ, one gets:

Up = Aun - f(S
n—1
= A(I = hT)"ug + Ah Y (I — hT)'Pfs — f5
n—llzo ]
= (I —hQ)"Aug + > (I — hQ)'hQfs — fs (45)
=0

= (I = hQ)"Aug — (I — (I = hQ)")fs — fs
= (I = hQ)"(Aug — f) + (I = hQ)"(f — f5)
= (I = hQ)" Awo + (I = hQ)"(f — f5)-
If V.= V* >0 is an operator with ||V|| <2, then ||[I — V|| = supp<s<q |1 — 5| < 1.
Note that
lim (1 — hQ)" Awo = lim A(I — hT)"wy = APywy =0,

n—oo
where Py is the orthoprojection onto the null-space N of the operator T, and the continuity of A

and the following relation

171
h_)m (I — hT)"wo = h_)m (1 — Sh)ndEsZU(] = (Eo — E_(])ZU(] = Pywgy, 0<sh <2,
n o n o 0
were used. Therefore,
Tim [os(0)] = lim [|(1 — hQY"(f — £3)| < If — £5ll <5, (46)

where || — hQ|| < 1 because @ > 0 and ||hQ|| < 2. The sequence {||v,||}22; is nonincreasing with
|lvo]] > C§ and lim, o ||v,|| < 0. Thus, there exists ns > 0 such that (42) holds.

Let us prove (43). Let uy o be the sequence defined by the relations:
Un41,0 = Un,0 — hP(Aung — f), w0 = uo.

First, we have the following estimate:

[Auns 0 = fIl < [|Aun; — Aun, ol| + [[Aun; — fsll + 115 = £
nsg—1

> (- hQ)ihQHHﬁs — fl +C5 +6.

=0

<
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Since 0 < h@ < 2, one has ||[I — hQ|| < 1. This implies the following inequality:

nsg—1

S - h@)ih@H = (- hQ)| <2,

1=0

and one concludes from (47) that
lim ||Auns 0 — f|| = 0. 4
tim A, — ] = 0 (15)
Secondly, we claim that

lim Ang = oc.
6—0

Assume the contrary. Then there exist ng > 0 and a sequence (ngs, )5, 15, < no, such that
Tim [|Aug, 0 — f]) = 0. (19)
Analogously to (44), one proves that

[[on,0ll < llvn-1,0ll;

where v, o = Aupo — f. Thus, the sequence |lvy, | is nonincreasing. This and (49) imply the

relation [|vp, ol = ||[Auny,0 — f|| = 0. Thus,
0 =tng0 = — h@Q)" A(uo — y).

This implies A(ug —y) = (I — hQ) "™ (I — hQ)™A(ug —y) = 0, so up —y € N. Since, by the

assumption, ug —y € N, it follows that ug = y. This is a contradiction because
Co < |JAug — fsll = |f = fol <6, 1<C <2

Thus,

li = 0.
61_>r%hn5 00 (50)

Let us continue the proof of (43). From (45) and ||Au,, — fs5]| = C9, one has

Cénsh = |nsh(I — hQ)™ Awy — nsh(I — hQ)™ (fs — f)|
< [Insh(I — hQ)" Awo|| + [[nsh(I — hQ)"* (fs — f) (51)
< |lnsh(I — hQ)™ Awo || + nshé.

We claim that if wg € N't, 0 < hT < 2, and T is a finite-rank operator, then
lim nsh(I — hQ)™ Awy = lim nshA(I — hT)™wy = 0. (52)
6—0 6—0
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From (51) and (52) one gets

0 < lim(C — 1)dhns < lim ||nsh(I — hQ)"™ Awy|| = 0.
0 0—0

—0
Thus,

li h =
lim ong 0 (53)

Now (43) follows from (50), (53) and Theorem 4. Theorem 5 is proved. O

3 Numerical experiments

3.1 Computing us(ts)

In [3] a DSM (9) was investigated with P = A* and the singular value decomposition (SVD)
of A was assumed known. In general, it is computationally expensive to get the SVD of large
scale matrices. In this paper, we have derived an iterative scheme for solving ill-conditioned linear
algebraic systems Au = f5 without using SVD of A.

Choose P = (A*A + a)~'A* where a is a fixed positive constant. This choice of P satisfies all
the conditions in Theorem 3. In particular, Q = AP = A(A*A+al) 'A* = AA*(AA* +al)~1 >0
is a selfadjoint operator, and T'= PA = (A*A+ al) ' A*A > 0 is a selfadjoint operator. Since

. Ay
= [

where E) is the resolution of the identity of A*A, the condition h||T|| < 2 in Theorem 5 is satisfied

A
= sup
0<a<fasa] A +a

forall0 <h <1. Set h=1and P = (A*A+a)"'A* in (41). Then one gets the following iterative
scheme:

Upy1 = Uy — (A A+ al) YA A, — A*f5),  up = 0. (54)

For simplicity we have chosen uy = 0. However, one may choose ug = vy if vy is known to be
a better approximation to y than 0 and vy € N*. In iterations (54) we use a stopping rule of

discrepancy type. Indeed, we stop iterations if u,, satisfies the following condition
| A, — fy]] < 1015, (55)

The choice of a affects both the accuracy and the computation time of the method. If a is too
large, one needs more iterations to approach the desired accuracy, so the computation time will be

large. If a is too small, then the results become less accurate because for too small a the inversion

35



of the operator A*A+al is an ill-posed problem since the operator A* A is not boundedly invertible.
Using the idea of the choice of the initial guess of the regularization parameter in [2], we choose a

to satisfy the following condition:

§ < ¢la) := ||A(A* A+ a) L A* f5 — f5]] < 26. (56)
This can be done by using the following strategy:

1. Choose a :=

B[S, &S an initial guess for a.
2. Compute ¢(a). If a satisfies (56), then we are done. Otherwise, we go to step 3.

3. If c= @ > 3, we replace a by ﬁ and go back to step 2. If 2 < ¢ < 3, then we replace a

by 2(%1) and go back to step 2. Otherwise, we go to step 4.

4. If ¢ = @ < 1, we replace a by 3a. If the inequality ¢ < 1 has occured in an earlier iteration,
we stop the iterations and use 3a as our choice for a in iterations (54). Otherwise we go back

to step 2.

In our experiments, we denote by DSM the iterative scheme (54), by VR; a Variational Reg-
ularization method (VR) with a as the regularization parameter, and by VR, the VR in which
Newton’s method is used for finding the regularization parameter from a discrepancy principle. We
compare these methods in terms of relative error and number of iterations, denoted by n;ze;.

All the experiments were carried in double arithmetics precision environment using MATLAB.

3.2 A linear algebraic system related to an inverse problem for the heat equa-

tion

In this section, we apply the DSM and the VR to solve a linear algebraic system used in [2]. This
linear algebraic system is a part of numerical solutions to an inverse problem for the heat equation.
This problem is reduced to a Volterra integral equation of the first kind with [0, 1] as the integration
interval. The kernel is K (s,t) = k(s — t) with
t=3/2 1
k(t) = /7 eXP(—m)-
Here, we use the value k = 1. In this test in [2] the integral equation was discretized by means of
simple collocation and the midpoint rule with n points. The unique exact solution u,, is constructed,

and then the right-hand side b, is produced as b, = A,u, (see [2]). In our test, we use n =
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10,20, ..., 100 and b, 5 = b, +e,, where e, is a vector containing random entries, normally distributed
with mean 0, variance 1, and scaled so that |le,|| = Ore|bn||. This linear system is ill-posed: the
condition number of A;gg obtained by using the function cond provided in MATLAB is 1.3717x10%".

This number shows that the corresponding linear algebraic system is severely ill-conditioned.

Table 2: Numerical results for the inverse heat equation with d,.; = 0.05, n = 10z, 7 = 1, 10.

DSM VR; VR,
10 3 0.1971 1 0.2627 5 0.2117
20 4 0.3359 1 0.4589 5 0.3551
30 4 0.3729 1 0.4969 5 0.3843
40 4 0.3856 1 0.5071 5 0.3864
50 5 0.3158 1 0.4789 6 0.3141
60 6 0.2892 1 0.4909 6  0.3060
70 7 0.2262 1 0.4792 8 0.2156
80 6 0.2623 1 0.4809 7 0.2600
90 5 0.2856 1 0.4816 7 0.2715
100 7 0.2358 1 0.4826 7 0.3405

Table 2 shows that the results obtained by the DSM are comparable to those by the VR,, in
terms of accuracy. The time of computation of the DSM is comparable to that of the VR,,. In some
situations, the results by VR,, and the DSM are the same although the VR,, uses 3 more iterations
than does the DSM. The conclusion from this Table is that DSM competes favorably with the VR,,
in both accuracy and time of computation.

Figure 5 plots numerical solutions to the inverse heat equation for d,.,; = 0.05 and 6,..; = 0.01
when n = 100. From the figure one can see that the numerical solutions obtained by the DSM
are about the same those by the VR,,. In these examples, the time of computation of the DSM is
about the same as that of the VR,,.

The conclusion is that the DSM competes favorably with the VR,, in this experiment.

4 Concluding remarks

Iterative scheme (54) can be considered as a modification the Landweber iterations. The difference
between the two methods is the multiplication by (A*A + al)~!. Our iterative method is much

faster than the conventional Landweber iterations. Iterative method (54) is an analog of the
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Figure 5: Plots of solutions obtained by DSM, VR for the inverse heat equation when n = 100,
dret = 0.05 (left) and &,y = 0.01 (right).

Gauss-Newton method. It can be considered as a regularized Gauss-Newton method for solving
ill-conditioned linear algebraic systems. The advantage of using (54) instead of using (4.1.3) in [2]
is that one only has to compute the lower upper (LU) decomposition of A*A + al once while the
algorithm in [2] requires computing LU at every step. Note that computing the LU is the main cost
for solving a linear system. Numerical experiments show that the new method competes favorably

with the VR in our experiments.
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Abstract

A discrepancy principle for solving nonlinear equations with monotone operators given noisy
data is formulated. The existence and uniqueness of the corresponding regularization parameter
a(d) is proved. Convergence of the solution obtained by the discrepancy principle is justified.

The results are obtained under natural assumptions on the nonlinear operator.
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1 Introduction

Consider the equation:
F(u)=f, (1)

where F' is a monotone operator in a real Hilbert space H. Monotonicity is understood in the
following sense:

(F(u) — F(v),u —v) >0, VYu,v€ H. (2)

Here (-,-) denotes the inner product in H. Assume that F' is continuous.
Equations with monotone operators are important in many applications and were studied ex-

tensively, see, for example, [1]-[3], [9], [10], [12], and references therein. There are many technical

tCorresponding author. Email: ramm@math.ksu.edu
*Email: nguyenhs@math.ksu.edu
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and physical problems leading to equations with such operators in the cases when dissipation of
energy occurs. For example, in [5] and [4], Chapter 3, pp.156-189, a wide class of nonlinear dissi-
pative systems is studied, and the basic equations of such systems can be reduced to equation (1)
with monotone operators. Many examples of equations with monotone operators can be found in
[2] and in references mentioned above. In [6] and [7] it is proved that any solvable linear operator
equation with a closed densely defined operator in a Hilbert space H can be reduced to an equation
with a monotone operator and solved by a convergent iterative process.

In this paper, apparently for the first time, a discrepancy principle for solving equation (3) with
noisy data (see Section 2) is proved under natural assumptions. No smallness assumptions on the
nonlinearity, no global restrictions on its growth, or other special properties of the nonlinearity,
except the monotonicity and continuity, are imposed. No source-type assumptions are used. Our
result is widely applicable. It is well known that without extra assumptions, usually source-type
assumption concerning the right-hand side, or some equivalent assumption concerning the smooth-
ness of the solution, one cannot get a rate of convergence even for linear ill-posed equations (see,
for example, [9]). On the other hand, such assumptions are usually not algorithmically verifiable
and often they do not hold. By this reason we do not make such assumptions and do not give
estimates of the rate of convergence.

In [11] a stationary equation F'(u) = f with a nonlinear monotone operator F was studied.
The assumptions A1-A3 on p.197 in [11] are more restrictive than ours, and the Rule R2 on
p.199, formula (4.1) in [11], for the choice of the regularization parameter is more difficult to use
computationally: one has to solve nonlinear equation (4.1) in [11] for the regularization parameter.
Moreover, to use this equation one has to invert an ill-conditioned linear operator A 4+ al for
small values of a. Assumption Al in [11] is not verifiable, because the solution z! is not known.
Assumption A3 in [11] requires F' to be constant in a ball B,.(x") if F/(z") = 0. Our discrepancy
principle does not require these assumptions, and, in contrast to equation (4.1) in [11], it does not
require inversion of ill-conditioned linear operators.

The novel results in our paper include Theorem 5 in Section 3 and Theorem 7 in Section 4. In
Theorem 5 a new discrepancy principle is proposed and justified assuming only the monotonicity and
continuity of F'. Implementing the discrepancy principle in Theorem 5 requires solving equation (3)
and then solving nonlinear equation (15) for the regularization parameter a(d). Theorem 7 allows
one to solve equations (3) and (15) approximately. Thus, when § is not too small one can save a

large amount of computations in solving equations (3) and (15) by applying Theorem 7 and using
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our new stopping rule. Our results allow one to solve numerically stably equation (1) if F' is locally
Lipschitz and monotone. Based on Theorem 7, an algorithm for stable solution of equation (1) is

formulated for locally Lipschitz monotone operators.

2 Auxiliary results
Let us consider the following equation
F(Vsa)+aVse— f5=0, a>0, (3)

where a = const. It is known (see, e.g., [9, p.111]) that equation (3) with monotone continuous
operator F' has a unique solution for any fs € H.

Throughout the paper we assume that F' is a monotone continuous operator and the inner
product in H is denoted (u,v). Below the word decreasing means strictly decreasing and increasing
means strictly increasing.

Recall the following result from [9, p.112]:

Lemma 1 Assume that equation (1) is solvable, y is its minimal-norm solution, assumption (2)
holds, and F is continuous. Then

lim [V, — o] = 0, ()

where V,, solves equation (3) with § = 0.
Lemma 2 Assume ||F(0) — fs5]| > 0. Let a > 0, and F be monotone. Denote

P(a) = Vsall,  ola) = ap(a) = [F(Vsa) = f5ll,
where Vy o solves (3). Then 1(a) is decreasing, and ¢(a) is increasing.

Proof. Since ||F(0) — f5]| > 0, one has ¥ (a) # 0, Va > 0. Indeed, if ¢(a)| _ =0, then V5, =0,

a=

and equation (3) implies ||F'(0) — f5|| = 0, which is a contradiction. Note that ¢(a) = a||V;4||. One
has
0 < <F(V25,a) - F(‘/&b)y %,a - ‘/5,b>
= <_a‘/5,a + b‘/é,ba Vls,a - V;S,b> (5)

= (a+b)(Vaa: Vap) — allVaall® — bl Vsl
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Thus,

0< (a+b)(Vsa, Vi) — allVaal® = bl Vas
al[Vsall = bl Vsul)(UIVssll = Vsall)

(@) — ¢(b)) (¥ (b) — ¥(a)).
If ¢(b) > 1(a) then (6) implies ¢(a) > ¢(b), so

< (
< (a+b)|VsalllVspll — allVsal* = bl Vsl
= (
= (¢

ap(a) = bp(b) > by (a).

Therefore, if 1 (b) > 1(a) then b < a.
Similarly, if ¥(b) < 1(a) then ¢(a) < ¢(b). This implies b > a.
Suppose 1(a) = $(b), i-e., [Vaall = [Visll. From (5) one has

||V;5aH2 <V6a,‘/;5b> < HV6a||HV6b|| = ||V;5a||2

This implies Vj, = V5, and then equation (3) implies a = b.

Therefore ¢ is increasing and v is decreasing. O
Lemma 3 If I is monotone and continuous, then ||Vs,|| = O(2) as a — oo, and
lim [|[F(Vsa) — fsll = [1°(0) — fsll- (7)
a— 00

Proof. Rewrite (3) as
F(Vsa) = F(0) + aVso + F(0) — f5 = 0.

Multiply this equation by Vs ,, use the monotonicity of F' and get:
a||Vsall* < (aVsa + F(Vsa) = F(0), Va) = (fs — F(0), Vs.a) < |lfs — FO)|[[Vsall-
Therefore, ||Vs,|| = O(2). This and the continuity of F imply (7). O
Remark 1 If |F(0) — fs|| > C67,0 < v < 1 then relation (7) implies
1F(Vsa) — foll =2 C07,  0<y<1, (8)
for sufficiently large a > 0.

Lemma 4 Let C > 0 and v € (0,1] be constants such that C67 > §. Suppose that || F(0) — fs] >
C§7. Then, there exists a unique a(d) > 0 such that ||F(Vs ) — fs5l| = C87.
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Proof. We have F(y) = f, and

0 =(F(Vsa) + aVsa — f5, F(Vsa) — fs)
=|F(Vsa) = f5lI* + a(Vsa — ys F(Vsa) = f5) + aly, F(Vsa) — f5)
=F(Vsa) = 51 + (Vo = 4, F(Vsa) = F(9)) + a(Vsa =y, f — f5)
+aly, F(Vsa) — f5)

> F(Voa) = f* + alVea =y, f = fo) + aly, F(Via) — f5)-
Here the monotonicity of F' was used. Therefore

1F(Vsa) — f5l> < —alVsa —y. f — f5) — aly, F(Vs0) — f5)
< al|Vsa = yllllf = fsll + allyllll F(Vs,a) — f5ll (9)
< ad||Vsa — yll + allyll|1F(Vsa) — fsll-

Also,

0= <F(V;5,a) _F(y) +a‘/;5,a+f_f67v;5,a _y>
= <F(V;5,a) - F(y)y‘/;ia - y> +a||‘/6,a - y||2 + a<y7 V;S,a - y> + <f - féa%,a - y>

Z a”‘/&a - y”2 + a<y7 ‘/(ﬁ,a - y> + <f - f57 VE,a - y>7
where the monotonicity of ' was used again. Therefore,
al|[Vso = ylI* < allylllVa — yll +8lVsa =yl

This implies
al|Vsa —yll < allyll + 6. (10)
From (9), (10), and an elementary inequality ab < ea? + Z—i, Ve > 0, one gets:
IF(Vsa) = f501* < 8+ allyllé + allylll| F(Vsa) — 5
1
<6 +allylld + el F(Vaa) = f51* + -a’llyl,

where ¢ > 0 is arbitrary small, fixed, independent of a, and can be chosen arbitrary small. Let

a ™, 0. Then (11) implies lim,—o(1 — €)[|[F(V5,4) — f5||> < 62 < (C37)2. Thus,
lim |[F(Vsa) = f5l <C&7, C>0, 0<y<1.

This, the continuity of F, the continuity of Vj, with respect to a € [0,00), and inequality (8),
imply that equation ||F'(Vs,) — fs5]| = C'07 must have a solution a(d) > 0. O
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Remark 2 Let V, := Vj4ls=0, so F'(V,) +aV — f = 0. Let y be the minimal-norm solution to

equation (1). We claim that
)

Voo Vall < 2. (12)
Indeed, from (3) one gets

F(Vsa) = F(Va) +a(Vsa —Va) = f — fs.
Multiply this equality by (V5, — V,) and use (2) to obtain

5“‘/25@ - Va” > <f - f57‘/5,a - Va>
= <F(‘/57a) - F(Va) + a(‘/é,a - Va)a Vls,a - Va)>

> a|Vs,a — Val®
This implies (12).
Let us derive a uniform with respect to a bound on [|V,||. From the equation
F(Vo) +aVe — F(y) =0,
and the monotonicity of F' one gets
0= (F(Va) +aVa = F(y),Va —y) 2 a{Va, Va — y).

This implies the desired bound:
IVall < llyll,  Ya>o. (13)

Similar arguments one can find in [9, p. 113].

From (12) and (13), one gets the following estimate:

) 0
Woall < IVall + = < iyl + . (14)

3 A discrepancy principle

Our standing assumptions are the monotonicity and continuity of F' and the solvability of equation

(1). They are not repeated below. We assume without loss of generality that ¢ € (0,1).

Theorem 5 Let v € (0,1] and C > 0 be some constants such that C6Y > §. Assume that || F(0) —

fsll > €Y. Let y be its minimal-norm solution. Then there exists a unique a(d) > 0 such that
1E(Vsaes)) — fsll = Cd7, (15)
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where Vs 4(5) solves (3) with a = a(9).
If0 < v <1 then

tim [Viags) — ] = 0. (16)
Proof. The existence and uniqueness of a(d) follow from Lemma 4. Let us show that

lim a(6) = 0. (17)

The triangle inequality, inequality (12) and equality (15) imply
a(0)[[Vasy |l < a(d) (Vs .as)y — Vaeo) Il + 1Vs,as) 1)
<8+ a(d) Vsl = 0+ C67.
From inequality (18), one gets
li =0. 1
tim a(8) Vs | = 0 (19)

It follows from Lemma 2 with fs = f, i.e., § = 0, that the function ¢g(a) := a||V,]| is nonnegative

and strictly increasing on (0,00). This and relation (19) imply:

%1_1)1(1) a(d) =0. (20)
From (15) and (14), one gets
€67 = a|[Vsall < a(d)yll + 0. (21)
Thus, one gets:
o7 =0 <a(@)yl- (22)

If ¥ < 1 then C' — §'=7 > 0 for sufficiently small §. This implies:

g 5yl
<lim — < lim —— = 0. 23
0_61_%&(5)_61_%0_51_7 0 (23)
By the triangle inequality and inequality (12), one has
1)
1Vs.a@) — ¥l < Vae)y — vl + [1Va) = Vsl < [Vas) — yll + a0) (24)
Relation (16) follows from (23), (24) and Lemma 1. O
Instead of using (3), one may use the following equation:
F(V;S,a) + a(%,a - Z_L) - f(S =0, a>0, (25)
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where @ is an element of H. Denote Fi(u) := F(u + @). Then Fj is monotone and continuous.

Equation (3) can be written as:
Fl(U&a) + aU(sﬂ — fs =0, U(;,a = V;S,a —u, a>0. (26)
By applying Theorem 5 with F' = Fj one gets the following result:

Corollary 6 Lety € (0,1] and C > 0 be some constants such that C67 > 0. Let u € H and z be
the solution to (1) with minimal distance to u. Assume that |F(a) — fs|| > C07. Then there exists

a unique a(d) > 0 such that
HF(‘ZS,a(&)) - fé” = 0577 (27)

where f/(;’a((;) solves the following equation:

F(Vsa) +a(8) (Vs — @) — f5 =0.
If v € (0,1) then this a(d) satisfies
lim ||V, — 2] = 0. 2
Lim [V a(5) — 2| =0 (28)
Remark 3 It is an open problem to choose v and C' optimal in some sense.

Remark 4 Theorem 5 and Theorem 7 do not hold, in general, for v = 1. Indeed, let Fu = (u, p)p,
lp=1,p LN(F):={uc H: Fu=0}, f=p, fs =p+qd, where (p,q) =0, ||| =1, Fg =0,
lgo|| = 6. Ome has F'y = p, where y = p, is the minimal-norm solution to the equation Fu = p.
Equation Fu + au = p + ¢4, has the unique solution Vs, = ¢d/a + p/(1 + a). Equation (15) is
C6 = ||qd + (ap)/(1+4a)|. This equation yields a = a(§) = ¢6/(1 — ¢d), where ¢ := (C% —1)"/2, and
we assume ¢ < 1. Thus, lims0 Vs o) =P+ ¢ g :=wv, and Fv = p. Therefore v = lims_, V5,a(5)
is not p, i.e., is not the minimal-norm solution to the equation F'u = p. Similar arguments one can

find in [8, p. 29].

4 Applications

In this section we discuss methods for solving equations (3) and (1) using the new discrepancy
principle, i.e., Theorem 5. Implementing this principle, i.e., solving equation (15), requires solving

equation (3). If F' is linear, then equation (3) has the form:
(F+al)u = fs. (29)
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Since F' > 0 the operator F + al is boundedly invertible, ||(F + al)~!|| < i, and equation (29)

a’
is well-posed if @ > 0 is not too small. There are many methods for solving efficiently well-posed
linear equations with positive-definite operators. For this reason we mainly discuss some methods
for stable solution of equation (1) with nonlinear operators. In this section a method is developed

for a stable solution of equation (1) with locally Lipschitz monotone operator F', so we assume that
[1F(u) = F(u)[| < Lllu—vll, u,v € Bug, R) :=A{u: lu—wuoll <R}, L=L(R). (30)
Here ug € H is an arbitrary fixed element. Consider the operator
G(u) :==u—AF(u) +au— fs], A>0.

We claim that G is a contraction mapping in H provided that A is sufficiently small. Let F; :=
F + al. Then (30) implies ||Fi(u) — Fi(v)|| < (a4 L)||lu — v||. Using the monotonicity of F, one

gets
1G(u) = G()|* = [[(u = v) = A(Fi(u) — Fi(v)) ]
= [lu =0 = 2Mu — v, Fi(u) = F1(v)) + 2| Fi(u) — F1(v)] (31)
< Ju—v|*[1 = 2Xa + A%(a + L)?.
This implies that G is a contraction mapping if

2a

A< ————.
0<A< (a+ L)?

For these A the solution Vj, of equation (3) can be found by the following iterative process:
Un+1 = Up — A[F(un) + aup — fé]y Ug ‘= Up- (32)

After finding Vj 4, one finds a(d) from the discrepancy principle (15), i.e., by solving the nonlinear
equation:

¢(a(0)) = |F(Vs,a@)) — foll = C3”. (33)

There are many methods for solving this equation. For example, one can use the bisection method
or the golden section method. If a(¢) is found, one solves equation (3) with a = a(d) for V; 45 and
takes its solution as an approximate solution to (1).

Although the sequence u,,, defined by (32), converges to the solution of equation (3) at the

rate of a geometrical series with a denominator ¢ € (0,1), it is very time consuming to try to
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solve equation (3) with high accuracy if ¢ is close to 1. Theorem 7 (see below) allows one to stop

iterations (32) at the first value of n which satisfies the following condition:
| F'(un) + aup — fs| < 66, 6>0,

where 6 is a fixed constant. This saves the time of computation.

(34)

Theorem 7 Let 6, F, f5, and y be as in Theorem &5 and 0 < v < 1. Assume that vs € H and

a(6) > 0 satisfy the following conditions:

HF(’U(;) + 04(5)1)5 — f(;H < 694, 6 >0,
and

C167 < ||F(vs) — fsl| < Ca67, 0<Cy <Cs.
Then one has:
lim [lvs —y|| = 0.
Proof. Let u and v be arbitrary elements in H. By the monotonicity of F' one gets
allu —v||* < (u—wv, F(u) — F(v) 4+ au — av)
< |lu—2||[|F(u) — F(v) + au — av|, Va > 0.

This implies
allu —v|| < ||F(u) — F(v) + au — av||, Yo,u € H, VYa > 0.

(38)

(39)

Using inequality (39) with v = vs and u = Vj 45), equation (3) with a = a(J), and inequality (35),

one gets
a(6)|lvs = Vsa@)ll < 1F(vs) — F(Vsas) + a(6)vs — a(0)Vsae)
= ”F(U(;) + a(5)v5 — f5H < 66.
Therefore,
06
|vs — V;S,a((S)H < m-

Using (14) and (41), one gets:
a(d)[vsll < (0)[Vs.a@) | + a(d)llvs = Vsas)ll < 66+ a(d)]yll + 4.
From the triangle inequality and inequalities (35) and (36) one obtains:
a(8)|lvs[l = 1F'(vs) — S5l — [[F'(vs) + (8)vs — fs| = C167 — 66.

ol

(41)

(42)



Inequalities (42) and (43) imply
C107 — 606 <605+ a(d)]ly]| + 9. (44)

This inequality and the fact that C; — 6'=7 — 206'=7 > 0 for sufficiently small § and 0 < v < 1

imply
P el 1
a(d) = Cy — 617 — 20617

0<é< 1. (45)

Thus, one obtains

lim 55 = 0. (46)

From the triangle inequality and inequalities (35), (36) and (41), one gets

a(0) Vs | < [1F(vs) = fsll + [[F'(vs) + a()vs — fsll + a(d)[vs = Vil

(47)
< 87 + 66 + 66.
This inequality implies
li =0. 4
tim () |V | = 0 (15)
The triangle inequality and inequality (12) imply
allVall € a([[Vsa = Vall + Vsl
(49)
<0+ o Vsall
From formulas (49) and (48), one gets
lim a(8)[[Vas) Il = 0. (50)

It follows from Lemma 2 with fs = f, i.e., § = 0, that the function ¢g(a) := a||V,]| is nonnegative

and strictly increasing on (0, 00). This and relation (50) imply

%i_)r% a(d) =0. (51)

From the triangle inequality and inequalities (41) and (12) one obtains

lvs — yll < llvs = Vsa@)ll + [1Vsae) — Vaw |l + 1Vae) —

< Tt = Vg — 3l "
> a(5) a(é) a(®) — Yl

where V) solves equation (3) with a = a(d) and f5 = f.
The conclusion (37) follows from inequalities (46), (51), (52) and Lemma 1. Theorem 7 is

proved. O
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Remark 5 Inequalities (35) and (36) are used as stopping rules for finding approximations:
a(d) =a(d), and v(0) = Vjqe)-
Remark 6 By the monotonicity of F' one gets
1F(w) = F)|I* < (F(u) = F(v), F(u) = F(v) + a(u — v))
<||F(u) — F)||||F(u) — F(v) + a(u —v)|, Yu,ve€ H, Va>0.
This implies
|F(u) — F()| < ||F(u) — F(v) + a(u — )|, Yu,v € H, a> 0. (53)
Fix § > 0 and 6 > 0. Let C be as in Theorem 5. Choose Cq and Cy such that
Ci167 + 65 < Co7 < Ca87 — 6o. (54)
Suppose «; and v;, i = 1,2, satisfy condition (35) and
[F'(v1) = f5ll < C167,  C207 < |[F(va) — f5]|- (55)

Let us show that

Qo = a1 < a(0) < ag = Qyp, (56)

where a(6) satisfies conditions of Theorem 5. Using inequality (53) for v; and Vs,,, i = 1,2, and

inequality (35), one gets

1F(vi) = F(Vsa)ll < [F(vi) = F(Voa;) + ivi — @iVl

(57)

< [|F(vi) + aqvi — f5]| < 66.

From inequalities (55), (57) and the triangle inequality, one derives:
|F(Vsa) — f5]] <C187 + 606 and C207 — 06 < ||F(Vsa,) — f5l|- (58)

Recall that [|[F(Vs,5) — f5ll = C67. Inequality (56) is obtained from inequalities (54), (58) and
the fact that the function ¢(o) = ||F(Vs5.o) — f5]| is strictly increasing (see Lemma 2).

Let f5,F,C,0,~, and § be as in Theorem 5 and 7, and C; and C; satisfy inequality (54). Let us
formulate an algorithm (see Algorithm 1 below) for finding a(d) ~ a(d) and v(§) ~ Vs 4(5), using
the bisection method and assuming that F' is a locally Lipschitz monotone operator and «;,,, and
u,p are known. By Theorem 7, v(J) can be considered as a stable solution to equation (1).

Algorithm 1: Finding a(0) ~ a(d) and vs = V; 45) given qyoy and cuyp.
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1. Let a := W# and ug be an initial guess for Vs,. Compute u,, by formula (32) and stop
at Ngrop, Where ngop is the smallest n > 0 for which condition (35) is satisfied. Then go to

step 2.
2. If 0207 < [|F(uny,,) — f5]|, then set ay, := a and go to step 4. Otherwise, go to step 3.

3. If C107 < || F(Uny,) — f5l|, then stop the process and take v(0) := uy,,,, as a solution to (1).

If ||F(ung,,,) — fs|l < C167, then set ajy := a and go to step 4.

4. Check if ||a — ajow|| is less than a desirable small value € > 0. If it is, then take v(d) := tup,,,,

as a solution to (1). If is is not, then go back to step 1.

Let us formulate algorithms for finding cv,,, and ajey-

Algorithm 2: Finding ov.

1. Let @ = « be an initial guess for «(d) and ug be an initial guess for vs. Compute wu, by
formula (32) with a and stop at nstep, the smallest n > 0 for which condition (35) is satisfied.

Then go to step 2.

2. If condition (36) holds for vs := up,,,,, then stop the process and take uy,,,, as a solution to

(1). Otherwise, go to step 3.

3. If C207 < || F(tny,,) — fsll, then set ayy := a. Otherwise, set a := 2a and go back step 1.
Algorithm 3: Finding oy,.

1. Let a = « be an initial guess for a(d) and ug be an initial guess for vs. Compute u, by
formula (32) with a and stop at nstp, the smallest n > 0 for which condition (35) is satisfied.

Then go to step 2.

2. If condition (36) holds for vs := up,,,,, then stop the process and take uy,,,, as a solution to

(1). Otherwise, go to step 3.

3. If || F(uny,,,) — fs|ll < C167, then set ayy := a. Otherwise, set o := § and go back step 1.

In practice these algorithms are often implemented at the same time to avoid repetition calcu-

lations.

Remark 7 The sequence (||uy, — Vj o) l)nZo, Where u, is computed by formula (32) and Vj 4
is the solution to (3) with a = a(¢), is decreasing. Thus, the sequence w,, will stay inside a ball

B(0, R) assuming that R > 0 is chosen sufficiently large, so that y,ug € B(0, R).
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Remark 8 Theorem 7 and the above algorithms are not only useful for solving nonlinear equations
with monotone operators but also for solving linear equations with monotone operators. If one uses
iterative methods to solve equation (29) then, by using Theorem 7, one can stop iterations whenever
inequality (35) holds. By using stopping rule (35) one saves time of computations compared to
solving (29) exactly. If F' is a positive matrix then one can solve (29) by conjugate gradient, or

Jacobi, or Gauss-Seidel, or successive over-relaxation methods, with stopping rule (35).

Remark 9 If F' is twice Fréchet differentiable, there are more options for solving equations (3)
and (33): they can be solved by gradient-type methods, Newton-type methods, or a combination
of these methods.
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DYNAMICAL SYSTEMS METHOD FOR SOLVING NONLINEAR EQUATIONS
WITH MONOTONE OPERATORS

N. S. HOANG AND A. G. RAMM

ABSTRACT. A version of the Dynamical Systems Method (DSM) for solving ill-posed nonlinear
equations with monotone operators in a Hilbert space is studied in this paper. An a posteriori
stopping rule, based on a discrepancy-type principle is proposed and justified mathematically. The
results of two numerical experiments are presented. They show that the proposed version of DSM

is numerically efficient. The numerical experiments consist of solving nonlinear integral equations.

1. INTRODUCTION

In this paper we study a Dynamical Systems Method (DSM) for solving the equation

(L1) Flu) = f.

where F' is a nonlinear twice Fréchet differentiable monotone operator in a real Hilbert space H,

and equation (1.1) is assumed solvable. Monotonicity means that
(1.2) (F(u) — F(v),u —v) >0, Yu,v€ H.

Here, (-,-) denotes the inner product in H. It is known (see, e.g., [8]), that the set N' := {u :
F(u) = f} is closed and convex if F' is monotone and continuous. A closed and convex set in a
Hilbert space has a unique minimal-norm element. This element in A we denote y, F(y) = f. We
assume that

(1.3) sup  [|[FO(w)|| < Mj(ug, R), 0<j<2

lu—uol[<R

where ug € H is an element of H, R > 0 is arbitrary, and f = F(y) is not known; but fs, the noisy
data, are known and || fs — f|| < 4. If F'(u) is not boundedly invertible, then solving for u given

noisy data fs is often (but not always) an ill-posed problem. When F' is a linear bounded operator
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many methods for a stable solution of (1.1) were proposed (see [4]-[8] and the references therein).
However, when F' is nonlinear then the theory is less complete.
The DSM for solving equation (1.1) was extensively studied in [8]-[15]. In [8] the following

version of the DSM for solving equation (1.1) was studied:
(1.4) s = —(F'(us) + a(t)T) ™ (F(us) + a(t)us — f5),  us(0) = uo.

Here F' is a monotone operator, and a(t) > 0 is a continuous function, defined for all ¢ > 0, strictly
monotonically decaying, lim; .o, a(t) = 0. These assumptions on a(t) hold throughout the paper
and are not repeated. Additional assumptions on a(t) will appear later. Convergence of the above
DSM was proved in [8] for any initial value uy with an a priori choice of stopping time ts, provided
that a(t) is suitably chosen.

The theory of monotone operators is presented in many books, e.g., in [1], [7], [16]. Most of the
results of the theory of monotone operators, used in this paper, can be found in [8]. In [6] methods
for solving nonlinear equations in a finite-dimensional space are discussed.

In this paper we propose and justify a stopping rule based on a discrepancy principle (DP) for
the DSM (1.4). The main result of this paper is Theorem 3.1 in which a DP is formulated, the
existence of the stopping time t5 is proved, and the convergence of the DSM with the proposed
DP is justified under some natural assumptions apparently for the first time for a wide class of
nonlinear equations with monotone operators.

These results are new from the theoretical point of view and very useful practically. The auxiliary
results in our paper are also new and can be used in other problems of numerical analysis. These
auxiliary results are formulated in Lemmas 2.2-2.4, 2.7, 2.10, 2.11, and in the remarks. In particular,
in Remark 3.3 we emphasize that the trajectory of the solution stays in a ball of a fixed radius R
for all t > 0.

In Section 4 the results of two numerical experiments are presented. In the second experiment we
demonstrate numerically that our method for solving equation (1.1) can be used even for a wider

class of equations than the basic Theorem 3.1 guarantees.

2. AUXILIARY RESULTS

Let us consider the following equation:
(2.1) F(Vsa)+aVsq— f5=0, a>0,

where a = const. It is known (see, e.g., [8]) that equation (2.1) with monotone continuous operator

F' has a unique solution for any f5 € H.
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Let us recall the following result from [8, p. #112]:

Lemma 2.1. Assume that equation (1.1) is solvable, y is its minimal-norm solution, and assump-

tions (1.2) and (1.3) hold. Then
lim [[Vo.o —yl =0,
a—0

where Vp 4 solves (2.1) with § = 0.

Lemma 2.2. If (1.2) holds and F is continuous, then ||Vs,| = O(2) as a — oo, and
(22) Tim [F(Vaa) — fsll = [F(0) - foll.
Proof. Rewrite (2.1) as
F(Vsa) = F(0) + aVsa + F(0) — f5 = 0.
Multiply this equation by V., use inequality (F'(Vs,) — F(0), V54 —0) > 0 from (1.2) and get:
allVsall* < (aVia + F(Vsa) = F(0), Via) = (fs = F(0), Via) < [lfs = FO)[|Vaall
Therefore, ||Vs,|| = O(2). This and the continuity of F' imply (2.2). O

Let a = a(t), 0 < a(t) \, 0, and assume a € C'[0,00). Then the solution Vj(t) := Vs a() of (2.1)

is a function of ¢. From the triangle inequality one gets

I1E(V5(0)) = fsll = 1F(0) — fsll = [|1F°(V5(0)) — F(O)]].

From Lemma 2.2 it follows that for large a(0) one has

Hmwm»—F@ungwmw=0(ﬁa)

Therefore, if ||F(0) — fs5]| > C9, then ||[F(V5(0)) — fs]| > (C — €)d, where € > 0 is sufficiently small,
for sufficiently large a(0) > 0.

Below the words decreasing and increasing mean strictly decreasing and strictly increasing.
Lemma 2.3. Assume ||[F(0) — f5|| > 0. Let 0 < a(t) \, 0, and let F' be monotone. Denote
o(t) = |F(V5(t) — fsll. @) = V5@,

where Vs(t) solves (2.1) with a = a(t). Then ¢(t) is decreasing, and 1(t) is increasing.
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Proof. Since ||F(0) — fs|| > 0, it follows that ¢ (t) # 0, V¢t > 0. Note that ¢(t) = a(t)||Vs(t)|. One

has
0 < (F(Vs(t1)) — F(Vs(t)), Vs(t1) — Vs(t2))
(2.3) = (=a(t1)Vs(t1) + a(t2)Vs(t2), Vs(t1) — Vs(t2))
= (a(t) +a(t2))(Vs(t1), Vs(t2)) — a(t)[Vs(ta)lI* — a(t2)|[ Vs (t2)[I.
Thus,

0 < (a(tr) + a(t2))(Vs(tr), Vs(t2)) — a(tn)[Va(t1)lI* — alt2)[|Vs ()]
< (a(ty) + a(t)) Vs (@)IIVs (t2)|l — alt) Vs (t1) 1> — alt2)[| Vs (t2)|*
= (a(t)|Vs(t)|l — alt2) [ Vs(t2) DIVs(t2)[l = [[Va(to)l])
= (&(t1) — d(t2)) (P(t2) — ¥ (t1)).

If 1(t2) > ¢(t1), then (2.4) implies ¢(t1) > ¢(t2), so

(2.4)

a(t1)p(t1) > a(t2)(t2) > altz)p(tr).

Thus, if ©(t2) > 1(t1), then a(t2) < a(t1) and, therefore, to > t1, because a(t) is decreasing.
Similarly, if ¥ (t2) < ¥(t1), then ¢(t1) < ¢(t2). This implies a(te) > a(t1), so ta < t1.
If ¢ (t2) = ¢(t1), then (2.3) implies

IVs(t)I? < (Va(ta), Vi(t2)) < IVs(EIIVs ()]l = Vs (ta)lI*.

This implies Vs(t1) = Vs(t2), and then a(t1) = a(tz). Hence, t; = to, because a(t) is decreasing.
Therefore, ¢(t) is decreasing and v (¢) is increasing. O

Lemma 2.4. Suppose that ||[F(0) — fs|| > C6, C > 1, and a(0) is sufficiently large. Then, there
exists a unique t1 > 0 such that |F(Vs(t1)) — fs|| = C6.

Proof. The uniqueness of ¢; follows from Lemma 2.3. We have F'(y) = f, and

0 =(F(V5) + aVs — fs, F(V5) — f5)
=[F(V5) = f5lI* + a{Vs — y, F(V5) — f5) + aly, F(V5) — f5)
= F(Vs) = f51> + a(Vs — y, F(Vs) = F(y)) + a{Vs — y, f — f5)
+aly, F(Vs) — f5)

>(|F(Vs) — fsll> +al(Vs —y, f — f5) + aly, F(V5) — fs).
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Here the inequality (Vs —y, F'(Vs) — F(y)) > 0 was used. Therefore,
1F(Vs) = foll? < —a(Vs =y, [ = f5) — aly, F(V5) — f5)
(2.5) < allVs = yllllf = fsll + allyll| F(Vs) — fsl]

< ad||Vs — yll + ally[l|1F°(Vs) — fsl-
On the other hand, we have
0=(F(Vs) = F(y) +aVs+ f— f5. Vs —y)

= (F(Vs) = F(y),Vs —y) +allVs —y|* +aly, Vs —y) + (f — f5. Vs — y)

> al| Vs — ylI* + aly, Vs —y) + (f = f5, Vs — ),
where the inequality (Vs —y, F\(Vs) — F(y)) > 0 was used. Therefore,
al|Vs —yl1* < allyllIVs — yll + 6/ Vs — yl-
This implies
(2.6) allVs — yll < ally]l + 4.

From (2.5) and (2.6), and an elementary inequality ab < ea? + Z—z, Ve > 0, one gets

IF(Vs) = fsI* < 6 + allylls + allyll| E(Vs) — fll
27) 2 o 1 9 9
< 0%+ allylld + el #(Vs) = fslI° + Iyl
where € > 0 is fixed, independent of ¢, and can be chosen arbitrarily small. Let ¢ — oo and
a = a(t) \, 0. Then (2.7) implies limsup,_,..(1 — €)||F(Vs) — f5]|*> < 62. This, the continuity of F,
the continuity of Vs(t) on [0, 00), and the assumption ||F(0) — fs|| > C9, where C' > 1, imply that
equation ||F(V(t)) — fs|| = Cd must have a solution t; > 0. O

Remark 2.5. Let V := Vs(t)|s5=0, so F(V)+a(t)V — f = 0. Let y be the minimal-norm solution to
F(u) = f. We claim that

<

(2.8) Vs =V <

a-
Indeed, from (2.1) one gets

F(%)—F(V)+Cé(2%—V)=f—fa-
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Multiply this equality by (Vs — V) and use (1.2) to obtain
oWV =VI=(f=fs:Vs=V)
=(F(Vs) = F(V) +a(Vs =V),Vs = V)
> al| Vs = V.
This implies (2.8).
Similarly, from the equation
F(V)+aV —F(y) =0,
one can derive that
(2.9) IVIF< llyll-
From (2.8) and (2.9), one gets the following estimate:
] d
(210) Vsl < VI +5 < gl + -

Let us recall the following lemma, which is basic in our proofs.

Lemma 2.6 ([8], p. 97). Let a(t), 5(t), v(t) be continuous nonnegative functions on [19,00), 79 > 0

is a fized number. If there exists a function u = p(t),

p € Clrg,00),  pu(t) >0,  lim p(t) = oo,

such that
WO w®] . du
(2.11) 0<at) < T[’y—m], W=
1 f1(t)
(2.12) B(t) < m ¥ - W],
(2.13) 1(70)g(70) < 1,
and g(t) > 0 satisfies the inequality
(2.14) g(t) < —(t)g(t) + a(t)g®(t) + B(t), ¢ >0,
then
(2.15) 0<g(t) < ﬁ —0, as t— oo.

If inequalities (2.11)—~(2.13) hold on an interval [19,T), then g(t), the solution to inequality (2.14),

exists on this interval and inequality (2.15) holds on [19,T).
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Lemma 2.7. Suppose My, cq, and c1 are positive constants and 0 # y € H. Then there exist A > 0
and a function a(t) € C10,0), 0 < a(t) \ 0, such that the following conditions hold:

M,y
2.16 S A
(210 ol
co A la(t)|
. < —
247 < mwl |
la(t)] _ alt) |a(t)|
2.1 < 1-—
(2.18) T RO N
a?(0
(219) 15(0) ~ g3l < T
Proof. Take
d
, — < > .
(2.20) a(t) DG 0<b<1, ¢>max(2b1)
Note that |a| = —a. We have
la(t)] b b 1
2.21 = < - < - t>
(221) at) c+t " c " 2 viz0
Hence,
1 |a(t)|
2.22 —<1- > 0.
(2.22) sl e ey
Take
(2.23) A> M
1yl
Then (2.16) is satisfied.
Choose d such that
(2.24) d > max (\/C2b)\||F(0) - f5||,4b/\01>.
From equality (2.20) and inequality (2.24) one gets
la(t)] b b 1
2.2 = < -< — t>0.
(2:25) 20 " der it Sd S e 20

This and inequality (2.21) imply inequality (2.18). It follows from inequality (2.24) that

# e
by N

(2.26) I1F(0) = f5ll <

Thus, inequality (2.19) is satisfied.
Choose x > 1 such that

4
(2.27) K > max (% 1).
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Define
(2.28) v(t) :==ka(t), A;:= KA\

Note that inequalities (2.16), (2.18), (2.19) and (2.21) still hold for a(t) = v(t) and A = A,.
Using the inequalities (2.27) and ¢ > 1 and the definition (2.28), one obtains

co MK < A [ _M]

(2.29) v(t) = 4v(t) — 2v(t) v

Thus, one can replace the function a(t) by v(t) = ka(t) and A by A = A\, to satisfy inequalities
(2.16)~(2.19). O

Remark 2.8. In the proof of Lemma 2.7 a(0) and A can be chosen so that @ is uniformly bounded

as § — 0 regardless of the rate of growth of the constant M; = M;(R) from formula (1.3) when
R — o0, i.e., regardless of the strength of the nonlinearity F'(u).

Indeed, to satisfy (2.23) one can choose A = % To satisfy (2.24) one can choose

d = max <\/C2M||ﬁS _ F(O)H,4b/\cl> < max <\/ch/\(||]’ _ FO)|| + 1),4b/\cl>,

where we have assumed, without loss of generality, that 0 < § < 1. With this choice of d and A,
the ratio @ is bounded uniformly with respect to § € (0,1) and does not depend on R.

Indeed, with the above choice one has aTO) = % <eé(l+ \/F) < ¢, where ¢ > 0 is a constant
independent of §, and one can assume that A > 1 without loss of generality.

This remark is used in Remark 3.3, where we prove that the trajectory of us(t), defined by (3.1),
stays in a ball B(ug, R) for all 0 < t < ts5, where the number t5 is defined by formula (3.3) (see

below), and R > 0 is sufficiently large. An upper bound on R is given in Remark 3.3.

Remark 2.9. It is easy to choose ug € H such that

1£(0) — fl
2. = — <
Indeed, if, for example, uy = 0, then by Lemmas 2.2 and 2.3 one gets
a(0)[[V5(0)[ _ [I#(0) — fs]]
390 || (5( )H (1(0) = CL(O)

If (2.19) and (2.30) hold, then gy < aTO). Inequality (2.30) also holds if ||ug — V5(0)]| is sufficiently

small.

Lemma 2.10. Let p,b and c be positive constants. Then
b t eps ePt
(2.31) <p——> / pds < = Ye,b >0, t>0.
c) Jo (s+¢) (c+1)
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Proof. One has

d ept pePt bePt
E((Ht)b) T et t)l (et o)t
b ePt
(e 02

Therefore,

b
<p_5>/0 (s+c)b /ds (c+s)b
et

- (c+t) cb = (c+ )P

Lemma 2.10 is proved. O

d_ where d,c,b >0, ¢ > 6b. One has

Lemma 2.11. Let a(t) = o

(2.32) /0 Ha(s) V3 ) s < a®IVa(@)l, £ 0.

Proof. Let p = % in Lemma 2.10. Then

1 b t e3 ez
2. S — — > 0.
(2.33) <2 c>/0 (s+c)bd8< (c+t)b’ ve,b 20

Since ¢ > 6b or 3—cb < %, one has

1 b_ 2b 2b
_ > , s> 0
2 ¢c7 ¢ T c+s
This implies
1 b d 1 b 2db
2.34 ——— === 2 — = 2|d > 0.
(231) oo)(3-2) = (5 2) 2 g =20 520

Multiplying (2.34) by es IIVs(s)]|, integrating from 0 to ¢, using inequality (2.33) and the fact that

IVs(s)|| is nondecreasing, one gets

a0l > [ Viola <><__9>d3>2 [ eHatisias, ez

This implies inequality (2.32). Lemma 2.11 is proved. O
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3. MAIN RESULT

Denote
A= F'(us(t)), Aq:=A+al,

where I is the identity operator, and wus(t) solves the following Cauchy problem:
(3.1) U = —A;é) [F(us) + a(t)us — f5), us(0) = uo.

We assume below that ||F(ug) — fs5]| > C16¢, where C; > 1 and ¢ € (0, 1] are some constants. We
also assume, without loss of generality, that § € (0, 1).
Assume that equation F'(u) = f has a solution, possibly nonunique, and y is the minimal norm

solution to this equation. Let f be unknown, but fs5 be given, ||f5 — f|| <.

Theorem 3.1. Assume a(t) = where b € (0,1], ¢,d > 0 are constants, ¢ > 6b, and d is

d
(1)
sufficiently large so that conditions (2.17)~(2.19) hold. Assume that F' : H — H 1is a monotone
operator, twice Fréchet differentiable, supy,c p(u,,r) | FO) (u)|| < M;(ug, R), 0 < j <2, B(ug, R) :=

{u: ||lu—wuo| < R}, ug is an element of H, satisfying inequality (2.30) and
1
(3.2) 1 (u0) + a(0)uo — fsll < 7a(0)[[Vs(0)ll;

where Vs(t) := Vs o) solves (2.1) with a = a(t). Then the solution us(t) to problem (3.1) exists on
an interval [0, Ty], lims_,o T5 = 00, and there exists a unique tg, ts € (0,Ty) such that lims_,ots = 00

and

(3.3) IF(us(ts)) — f5ll = C16¢, | F(us(t)) — f5]| > C16¢, Vit € [0,15),
where Cy > 1 and 0 < ¢ < 1. If ¢ € (0,1) and t5 satisfies (3.3), then

(3.4) Lim [jus (t5) —yll = 0.

Remark 3.2. One can choose ug satisfying inequalities (2.30) and (3.2) (see also (3.34) below).
Indeed, if up is a sufficiently close approximation to Vs(0), the solution to equation (2.1), then
inequalities (2.30) and (3.2) are satisfied. Note that inequality (3.2) is a sufficient condition for
(3.35) to hold. In our proof inequality (3.35) is used at ¢ = t5. The stopping time ¢s is often
sufficiently large for the quantity e_%&ho to be small. In this case inequality (3.35) with ¢ = t; is
satisfied for a wide range of ug. For example, in our numerical experiment in Section 4 the method

converged rapidly when ug = 0. Condition ¢ > 6b is used in the proof of Lemma 2.11.
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Proof of Theorem 8.1. Denote

Ci+1
5

(3.5) C =
Let

wi=us — Vs, g(t) = |lw].
One has
(3.6) W= —Vs— Az [Fus) = F(Vs) + a(t)w].
We use Taylor’s formula and get

M.

(3.7) F(us) = F(V) +aw = Aqw + K, |[K| < ||,

where K := F(us) — F(V5) — Aw, and My is the constant from the estimate (1.3). Multiplying

(3.6) by w and using (3.7) one gets
(3.8) 99 < —g° + —HA g + 11V3llg-

Let ty be such that

1) 1
(3.9) alte) mHyH, C>1

This t( exists and is unique since a(t) > 0 monotonically decays to 0 as t — oo.

Since a(t) > 0 monotonically decays, one has

) 1
. _ < — <t <tp.
(3.10) ) = C—lHy”’ 0<t<to
By Lemma 2.4, there exists t; such that
(3.11) |[F(Vs(t1)) — fsll = €6,  F(Vs(t1)) +al(t1)Vs(t1) — fs = 0.

We claim that t1 € [0,t0].
Indeed, from (2.1) and (2.10) one gets

05 = aft) [Vs(t1) | < alty) (nyu n %) i)yl +5 C> 1,

SO

(h)lly\l
<
‘s —Go1 C-1
Thus,
5wl _

a(tl) - Cc-1 a(to)'

Since a(t) \, 0, one has t; < tg.
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Differentiating both sides of (2.1) with respect to ¢, one obtains
Aa(t)vz; = —aVy.

This implies

. . ) 5
< ¢ -1 < M < M Z
Vsl < lall Az Voll < sl < 2 (i + 2
(3.12) ,
< MH Il 1+ ; Vi <t
=4 Y O 1 ) >~ UQ-
Since g > 0, inequalities (3.8) and (3.12) imply
. c o, ld Mo 1
3.13 < —g(t) + —= - == = 14—,
(313) §< o0+ g+ dbe o= a=lul(1+ oo
Here we have used the estimate
_ 1
JAM <=
a

and the relations
Ay :=F'(u)+al, F'(u):=A>0.

Inequality (3.13) is of the type (2.14) with

_ _ _ . ldl
W(t) - 17 Oé(t) - a(t)’ ﬁ(t) - Cla(t)'
Let us check assumptions (2.11)—-(2.13). Take
A
p(t) = at)’

where A = const > 0 and satisfies conditions (2.11)—(2.13) in Lemma 2.7. Since uy satisfies
inequality (2.30), one gets g(0) < @, by Remark 2.9. This, inequalities (2.11)—(2.13), and Lemma
2.6 yield

(3.14) o) < ™D i<, ) = ust) - Vil

Therefore,

1 (us () = [l <IF(us(t)) = FVs@O) + [1F(Vs(2) = /5l

(3.15) <Mg(t) + |[F(Vs(t)) — fsll
<MDy pws) - il ve<to

It is proved in Section 2, Lemma 2.3, that ||F'(Vs(t)) — fsl| is decreasing. Since t1 < to , one gets

(3.16) I1E(Vs(t0)) — f5ll < ||61;(V5(751)) — fsll = Cé.
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This, inequality (3.15), the inequality 241 < [|y|| (see (2.23)), the relation (3.9), and the definition
C1 =2C —1 (see (3.5)), imply

Mia(t
17 Gus(to)) — 1ol <290 4 g
(3.17) MS(C 1
MOC D) | o5 < (2C — 1)§ = Cy6.
Nyl
Thus, if

1£(us(0)) = fsll > C167, 0 <y <1,

then, by the continuity of the function ¢t — ||F'(us(t)) — f5]| on [0,00), there exists t5 € (0,%p) such
that

(3.18) | F(us(ts)) — fsll = C167

for any given 7 € (0, 1], and any fixed C7 > 1.
Let us prove (3.4).
From (3.15) with ¢ = ¢5, and from (2.10), one gets

t
e < 208 o) Vi)

<M, a(;é)

+ [lylla(ts) + 6.
Thus, for sufficiently small §, one gets

_ M _

co¢ < aes) (S + ol €

where C' < C is a constant. Therefore,

5 1=C /My
1 lim —— < lim — [ — - 1.
(3.19) Pty SN ()\ +”y”> 0, 0<¢<
We claim that
2 lim t5 = co.
320 e = o0

Let us prove (3.20). Using (3.1), one obtains

%(F(u(g) + aus — f5) = Agtis + aus = —(F(us) + aus — f5) + aus.
This and (2.1) imply
(3.21) %[F(u(s) — F(Vs) +a(us — Vs)] = —[F(us) — F(Vs) + alus — Vs)] + aus.
Denote

i vlt) = Flus(t) = FG0) +al®)us() = V@), i ble)s= ol
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Multiplying (3.21) by v, one obtains

hiv = —h? + (v, a(us — Vi) + alv, Vs)

(3.22)

< —h*+hlalllus — Vs| + lalh|Vsll,  h>0.
Thus,
(3.23) h < —h+ |a||us — Vs|| + |a]|| Vs]-

Since (F(us) — F(Vs),us — V) > 0, one obtains from the two equations
(v,us = Vo) = (Fus) — F(Vs) + a(t)(us — Vs),us — Vs)

and
(v, F(us) — F(V3)) = |F(us) — F(V3)|I* + a(t){us — Vs, F(us) — F(Vs)),

the following two inequalities:

(3.24) allus — Vs[> < (v,us — Vs) < |lus — Vs||h
and
(3.25) |1F(us) — F(V3)|I” < (v, F(us) — F(V5)) < h||F(us) — F(V)]|.

Inequalities (3.24) and (3.25) imply

(3.26) allus = Vsl < h,  [|F(us) = F(Vs)|| < h.
Inequalities (3.23) and (3.26) imply

(3.27) h < —h<1 — %) + lal||Vs]l.
Since 1 — %‘ > % because ¢ > 2b, inequality (3.27) holds if

(328) h< —gh+lallval.
Inequality (3.28) implies

(3.29) h(t) < h(0)e 2 + e 2 /Ote§|d|\|V5Hds.

From (3.29) and (3.26), one gets

(3.30) 1P (us(t) = F(Vs(®))]| < h(0)e2 + 6_5/0 ezal||Vsllds.
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Therefore,

[ F (us(t)) — fsll = 1F'(Vs () — fsll = [F(V5(2)) — F(us(t))]l
(3.31) t o
> a(t)|Vs(t)]| — h(0)e™2 — ez /0 e2lall|Vsllds.

From the results in Section 2 (see Lemma 2.11), it follows that there exists an a(t) such that

1 E s
(332) FAOIVGO] > e [ e all V(o) s
For example, one can choose
d
(333) a(t) = m, 6b < C,

where d, ¢, b > 0. Moreover, one can always choose ug such that

(3:34) h(0) = (o) + a(O)uo — S5 < 5a(O)[V0)],

because the equation F'(ug) 4+ a(0)up — fs = 0 is solvable. If (3.34) holds, then

h(0)e™2 < —a(0)[|V5(0)]le”2, ¢ >0.

B~ =

If 2b < ¢, then (3.33) implies
e 2a(0) < a(t).

Therefore,

(335) eER(0) < Ja@VO)] < @IV, ¢ 0,

=

where we have used the inequality ||V5(¢)|] < [|[Vs(t)]| for ¢ < ¢, established in Lemma 2.3 in
Section 2. From (3.18) and (3.31)—(3.35), one gets

1 = | F(us(t)) — foll = Jalta)IVats)l|

Thus,
]‘]']f] a t ‘/ t < I.[[]4 ]5C _“.

Since ||Vs(t)]| increases (see Lemma 2.3), the above formula implies lims_,o a(ts) = 0. Since 0 <
a(t) 0, it follows that lims_,ot5 = 00, i.e., (3.20) holds.
It is now easy to finish the proof of the Theorem 3.1.

From the triangle inequality and inequalities (3.14) and (2.8) one obtains

lus(ts) — yll < |lus(ts) — Vs(ts)ll + 1V (ts) — Vs(ta)ll + [V (ts) — yll
(3.36) o) S

< + alty) + [V (ts) —yll-
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Note that V (t5) = V{ a(1,) (see equation (2.1)). From (3.19), (3.20), inequality (3.36) and Lemma 2.1,
one obtains (3.4). Theorem 3.1 is proved. O
Remark 3.3. The trajectory us(t) remains in the ball B(ug, R) := {u : ||lu —up|| < R} for all ¢t < ts,
where R does not depend on § as 6 — 0. Indeed, estimates (3.14), (2.10) and (3.10) imply

[[us (£) — woll < llus(t) = V5@l + Vs (@)l + lluoll

(3.37)
a0) , Clyl
< =2+ 70 =R vt < ts.
Y +C_1+Hu0|| ) <tis
Here we have used the fact that t5 < tg (see the proof of Theorem 3.1). Since one can choose

a(t) and A so that aTO) is uniformly bounded as § — 0 and regardless of the growth of M;j (see

Remark 2.8) one concludes that R can be chosen independent of 6 and Mj.

4. NUMERICAL EXPERIMENTS

4.1. An experiment with an operator defined on H = L?[0,1]. Let us do a numerical exper-

iment solving nonlinear equation (1.1) with
1
(4.1) F(u) :== B(u) + (arctan(u))3 = / e~ 1T ¥l (y)dy + (arctan(u))g.
0

Since the function u — arctan® u is increasing on R, one has

(4.2) ((arctan(u))3 - (arctan(v))3,u —v) >0, YVu,v e H.
Moreover,
1 o) ez)\m
4. —l=l = 2 IR
(43) ¢ T /_OO T

Therefore, (B(u —v),u —v) >0, so
(4.4) (F(u) — F(v),u —v) >0, Vu,v e H.
Thus, F' is a monotone operator. Note that
((arctan(u))3 - (arctan(v))g,u —vy=0 iff u=v a.e.

Therefore, the operator F, defined in (4.1), is injective and equation (1.1), with this F', has at most
one solution.
The Fréchet derivative of F' is

3(arctan(u)) 2

1
1 P fuy = Sctan(0)” =l ().
(15 (upw =SSt [ ey

If u(x) vanishes on a set of positive Lebesgue measure, then F’(u) is not boundedly invertible. If

u € C[0, 1] vanishes even at one point zg, then F’(u) is not boundedly invertible in H.
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In numerical implementation of the DSM, one often discretizes the Cauchy problem (3.1) and
gets a system of ordinary differential equations (ODEs). Then, one can use numerical methods for
solving ODEs to solve the system of ordinary differential equations obtained from discretization.
There are many numerical methods for solving ODEs (see, e.g., [2]).

In practice one does not have to compute us(ts) exactly but can use an approximation to us(ts)
as a stable solution to equation (1.1). To calculate such an approximation, one can use, for example,

the iterative scheme

Un+1 = Up — (F/(un) + an[)_l(F(un) + anuy — f5)7
(4.6)
Uug = 0,

and stop iterations at n := ng such that the following inequality holds:
(4.7) | F(ungs) — fsl| < C67,  ||F(un) — f5]] > C67, n<ns, C>1, ~€(0,1).

The existence of the stopping time n; is proved in [3, p. 733] and the choice ug = 0 is also justified
in this paper. Iterative scheme (4.6) and stopping rule (4.7) are used in the numerical experiments.
We proved in [3, p. 733] that u,, converges to u*, a solution of (1.1). Since F' is injective as
discussed above, we conclude that u,; converges to the unique solution of equation (1.1) as ¢ tends
to 0. The accuracy and stability are the key issues in solving the Cauchy problem. The iterative
scheme (4.6) can be considered formally as the explicit Euler’s method with the stepsize h = 1 (see,
e.g., [2]). There might be other iterative schemes which are more efficient than scheme (4.6), but
this scheme is simple and easy to implement.

Integrals of the form fol e~ 1*=¥n(y)dy in (4.1) and (4.5) are computed by using the trapezoidal

rule. The noisy function used in the test is

f5({L') = f(x) + "ifnoise(x), Kk > 0.

The noise level § and the relative noise level are defined by the formulas

1)
0= Hanoise”7 Orel '= w7

[l

In the test x is computed in such a way that the relative noise level d,..; equals some desired value,

ie.,
_ 4 _ 5rel”f”
”fnoiSEH anoiseH.

We have used the relative noise level as an input parameter in the test.

K

In all the figures the z-variable runs through the interval [0, 1], and the graphs represent the

numerical solutions upgps(x) and the exact solution ueyqet ().
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In the test we took h =1, C = 1.01, and v = 0.99. The exact solution in the test is

0 if Lf<az<?2
(4.8) ue(z) = 5o
1 otherwise,

w0

here x € [0, 1], and the right-hand side is f = F'(u.). As mentioned above, F’(u) is not boundedly
invertible in any neighborhood of ..

It is proved in [3] that one can take a,, = and d is sufficiently large. However, in practice, if

_d_
14+n>
we choose d too large, then the method will use too many iterations before reaching the stopping

time ns in (4.7). This means that the computation time will be large in this case. Since
1E(Vs) = fsll = a@®)[[ V5],
and [[Vs(ts) — us(ts)|| = O(alts)), we have
Co7 = |[F(us(ts)) — fsll < alts)|[Vsll + Olalts)),

and we choose
d= Cyd", Co > 0.

In the experiments our method works well with Cy € [7,10]. In numerical experiments, we found

60'99

out that the method diverged for smaller Cy. In the test we chose a,, by the formula a,, := Con——l—l'

The number of nodal points, used in computing integrals in (4.1) and (4.5), was N = 100. The
accuracy of the solutions obtained in the tests with N = 30 and N = 50 was slightly less accurate
than the one for NV = 100.

Numerical results for various values of §,, are presented in Table 3. In this experiment, the
noise function f,.se i a vector with random entries normally distributed, with mean value 0 and

variance 1. Table 3 shows that the iterative scheme yields good numerical results.

TABLE 3. Results when Cy =7, N = 100 and u = u,.

Srel 0.02 | 0.01 | 0.005 | 0.003 | 0.001
Number of iterations 57 57 58 58 59
% 0.1437 | 0.1217 | 0.0829 | 0.0746 | 0.0544

Figure 6 presents the numerical results when N = 100 and Cy = 7 with d, = 0.01 and 6, =
0.005. The numbers of iterations for § = 0.01 and § = 0.005 were 57 and 58, respectively.

Figure 7 presents the numerical results when N = 100 and Cy = 7 with § = 0.003 and § = 0.001.
In these cases, it took 58 and 59 iterations to get the numerical solutions for d,.,; = 0.003 and

dre; = 0.001, respectively.
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6 =0.01, N=100 & =0.005, N=100
rel rel

14 ° Yexact 14 © Uexact

12 Uoswm 1.2 Uosm
0.8
0.6 0.6
0.4 0.4
0.2 0.2
0 0
-0.2 -0.2

0 0.2 0.8 1 0 0.2 0.8 1
X X

FIGURE 6. Plots of solutions obtained by the DSM when N = 100, 6,¢; = 0.01 (left)
and d,¢; = 0.005 (right).

6 =0.003, N=100 & =0.001, N=100
rel rel

14 & Uoyact L4 & Uoxact

1.2 Upswm 1.2 Upsm
0.8 0.8
0.6 0.6
0.4 04
0.2 0.2
0 0
-0.2 -0.2

0.2 0.8 1 0.2 0.4 0.6 0.8 1
X X

FIGURE 7. Plots of solutions obtained by the DSM when N = 100, d,, = 0.003
(left) and d,¢ = 0.001 (right).

We also carried out numerical experiments with u(x) = 1, = € [0, 1], as the exact solution. Note
that F’(u) is boundedly invertible at this exact solution. However, in any arbitrarily small (in L?
norm) neighborhood of this solution, there are infinitely many elements u at which F’(u) is not
boundedly invertible, because, as we have pointed out earlier, F'(u) is not boundedly invertible if
u(x) is continuous and vanishes at some point = € [0,1]. In this case one cannot use the usual

methods like Newton’s method or the Newton-Kantorovich method. Numerical results for this

experiment are presented in Table 4.

From Table 4 one concludes that the method works well in this experiment.
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TABLE 4. Results when Cp =4, N =50 and u(z) =1, x € [0,1].

Orel 0.05 0.03 0.02 0.01 0.003 | 0.001
Number of iterations 28 29 28 29 29 29
W 0.0770 | 0.0411 | 0.0314 | 0.0146 | 0.0046 | 0.0015

4.2. An experiment with an operator defined on a dense subset of H = L?[0,1]. Our
second numerical experiment with the equation F'(u) = f deals with the operator F' which is not

defined on all of H = L2[0,1], but on a dense subset D = C|0, 1] of H:
1
(4.9) F(u) := B(u) +u® := / e~ 1P Yu(y)dy + u.
0

Therefore, the assumptions of Theorem 3.1 are not satisfied. Our goal is to show by this numerical
example, that numerically our method may work for an even wider class of problems than that
covered by Theorem 3.1.

The operator B is compact in H = L?[0,1]. The operator u — u? is defined on a dense subset

D of L?[0,1], for example, on D := C[0,1]. If u,v € D, then
1
(4.10) (w? =3 u—v) = / (u® —v3)(u —v)dz > 0.
0
This and the inequality (B(u — v),u —v) > 0, followed from equality (4.3), imply
(F(u) — F(v),u —v) >0, Yu,v € D.

Note that the equal sign of inequality (4.10) happens iff u = v a.e. in Lebesgue measure. Thus, F
is injective. Therefore, the element w,, obtained from the iterative scheme (4.6) and the stopping
rule (4.7) converges to the exact solution u. as 0 goes to 0.

Note that D does not contain subsets open in H = L?[0,1], i.e., it does not contain interior points
of H. This is a reflection of the fact that the operator G(u) = u3 is unbounded on any open subset
of H. For example, in any ball |lu|| < C, C = const > 0, where |Jul| := [Ju]|f2[0,1], there is an element
u such that |[u’|| = co. As such an element one can take, for example, u(z) = c;z7%, £ < b < i.
Here ¢; > 0 is a constant chosen so that ||u|]| < C. The operator u — F(u) = G(u) + B(u) is
maximal monotone on Dp := {u:u € H, F(u) € H} (see [1, p. #102]), so that equation (2.1) is
uniquely solvable for any fs € H.

The Fréchet derivative of F' is

1
(4.11) F'(u)w = 3uw +/ e~ 1TVl (y)dy.

0
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If u(x) vanishes on a set of positive Lebesgue measure, then F’(u) is obviously not boundedly
invertible. If u € C|0,1] vanishes even at one point zg, then F’(u) is not boundedly invertible in
H.

We also use the iterative scheme (4.6) with the stopping rule (4.7).

We use the same exact solution u, as in (4.8). The right-hand side f is computed by f = F(u.).
Note that F’ is not boundedly invertible in any neighborhood of ..

In experiments we found that our method works well with Cy € [1,4]. Indeed, in the test we
§0-9
n+6"
(4.1) and (4.5) was N = 30. In the test, the accuracy of the solutions obtained when N = 30,

chose a, by the formula a, = Cy The number of node points used in computing integrals in
N = 50 were slightly less accurate than the one when N = 100.

Numerical results for various values of §,, are presented in Table 5. In this experiment, the
noise function f,.;se 18 a vector with random entries normally distributed of mean 0 and variance

1. Table 5 shows that the iterative scheme yields good numerical results.

TABLE 5. Results when Cy = 2 and N = 100.

Srel 0.02 | 0.01 | 0.005 | 0.003 | 0.001
Number of iterations 16 17 17 17 18
% 0.1387 | 0.1281 | 0.0966 | 0.0784 | 0.0626

Figure 8 presents the numerical results when f,pisc(x) = sin(3wz) for d,; = 0.02 and 6,.; = 0.01.

The number of iterations when Cy = 2 for d,..; = 0.02 and d,..; = 0.01 were 16 and 17, respectively.

6 =0.02, N=100 6 =0.01, N=100
rel rel
14 © Uexact 14 © Uexact
1.2 Upsm 1.2 Upsm
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2

0 0.2 0.8 1 0 0.2
FIGURE 8. Plots of solutions obtained by the DSM with f,gise(x) = sin(37z) when

N =100, d,¢; = 0.02 (left) and §,; = 0.01 (right).
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Figure 9 presents the numerical results when fypis¢(2) = sin(3wz) with d,¢; = 0.003 and 0,¢; =
0.001. We also used Cyp = 2. In these cases, it took 17 and 18 iterations to give the numerical

solutions for d,.; = 0.003 and J,¢; = 0.001, respectively.

Bre|:0.003, N=100 5re|20.001, N=100
14 O Ugact 14 o Ugract
12 — Upsm 1.2 — Upsm
@ q

0.8 0.8
0.6 0.6
04 0.4
0.2 0.2

0 0

0.2 0.4 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1

FIGURE 9. Plots of solutions obtained by the DSM with f,pise(x) = sin(37z) when
N =100, d,¢; = 0.003 (left) and d,; = 0.001 (right).

We have included the results of the numerical experiments with u(z) = 1, = € [0, 1], as the exact
solution. The operator F’(u) is boundedly invertible in L2([0,1]) at this exact solution. However,
in any arbitrarily small L?-neighborhood of this solution, there are infinitely many elements u at
which F’(u) is not boundedly invertible as was mentioned above. Therefore, even in this case
one cannot use the usual methods such as Newton’s method or the Newton-Kantorovich method.

Numerical results for this experiment are presented in Table 6.

TABLE 6. Results when Cyp =1, N =30 and u(x) =1, z € [0, 1].

Orel 0.05 0.03 0.02 0.01 0.003 | 0.001
Number of iterations 7 8 8 9 10 10
W 0.0436 | 0.0245 | 0.0172 | 0.0092 | 0.0026 | 0.0009

From the numerical experiments we can conclude that the method works well in this experiment.
Note that the function F' used in this experiment is not defined on the whole space H = L?[0, 1]
but defined on a dense subset D = C10, 1] of H.
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Abstract.

An iterative scheme for solving ill-posed nonlinear operator equations with monotone operators is introduced
and studied in this paper. A discrete version of the Dynamical Systems Method (DSM) algorithm for stable
solution of ill-posed operator equations with monotone operators is proposed and its convergence is proved.
A discrepancy principle is proposed and justified. A priori and a posteriori stopping rules for the iterative

scheme are formulated and justified.
AMS subject classification (2000): 47J05, 47J06, 47J35, 65R30.

Key words: Dynamical systems method (DSM), nonlinear operator equations, monotone operators, dis-

crepancy principle..

1 Introduction

In this paper we study a discrete version of the Dynamical Systems Method (DSM) for solving

the equation
(L.1) F(u)=f,

where F' is a nonlinear twice Fréchet differentiable monotone operator in a real Hilbert space H,

and equation (1.1) is assumed solvable. Monotonicity is understood in the following sense:
(1.2) (F(u) — F(v),u —v) >0, Yu,veH.

Here (u,v) denotes the inner product in H. It is known (see, e.g., [6]), that the set N := {u :
F(u) = f} is closed and convex if F' is monotone and continuous. A closed and convex set in a
Hilbert space has a unique minimal-norm element. This element in A' we denote by y, F(y) = f.
We assume that

(1.3) sup  [|FV(u)|| < Mj = Mj(uo, R), 0<j<2,
lu—uol| <R
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where FU )(u) is the j—th Fréchet derivative of F' at the point u € H, ug € H is an element of H,
R > 0 is arbitrary, and f = F(y) is not known but f5, the noisy data, are known and || fs — f|| < 4.
If F'(u) is not boundedly invertible then solving for u given noisy data fs is often (but not always)
an ill-posed problem.

Our goal is to develop an iterative process discrepancy principle type for a stable solution of
equation (1.1), given noisy data f5, ||f — fs|| < 6. In [6] a general approach to construction of
convergent iterative processes for solving (1.1) on the basis of the DSM is developed. Some results
on the DSM and its applications one finds in [2], [6]-[13]. In [3]-[6] and references therein methods
for solving ill-posed problems are discussed.

Although the DSM is presented in detail in the monograph [6], we briefly give its main idea for
convenience of the reader. The idea of solving equation (1.1) by a version of the DSM consists of
finding a nonlinear map ®(¢,u), such that:

a) The Cauchy problem:

u(t) = ®(t,u), u(0) = up,

has a unique global solution,
b) There exists the limit:

tlgélo u(t) := u(o0),

and this limit solves (1.1):
c)
Fu(e0)) = f.
Several versions of DSM were proposed and justified mathematically in [6]-[12].

In this paper the following iterative scheme for stable solution to (1.1) is investigated:
Ung1 = Up — AT F(un) + anun — f5],  Ap = F'(up) + and,  up = ug.

For this iterative scheme we formulate and justify an a posteriori stopping rule based on a discrep-

ancy principle:
[1F' (uny) — foll < C107,  C167 < [|[F(up) — fsll,  Vn < ng,

where C1 > 1, 0 < v < 1. The existence of ns and the convergence of u,; to a solution of equation
(1.1) are justified provided that ug and a,, are suitably chosen (see Theorem 2.6).

The novel points in this paper are formulated in Lemmas 2.1, 2.3, 2.4, 2.5, and in Theorem 2.6.
The ideas of the proofs of these results are new and these results have no intersection with the results
in the published literature and with the results in the papers, mentioned in the references. The new

discrepancy principle, stated in Theorem 2.6 and justified in the proof of this main Theorem may
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look similar to the well-known Morozov’s discrepancy principle (with v = 1) for linear equations,
but in fact it is a completely different principle both in its proof and in its numerical application.
Its proof is completely different from the proof of Morozov’s principle because we do not use
variational regularization, and our problem is fully nonlinear in the sense that no restriction on the
global growth of the nonlinearity are made. The essential practical difference of our discrepancy
principle from Morozov’s principle consists of the following: in Morozov’s principle one has to solve
a nonlinear equation for the regularization parameter, while in our principle the ”stopping rule”,
that is, the choice of ns is made automatically. Our results are new not only for nonlinear equations
but for linear equations as well. Note that solving the nonlinear equation for the regularization
parameter in Morozov’s principle is by itself a non-trivial and time consuming task.

If v = 1, then, in general, one cannot prove convergence to the minimal-norm solution y even for
linear equations Au = f regularized by the method (A + a)u = f, where A > 0 is a linear operator

in H and a > 0 is the regularization parameter (see [5, p. 29]).
2 Auxiliary and main results
2.1 Auxiliary results
Let us consider the following equation:
(2.1) F(VW;) + CLVWg —f5=0, a> 0.

It is known (see, e.g., [1] and [6]) that equation (2.1) with monotone continuous operator F' has a
unique solution for any fixed a > 0 and fs € H.
LEMMA 2.1. If (1.2) holds and F is continuous, then ||Vys|| = O(%) as a— oo, and

(2.2) Jim IF(Vas) — fsl = |1 F(0) — fs].-

PROOF. Rewrite (2.1) as

F(Vas) — F(0) 4+ aVys + F(0) — f5s = 0.

)

Multiply this equation by V,, 5, use the inequality (F (V. 5) — F(0), Vs —0) > 0, which follows from
(1.2), and get:

a”f/aﬁHZ < <a‘~/a,5 + F(Va,é) - F(O),Va,5> = (fs — F(O),Va75> <|fs— F(O)H”Vaﬁu

Therefore, ||V, s|| = O(2). This and the continuity of F' imply (2.2). 0
Let us recall the following result (see Lemma 6.1.7 [6, p. 112]):
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LEMMA 2.2. Assume that equation (1.1) is solvable. Lety be its minimal-norm solution. Assume

that conditions (1.2) and (1.3) hold. Then
lim ||V, — || = 0,
a—0

where V, := ~a70 which solves (2.1) with § = 0.

Let us consider the following equation
(2'3) F(Vn,é) + anVn,6 - f6 = 07 Qn > 07
and denote V;, :== V;, s when 6 # 0. From the triangle inequality one gets:

1E(Vo) = fsll = [[F(0) = fsll = [F(Vo) — F(O)]].

From the inequality ||F(Vy) — F(0)|| < M;||Vp]|| and Lemma 2.1 it follows that for large ag one has:

|F (Vo) — F(0)]| < My |[Vol| = O<i0)

where Vg = V,,.5. Therefore, if |F(0) — f5|| > C3, then |F(Vo) — f5]| > (C — €)d, where ¢ > 0 is
arbitrarily small for sufficiently large ag > 0.
LEMMA 2.3. Suppose that ||F'(0) — f5] > C5, C > 1. Assume that 0 < (an)p>y (0, and ag is

sufficiently large. Then, there exists a unique ng > 0, such that

(2.4) 1E (Vo) = S5l < C6 < [[E(Vn) = fsll,  Vn < ns.

PrROOF. We have F(y) = f, and

0=(F(Vp) + anVo — fs, F (Vi) — fs)
=|[F (V) = fll* + an (Vo — 4, F (Vi) = f5) + anly, F(Va) — f5)
=|1F (V) = f5l* + an(Va — 4. F(Va) = F(y)) + an(Vi =y, f — f5)
+an(y, F(Va) — f5)
>(|F(Va) = foll? + an(Vi =y, f = f5) + anly, F(Vy) — fs)-

Here the inequality (V,, —y, F'(V,,) — F(y)) > 0 was used. Therefore

HF(VTL) - f5||2 < _an<Vn - yaf - f6> - an<ny(Vn) - f6>
(2.5) < an ||V = yllllf = fsll + anllylll[F(Va) = fsl

< and||Ve — yll + anllyllllF(Va) — fsll-
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On the other hand, one has:
0= <F(Vn)_F(y)+anVn+f_f67Vn_y>

= <F(Vn) - F(y)v Vn - y> + anHVn - y||2 + an<ya Vn - y> + <f - féyVn - y>

2 CLn”Vn - y”2 + a’n<y7 Vn - y> + <f - f57vn - y>7
where the inequality (V,, —y, F(V,,) — F(y)) > 0 was used. Therefore,

an||Vi =yl < anllyll| Vi = yll + 0l[Ve — .

This implies
(2.6) anl|Ve — yll < anllyl + 6.

From (2.5) and (2.6), and an elementary inequality ab < ea® + Z—Z, Ve > 0, one gets:

1 (Vo) = f5ll* < 6% + anllylld + anllyll| F (Vi) — f5]

1

(2.7)
< 8%+ anllylld + e E (V) = f5l* + anllyl?,

where € > 0 is fixed, independent of n, and can be chosen arbitrary small. Let n — 0o so a, \ 0.
Then (2.7) implies lim sup,,_, o (1—€)||F (V) — f5]|* < 6%, Ve > 0. This implies lim sup,,_, . || F'(Vy)—
fs5l] < 0. This, the assumption ||F'(0) — f5]| > C9, and the fact that ||[F(V,,) — fs|| is nonincreasing
(see Lemma 2.4), imply that there exists a unique ng > 0 such that (2.4) holds. Lemma 2.3 is

proved. O
REMARK 2.1. Let Vj,, := Vi ]s=0. Then F(Vy,) + a,Von — f = 0. Note that we have
)
(2'8) ”Vé,n - VO,TLH S a_

n

Indeed, from (2.1) one gets
F(Vsn) = F(Von) + an(Vsn —Vou) = f — fs-
Multiply this equality with (Vs,, — Vi) and use (1.2) to get:

5”‘/;57” - ‘/O,TLH > <f - f57 %,n - ‘/(],n>
= <F(V257n) - F(‘/O,n) + an(‘/&n - ‘/O,n)y %,n - ‘/O,n>

> anl|Vsn — Vol
This implies (2.8). Similarly, from the equation
F(V(],n) + anVO,n - F(y) =0,
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one can derive that
(2.9) Vol < llyll-

Similar arguments one can find in [6].

From (2.8) and (2.9), one gets the following estimate:

0 0
(2:10) IVall < Vol + = < lyll + == Vi i= Vi

LEMMA 2.4. Assume ||F(0) — fs|]| > 0. Let 0 < an (0, and F' be monotone. Denote
by = |F(Ve) = fslls En = ||Vall, n=0,1,..,

where V,, solves (2.3). Then h, is decreasing, and k, is increasing.

PRrROOF. Since ||F(0) — f5]| > 0, it follows that k,, # 0, ¥n > 0. Note that h,, = a,||V,||. One has
0<(F(V) = F(Vin), Vo = Vi)
(2.11) = (=an Vi 4 am Vi, Vi — Vi)
= (an + am){(Var, Vin) = an[[Vall* = am||Vin||*.
Thus,
0 < (an + am)(Va, Vin) = anllVal* = am Vi ||
212) < (an + am) [ValllVinll = anllVall® = am [ Van1®
= (@n[[Vall = am [V DUV | = [[Vall)
= (hn — han) (km — kn).
If ky, > ky, then (2.12) implies h,, > hy,, so

ankn > amkp > amkny.

Thus, if k,, > k,, then a,, < a, and, therefore, m > n, because a,, is decreasing.
Similarly, if k,,, < k, then h, < h,,. This implies a,, > a,, so m < n.
If k,, = ky, then (2.11) implies

IVinll* < (Vin, Vi) < Vil Vall = [[Van .

This implies V,,, = V,,, and then a,, = a,,. Hence, m = n, because a,, is decreasing.

Therefore h,, is decreasing and k,, is increasing. Lemma 2.4 is proved. O
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REMARK 2.2. From Lemma 2.1 and Lemma 2.4 one concludes that

anllVall = [F(Va) = fsll < |1 F(0) = fsll,  ¥n=0.

LEMMA 2.5. Suppose My, cy, and ¢y are positive constants and 0 # y € H. Then there exist
A >0 and a sequence 0 < (an)o>y \( 0 such that the following conditions hold

(2.13) an < 20n41,
(210 15~ POy < %2
(2.15) % < llyll,
- 1
(2.16) ana%jfﬂ = 2c1\
(2.17) co% + a"a_nz‘“q < a")\“.

PROOF. Let us show that if 0 < ag is sufficiently large then the following sequence

ag
1+n

(2.18) an =

9

satisfy conditions (2.13)—(2.17). One has

an, n—+2
Ap+1 n—+1

Thus, inequality (2.13) is obtained.
Choose

M,

(2.19) A>
Iyl

Then inequality (2.15) is satisfied.
Inequality (2.14) is obtained if aq is sufficiently large. Indeed, (2.14) holds if

(2.20) ag > /Allfs — F(0)]].

Let us check inequality (2.16). One has

an — Anl _ @ 4o (n+2)2: n+2 <£ n>0
az.y 1+n 2+n a2 ag(n+1) ~ ag’ -
Thus, (2.16) holds if
2 1
2.21 — <
( ) ag 2c1\’



i.e., if ag is sufficiently large.
Let us verify inequality (2.17). Assume that (a,)5%, and A satisfy (2.13)-(2.16) and (2.18).
Choose k > 1 such that

[\

Co
2.22 — <
( ) KA —

DO =

Consider the sequence (by,)02 := (kan )5, and let A, := k. Using inequalities (2.13), (2.16) and
(2.22), one gets

Cob—n by, — bn—l—l o = @a_n Gp — An41 o
)\i bn+1 N KA 2 An+1
lan-i-l an+1 _ An+1 _ bn-‘rl
2 A 27 A A

Thus, inequality (2.17) holds for a, replaced by b, = ka, and X replaced by A\, = kA, where
Kk > max(1, %) (see (2.22)). Inequalities (2.13)~(2.16) hold as well under this transformation.

Thus, the choices a, = 725 and A = H,%, K > max(l,“ﬁ/l—”ly”), satisfy all the conditions of
Lemma 2.5. O
REMARK 2.3. Using similar arguments one can show that the choices A > 0, a,, = (njl_—ol)b, dog > 1,

0 < b < 1, satisfy all conditions of Lemma 2.5 provided that dy is sufficiently large and A is chosen
so that inequality (2.19) holds.

REMARK 2.4. In the proof of Lemma 2.5 ag and A can be chosen so that % is uniformly bounded
as § — 0 regardless of the rate of growth of the constant M; = M;(R) from formula (1.3) when
R — o0, i.e., regardless of the strength of the nonlinearity F'(u).

Indeed, to satisfy (2.19) one can choose \ = ﬁWT'l' To satisfy (2.20) and (2.21) one can choose

ap = max (m 4c1)\> < max <\/)\(Hf — F(0)]| + 1),4c1)\>,

where we have assumed without loss of generality that 0 < § < 1. With this choice of ag and A,
the ratio 4 is bounded uniformly with respect to ¢ € (0,1) and does not depend on R.

Indeed, with the above choice one has “70 < c(1+\/F ) < ¢, where ¢ > 0 is a constant independent
of 9, and one can assume that \ > 1 without loss of generality.

This Remark is used in the proof of main result in Section 2.2. Specifically, it will be used to
prove that an iterative process (2.24) generates a sequence which stays in a ball B(ug, R) for all
n < no+ 1, where the number ng is defined by formula (2.33) (see below), and R > 0 is sufficiently
large. An upper bound on R is given in the proof of Theorem 2.6, below formula (2.46).

REMARK 2.5. It is easy to choose ug € H such that

(2.23) g0 = [luo — Vo < w
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Indeed, if, for example, ug = 0, then by Remark 2.2 one gets

wlVoll _ [F(©) — fil
agp - agp ’

g0 = [IVoll =

If (2.14) and (2.23) hold then gy < 42.

2.2 Main result

Recall that V;, := V}, 5, and
F(Vi5)+anVns — f5=0.

Consider the following iterative scheme:

(224) Up4+1 = Un — AEI[F(un) + apuy — f5]7 An = F/(un) + CLnI, Ug = Uo,

where ug is chosen so that inequality (2.23) holds. Note that F’(u,) > 0 since F' is monotone.
Thus, |4, < %

Let ay, and X satisfy conditions (2.13)—(2.17). Assume that equation F(u) = f has a solution
y € B(ug, R), possibly nonunique, and y is the minimal-norm solution to this equation. Let f be
unknown but fs be given, and || f5 — f|| < . We have the following result:

THEOREM 2.6. Assume a, = (di—%b where d > 1,0 < b < 1, and dy is sufficiently large so that
conditions (2.13)—~(2.17) hold. Let u,, be defined by (2.24). Assume that ug is chosen so that (2.23)
holds and ||F(uo) — fs]| > C107 > §. Then there exists a unique ng, depending on Cy and 7y (see

below), such that
(2.25) IF (uny) — fsll < C167,  C167 < ||[F(uy) — fsll, Vn < ns,

where C7 > 1,0 <y < 1.
Let 0 < (0,)5°_1 be a sequence such that 0,, — 0. If N is a cluster point of the sequence ns
satisfying (2.25), then

m

(2.26) lim w,, =u,

m—oo

where u* is a solution to the equation F'(u) = f. If

(227) lim ng,, = 00,
m—r0o0

where v € (0,1), then

(2.28) lim |[Jup, —yll =0.
[e.e]

m—r
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PRrROOF. Denote

Ci1+1
(2.29) o
2
Let
Zn = Un — Vi, Gn = ||2n]|-

We use Taylor’s formula and get:

— M 2
(2.30) F(un) = F(Vo) + anzn = Aay2n + Kn, [ Kanll < ==z,

where K, := F(u,) — F(V,) — F'(uy)z, and My is the constant from (1.3). From (2.24) and (2.30)

one obtains
(2.31) Znil = Zn — Zp — A;lK(zn) — (Vi1 — Vi).
From (2.31), (2.30), and the estimate ||A,;}|| < i, one gets

Masg?

2.32 <
( ) In+1 > 2a,

+ Vot = Vall-
Since 0 < a,, \(0, for any fixed § > 0 there exists ng such that
) 1 )
> — > —, C>1.
> gl

ny
By (2.13), one has % <2,¥n > 0. This and (2.33) imply

(2.33)

) % | 5
2.34 > 2 w2 o>
234 ez 2 s Loy 2

Thus,

2.35 2 >, vn<ne+1

2:35) 2l > 2 g1

The number ng, satisfying (2.35), exists and is unique since a,, > 0 monotonically decays to 0 as

n — 0co. By Lemma 2.3, there exists a number n; such that
(2.36) [E (V1) = foll < C6 < [|[F(Vay) — S5,

where V, solves the equation F(V,,) + a,V,, — fs = 0. We claim that ny € [0,n¢]. Indeed, one has
1 (Vi) = foll = any Vi, |l; and [[Va, || < [yl + % (cf. (2.10)), so

1)
(2.37) 08 < Vil < any (0] + - ) =il +6, € > 1.
1
Therefore,
)
(2.38) 0 < o1
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Thus, by (2.34),

§ [yl o
2.39 —_— << —.
( ) an, C—=1  apyy1

Here the last inequality is a consequence of (2.34). Since a,, decreases monotonically, inequality

(2.39) implies n; < ng. One has

an11l|Vn — Vn—l—IH2 = ((ans1 — an)V — F(Vo) + F(Viy1), Vo — Vig1)

A

(2.40) __<(an+l —-an)V%,D% _'V%+1>

< (an — ant )| ValllVa — Vil

By (2.10), ||Vall < [lyll + a%, and, by (2.35), % < % for all n < ng + 1. Therefore,

2

(2.41) Wl < lol(1+ 5og) vnsmotd
and, by (2.40),

- - P
@42) WV Vol < T < Sty (1 22 <t

(py1 (41 -1
Inequalities (2.32) and (2.42) imply

Co 9  Qp— Gpy1 M, 2
2.43 < = —_— =_Z = 14—
(2.43) g1 S gt e, =5, a IIyH< +C—1>’
for all n < ng + 1.
By Lemma 2.5 and Remark 2.3, the sequence (a,)5° , satisfies conditions (2.13)—(2.17), provided

n=1>

that dj is sufficiently large and A > 0 is chosen so that (2.19) holds. Let us show by induction that

(2.44) gn<%", 0<n<no+l.

Inequality (2.44) holds for n = 0 by Remark 2.5. Suppose (2.44) holds for some n > 0. From
(2.43), (2.44) and (2.17), one gets

2

Co [ a Ay — Api1

an \ A Gna1
(2.45) _ %0n | On =~ Qn41 o

A2 Gp4-1

Qa

< n+1‘
A

Thus, by induction, inequality (2.44) holds for all n in the region 0 < n < ng + 1.
From Remark 2.1 one has ||V, || < ||y|| + % This and the triangle inequality imply

)
(2.46) luo = wnll < fluoll + llznll + [[Vall < lluoll + llznll + llyll + —.

n
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Inequalities (2.41), (2.44), and (2.46) guarantee that the sequence u,, generated by the iterative
process (2.24), remains in the ball B(ug, R) for all n < ng + 1, where R < 5 + [Jugl| + [ly|| + %
This inequality and the estimate (2.35) imply that the sequence u,, n < ng + 1, stays in the ball
B(ugp, R), where

ap C+1
3+ ol + Iyl + iyl Z—-

By Remark 2.4, one can choose ap and A so that 5 is uniformly bounded as § — 0 even if

R <

M;(R) — o0 as R — oo at an arbitrary fast rate. Thus, the sequence u,, stays in the ball B(ug, R)

for n < ng+ 1 when § — 0. An upper bound on R is given above. It does not depend on ¢ as
0 — 0.

One has:
1F () = foll <IF(ua) = FV)I + |F (V) = S
(247 <Mgo + [F(V2) ~ fol
<L F () < Sl VmS o+,

where (2.44) was used and M; is the constant from (1.3). Since ||F(V;,) — fs|| is nonincreasing, by

Lemma 2.4, and nq < ng, one gets
(2.48) 1E(Vag41) = foll < [F'(Vay41) — S5l < C6.

From (2.15), (2.47), (2.48), the relation (2.33), and the definition C; = 2C — 1 (see (2.29)), one
concludes that

Miang+1

[1F (ung41) = fol| S<———+C6
(2.49) " Q(C 1y
Y 105 < (20— 1)5 = Gy
Allyll
Thus, if

”F(u()) — f5” > (167, 0<~y<1,
then one concludes from (2.49) that there exists ng, 0 < ng < ng+ 1, such that
(2.50) [ F (uns) = foll < C167 <|[F(un) = f5l,  0<n<ns,

for any given v € (0,1], and any fixzed C; > 1.

Let us prove (2.26). If n > 0 is fixed, then u;, is a continuous function of f5. Denote
(2.51) uy = lim us N,
§—0

where N < oo is a cluster point of ns, , so that there exists a subsequence of n;s, , which we denote
by n,, such that

lim n,, = N.
m—o0
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From (2.51) and the continuity of F', one obtains:
|Fin) ~ fll = lim [Flu,, )~ 5, < lim C167, =0.

Thus, @y is a solution to the equation F(u) = f, and (2.26) is proved.
Let us prove (2.28) assuming that (2.27) holds. From (2.25) and (2.47) with n = ns — 1, and
from (2.50), one gets

Qg — Ay s —
C1d7 < My=5= + anga|[Vagoa | < My + [lyan,—1 + 0.
If 0 < § <1 and ¢ is sufficiently small, then

By M 3
O0 < anga (S ) >0

where C'is a constant. Therefore, by (2.13),

. . . o= M,
(2.52) lim < lim <lim—(—+|y]|)] =0, 0<~vy<1.
60 2ap; ~ 6-0 ps—1 ~ =0 ( A

In particular, for 6 = d,,, one gets

=0.

(2.53) im0

Om—0 Qng

From the triangle inequality, inequalities (2.8) and (2.44), one obtains

”uném - y” < Huném - Vnam ” + aném - Vném,o” + anam,o - yH
(2.54) ap 5
< —om = Vs 0=yl
- A + Qng,, i H om0 yH

Recall that V,, o = V,,. From (2.27), (2.53), inequality (2.54) and Lemma 2.2, one obtains (2.28).
Theorem 2.6 is proved. O
REMARK 2.6. It is practically convenient to choose up = 0. In this case inequality (2.23) holds
and we assume that ||F(0) — fs|| > C167 > 6.
REMARK 2.7. It follows from inequality (2.54) that the following rule:

(2.55) an, = O(8"),  0<np<l,

can be used as an a priori choice of stopping rule for ns. Indeed, if ng is chosen as in equation

(2.55) then, by inequality (2.54) with ns, = ns, one gets

(2.56) lim ||u,, — y|| = 0.
0—0
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3 Numerical experiments

Let us present a numerical experiment solving nonlinear integral equation (1.1) with
1
(3.1) F(u) := B(u) + u® arctan(u) := / e~ [TVl (y)dy + u? arctan(u).
0

The operator B is compact in H = L?[0, 1]. The operator u — u? arctan(u) is defined on a dense

subset D of of L?[0,1], for example, on D := C[0,1]. If u,v € D, then
1
(u? arctan u — v? arctan v, u — v) = / (u? arctan u — v? arctan v)(u — v)dz > 0.
0
Here we have used the fact that the function: x?arctan(z) is increasing on R. Moreover,
A
el — 1 /OO ﬁd)\.
T ) oo L4+ A2
Therefore, (B(u —v),u —v) > 0, so
(F(u) — F(v),u —v) >0, Yu,v € D.

The Fréchet derivative of F' is:
2

1+ u?

1
+2u arctan(u)) h + / e~ 17V (y)dy.
0

(3.2) F'(u)h = (

If u(z) vanishes on a set of positive Lebesgue’s measure, then F’(u) is not boundedly invertible. If
u € C[0, 1] vanishes even at one point zg, then F’(u) is not boundedly invertible in H.

Let us use the iterative process (2.24):

Up4+1 = Up — (F,(un) + an[)_l(F(un) + apty — f5)7
(3.3)
ug = 0.

We stop iterations at n := ng such that the following inequality holds
(3.4) | F(ungs) — fsll < C67,  ||F(un) — f5]] > C87, n<ns, C>1, ~€(0,1).

Integrals of the form fol e~1*=YIh(y)dy in (3.1) and (3.2) are computed by using the trapezoidal

rule. The noisy function used in the test is
f5(x) = f(x) + KEfnoise(z), K =r(d) > 0.

The noise level § and the relative noise level are defined by

1)
6 = Wl faoise(@)ll, - Sret = 7
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In the test x is computed in such a way that the relative noise level §,, equals to some desired

value, i.e.,

— g _ Sret|.f]] )
”fnoise(x)H ”fnoiseH

We have used the relative noise level as an input parameter in the test.

K

In all figures the z-variable runs through the interval [0, 1], and the graphs represent the numerical
solutions upgys(z) and the exact solution ueyqet ().
In the test we have used C' = 1.01 and v = 0.9. As we have proved, the iterative scheme converges

when a, = 1_%, and d is sufficiently large. However, in practice, if we choose d too large, then
the method will use too many iterations before reaching the stopping time ng in (3.4). This means

that the computation time will be large in this case. Since

| F (Vi) = fsll = ang || Vasll,
and ||Vy; — tn, || = O(an;), we have

Cé7 = HF(un(s) — fsll ~ Qng-

Thus, we choose

d= CO(S’Y7 Co > 0.

In experiments we found that our method works well with Cy € [1,4]. Indeed, in the test we chose
50,9

nt6"
and (3.2) was N = 100. In all experiments, the noise function f,;se is a vector with random entries

ay, by the formula a, := Cj The number of node points used in computing integrals in (3.1)

normally distributed of mean 0 and variance 1.
Numerical results for various values of 6, are presented in Table 7. Table 7 shows that the

iterative scheme yields good numerical results.

Table 7: Results when Cy = 1.

Orel 0.05 0.03 0.02 0.01 0.003 0.001
Number of iterations 10 10 10 10 11 11
W 0.0458 | 0.0273 | 0.0189 | 0.0094 | 0.0027 | 0.0009

Figure 10 plots the numerical results when relative noise levels are d,..; = 0.01 and §,, = 0.003.

Figure 11 plots the numerical results when the noise levels are §,.; = 0.05 and 9, = 0.02.

In computations the functions u, f and f; are vectors in R where N is the number of nodal
points. The norm used in computations is the 2-norm of R¥.

From the numerical results we conclude that the proposed stopping rule yields good results in

this problem.
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5 =0.01, N =100 5 =0.003, N = 100
rel rel
1.02 °  Upsm 1.02 °  Upsm
u —u
exact exact
1.01 1.01
1 o 14 A AA Ay Ny .
T
0.99 0.99
0.98 0.98
0 02 04 06 08 1 0 02 04 06 08 1
X X

Figure 10: Plots of solutions obtained by the DSM when N = 100, d,; = 0.01 (left) and d,¢; = 0.003 (right).

6 =0.05 N=100 d =0.02, N=100
re rel

o o

uDSM |"IDSM

11 uexact 11 uexact

. AW/\WAvNNAv“ MUVA\N\[\/A\N A OI%V\/\/\]\/W b VA”\,WVAVAVA\/M“\]‘

0.9 0.9

1.05 1.05

Figure 11: Plots of solutions obtained by the DSM when N = 100, §,¢; = 0.05 (left) and §,..; = 0.02 (right).
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Abstract

A version of the Dynamical Systems Method for solving ill-posed nonlinear monotone operator
equations is studied in this paper. A discrepancy principle is proposed and justified. A numer-
ical experiment was carried out with the new stopping rule. Numerical experiments show that

the proposed stopping rule is efficient.
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1 Introduction
In this paper we study a version of the Dynamical Systems Method (DSM) for solving the equation
F(u) = f, (1)

where F' is a nonlinear, Fréchet differentiable, monotone operator in a real Hilbert space H, and

equation (1) is assumed solvable, possibly nonuniquely. Monotonicity means that

(F(u) — F(v),u—v) >0, Yu,veH. (2)

*Email: nguyenhs@math.ksu.edu

{Corresponding author. Email: ramm@math.ksu.edu
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It is known (see, e.g., [7]), that the set N := {u : F'(u) = f} is closed and convex if F' is monotone
and continuous. A closed and convex set in a Hilbert space has a unique minimal-norm element.
This element in AV we denote by y, F(y) = f, and call it the minimal-norm solution to equation
(1). We assume that

sup [[F'(w)]| < Mi(R), (3)

lu—uol<R
where ug € H is an element of H, R > 0 is arbitrary, and f = F(y) is not known but fs, the noisy
data, are known, and |[fs — f|| < §. If F'(u) is not boundedly invertible then solving equation
(1) for u given noisy data fs is often (but not always) an ill-posed problem. When F is a linear
bounded operator many methods for stable solution of (1) were proposed (see [5]-[7] and references
therein). However, when F' is nonlinear then the theory is less complete.

DSM consists of finding a nonlinear map ®(¢,u) such that the Cauchy problem
=Dt u), u(0) = uo,
has a unique solution for all ¢ > 0, there exists lim;_,o u(t) := u(o0), and F(u(c0)) = f,
N u(t) Vt>0; Ju(c0); F(u(o0)) = f. (4)

Various choices of ® were proposed in [7] for (4) to hold. Each such choice yields a version of the
DSM.
The DSM for solving equation (1) was extensively studied in [7]-[14]. In [7], the following

version of the DSM was investigated for monotone operators F":
. -1
iy = —(F'(us) + a(t)I) (F(us) + a(t)us — f5), us(0) = ug. (5)

The convergence of this method was justified with some a apriori choice of stopping rule. A DSM
gradient method was formulated and justified in [4].

In this paper we consider a version of the DSM for solving equation (1):
s = —(F(us) + a(t)us — f5),  us(0) = uo, (6)

where F' is a monotone operator.

The advantage of this version compared with (5) is the absence of the inverse operator in the
algorithm, which makes the algorithm (6) less expensive than (5). On the other hand, algorithm
(5) converges faster than (6) in many cases. The algorithm (6) is cheaper than the DSM gradient

algorithm proposed in [4].
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The convergence of the method (6) for any initial value wug is proved for a stopping rule based
on a discrepancy principle. This a posteriori choice of stopping time ts is justified provided that
a(t) is suitably chosen.

The advantage of method (6), a modified version of the simple iteration method, over the Gauss-
Newton method and the version (5) of the DSM is the following: neither inversion of matrices nor
evaluation of F’ is needed in a discretized version of (6). Although the convergence rate of the
DSM (6) maybe slower than that of the DSM (5), the DSM (6) might be faster than the DSM (5)
for large-scale systems due to its lower computation cost.

In this paper we investigate a stopping rule based on a discrepancy principle (DP) for the DSM
(6). The main results of this paper are Theorem 17 and Theorem 19 in which a DP is formulated,
the existence of a stopping time t5 is proved, and the convergence of the DSM with the proposed

DP is justified under some natural assumptions.

2 Auxiliary results

The inner product in H is denoted (u,v). Let us consider the following equation
F(Vs)+aVs —fs=0, a>0, (7)

where a = const. It is known (see, e.g., [7], [15]) that equation (7) with monotone continuous
operator F' has a unique solution for any f5 € H.

Let us recall the following result from [7]:

Lemma 1 Assume that equation (1) is solvable, y is its minimal-norm solution, assumption (2)
holds, and F is continuous. Then

lim ||V, — 1| = 0,
a—0
where Vg solves (7) with § = 0.
Clearly, under our assumption (3), F' is continuous.
Lemma 2 If (2) holds and F is continuous, then |Vs|| = O(%) as a — oo, and
Tim [F(V) — fall = |F(0) - fol. ®)

Proof. Rewrite (7) as
F(V5) = F(0) +aVs + F(0) — f5 = 0.
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Multiply this equation by Vj, use inequality (F'(Vs) — F(0),Vs —0) > 0 and get:
al|Vs|* < [1fs — F )l Vall-

Therefore,

Vsl = 0().

This and the continuity of F' imply (8). O

Let a = a(t) be a strictly monotonically decaying continuous positive function on [0,00), 0 <
a(t) \, 0, and assume a € C'[0,00). These assumptions hold throughout the paper and often are
not repeated. Then the solution Vs of (7) is a function of ¢, V5 = V(). From the triangle inequality
one gets:

I1E(V5(0)) = fsll = 1F(0) = fsll = [|1F°(V5(0)) — F(O)]].

From Lemma 2 it follows that for large a(0) one has:

HH%@D—F@HéMMWWW=O<£$>

Therefore, if ||F(0) — fs]| > C9, then ||F(V5(0)) — fs]| > (C — €)d, where € > 0 is sufficiently small
and a(0) > 0 is sufficiently large.

Below the words decreasing and increasing mean strictly decreasing and strictly increasing.
Lemma 3 Assume ||F(0) — fs5]] > 0. Let 0 < a(t) (0, and F' be monotone. Denote

@) = Vs@l, @) = alt)p(t) = [F(V5(t) = fsll,
where Vg(t) solves (7) with a = a(t). Then ¢(t) is decreasing, and 1(t) is increasing.

Proof. Since |F(0) — fs|| > 0, one has 1(t) # 0, V¢t > 0. Indeed, if ¢(t)|t:T =0, then Vs(7) =0,
and equation (7) implies ||[F'(0) — fs|| = 0, which is a contradiction. Note that ¢(t) = a(t)||Vs(t)]|.
One has
0 < (F(Vs(t1)) — F(Vs(t2)), Vs(t1) — Vs(t2))
= (—a(t1)Vs(t1) + a(t2)Vs(t2), Vs(t1) — Vs(t2)) (9)

(at1) + al(t2)){Vs(t1), Vs(t2)) — a(ty) | Vs(t1)|* — alt2)||Vs(t2)]*.
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Thus,

a(t)|[Vs ()l — at2)[[Vs () [ (Vs (t2) | = IVs(£))
¢(t2)) (1h(t2) — P(t1))-

If ¥(t2) > 1(t1) then (10) implies ¢(t1) > ¢(t2), so

< (a(t1)
< (a(ty) + a(t2)) Vs EOIIVs (t2)]l = alt)[[Vs(t)[1? — alt2) [ Vs(t2)]I?
= (a(t1)
= (o(t1) —

a(t1)P(t1) > a(t2)(t2) > altz)(tr).

Thus, if ¢ (t2) > ¥(t1) then a(t2) < a(t1) and, therefore, ty > 1, because a(t) is strictly decreasing.
Similarly, if ¥(t2) < ¥ (t1) then ¢(t1) < ¢(t2). This implies a(te) > a(ty), so ty < ti.
Suppose (t1) = P(t2), i.e., [[Vs(t1)|| = [[Vs(t2)||. From (9), one has

IVs(t)I? < (Va(ta), Vi(t2)) < IVs(EIIVs ()]l = Vs (ta)lI*.

This implies Vs(t1) = Vs(t2), and then equation (7) implies a(t1) = a(t2). Hence, t; = tg, because
a(t) is strictly decreasing.

Therefore ¢(t) is decreasing and () is increasing. O

Lemma 4 Suppose that |[F(0) — fs]] > Cd, C > 1, and a(0) is sufficiently large. Then, there
exists a unique t; > 0 such that ||F(Vs(t1)) — fs|| =

Proof. The uniqueness of ¢; follows from Lemma 3 because ||F(Vs(t)) — f5]| = ¢(t), and ¢ is
decreasing. We have F(y) = f, and

= (F(Vs) + aVs — fs5, F(V5) — f5)

= | F(Vs) = f5l” + alVs — y, F(Vs) — f5) + aly, F(Vs) — f5)

= | F(Vs) = f5l” + alVs —y, F(Vs) = F(v)) + alVs — y, f — f5) + aly, F(Vs) — f5)
> |F(Vs) = f5l + alVs —y, f = f5) + aly, F(Vs) — f5).

Here the inequality (Vs —y, F'(Vs) — F(y)) > 0 was used. Therefore

IF(V5) = fslI* < —a(Vs —y, f — f5) — aly, F(Vs) — f5)
< allVs —ylllf = fsll + allylllF'(Vs) — f5ll (11)
< ad||Vs — yll + allyll|F(Vs) — fsl-
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On the other hand, we have

0= (F(Vs) = F(y)+aVs+ f— f5,Vs —y)
= (F(Vs) = F(y),Vs —y) +allVs —yl* +aly, Vs —y) + (f — f5. Vs — y)

> al|Vs — ylI” + aly. Vs —y) + (f = f5. Vs — v),
where the inequality (Vs —y, F((Vs) — F(y)) > 0 was used. Therefore,
al|Vs = ylI* < allyllllVs — yll + dlIVs — y].

This implies
al|Vs —yll < allyll + 0. (12)

From (11) and (12), and an elementary inequality ab < ea? + Z—i, Ve > 0, one gets:

1E(Vs) — f5l* < 6% + allyllo + allyllll F(Vs) — f]
1
< 6" +alyllo + e F(Vs) = fll” + -a®[lyl]*,

where ¢ > 0 is fixed, independent of ¢, and can be chosen arbitrary small. Let ¢ — oo and

a=a(t) 0. Then (13) implies
oo (1 — )| F(Va) — foll? < 6.

This, the continuity of F, the continuity of Vs(t) on [0, 00), and the assumption ||F'(0) — fs5]| > C9
imply that equation ||F(Vs(t)) — fs|| = C0 must have a solution ¢; > 0. The uniqueness of this

solution was already established. O

Remark 5 From the proof of Lemma 4 one obtains the following result:

If t, / oo then there exists a unique ny > 0 such that
IE (Vi) = fsll < CO < [[F(Vay) = fsll, Vi i= Vi(tn).
Remark 6 From Lemma 2 and Lemma 3 one concludes that
an|[Vall = [F(Va) = f5l < [[F(0) = fsll,  an:=a(tn), Vn=0.
Remark 7 Let V := Vs(t)|s5=0, so
FV)+at)V—f=0.
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Let y be the minimal-norm solution to equation (1). We claim that

o
Vs =Vl < —. (14)
Indeed, from (7) one gets
F(WVs) = F(V)+a(Vs=V)=f—fs
Multiply this equality with (Vs — V') and use the monotonicity of F' to get
al|Vs = V| < 8||Vs — V|-
This implies (14).
Similarly, multiplying the equation
F(V)+aV —F(y) =0,
by V — y one derives the inequality:
V< llyll- (15)
Similar arguments one can find in [7].
From (14) and (15), one gets the following estimate:
0 )
Vsl < IV + 2 < gl + . (16)

Lemma 8 Suppose a(t) = ﬁ, o(t) = Ot@ds where b € (0, %], d and c are positive constants.

d 2b t ep(s) e#()
21 = == e L ‘ .
2< C€d>/0 G P <y 20 017020 (17)

Then

Proof. We have

o(t) = /0 e j_ s)bds = 2(1d_ ) <(c + )7t — cl_b> =plc+t)? — s, (18)

C5 := pc?. One has

where 0 :=1—b, p:= %,

d ep(c—i—t)e peep(c—i-t)e bep(c—i—t)e

a(c_‘_t)b ICE G o (c 4 t)b+1

et g b
e+t \2(c+t) e+t

)
)
- epletd)?” g L2
T (c+t)b2(c+t) Ad)’




Therefore,
9 t ep(cts)’ t g eplcts)’
dfy_ 2 /eidsg 4T
2 Ad) Jy (s+c)? o ds(c+s)b
ep(c+t)9 epce ep(c+t)9

< T < ‘
T (e+t) b T (e+t)b
Multiplying this inequality by e~“® and using (18), one obtains (17). Lemma 8 is proved. O

Lemma 9 Let a(t) = @ +t)b and @(t) := ta(s)ds where d,c > 0, b € (0,3] and c'~%d > 6b. One
has

t
1
e_w(t)/ e?)a(s)|[[Vs(s)|lds < FeOIVs@ll, =0 (19)
0
Proof. From Lemma 8, one has

1 2b t d? d
(1= ©(s) ©(t) > -1 ] 9
2< C€d>/o ‘ (8+c)2bds<e (c+1)b’ ve,b=20, 0 b>0 (20)

Since ¢*~%d > 6b or % <1, one has

N S S
Ad = Ad ~ (c+s)t-bd’ -

This implies

a*(s) 2b d? 2b Adb
L W S T S _ ol -0,
2 <1 Ced> 2(c+ s)% <1 00d2> = 2(c + s)bt1 2|a(s)l, §>0 (21)

Multiplying (20) by ||V5(t)||, using inequality (21) and the fact that ||V3(¢)|| is increasing, one gets,
for all ¢ > 0, the inequalities:

Oaevol > [ eI (1= 3 Vs 22 [ aloliva s

This implies inequality (19). Lemma 9 is proved. a

Let us recall the following lemma, which is basic in our proofs.

Lemma 10 ([7], p. 97) Let a(t), B(t), v(t) be continuous nonnegative functions on [tg, 00), tg >

0 is a fired number. If there exists a function

pe Clto,00), p>0,  lim p(t) = oo,

such that
0<a(t)§g[7—%], = %’ (22)
1 fu(t)
8O <o - Tw] (23)
1(0)g(0) < 1, (24)
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and g(t) > 0 satisfies the inequality
g(t) < —v()g(t) + a(®)g?(t) + B(t), t > to, (25)
then g(t) exists on [tg,o0) and
0<g(t) < —< —0, as t— oo. 26
< g(t) M) (26)

If inequalities (22)—(24) hold on an interval [ty,T), then g(t) exists on this interval and inequality
(26) holds on [to,T).

Lemma 11 Suppose My and ¢y are positive constants and 0 £y € H. Then there exist a number

A >0 and a function a(t) € C10,00), 0 < a(t) N\ 0, such that

a’(t)
] <
() < 2,
and the following conditions hold
M
T )\7 27
ol 0
A |a(t)]
< — 2
= %) [“(t) a(0) | (28)
la(t)] _ a(t) ja(t)]
< =2 - 2
Cl a(t) — 2 a(t) a(t) ) ( 9)
A
— 1
90 < (30)
Proof. Take
d 1 1-b
= < — 26 < >1 1
a(t) i 0<b_2, b<c7d, c (31)
Note that |a| = —a. We have
Wb b1
a?  d(c+t)1=0 — del=b T 27
Hence,
a(t) |a(t)]
— < a(t) — . 2
< al) - o (32)
Thus, inequality (28) is satisfied. Take
M,y
A> L 33
ol )

then (27) is satisfied. For any given ¢(0), choose a(0) sufficiently large so that



Therefore, inequality (30) is satisfied.

4 e1b
K > max (%, 1). (34)

Choose x > 1 such that

Define
v(t) := ka(t) Ak 1= KA. (35)

Note that (28) holds for a(t) = v(t), A = A\, since (32) holds as well under this transformation, i.e.,

v(t) 140
AP _ .
5 S v(t) o) (36)
Using the inequalities (34) and ¢ > 1 and the definition (35), one obtains
2] b b
A\, — A <A —s < 1.
Axct v3(t) Act kd?(c+t)1=2b — Act kd? —

This implies

vl _ v _ v() 2[v|
V@) S I, S o, [”_ T}

Thus, one can replace the function a(t) by v(t) = ka(t) and A by A, = kX in the inequalities
(27)-(30). 0

Lemma 12 Suppose My, c¢1 and & are positive constants and 0 # y € H. Then there exist a

number X > 0 and a sequence 0 < (an)22y \( 0 such that the following conditions hold

Gn

<2, 37
Ont1 ( )
ag
155~ FOI < 2, (3)
M,y
— < 39
2 <yl (39)
a, Ga:  a,—a +1 Gn+1
Yn n n n < n ) 4
Ny T, STy (40)
Proof. Let us show that if ag > 0 is sufficiently large, then the following sequence
ag 1
n - 9 == ) 41
satisfies conditions (38)—(40) if
M
2> L (42)
lyll

Condition (37) is satisfied by the sequence (41). Inequality (39) is satisfied since (42) holds. Choose
a(0) so that

ao > /|| fs — F(O)[|A, (43)
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then (38) is satisfied.

Assume that (ay)22, and A satisfy (37), (38) and (39). Choose x > 1 such that

> < 1 )\Cl >
K max |\ ———=, — .
N aagy/2’ aag

It follows from (44) that

1 <a )\61 <A
<a, — <a
/iao\/i K}CL%
Define
(bn)ozo = (Kan)oep, Ak 1= KA.
For all n > 0 one has
2 2
2 2 2 2 % _ %
Ap —Apy1  Gp = Apyg < Ap —Qpy1 74l n+2 _ 1 < 1
pu— -~ -_— 2 - _— .
a2 a2(an + aps1) 2a,4102 9_a % ao2vn+2 ~ ap2v2
vn+2 n+1
Since a,, is decreasing, one has
2 2
an — Gn41 Ap — Apyq
aZany1 aZany1(an + ang1)
CL2 —a a% _ a_g 1
S k2 A A
2a5,a; 4 2.7 0 2a§
Using inequalities (47) and (45), one gets
2(an — a 1 -
( n n+1) < S a

Kaz ~ KkagV2

Similarly, using inequalities (48) and (45), one gets

2M(a, —a c c
(an — any1)c1 <M g
Ka2an 41 Ka§
Inequalities (49) and (50) imply
b, — b b, — b an — a an — a
n n+1 n n+1 c1 = n n+1 + n n+1 c1
>\/< bn+1 A Ap+41
B ka2 2(an — any1) . ka2 2X(an — anr1)cy
2\ ka2 2\ Ka2an 41
ka? _ ka: . kaia  ab?

ST N T A

(45)

(46)

(48)

Thus, inequality (40) holds for a,, replaced by b,, = ka,, and X replaced by A\, = kA, where « satisfies

(44). Inequalities (37)—(39) hold as well under this transformation. Thus, the choices a,, = b, and

A= K%’ where k satisfies (44), satisfy all the conditions of Lemma 12.
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Remark 13 The constant c¢;, used in Lemmas 11 and 12, will be used in Theorems 17 and 19.
This constant is defined in equation (62). The constant &, used in Lemma 12, is the one from

Theorem 19. This constant is defined in equation (89).

Remark 14 Using similar arguments one can show that the sequence a, = where ¢ > 1,

_d
(ctn)?’
0<b< %, satisfy all conditions of Lemma 4 provided that d is sufficiently large and A is chosen so

that inequality (42) holds.

Remark 15 In the proof of Lemmas 11 and 12 the numbers ag and A can be chosen so that
is uniformly bounded as § — 0 regardless of the rate of growth of the constant M; = M;(R) from
formula (3) when R — oo, i.e., regardless of the strength of the nonlinearity F'(u).

To satisfy (42) one can choose A = Mlm. To satisfy (43) one can choose

ao = VA(If = FOI + 1) = VAllfs — FO)]I,

where we have assumed without loss of generality that 0 < || fs — f|| < ||f]|- With this choice of ag

and A, the ratio 4 is bounded uniformly with respect to § € (0,1) and does not depend on R. The
dependence of ay on § is seen from (43) since f5 depends on §. In practice one has ||fs — fI| < ||f]|-

Consequently,

VIifs = FOIN < V(If = FO)I+ DA

Thus, we can practically choose a(0) independent of ¢ from the following inequality

ag = V/A(If = F(O)] +[I£1])-

Indeed, with the above choice one has “70 <c(1+ V-1 ) < ¢, where ¢ > 0 is a constant independent
of 9, and one can assume that X\ > 1 without loss of generality.

This Remark is used in the proof of the main result in Section 3. Specifically, it is used to
prove that an iterative process (88) generates a sequence which stays in the ball B(ug, R) for all
n < ng + 1, where the number ng is defined by formula (99) (see below), and R > 0 is sufficiently

large. An upper bound on R is given in the proof of Theorem 19, below formula (112).

Remark 16 One can choose ug € H such that

1P — sl

(51)
ag

90 := |luop — Vo| <

Indeed, if, for example, ug = 0, then by Remark 6 one gets

wlVoll _ IF(©) ~ il
—_ aO .

g0 = [IVoll =

If (38) and (51) hold then gy < 9.
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3 Main results

3.1 Dynamical systems method

Assume:
. a(t) la(t)] 1
Bl < =,
0 <a(t) 0, tllglo a(t) 0 a?(t) — 2 (52)
Let us(t) solve the following Cauchy problem:
is = —[F(us) + a(t)us — fs],  us(0) = uo. (53)

Theorem 17 Assume that F : H — H is a monotone operator, condition (3) holds, and ug is

an element of H, satisfying inequality (83) (see below). Let a(t) satisfy conditions of Lemma 11.

1

For example, one can choose a(t) = —4=, where b € (0, 3], ¢ > 1 and d > 0 are constants,

(c+t)b”’
and d is sufficiently large. Assume that equation F(u) = f has a solution y € B(ug, R), possibly
nonunique, and y is the minimal-norm solution to this equation. Let f be unknown but f5 be given,
lfs — fll < 8. Then the solution us(t) to problem (53) exists on an interval [0, Ts], lims_,oT5 = oo,

and there exists tg, ts € (0,Ts), not necessarily unique, such that
HF(ucg(t(;)) — f5H = C1(5<, lim t5 = oo, (54)
6—0
where C1 > 1 and 0 < ¢ < 1 are constants. If ( € (0,1) and ts5 satisfies (54), then
lim [|us(ts) — y|| = 0. (55)
6—0

Remark 18 One can easily choose ug satisfying inequality (83). Note that inequality (83) is a
sufficient condition for (86) to hold. In our proof inequality (86) is used at t = t5. The stopping
time t4 is often sufficiently large for the quantity e=#(s)hg to be small. In this case inequality (86)

with ¢t = tg is satisfied for a wide range of wug.

Proof. [Proof of Theorem 17] Denote

1 +1

C=— (56)
Let
w=us — Vs, g(t) = [w].
One has
W= —Vs — [F(us) — F(Vs) + a(t)w]. (57)
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Multiplying (57) by w and using (2) one gets
99 < —ag® + [ Vs|g- (58)

Let tg > 0 be such that

0 1
= 1.
i =gl C> (59)

This ¢y exists and is unique since a(t) > 0 monotonically decays to 0 as ¢ — oco. By Lemma 4,

there exists t1 such that
| F(Vs(t1)) — fsll = €6, F(Vs(t1)) + a(t1)Vs(t1) — f5 = 0. (60)

We claim that ¢; € [0, o]
Indeed, from (7) and (16) one gets

1)
05 = a(t)|[Va(t1)]) < atr) (umw " W) —alt)lyll+5, C>1,
SO
ot
<
0= C —
Thus,
5wl _ 6

a(tl) —C-1 a(t())'
Since a(t) N\, 0, the above inequality implies ¢; < to. Differentiating both sides of (7) with respect
to t, one obtains

AgyVs = —aVs, A:=F'(V), As:=A+al.

This implies

. . _ a a 1) 1
Vel < allagy vl < et < B (o + ) < Bl (14 225). w0

Since g > 0, inequalities (58) and (61) imply

7= ol + e = ol (14 1) (62)

Let us check assumptions (22)—(24). Take



By Lemma 11 there exist A and a(t) such that conditions (22)—(24) hold. Thus, Lemma 10 yields
t
g(t) < %, vt < to. (63)

Therefore,

1 (us () = [l <IF(us(t)) = FVs@O) + [1F(Vs(2) — /5l

<Myglt) + |F(Vs(t) — il (64)
<MDy pws) - il ve<to

It follows from Lemma 3 that ||F(Vs(t)) — fs]| is decreasing. Since t1 < g, one gets
1E(Vs(to)) — fsll < [1F'(Vs(t1)) — fsll = Cé. (65)

This, inequality (64), the inequality % < ly|| (see (33)), the relation (59), and the definition
C1 =2C —1 (see (56)) imply

15 (us (t0)) — fsl AMatto) o
M ?(C —1) (66)
W +05 < (20 —1)8 = 1.

Thus, if
1 (us(0)) = fll > C16°, 0<¢<1,

then there exists t5 € (0,%9) such that

IF (us(ts)) — fs]| = C16° (67)

for any given ¢ € (0, 1], and any fixed C; > 1.
Let us prove (55). If this is done, then Theorem 17 is proved.
First, we prove that lims_,q %5) =0.
From (64) with t = t5, and from (16), one gets

C15C S Ml a(t(s)

+ a(ts)[|Vs(ts)ll

a(t
<30, 4 yates) + 6

Thus, for sufficiently small §, one gets

- M -
co¢ < ae) (S + ol €=
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where C' < (4 is a constant. Therefore,

lim
60 a(ts) ~— 60

—+Hy||>:0, 0<(¢<L

Secondly, we prove that

lim t5 = oo.
6—0
Using (53), one obtains:

d
E(F(Ua) + aus — f5) = Agtis + aus = —Aq (F(us) + aus — f5) + aus,

where A, := F'(us) + a. This and (7) imply:

d
dt

Denote

v = F(us) = F(Vs) + a(us = Vs), h=|v].
Multiplying (70) by v and using monotonicity of F', one obtains

hh = —(A0,v) + (v, a(us — Vi) + alv, Vs)

< —h%a+ hlal|lus — Vs|| + |alp||Vs],  h>o0.

— [F(U5) — F(VZ;) + a(us — VZ;)] =—A, [F(U5) — F(Vs) + a(w — V(;)] + aug.

(71)

Again, we have used the inequality (F’(ug)v,v) > 0 which follows from the monotonicity of F.

Thus,
h < —ha+ |alllus = Vsl| + [al || V3]

Since (F'(ug) — F(Vy),us — Vs) > 0, one obtains two inequalities
allus — Vs[|* < (v,us — V) < [lus — Vs|h,

and

17 (us) = F(Vs)|* < (v, Fus) — F(V)) < hl|[F(us) = F(Vs)|.

Inequalities (73) and (74) imply:
allus = Vs[l < h,  [|F(us) — F(V5)|| < h.
Inequalities (72) and (75) imply
< —n(a= )+ alia,
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Since a — % > § by the last inequality in (52), it follows from inequality (76) that
. a .
h<— 2t lal V5.

Inequality (77) implies:

t
bt < Q) 55550 = S [l ) V3 )
0

Denote

From (78) and (75), one gets
1F (us(t)) = F(Vs())]l < h(0)e™#9 + 6_“”@)/0 e?®la(s)|[[Vs(s)llds.

Therefore,

1E(us(t)) = fsll = 1F(Vs(t) = fsll = [[F'(V5 () — F(us(®))]]

t
> a(t)||Vs()|| = h(0)e™#®) —em#10 / e?)al||Vs||ds.
0

From Lemma 9 it follows that there exists an a(t) such that

t
FaOIVSO] = 0 [ el vs(s) s
0

For example, one can choose

d 1
(C + t)b? b E (07 _]7 dcl_b 2 6b7

a(t) =
where d,c > 0. Moreover, one can always choose ug such that
h(0) = | F(uo) + a(0)uo — fol] < 7a(0)|V3(0)]
because the equation
F(up) + a(0)ug — fs =10

is solvable.
If (83) holds, then

h(0)e™#® < —a(0)[|[V5(0) e #®, > 0.

=~ =

If (82) holds, ¢ > 1 and 2b < d, then it follows that
e ?Ma(0) < a(t).
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Indeed, inequality a(0) < a(t)e?® is obviously true for ¢ = 0, and (a(t)e¢(t)); > 0, provided that
c>1and 2b <d.
Inequalities (84) and (46) imply

e O(0) < za®IV;0)] < 7a®IV; Ol €2 0. (86)

-

where we have used the inequality ||Vs(t)|| < ||V5(¢')]| for t < ¢/, established in Lemma 3. From (67)
and (80)—(86), one gets
1
Co¢ =[P (us(ts)) = foll = Jalta)[[Va(ts)ll

Thus,

lim a(t ts)|| < lim 4C6¢ = 0.

lim a(ts)[|Vs(ts)|| < lim 4C6> =0
Since ||Vs(t)|| is increasing, this implies lims_,g a(ts) = 0. Since 0 < a(t) N\, 0, it follows that (69)
holds.

From the triangle inequality and inequalities (63) and (14) one obtains:

[us(ts) — yll < llus(ts) = Vsl + [V (ts) = Vs(ts)ll + [V (t5) —

87)
a(ts) | (

< — Vits) — vyl

<Ly V)
From (68), (69), inequality (87) and Lemma 1, one obtains (55). Theorem 17 is proved. 0

3.2 An iterative scheme

Let V,, s solve the equation:

F(Vi5)+anVns — f5=0.

Denote V;, := V5.

Consider the following iterative scheme:

Upt1 = Up — an[F(up) + anun — fs],  uo = uo, (88)

where ug is chosen so that inequality (51) holds, and {a, }5°; is a positive sequence such that

2
O<a<a, < , M; = sup F'(u)]. 89
o Oh fa) ep [ F" (u)]| (89)
It follows from this condition that
11— an(Jn + an)|| = sup 1 — ax A <1 —apay. (90)

an<A<Mi+an
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Here, J,, is an operator in H such that J,, > 0 and ||J,,|| < M, Vu € B(ug, R). A specific choice of
Jp is made in formula (96) below.

Let a, and X satisfy conditions (37)—(40). Assume that equation F(u) = f has a solution
y € B(ug, R), possibly nonunique, and y is the minimal-norm solution to this equation. Let f be

unknown but f5 be given, and || fs — f|| < J. We prove the following result:

Theorem 19 Assume a, = ﬁ where ¢ > 1,0 < b < %, and d is sufficiently large so that

conditions (37)—(40) hold. Let u,, be defined by (88). Assume that ug is chosen so that (51) holds.

Then there exists a unique ng such that
[F (ung) = foll < C16%,  C16° < |[F(un) = f5ll, 9n < ns, (91)

where C1 >1,0< (< 1.
Let 0 < (0)5°_1 be a sequence such that 0, — 0. If the sequence {n,, = ns,, }>°_; is bounded,

and {nm, }]"’;1 s a convergent subsequence, then

lim u,,, =4, (92)
j—o0 J

where U is a solution to the equation F(u) = f. If

mli_r)noo Ny = 00, (93)
where ¢ € (0,1), then
i, — gl = 0. (94)
Proof. Denote
O Ci + 1. (95)
2
Let
Zn = Un — Vi, Gn = ||2n]]-
One has
F(up) = F(Vp) = Jnzn,  Jn= /0 1 F'(ug + &2,)dE. (96)

Since F'(u) > 0, Vu € H and [|[F'(u)|| < M7,Vu € B(ug, R), it follows that J, > 0 and ||J,,|| < M.
From (88) and (96) one obtains

Zn+1 = 2n — Qu[F(up) — F(V,) 4+ anzn] — (Vag1 — Vi)

=1 —an(Jn+an))zn — (Vas1 — Vi).
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From (97) and (90), one gets

In+1 é gnH1 - an(Jn + an)” + HVn—l—l - Vn”

(98)
< gn(l - anan) + an—i-l - Vn”
Since 0 < a,, \( 0, for any fixed § > 0 there exists ng such that
) 1 )
> — > — C>1. 99
> el = (99)
By (37), one has #11 < 2,V¥n >0. This and (99) imply
2 20 0 1 0
— > — > > > — C>1. 100
C-lHyH — ano an0+1 C—l”yH — an()’ ( )
Thus,
2 iyl > vn<ne+1 (101)
c—1" an’ =T

The number ng, satisfying (101), exists and is unique since a,, > 0 monotonically decays to 0 as

n — 00. By Remark 5, there exists a number ny such that
[E (Vi 1) = fsll < €6 < [F(Viy) = S5, (102)

where V,, solves the equation F'(V,) + a,V,, — fs = 0.
We claim that ny € [0, no].
Indeed, one has [[F(Va,) — fsll = au [Va | and [V | < 1yl + 22 (cf. (16)), so

1)
08 < o Vil < any (0] + = ) =anill +6, €1 (103
ny
Therefore,
Iy
0 < L0, 104
< ! (104)
Thus, by (100),
) 1)
— < ol < — (105)

an, C—=1 " apy4+1
Here the last inequality is a consequence of (100). Since a,, decreases monotonically, inequality

(105) implies n1 < ng. One has
an-l—lHVn - Vn+1||2 = <(an+1 - an)Vn - F(Vn) + F(Vn—l—l), V, — Vn+1>
< <(an+1 - an)Vm Vn - Vn+1> (106)

(an = ant ) IVallllVi = Vg |-

IN
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By (16), |[Vall < |yl + %, and, by (101), % < ”y” for all n < ng + 1. Therefore,

2
Wl < lol(1+ 527) vnsmo+d (107)

Q

and, by (106),

a —a 2
um—mms——lﬂwu<——ﬂ%wQ+——) n<no+1.  (108)
Ap (py1 Cc-1

Inequalities (98) and (108) imply

an — a
gna1 < (1= anan)gn + ——" e Vn<ng+1, (109)
an+41

where the constant ¢ is defined in (62).
By Lemma 4 and Remark 14, the sequence (a,,)5° ;, satisfies conditions (37)—(40), provided that
ayp is sufficiently large and A > 0 is chosen so that (42) holds. Let us show by induction that

gn<a7", 0<n<ng+1. (110)

Inequality (110) holds for n = 0 by Remark 16. Suppose (110) holds for some n > 0. From (109),
(110) and (40), one gets

Qnp, Gp — Ap41
Gn+1 < (1 - anan)_ —c

1
A Ap41
2 _
— Gy G0 On 7 Gngd (111)
A A Ap41
< an+1 )
A

Thus, by induction, inequality (110) holds for all n in the region 0 < n < ng + 1.
From (16) one has ||[V,|| < ||yl + %. This and the triangle inequality imply

)
luo = wnll < fluoll + llznll + [[Vall < lluoll + llznll + llyll + —. (112)
n

Inequalities (107), (110), and (112) guarantee that the sequence wu,, generated by the iterative
process (88), remains in the ball B(ug, R) for all n < ng + 1, where R < 92 + [lug|| + [ly|| + %
This inequality and the estimate (101) imply that the sequence u,, n < ng + 1, stays in the ball
B(ug, R), where

C+1

R< T + ol + iyl + Iyl 7= (113)

By Remark 15, one can choose ag and A so that % is uniformly bounded as § — 0 even if M;(R) —
oo as R — oo at an arbitrary fast rate. Thus, the sequence u,, stays in the ball B(ug, R) for

n <ng+ 1 when § — 0. An upper bound on R is given above. It does not depend on 4 as § — 0.
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One has:

1 (un) = fsll <[[F(un) = F(Va)ll + [[F(Va) = s

SMlgn + ||F(Vn) - f5|| (114)
Miay,
< §l+umug—ﬁm Vn < ng+1,

where (110) was used and M is the constant from (3). Since ||[F(V,) — fs] is decreasing, by

Lemma 3, and n; < ng, one gets
[E (Vag+1) — fsll < IF(Vay11) — foll < C6. (115)

From (39), (114), (115), the relation (99), and the definition C; = 2C — 1 (see (95)), one concludes

that
Miang+1
1P (g 41) = fsl] S—== 4 C6
AﬁQC—l) (116)
————2 4+ C5<(2C —1)0 = C46.
Allyll
Thus, if
| F(uo) — f5] > C16°, 0< (<1,
then one concludes from (116) that there exists ng, 0 < ng < ng + 1, such that
1F (uns) = foll < C16° < |F(un) = f5l, 0<n <mns, (117)
for any given ¢ € (0,1], and any fized Cy > 1.
Let us prove (92).
If n > 0 is fixed, then us,, is a continuous function of f5. Denote
0= v = i _— 118
u (Y 61_% U, mm (118)

where

lim n,; = N.
J—00

From (118) and the continuity of F', one obtains:

|F(@) = f5] = lim || F(up,, ) — fsl| < lim C16¢ = 0.
Jj—o00 7 0—0

Thus, @ is a solution to the equation F'(u) = f, and (92) is proved.
Let us prove (94) assuming that (93) holds.
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From (91) and (114) with n = ns — 1, and from (117), one gets

Ay s — Ay« —
C16¢ < My n; ! + ang—1||Vas—1l| < My n;\ L lyllans—1 + 0.

If 6 > 0 is sufficiently small, then the above equation implies
N M N
08 < angr (B 410l), €0,

where C' < C is a constant. Therefore, by (37),

. . . §1=¢ My
lim < lim <lm—|—+|y]|) =0, 0<(<Ll (119)
6=0 2ap; ~ 0—0 Aps—1 ~ =0 (C A
In particular, for § = d,,, one gets
0
lim —— = 0. (120)
Om—0 G,
From the triangle inequality, inequalities (14) and (110), one obtains
”unm - y” S Hunm - Van + ”Vn - Vnmyo” + anrruo - yH
" 5 (121)
S % + —m + ”Vn'nno - y”
an,,
From (93), (120), inequality (121) and Lemma 1, one obtains (94). Theorem 19 is proved. O
4 Numerical experiments
Let us do a numerical experiment solving nonlinear equation (1) with
3 1 3 13 x
F(u) :== B(u) + Y= / e~ PVl (y)dy + u—, flz)=——€e"— ‘. (122)
6 0 6 6 e
One can check that u(z) = 1 solves the equation F(u) = f. The operator B is compact in

H = L?[0,1]. The operator u — u? is defined on a dense subset D of of L2[0,1], for example, on

D :=C[0,1]. If u,v € D, then
1
(u® —v3,u —v) :/ (u? — v*)(u — v)dz > 0.
0

Moreover,

Therefore, (B(u —v),u —v) >0, so
(F(u) — F(v),u —v) >0, Yu,v € D.
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Note that D does not contain subsets, open in H = L?[0,1], i.e., it does not contain interior
points of H. This is a reflection of the fact that the operator G(u) = %3 is unbounded on any
open subset of H. For example, in any ball [jul| < C, C = const > 0, where |ul| = |Jul|12}0 11,
there is an element u such that ||u3|| = co. As such an element one can take, for example,
u(z) = cjz~®, 2 < b < 3. here ¢; > 0 is a constant chosen so that |lu|| < C. The operator
u+— F(u) = G(u) + B(u) is maximal monotone on Dp := {u:u € H, F(u) € H} (see [2, p.102]),
so that equation (7) is uniquely solvable for any f5 € H.

The Fréchet derivative of F is:

/ wh 1 ey
Pl ="+ /0 eVl (y)dy. (123)

If u(z) vanishes on a set of positive Lebesgue’s measure, then F'(u) is obviously not boundedly
invertible. If u € C]0,1] vanishes even at one point xg, then F’(u) is not boundedly invertible in
H.

Let us use the iterative process (88):

Un+1 = Up — an(F(un) + aptn — f5)7

(124)
Uupg = 0.
We stop iterations at n := ng such that the following inequality holds
| F(ung) — fsll < O3, ||F(uy) — fs]| > C6°, n<mns, C>1, (€(0,1). (125)

Integrals of the form fol e~ 1*=vln(y)dy in (122) and (123) are computed by using the trapezoidal

rule. The noisy function used in the test is

f5((L') = f(l’) + "ifnoise(x), Kk > 0.

The noise level § and the relative noise level are determined by

0
0= K/anoise”y 5rel = m
In the test, k is computed in such a way that the relative noise level §,..; equals to some desired
value, i.e.,
K = 0 _ 5T’el||f ||
||fnoise|| anoise”

We have used the relative noise level as an input parameter in the test.
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The version of DSM, developed in this paper and denoted by DSMS, is compared with the
version of DSM in [3], denoted by DSMN. Indeed, the DSMN is the following iterative scheme

Up41 = Up — Av_Ll(F/(un) + apty — f5)7 Up = ug, n >0, (126)

where a, = {3%. This iterative scheme is used with a stopping time ns; defined by (91). The

existence of this stopping time and the convergence of the method is proved in [3].

As we have proved, the DSMS converges when a,, = (11—%)“ b e (0, %], and ag is sufficiently
large. However, in practice, if we choose ag too large then the method will use too many iterations
before reaching the stopping time ns in (125). This means that the computation time is large.
Since

1E(Vs) = S5l = a(®)[IVs]l,

and ||Vs(ts) — us(ts)|| = O(a(ts)), we have
C8 = ||F(us(ts)) — foll ~ a(ts).

Thus, we choose

apg = O(](SC, Co > 0.

The parameter ag used in the DSMN is also chosen by this formula.

In all figures, the z-axis represents the variable xz. In all figures, by DSMS we denote the
numerical solutions obtained by the DSMS, by DSMN we denote solutions by the DSMN and by
exact we denote the exact solution.

In experiments, we found that the DSMS works well with ag = Cy0¢, Cy € [0.5,2]. Indeed, in

the test the DSMS is implemented with a,, := C’O%, Co = 1 while the DSMN is implemented
with a,, := C’o%, Co = 1. For Cy > 3 the convergence rate of DSMS is much slower while the

DSMN still works well if Cy € [1,4]. In all experiments, the noise function fpeise is a vector with
random entries normally distributed of mean 0 and variant 1.

Figure 12 plots the solutions using relative noise levels 6 = 0.01 and § = 0.001. The exact
solution used in these experiments is © = 1. In the test the DSMS is implemented with «,, = 1,
C =1.01, ¢ =0.99 and o, = 1, ¥n > 0. The number of iterations of the DSMS for § = 0.01 and
4 = 0.001 were 98 and 99 while the number of iteration for the DSMN are 10 and 10, respectively.
The CPU time for the DSMS are 0.0139 and 0.0147 second while the CPU time for the DSMN are
0.0153 and 0.0169 corresponding to 6,.; = 0.01 and d,¢; = 0.001. The number of node points used
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4 =0.01, N =100 6 =0.01, N =100
rel rel

1.06 . . .
1.008 o Exact |-
DSMN
1.041 1.006 | DSMS |1
1.004
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0.98 [l 0'996 L
0.994

0.96|
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0.94 : : : : 0.99
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X X

Figure 12: Plots of solutions obtained by the DSMN and DSMS when N = 100, u = 1, = € [0, 1],
drer = 0.01 (left) and N =100, u =1, x € [0,1], d,¢; = 0.001 (right).

in computing integrals in (122) and (123) was N = 100. Figure 12 shows that the solutions by the
DSMN and DSMS are nearly the same in this figure.

Figure 13 presents the numerical results when N = 100 with § = 0.01 u(z) = sin(27z), = € [0, 1]
(left) and with 6 = 0.001, u(x) = sin(nzx), = € [0,1] (right). In these cases, the DSMN took 10 and
12 iterations to give the numerical solutions while the DSMS took 56 and 67 iterations for § = 0.01
and 6 = 0.001, respectively. The computation time for the DSMS are 0.0102 and 0.0132 second
while those for the DSMN are 0.0169 and 0.0186 second for § = 0.01 and § = 0.001, respectively.
For larger number of node points experiments show that the DSMS is much faster than the DSMN.
Figure 13 show that the numerical results of the DSMS are better than those of the DSMN.

In our experiments, the DSMS requires about the same or less time of computation than the
DSMN. For larger number of node points, we found out that the DSMS runs faster than the DSMN.
Moreover, the DSMS yields numerical results with the same accuracy as the DSMN does.

All the computations were carried out using MATLAB in double-precision arithmetic on a PC

computer with an Intel Centrino Duo CPU of 1.62 GHz and 3 GB RAM.
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6 =0.01,N=100 6 =0.001, N =100
rel rel

1.5 T T T 1.2 :
Exact Exact
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N DSMS | |

Figure 13: Plots of solutions obtained by the DSMN and DSMS when N = 100, u(z) = sin(27x),
x €10,1], 6t = 0.01 (left) and N = 100, u(z) = sin(wx), x € [0,1], §.e; = 0.001 (right).

5 Concluding remarks

Numerical experiments agree with the theory that the convergence rate of the DSMS is slower

than that of the DSMN. This is because the rate of decay of the sequence {(1 L 3 }o0 , is much
+n

slower than that of the sequence {HLH o ;- However, since the cost of one iteration of the DSMS

is O(N?), and is much smaller than that of the DSMN (the cost of one iteration of the DSMN is

O(N?)), the DSMS requires less time to get a numerical result than the DSMN. Here, N is the
number of the nodal points. Thus, for large scale problems, the DSMS may be an alternative to
the DSMN. Also, as it is shown in Figure 13, the DSMS may yield more accurate solutions.

Experiments show that the DSMN still works with a, = (11—‘;)b for % < b < 1. So, in practice
one may use faster decaying sequence a, to reduce the time of computation.

From the numerical results we conclude that the proposed DSM with the discrepancy-type
stopping rule is a good alternative for the DSMN for large scale problems.

Remark. After the completion of this work, we saw the paper [1] in which an iterative process
for solving equation (1) with monotone operator is proposed. In [1] some unnatural assumptions
are made. For example, assumption (2.4) in [1] implies that the growth of the nonlinearity is not

faster than linear, assumption (2.5) is not verifiable practically, in Theorem 2.1 the existence of

N (0) is not proved, so the result is actually not proved. A ”generalized discrepancy principle” (2.8)
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in [1] is therefore not justified.
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