MATRIX SOLUTION FOR LINEAR AND NONLINEAR BUCKLIKG

OF HYPERBOLOIDS OF REVOLUTION

by
CHEN PAN

B.S.C.E., Tamkang_University, 1978

A MASTER'S THESIS

submitted in partial fulfillment of the

requirement of the degree
MASTER OF SCIENCE
Department of Civil Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1981

Apptoved:

it

-
Major Pro

fessor



THIS BOOK
CONTAINS
NUMEROUS PAGES
WITH THE ORIGINAL
PRINTING BEING
SKEWED
DIFFERENTLY FROM
THE TOP OF THE
PAGE TO THE
BOTTOM.

THIS IS AS RECEIVED
FROM THE
CUSTOMER.



5PEC
COLE-
LD
2lole ¥
T4
19¢)
(%I

TABLE OF CONTENTS

INTRODUCTION 4 &4 & & & & ® » P ¥ B B B & & @

CHAPTER ONE
Equilibrium . « « « &+ + & « &

1-1 Differential Geometry of a surface., . .

Derivation of Basic Relationship of Geometry and

L 3

1-2 Membrane Forces for Shells in the form of Revolution., .

1-3 Bending Moment due to Elastic Buckling Deformation. . .

1-4 Bending Moment, Curvature Changes and the Characteristic

Equation......-.......

L]

1-5 Reduction of a Continuous System into a Discrete System .

CHAPTER TWO

Numerical Data for the Gridwork of Hyperboloid Shells

2-1 Geometry of the Hyperboloid Shell . . ¢ 4 & o ¢ « o & « o &

2-2 Nodal Points on the Hyperboloid Cooling Tower ., . . . s «

CHAPTER THREE Solution of the Elastic Buckling of the Cooling

3~1 Matrix Operator with Respect to Variable ¢ and 6.

3-2 Boundary Conditions on the Upper Edge « + + « « o o« »

»

3-3 A Method of Solution for Simple Operator Equation . .

3-4 Iterative Solution for the Buckling of Cooling Tower.

3-5 Buckling of the Shell due to Nonlinear Materials,

CHAPTER FOUR

4-1 The Prediction of the Buckling Behavior of the Prototype Model

4-2 The Analysis of Fort Martin Tower .

Tower

Application of the Method and Numerical Examples.

L]

L]

4-3 Proposed Method of Solving the Ceometric Imperfection , . 5 g

CHAPTER FIVE CONCLUSION. o o o o « o » o &

NOTAIION . L] & o L] - 4 .0 L] . Ll L L] ". - L] -

20
20
23
29
29
34
39
43
46
49

a7
60
61
63



REFEBENCES..............................65
APPENDIX A 4 4 4 « ¢ o o o o ¢ o o a o o ¢ o o 4 s ¢ a s s s s ¢ o a » 68
A-1 Skeletal Flow Chart for SHELl Stability Computer Program . 69
A-l<1 Nonlinear Solution Procedures. . « « + & & ; s s o8 s ou s 70
A-2 SHEL]L & 2 Computer Program . . « & o s o o s o & s & o s & 11
APPENDIX B 4 4 4 o o 4 o 4 » o o s o 5 s a o 8 ¢ 8 o s s & » ; T - 1

Table B-1 The Buckling Mode Shape Function Values at (16xl16) Grid
Points for the Prototype Model. . v & &« & o « & o & & 90

Table B-~2 The Buckling Mode Shape Function Values at (20x20) Grid
Points for the Prototype Model., . . « ¢ « ¢ o & » & & 93

Table B-3 The Buckling Mode Shape Function Values at (30x30) Grid
Points for the Prototype Model. . « &+ ¢ o & o 5 o 5 + 97

Table B—4 The Buckling Mode Shape Function Values at (16x16) Grid
Points for the Fort Martin Tower. ., « » + s s o &« s &+ & 98

ACmOWLEDGEmS [ - . . - . - . L] L] L] - . L] L] [ ] [ ] [ 3 L] - L] L] L] [ ] L] L] » 9 9

11



INTRODUCTION

From the first cooling tower built in 1963 (1), because of the increa-
sing needs for electric power, the hyperboloid of revolution shell cooling
tower for the nuclear power plant has been built bigger and the thickness of
the shell has become thinner. The stability of the shell is becoming of great
importance in the designing of the hyperboloid cooling tower, By considering
the safety of the shell, the buckling behavior of the shell was examined in -
reference (2). Generally, three methods of analysis such as the analytical
method, the experiment method and the n;merical method have been used in these
investigations,

The third kind of the above method is used in this research to predict the
buckling behavior hyperboloid shells. A simplified approximate mathematical
model based on struc:urai mechanics has been developed and is constructed by
the use of Sylvester's Operator (6) with the aid of the finite difference me-
thod (7), although it can be viewed as a finite strip method (8), By parti-
tioning the continuous Hyperboloid shell into vertieal strip and ring strips,
the intersection of these partition lines gives a discrete mesh. By the rela-
tionship between deformation and applied forces derived by (9), the Sylvester's
Operator can naturally describe this discrete system; it reads, AWo + BWB =
A(CW + WD), The matrices A and B relate the finite difference operators as ap-
proximate formulations of differentlal operators in the differenti;l equation
which characterize the relationship between forces and deformation, The térms
a and B are weightings of geometry and stiffness, and A is the eigenvalue of
interest with the buckling mode charterized by matrix W, By the iteration
method one can find the smallest eigenvalue, corresponding to the linear buck-

ling load, and the eigenmatrix W, such that W(I, J) equals the value of the mode



shape function at ¢(I), 6(J) of the first mode of buckling, The applied load
considered in this analysis consists of selfweight, uniform external pressure
and axial load imposed upon the top of the shell. A computer program based on
this method has been developed and used to complete the calculation using the
ITEL computer, this is presented in Appendix A.
The application of this research is the following:
1. It can give a specific idea for the designer to design a more safe
hyperboloid shell.
2., 1It-'can give direction on experimental testing for buckling of these
shells,
3. It can be developed into a nonlinear analysis based on a mathema-
tical model,
Some results and possible applications of the research are summerized in

the concluding remarks.



CHAPTER ONE

Derivation of Basic Relationship of Geometry and Equilibrium

1-1 Differential Geometry of a surface

The thickness of the shell is denoted by h. For a thin shell, h is
small compared with the other dimensions of the shell and its radii of
curvature. The surface that bisects the thickness of the shell is the middle
surface. The geometry of a shell is entirely defined by specifying the form
of the middle surface and the thickness of the shell at each point. The
notations of vector analysis are used frequently to describe some geometric
properties of a surface. A surface is defined as the locus of points each
of whose position vector ;, relative to some fixed origin o, is a functioﬁ
of two independent parameters Cys Cge

Thus, the cartesian coordinates (x, y, 2z) of a point on a surface are

known functions of ¢ and can be written as

19 *a

X fl (cl, cz)

{r (cl, c2)} ik o 4l - (cl, 02)

z \f3 (cl, c2) (1-1)
or ?(cl, cz) = r(cl, cz) n s A is a unit vector along T. Equation (1-1)
is the parametric equation of a surface. 1If ¢ and c, are eliminated in
these equation, the following form is
F(x, y, 2) =0 (1-2)

is for the surface defined by equation (l-1l).
Once a relationship between parameters, say g(cl, cz) = 0, is given,

-
r becomes a function of only one independent parameter, and the locus is



reduced to a curve. Curves on a surface along which a parameter remains
constant are called parametric curves. The parameters c; and <y thus

constitute a system of curvilinear coordinates for points on the surface.
The position of any point on the surface being determined by the value ¢y

and c,y is illustrated in Fig. 1-1.

As an example of this method of description, one can consider the sur-
face in terms of the usual spherical coordinates (R, ¢, 8) as shown in Fig.
1-2. If R is the radius of the sphere, the cartesian coordinates of a point
on the sphere are

% R sin¢d cosé
yr = {R cos¢ (1-3)
z R sing sind

In this case, parameters & and ¢ may be considered as the general parameters

cl and cz.

1-2 Membrane Forces‘fof Shells in the form of Revolution

In many problems of thin shells, the deformation due to the load
effects follow the shape when resisting the external distributed load,
4? Na and
That is the effects due to bending are very small (10). In such

and stresses in the shell are mainly due to membrane forces N
N¢6'
cases, a good approximation for stresses under the application of external

loads can be obtained by neglecting the influence of the bending moments and

the related shearing forces, Thus, one can determine N,, N, and N g from the

¢’ o ¢
solutions to the differential equations obtained from the equilibrium con-
ditions. 1In the other words, if the external forces acting on the shell are
given, the problem becomes statically determinated, and the unknown forces

can be determined without using the strain relations. The problem of stress

analysis is therefore greatly simplified. The forces N¢, Ne and N¢8 obtained



in this manner are called membrane forces, and the theory based on this
assumption is called membrame theory.

For shells in the form of surfaces of revolution, a surface.is generated
by rotating a meridinal curve about an axis of symmetry. A natural selection
for the curves e, = constant are the meridians and c, = constant are the cir-

cles in the planes perpendicular to the axis of revolution. Using notations

as shown in Fig. 1-3a, c, = 6 and c, = ¢ can be defined. The tangents of

L
the curvilinear coordinate curves ¢ and 6 passing through the point A are
denoted by x and y, respectively.

In the case of a surface of revolution, it is clear that the meridianal
plane contains one of the principal radii of curvature, and the other principal
radius of curvature will be that of the curve which is contained by the plane
perpendicular to the meridian at the point of intersection. These two radii
lie on the same line, but in general, have different lengths associated with

the different cutting Planes. Thus, the length of a line element on the middle

surface of the shell is given by the formulation.

q@ (rzd%)24-(rld¢)2 (15)

For convenience, equation (1-5) can be written as

de? = (zde)? + (rld¢)2 (1-5")

It can be observed that r, sing = r. If the bending stresses in the

shell can be neglected, one may assume that Mé = M@ = MB¢ = M@B = 0.

Furthermore, if a hyperboloid of revolution is loaded symmetrically
with respect to its axis, the membrane forces Ng, N%, Ng, Ng, Ng, Ng(Fig. 1-3b)
(with Ne¢ = N¢9 = 0) due to the selfweight, external uniform pressure and

axial load can be calculated as follows:
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Fig. 1-3-a Geometry of the element in thé shell of revolution
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a) Due to selfweight g: .

. [ 2 |
N8 - - £ p? oP e p? Sk (£(E) - £(E) (1-6).

(a2 +b° - aZEZT

2 2

- g
NE - —E2 N 3 - g) (1-7)
Gt 45t -2 O F
with
£(e) = 254 o T2
1-5
and

E= vl + (2)2 cosd

where the geometric parameters a and b are defined in Fig. 2-1.

b) Due to uniform external pressure q:

nd = 32 2_./;( ) (1~8)

6" 26 IT+1F " T -
_frz q

Ng=—-r—lN¢-r2q (1~-9)

with

"E=
azsin2¢ - bzcosz¢

and subscript T of 71, indicates its value of t at the top of the shell.

T
c) Due to downward axially distributed load p per unit length of

circumference applied at the top of the shell

-1
Ng = —1-_—1- Ng (1-10)
1
- P
p _ rop )
Ny ™ T aing , (1-11)

The uniform load applied by suction in the top of the shell (2), (12).

Therefore the total axial load taken by the shell wall is 0.56 2 q
RTop



10

N¢rd6

rd6

Ngr;d$ —me r,d¢ ——= Ngr,d¢

N¢rd6

l-4-a A differential shell element

undisturbed equilibrium
configuration

disturbed
equilibrium

configuration

1-4-b Deformation from the undistributed equilibrium position



————————== N

N

M=Nw

Equivalent force couple

system according to the

deformed configuration,

Line of action of the

resultant reaction force

l1-4=c, Bending moment due to the deformation

N¢rd6

C My
Ner;dd - B Mg Ngrydé
1 Mg \ "1

%
N

N¢rde
l-4-d, M¢ and Mg on a differential shell element

' Fié. 1-4 Relation between Forces and Deformation

11
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because the column will take approximately 44%Z of the total load based on

plate bending theory (22). Thus, the load per unit length of the shell

wall is
P =20.28 RTop q (1-12)

1-3 Bending Moment due to Elastic Buckling Deformation

Both r and r., can be expressed as functions of ¢. A differential

1
element of the shell shown in Fig. l-4-a shows the sign convention for posit-
ive N¢ and Ne. The material of the shell is assumed to be homogeneous and
iédtrqpic - before buckling. The buckling deformation of the location of
interest is measured from the equilibrium position of a loaded shell before
buckling., Fig. l-4~b is a cross section of the shell showing the membrane
deformation from the equilibrium ﬁosition due to buckling. The diagram in
Fig. l-4-c illustrates the bending moment produced by N due to the lateral
deformation w which has the same effect as shifting the line of action to a

new position, and the outward direction of w will be assumed to be positive.

Therefore,
M =N w (1-13-a)

and M, =N, w (1-13-b)

The moment due to buckling deformation w is calculated by the product
of the membrane force and the perpendicular component to the deformation at

any point of the shell. The bending moments M¢ and M9 also can be obtained

by the curvature changes which are

M¢ = K(K¢ + pKB)

MG = K(KB + pK¢)

K¢ and Ke are the curvatures, and K is stiffness of the shell. According to

reference (13), the second derivative of the moment will give the equivalent



13

lateral load associated with the buckling deformation of the structure. By

taking the derivate of M, with respect to s¢ twice, equation (1-13-a) becomes

9
to
2
am 2
-—-21 w — (N W) (1-14)
¢
as¢ as¢

Using Q¢ and Qe to represent the equivalent lateral load due to M¢

and Me, respectively, then

— @) = Q (1-15)
as¢

Similarly, taking second derivative of Me with respect to Sq from equation

(1-13-b), yields

2
—-5‘1=--—-— (Ngw) = Q (1-16)
ase as 6
Note that rld¢ = ds¢ and rdé = dse. Thus, the first and second derivative
can be carried out in the following form,
ds r 99 °’ 2 v 39 ‘r 38"’
6 ase
(1-17)
w1 w1l A ow
3
as¢ ry 3¢ 332 r 3¢ r; ad

d Bl g =L 3. - o

r, 3z, 39 6 T T o (r a¢) (Ngw) = Qys et
and

13 1y 13 1.

T TN T G5 M0 =0 - (-180)

Due to the fact that r is independent of 6, the second differential

equation of (1-18) can be simplified to
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2 2

.1_2_2_2 u, = _%___3 = @, W) = Q (1-18-b")
r 3o r 99
These differential relationship between the product of membrane forces
and normal deflection and bending moments will be used in deriving the matrix

equation which characterizes the stability of the shell.

1-4 Bending Moments, Curvature Changes and the Characteristic Equation

The main object of this section is to use the differential relationship
between bending moments and curvature changes, and the curvature changes to
the displacement function to derive the characteristic equation of the cool-
ing tower. The expression for bending moment derived by W. Flugge (10) has

been used and listed here:

S S SN TR L
M¢ = K{rl (rl) + = (r + ) cosd) }

and (1-19)

S L uow
M K{r (r + 2 cos¢) + = (rl) }

8 1 1

According to these equations M¢ and M, are expressed as functions of

8
the buckling deformation w. In equation (1-19) the derivatives with respect

to ¢ and 6 are defined as

. oW ow . W
W=, ' = =L and (-—) = — (....-.-) (1_20)
a¢ o6 Ty o I

The factor K is the flexural rigidity of the shell, and is
12(1 - v")
and E is Young;s modulus, h is the thickness of the shell and u is Poisson's
ratio.
From equation (1~-19) the second derivative of M, and Me can be cal-

¢
culated by the following expressions.
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] 1 8- .1 [ 1l 3 1l @ 1 3
—_— M == (= ) = =— = (=) R=5 (= - =5 =) w}
asi (0] r 3¢ T d ¢ rl 3¢ T o¢ ri 30 rla¢ ad
+{LL(L§._)(KE_§"E§.)} o,
r, 3¢ ry 3¢ 1_2 36 ry 1) ¥y o
I, | : -
(K P e, 3% cosd)} _ (1-21)
and
2 2 2
i u, =k (G B 4 F Y cosd)
r- 38 r~ 28 r~ 98 1
2 3T 3
9 1 1
+ & Es - ) W (1-22)
ri 3¢2 T, 3¢ 99
1 3% cosp 1- 3 .-3w
K7 3 v+ 3 7 T
r' 38 - 1 38° 3¢
&;.éih GE“'( EEE - E_.Efl.éﬁh)}
#* 50 ri gp> Ty 00 B¢

Note that the equivalent lateral load is Q=0Q + Qe which can be

¢
calculated by

32M. 3 »2(N ) 5% (N o)

L S R + (1-23)
352 asz 332 352

¢ ¢ 0 ¢

The substitution of equations (1-18), (1-21) and (1-22) into (1-23), yields

| 2
1 3 1 3 13 1 3 ‘rl 8 13 u 3w
) Koy G-towl + e w2+
r, 3 't 3 t, 39 't 89 ; r; 3 ‘T, 99 2 552
B2 Ly Bl oaw g d 8y 00med pau,,
3
r, 3¢ r, 3¢ rr 3¢ r4 364 r3r1 3643 ¢
2 2 ar 2
1 3 b A% 1 %F1 5w 1 3 1 3 1 9
=l kg =) s )N vt S SN, W
2 552 ri 22 T 90 09 t; 36 r; 8% 2552 0
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When N¢ and Ne reach a certain critical value equation (1-24) can be
satisfied by a nontrivial solution for w. Therefore, the equation is
simplified into a standard form in the next section to obtain a characteristic

equation of buckling of the shell.

1-5 Reduction of a Continuous System into a Discrete System

Equation (1-24) can be rearranged into the following form.

2 r 2 T

1 ] 1o 1 ] 12
E{=F-—) (5 (—-—") w+
r2 a¢2 r; 3 r2 3¢2 ry 39
1 1
i (__.32 - _r_li_) (heoBh 8 .y o ol (ﬁ.z_. - .i:.'-_é_) & _:.3_2_.)“
ri 8¢2 ry 3d rr, 3 i 3¢2 2 3¢ r2 382
1 Baw 1l cos 32 ow
T AT 3, 2
r 96 T 1 238~
2 2 t
S & &2 (1-25)
r 9o Ty 3¢ 1
2 T 2
l{i_. (_d__...__;.a_.J(Nq"-p )+ l__a__(Nq+Pw)} 3
2 .. 2 T, 3¢ ¢ 2 AR
T, ¢ r 938
2 - 2
S iow it IC R S AU
rl 1) 1 00

Where the superscripts q and p for the membrane forces refer to
symmetrical pressure and axial load, respectively, and g refers to the

dead load on the shell. Note that later N; and Ng are used to replace

N2+P and Ng+p since they are results of a unit pressure.

Note also that the product of the eigenvalue A and Ng and Ng will be

the corresponding membrane forces due to the applied load, and Nﬁ and Ng
remain unchanged. If all the differential operators and geometric datas of
equation (1-25) are replaced by matrix operators, equation (1-25) can be

written as
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(B) (W) + (C) (W) (D) + (BE3) (W) + (a) (W) (4) =
AC(E) (W) + (B (W) (F) ) + (G (W) + (1) (W) (W) (1-26)

Although many different approaches may be used to construct these matrices
and matrix operators, those in equation (1-26) are constructed by the use
of the finite difference method here. All matrices except (W) in equation
(1-26) are square matrices. Note that some of these matrices are premultip-
lications and others are postmultiplications to the operand' (W) matrix,
according to whether the partial derivative operator is with respect to ¢
or §. This equation has the form of Sylvester's matrix operator (15) and
approximately preserves the relation between force and deformation as charac-
terized by the partial differential equation of (1~25). The parameter A is
an eigenvalue that magnifies the effect due to an assumed unit extermal load.
The matrix (W) specifies values of the buckling mode at nodal points which
are formed by intersections of the partition lines, In a row-wise sense
(W{ glve values of the buckled shape at equally spaced sample points of
the corresponding ring. It can be seen that the matrix (W) provides a
natural representation of the buckled shape at grid points. For example,

the element Wi equals the value of the normalized buckling mode at the

3
intergsection of ith (¢ = constant) horizontal partition line and jth (6 =
constant) axial partition line. Comparing equation (1-25) to equation (1-26),

one can find the definition of each matrix as stated in the following list:

2 r 2 T
1,3 1 8, ,1 9 1 o,
BMW =K ((—-—) (& (—--—w
[ri 3¢2 Ty %9 ri ap2 Ty 9 ]
34
W) = |K —
29
@ = &

r
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- £os¢ 3 _

rlr
(€)@ = ;ccl— (-3-2— 3 2.5 By (1-27)
2 2 .2 T, 3 2 w “
N 1 ¢ 1 T
W K 52 ‘:'1 3
(CHW) = == Ee-L 54
3 .}_2 r2 3¢2 rl 3¢

2 r i

K 3 13 ,,cosp 2
(BES)(W) = |y = (=5 = — —)( - W)
[ri ac[,Z rl 3¢ rlraqa :[

(W* = [(C) w]

32
W*@) = | (ww]
a8

.,
13 _ f13
@@ = |Gz s - 212y @x w)
R TSEL S ]

@ = |y wj]

r

Vo

(n** = [(8) (N]

- s B, ‘;-,2

[(D*#(F)] = (—5) (W)=
392

@ = |2 (i - f]f_} N8
rl2 aﬂbz L ! 39 ¢ w]

= [y 1= [1—2 N ol
2 0]

2
mx@ = o gt
as
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As mentioned earlier, N; and Ng are membrane forces due to unit
load in the corresponding direction as defined by the subscripts ¢ and 8.
For simplicity in the construction of an iterative form the matrices on
the right hand side of the generalized matrix equation (1-26) are redefined

as

QW) = A( (E) (W) + (B) (W) (F) )+ (G) (W) + (') (W (H)
Let
e =@ W+ @M W @

et = ®" o + @ W (@
QW) = @I + (B (F)
the the above equation gives

QW) = QW) + R} + qQ&w) (1-28)
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CHAPTER TWO

Numerical Data for the Gridwork of Hyperboloid Shells

2-1 Geometry of the Hyperboloid Shell

In Fig. 2-1 a hyperboloid shell of revolution is shown with standard
notations (12). The relationship between z and r of the shell in the
cylindrical coordinate system reads

2
r? = a? 1+ 2y (2-1)
2
b
As shown in Fig. 2-1 r is the polar distance of a point for given distance

z from the central axis coordinate measured from the throat, downward as

positive. And

b =
2 a2
The principal radii rl, r, can be written such as
= -a2b2
1 3
(azsin2¢ - hzcosz¢f§
2 (2-2)
T, = 5 8 g 5 1 y = rzsin¢
(a"sin"¢ - b cos™¢p)2

Note that r, and r, have different signs, it is due to the fact that
the centers of the principal curvatures are on different sides of the shell.
The geometry of the ruling line can be obtained by the intersection of a
plane tangent to the shell at the throat and the shell surface. The radii’

of these lines are

r=a+(RB—a)(;—T—)

Taking the derivative of equation (2~1) on both side with respect to z,

yields



Fig. 2=l Hyperboloid of Revolution Geometry

33



ith ring

jth strip

Fig. 2-2 Typical partition lines of a discrete system

22



23

dr _a’z
z b2 r
or
& - tanp = az , D=T_3 (2-3)
dz fo—ﬂ_—“———f 2
b“vV1l + (z/b)
Let "
¢$=5-0D

¢ can be obtained as

b3 cant (—2—y (2~4)
b2/l + (2/b)?
which is the only variable necessary to express every geometric function,

i.e., Iy, T and z are expressible in terms of ¢.

2-2 Nodal points on the Hyperboloid Cooling Tower

By cutting the hyperboloid shell into finite segments shown in Fig. 2-2
along 8 = constant and ¢ = constant, respectively, one can form a grid of
nodal points. The procedure for finding the partition lines of equally spaced
¢, i.e., Ad = constant, is considered below. As shown in Fig. 2-3 the values
of the ¢ curve at m+l sample points are calculated according to equation

(2 - 2p) b = 9g
(2-4) with Az ey Using R A, ¢i = ¢i + id¢ , 1 =1,2,...,m.
One can use any interpolation method to find a set of zl, Zys eees 2o such

that ¢(z - ¢(zi) = Ad can be satisfied. By substituting a set of properly

i+l)

selected zg values into equations (2-2) and (2-4), the principal radii T and

T, at each nodal point of equally spaced A¢ can be obtained.
In Fig. 2-4 a typical jth vertical strip is used to show the index 1 of
the nodal points along its center line, where i = 1,2,...,m. The index j

with j = 1,2,...,n are shown in Fig. 2-5 for the ith typical ring section of

the shell,



¢
\
N~
b
¢B
Az
ZTop %5 -
}_4_: —
Fig. 2-3
_i= 1
= 2
ith index
i=m

i= m+1 ( support )

Fig. 2-3 jth vertical strip with i index of the partition

number

24
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The transformation of the gridwork on the shell into a rectangular

gridwork in the ¢6-plane is shown in Fig. 2-6., The indices, i =1,2,...,m

and i=1,2,...,n, are used in the matrix (Wi ) to express the value of the

i
normalized buckling deformation at each nodal point W(¢i, ej). Let the matrix

W be partitioned columnwisely.

_ ! | ) | 1 I
(W) - (Slf 52;_53; voe i Sj ; ...ESn)
Then the jth column
Wy ]
W}j
uzj
S. = 1. d
h| W
* |
: (2-5)
W '
()

which defines the values of W at § = Gj and ¢ = ¢l, ¢2, — ¢m’ respectively.
In equation (1~25) the differential operator was substituted by the
premultiplication and postmultiplcation matrix operator of equation (1-26).

The main reason for these matrix operators is because of the following

differential order.

2 2
2 ]
= (MY W == AN W)
2 2 "
as¢ Bs¢
32 32
S (M) = (W) (2-6)
358 Bse

and one can combine the differential operator and geometric data of each
ring or vertical strip into a single matrix operator such as (), (H), (Z)

and (D). These are the form as



Fig. 2-5 ith ring with j index of the partition number
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Fig. 2-6 A mapping of the gridwork on shell into ¢8-plane
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AH) (g, (2-7-a)

@ (W)

(2-7-b)

(2) (Wyg) = A(D) (W, )

The transpose of both sides of equation (2-7-a) will yield
T T T T
(W) DT = AW ) (2-8)

and () and (H) are symmetrical matrix operators. Therefore (Q)T = (R)

and (H)T = (H). The additon of equation (2-7-b) and (2-8) with W, ¢)T=(We§)
is equation (2-9). This is the same form as equations (1-26). The CwD part
and the other part in the R.H.S. related to the dead load are combined into

eguation (2-9) for simpler expression.

(@) (Wyg) + (W) (@) = A(D)(W,g) + (W0 () (2-9)
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CHAPTER THREE

Solution of the Elastic Buckling of the Cooling Tower

'3=1 Matrix Operators with Respect to Variable ¢ and 8

The operator (B) performs the partial derivatives of its operand w

with respect to ¢ as defined in equation (1-26). It is listed below for

reference. . .
2 T 2 T
1 9 1 3 1 ] 13
(BY(W) = K (5 (5 == <)) (& (- =)0, 0)i (¢, 9.)
ri a¢2 T, 3¢ ri 3¢2 Ty 39 1’ 7]
(3-1)

Let (B) = K(Bz)(Bl), such that the result of the operator (Bl) which is

applied to (W) reads

(B)W = cﬁ— - L3y we, o] 6., 0 (3-2)
1 "i 22 Ty 00 i Y37

In order to comstruct (Bl) and (BZ)’ a matrix (D¢)(l) of (m+2, mt2), is
introduced as an approximate operator of the first partial derivative with
respect to ¢ at the sample points. This matrix can be constructed by the

use of central difference quotients and is defined as follows:

W...Z . [ '] . . . . . W_z
W—l * - a @ « & e = e« - W—l
Wy 0-1010.....0 W1
. 00-1010....0 :
o B - =1 | 000-1010...0|{" } 3
¢ L 2ﬁ¢ . - . L] - L] - - . L] . E
wm"'l 0 e o e = .—1 0 1 Wm—-l
¥ | ith colum| 0 . . . .. .. 0-1 0] |w | I%R colum
! - of (W)

of W)
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f . . — r ~

W._z - « @& e @ . W_z

W_l s s 8 ® ® ® ® s ® & @ W_]_

W o210 .0 W,

1“ - s s e« = y . -A
ERIC I 001-210 0 L (34
. 206 1 0001-210. 0
wm_l 0 s« o & ® @ o = 1-2 1 ‘im‘-]
) 0 " = s e * @ 0 1_2

\ " thh column L J *- Mo thh column of

of (W) W)
Where (lia and G% ) are diagonal matrices according to the changing radius
1
of T . Therefore, the operator (Bl) becomes to

8

(1)
550 @)

1 (1)
@) = Gt - < ) (5
]

Lo (3-5)

¢

or
Matrix (——éa can be obtalned directly by the use of central difference

quotients of r, of each nodal point in the vertical strip to form a

diagonal matrix operator such as

ary Tt n
-l 1+1
T = —= , 1=3, ..., m (3-6)
"’ (1,1) ae
Similarly (BZ) can be expressed by
3r
@y = Ao, )P - & g 50 %) (3-7)

"1
Note that in equations (3-5) and (3-7) superscripts (1) and (2) are
used to show that it is part of (Bl) or (BZ)' Except in the third row of

2
matrices (D¢)( ) and (D )(2) are constructed by forward difference quotients,

o9
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are corresponding to the

Note that the first two rows of (D¢)(1)

additional parameters to take care of force boundary conditions at the

upper edge of the shell, and they will be derived in section (3-2)

seperately.

_______ RSV, YR, I,

AAILLLIL L LTS mtl  support

Fig. 3-1 jth vertical line of the shell

Note also that the last row of the operator has its weighting corres-
ponding to the adjacent rows of the W matrix on the mth partition line of
the shell which are -1 and 0, and it is because of zero value of W at the
bottom of the shell since it is either a fixed or a hinged support.

Another operator of second derivative with respect to ¢ defined in
equation (3-4) is indicated by (D¢¢)(1). It is obtained by the use of

central difference quotients in a similar manner as (D¢)(l):
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~ ~ - - - ~
W_z s & = a2 @ A . - W_z
W....I « » ® s 3 e @ . e s = W_l
H . 1 0 0-1“,0 1 0 s » s ¥ ® 0 . (
D
( ¢) ﬁ . 2A¢ 0 0—1 0 1 0 e e & e * @ 0 ]
Wm_l - L) s = . e e = « @» @ . Wm_l
W 0 *® & & 8 8 ® * @ 8 @ _10 W
> B “4th - = 5 % “4th column
column of (W) : of (W)
and
po -~ — - - st
W_z « ®» » ®» & ® B ®» ° ° v ® ® W.,.z
W-l * e s @ e ® LI ) . * . W_l
) " 1 001-210. .« 0 =
(Dge) 9 >'="T¢g' 001210 ......0[%. @G9
- 0 0 0 1—2 1 0 s & & & @ 0 .
Wm_l ¢« ®© & & @ ® @& & ®8 ® ®© @+ ® wm...l
Ny wm thh _.0 s e & e e 8 = s & @ 1_2__ L Wm J .jth colum
column of (W) of (W)

So far, the product of K, (Bi) and (Bl) completes the construction of the
interior part of operator (B). For this part of (B) yields the fourth partial

derivative of w with respect to ¢. The other fourth and second partial deri-
4 2
vative operators with respect to 6 are i—n and 3—1. They can be constructed

36 a8
into matrices by central difference quotlents and are denoted as (A) and (4l).

For example, the values of the second partial derivative of w with respect to



33

r d8 of the ith ring at the sample points shown in Fig. 3-2 can be calculated

1
approximately by the postmultiplication of row matrix L Wy by (';2) and (Al)

_ matrix as follows:

1 .
() gy Wiy W, ooy W e _
:2 141 T2 'm'ith. row of (W) (a1)

(210.......01
1-2 10 * s .= @ 0
01-21...... 0
1 1
= - W W se 0w W . : —-"'2" . e & s @ .
(_2)11 L1’ 2 *"n_j A8
= ith row of (W) e s e s s 4 s s s s
0 e & * @ e e @ » 1"'21
10 s & & 8 s ® -01"2
2
3W(p,, 8.) 2% , 0 )
~ 1 ! i n _J
(rcesi)ae)z e (r<¢i)ae)2 (3-10)

Fig. 3-2 ith ring of the discrete system
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In this expression each row of (Al) gives the weighting factors for deforma-
tion W of related nodal points, and Giigii is the ith element Of”6§§}' 
Using a similar method as the second derivative operator with respect to 8,
an approximate fourth partial derivative with respect to © of the ith ring
can be obtained by the postmultiplication of Wy by G%g)if-and the matrix (A)

defined below:

1 .
(—7;) l—w 9 W 3 * o e & 3 W el (A)
T 44 172 " 1th row

1 1
= (—) WLWyy Wopoo o o o s Wy —_—
r4 i;T 1 n_J:Lth row A4
a*w(e,, o)) 3" W(ys On)
= L__-—‘_;' « » e« & ® 3 _'J (3-11)
(r(sy 3 0)4 (r(ég 23 0)%

Note that the diagonal matrices @izd and GAEQ when applied to matrix
r r

(W) use premultiply of (W).
3-2 Boundary Conditions on the Upper Edge

The boundary conditions on the upper edge of the shell are b% = 0 and
v

¢
around the edge of top ring are equal to zero. The weighting corresponding

= (0 which means that both the bending moment and the radial shear force
to the deflections of'the shell according to the moment boundary condition
on the edge is computed as

— M¢.J1 = I..K(K-'¢+ Vllﬁe)j-J 1" + 0 -1 {3-12)

According to equation (1-19) M¢ can be expressed as
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= K{_l_(_w_) + L(l" + lcos¢)} (1-19)
rl r1 r r ry

My

Note that subscript 1 of equation (3-12) represent the position of the

nodal point of the first ring and j represent the jth central difference for
the jth nodal point at the top ring. Kyy and Kg; are curvatures of w with

respect to ¢ and € at the nodal points of the top ring.

) 4 1 " H w .
K . :
¢l = : ) s Kel = "61+ Kel ’ Ké = cos ¢1 5
(r)y (e @, ey
u.
"o o w . (3-13)

r !
01 2
(r)1

Selecting deflections of the extended vertical strips, the rows W 29 1) 1
4 2 i
Wl, W2 and W3 , are the operand of the operators 3 and 2 in this stage.
98 28
By central difference quotients one has:
32 W_y =20+ W;
W= > (3-14)
3 ¢2 A$2
and
3 -W-l + Wp
w = . -
3¢ 244
fherefore,
Wal = 2Wp+H 1 =(xr1)-1 + (r1) -W_1 + W
kg1 = 1 £4L 1 ; 172 y - 3( 1)-1 1 2) ¢ 1 2
Erl)l Ad (r1)i 2 4¢ 2 A¢
= =2
Cri}1A¢ 4 g2 (rl)l (ry)789
1 ~(ri) . + (rp)
Ad A
(rl)1 444 (rl)1

(rl)_l, (rl)l and (rl)2 are the principal radii at nodal points of the

ring number -1, 1 and 2, respectively. «§ can be calculated as
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W +W
Ky = ‘u -1 2 cosd,
(£)1(ry), 244
i} ucosdy £ (= ucosd] LIy

1 "2
2(r) 1(1:1) 1A¢ 2(x) 1(1_-1) ) Ad
for “31
1 52
(np? s0?

kg1~ W
KB can be input to the operator which belong to the CWD part (i=1, j=3) with
postmultiplication operator (Al). The completed boundary condition .M 1= 0.4

for any 8 = 8; can be expressed such as

, 1 -(r) ) + (rp), -2
L..M¢41 = 5 3 T Y Waga & = WV
() 8¢ 484 ((x1) 1) ((ry)1)2842
=) o = dxr.)
S ¢ : P A % =1 31 L)sz.l' A
' ucosd ucosd 2
+.[( . LW 4+ - Wyt — L My 2 2}
) 2(r) 1 (ry) 180 2(x)1(ry) 46 ((r) )2 (30 i
= LOJI '

Therefore, the nonzero terms of the first row. of (B) due to this boundary con-

dition are
-(r.) ., + (x))
L, 2) = (e s ; = 31-3—9
(262 4862 (Crp)))
B(1,3) = - s
((r'l)l) Ad
-(ry)_q +
ROLo 4} (o i U T o

(eppie® hae’ )’
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According to My = 0, three terms related to y value have to be put into

the matrix operator such as (BE5) and (AP) (refer to equations 1-26 and 3-19).

The nonzero terms of (BES5) and (AP) are

ucoséy

BES5(1,2) = TENEHAT

ucos¢1

BE5(1,4) = 5 3
(r)l(rl}1 ¢

and
"]

AP(1,3) = —_—
((r)l)

At the upper edge the radial shear is computed by taking the derivative of
M¢ with respect to rldQ. Using the central difference quotients, this can be

obtained by directly finding the curvature changes at the nodal points of -1 and

2.
v - 2 M, .= K(V + Vi)
¢ (ri)l 3¢ ¢l cLl 9
where

V] = D )
‘Ll 2(1’1)154’

V" - u "'KB_— '+' Kez
¢1 2(21)159

are obtained by the use of central difference quotion.
and g are calculated in a similar manner

¢-1" Kp2° “e-1 82
as in equation (3-14) except the indices are changed into =1 or 2 along the

Specifically, «

extended vertical strips. The weighting corresponding to the elements of the
operand, the deflection matrix (W), to enforce V¢1 = 0, are put in the second
row of the operator (B), (AP} and (BES) in a similar manner as weighting factors

in the first row. Note that the top two rows of (B) break down the almost
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symmetrical form of (B). The addition of (B) and BT, transpose of (B),
form a new symmetrical matrix operator (BTl), and the difference between (B)
and (B)T give a skew matrix operator which is used as a perterbation in the

iteration process.

@ + ®T
(BT1) =
2
T
(BT2) = L
2

Due to the two extra row vectors of deflection matrix (W) introduced
for taking care of boundary conditions, the result of (W)({A) involves more terms
beyond what are required by the original system. These are corrected by
adding the same resultant matrix at the right hand side of equation (1-26).
for this (W)' is defined to h;ve its first two rows be those of the deflections

matrix of (W) and the rest are zero elements such that (W) '(A) is listed below

-22 e & = W‘h

Wy, W
Wy Yogge » s gy

0........0
(w'a) = (4) (3-18)

® & B & & @& & s @

will be added to the right hand side of equation (1-26). It reads
(BY(W) + (C) (W) (D) +(BES)(W) + (a)(W)(A)= A{(EY(W) + (BY(WI(F)} + (G)(W)
+ (TY(W) (H) + (o) (W) "(A) (1-26)"'
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The part of the mixed operator (C)(W){(D) is mainly due to a nonzero

Poission value u, and most parts of this mixed operator of equations (1-25)

and (1-26) had been defined already. They are listed as

© W () = ui (B,) (2258 0y D ey + (37) &) iy (A1) +
r rl ‘b r2

1
(B () (D AD + () ("‘:“’ ) (0) D o a1y}

= (BE5) (W) + (AP) (W) (Al) + (AP1)(W)(ALl) + -

(aP2) (W) (A1) < (3-19)
where (BZ) and (Bl) can be found from equations (3-5) and (3-7)

3-3 A Method of Solution for a Simple Operator Equation (a)-l(BTl)(W) +
W) (A) = (CR)

In order to solve the Sylvester's generalized matrix equation (6) eigen~
values and eigenvectors of the stiffness matrices (A) and (a)'l(BTl) should be
obtained. Note that both matrix (A) and (BTl) are symmetric matrices. There-
fore, their eigenvalues and eigenvectors can be computed by the use of the Ja-
cobian method of successive rotational transformations. However the matrix of
(u)'l(BTl) is not a symmetric matrix. Since (a)—l is a diagonal matrix, it is

relatively simple to have the symmetric matrix

C_1 L
(B)' = (a)2(BT1) (2)? (3-20)

The eigenvalues and eigenvectors of this transformed matrix can be cons-

tructed by Jacobian-method and expressed in the following form

®'GeE =60 (3-21)
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where

(E) = (Elgazig?,i: . EEnrl'Zj

and

[ A
1 A
2
(A) = .
X
wrk

are the matrix of eigenvectors and the diagonal matrix of eigenvalues of (B)'.
Using these results, one can construct the eigenvectors of the operator cu)“l
(BT1)-(or (B)").

Let

be the eigemmatrix, then

) 1
(V) = () 2(3) (3-22)

or " W = (a)-}('s) (A)

In .order to show (V) is the matrix of eigenvectors of (u)-l(BTI)'; consider-

ing the following products of matrices:

@ LET ) = @ L@ @73 @)
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1
2 ( BT1) (@)

1
2

1 _
= (@) 2 (o) (=)

_ N
= (@) 2(z) (W)

= (V) Q)
This shows that (B)' and (cﬂ'l(BTl) have the same set of eigenvalues.

Similarly, one can find matrix (r) for eigenvalues and matrix (g) for eigenvec-

tors of matrix (A) such that

@ @ = @ @ -G-8
where
i
Y
2
(n = )
Y
and . n
@ = (minpt... iny

For a general matrix equation (TO)CW)=(a)-1(BT1) (W) + (W) (A) = (CR),
the inverse of the operator T, can be completed by the use of eigenvalues and
and eigenvectors of (u)~1(BT1) and those of (A)'s.

- Note that

(B"=w ) N-1-= (a)_’%té) (a) (E)T(u)*%' | (3-25)
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and
@W=m w ®l=m @ @ (3-26)

Since both (=) and (H) are orthonormal eigenvectors of symmetric matrices.

()T and ()T are the transpose of (=) and (H), respectively. Therefore, by
substitution, the matrix equ@:;oﬁ:§$o}Cw)_= (CR) becomes i

™ 0w mIm+w @ @) @T= (R (3-27)

Postmultiplied by (H) and premultiplied by (V)< quation-(3—27)

turns into

w M-lon @ + (ﬁ)-lcm (B) (T) = (V)"1(cr) (®) (3-28)
Let
.(Y) = »lw @
and
) = ") er) (H‘)“f_= (E)T(a)‘;'(cm(n)

The equation (3-27) is reduced into the following generalized matrix

equation of canonical form.

)y (@) + (0 (T) = (2) (3-29)
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Since ()) and (r) are diagonal matrices, the unknown matrix (Y¥) can be

solved

%43 (3-30)

s W= MO®mT

Yij
( Ay + Y4 )

3-4 Iterative Solution for the Buckling of Cooling Tower

A matrix equation which characterizes the buckling of a cooling tower that

satisfies all boundary conditions on the edges and base is written as
(BT1) (W) +(AP1) (W) (A1) + (AP) (W) (A1) + (AP2) (W) (Al) + (BES5)(W) + (BT2)(W)
@ W = @)W + 3L B0 N 0046 (o + D () (W) B+ (3) (¥
(W) (A1) + (B) (N§) (W) (A1) (3-31)

Let (Tp) (W) and (Ts) (W) be used to represent the primary parts and second-

ary parts of equation (3-31) defined as
(TPS(W) = (B)"(W) + (W)(A) (3-32)
(T) (W) = (@)~ {(aR) (W) (AL) + (AP2) (W) (AL)
+ (AP1) (W) (A1) + (BES) (W)
+ (BT2) (W) - (By) (N (W) — (B) (NG) (W) (AL)

- () (W) '(a)}

i3-33)
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(CR) = (Tp) (W) + (Tg) (W)

= @7y @) )+ ) &FPH ) an (3-34)

The ratio of -the two norm of (Tg) and (Tp) will &eﬁérmine the rate of~

convergence of the iteration.

Using.the'pOWe#'method‘prasentéd;”oné"can find the linear buckling 1dadtl i
and associated buckling mode (W) at selected nodal points. As mentioned before,
A is a scalar multiplier of unit load q. —

The iteration starts with an assumed (Wﬁ) to match the approximate buck-
ling mode according to engineering judgement. Subscript o stands for the first

(W), substitute (W,) into (Tp) (W) and let
(T,) (L) = G° ) + 9 (W) = (CR) (3-35)
P =] Q i = B )

Qq and Qp are defined in equation (1-28). According to the method stated

in section (3-3) to find (T#)-l, i.e., (Tp) inverse, (Wl) can be obtained as
(W) = (Tp) "1 (W) (CR) ‘ (3-36)

Then, (Wl) is normalized as

W) }

ij :
(3-37)

W) =

Jud o+ wd 4 e+ W+ e+ W
11 12 ij mn

~ Substituting (W,). into equation. (3-33), one can obtain -
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(Tp) (W) + (Tg) (W) = &p (AW + @) (3-38)

The norm of the left hand side divided by right hand side of equation (3-

37) will give the first approximation of A, say A;. Therefore,

(T,) (9y) + (T) ()

Ay = ™ = (3-39)
etany)y + & o)
Using (ﬁi) one can improve the mode shape (Wi+1) by solving (Wi) from
‘ | . ) A _
(T) W) = Ay @) + @) - (x) Gy (3-40)

y;elds
Wyyp) = (x) @N7roy @) + PE) - @) () G-
so

(T W) + (T)) (W)
hap = —E 1 (3-42)
Q@) + & Giy)

for iteration order number

1-1'2’ -.¢’N

When the relative error for the lowest eigenvalue A from iteration
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e

Aia

relative error = - < 0.001 is considered that the error. is

small enough ‘to terminate the iterative process and the.elastic buckling

load and the corresponding mode of buckling are. obtained

The next section will discuss a method to find the nonlinear buckling

pressure of a cooling tower due to the qonlinearity of the material.

3~-5 Buckling of the Shell due to Nonlinear Materials -

Iﬁ view that the matrix equation for buckling of nonlinear materials is

TG) () =1 (B) (W) + (@ D). | (3-43)

T, P and Q are generalized matrix operators and T(\) depends om the value
. of A, it is clear if ) value is known, say Ao then T(k&) = T% is a well defin-

ed operator. With this operator the matrix equation turns into
(T*¥) (W) =x (P) (W) + (Q) (W) (3-44)

and one of the obtained eigenvalues should be A . This observation suggests
that nonliﬁear buckling proylem can be solved by a set of linearized operator
equations. Furthermore, the stiffness of concrete decrease with increasing
stresses and the buckling load is related to both geometric shape and the
stiffness of a structure. This implies that the computed buckling value ob-

tained based oh the assumption that material maintain a constant Young's
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modulus as that of zeroc stress level during a test up to buckling load will
give an upper bound of the true buckling load.

Let A, be some assumed buckling load, from-which the membrane force Ny
and Necan be obtained to calculate the operator T(),). The smallest computed

eigenvalue according to
(TG)) (M) = A, (B) (W) + () (D) (3-45)

can be solved. Thus for O Ag § Ae» With Ae as the computed Ae which is
corresponding to the case when .;, = 0. One can construct a function of A,

Ac( Aa). The true solution for A is when lq = Xa (21).

{(ccmputed)iilc
I
r\ -

= Ao '

: t>>(””_,, Nonlinear buckling load
|
/////,/V
/-L

' . el (ass@med
0 e g ESImeD
Fig. 3-3 Relation between 8 and Ag
A set of sample points can be selected by the use of Ae and desired value
A can be calculated by some method of interpolation.

The stresses due to assumed ), are calculated by
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P q g
. = Ra (N¢ + N¢) + N¢
¢ t
(3-46)
P q g
Aa (Ne + Ne) + NG
dg = -
t
and the Young's modulus can be calculated by either
Zfé: Ec
- 222 - Ly
1 €o €o
(3-47)

or

(Ep(oey)) - By)

_Gzcsb)m" " U'(EO)

ET(U(EC)) = Eb + :

Note that E¢ and E5 are not that same when Ty = Oge Thus it is an
orthotropic shell due to the consideration of nonlinearity of the materials.

The E values for mixed operator E¢e = /E¢EB is used at each point,
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CHAPTER FOUR

Application of the Method and Numerical Examples

4=1 The Prediction of the Buckling Behavior of the Prototype Model

The prototype model is being built in Kansas State University and is
studied by the method stated in Chapter Three, The material for the model is
assumed to be isotropic and homogeneous for the elastie buckling analysis.

The boundary conditions for this model are assumed to be clamped at the base

of the shell and free from constraints at the top. The shell will be tested

by a combination of external loads namely the uniform pressure, axial load on
top of the shell and the body forde of the shell itself. The unit dead load for
this microconcrete is estimated about 150 pef which leads to a load intensity
of 0.0434 psi. The geometric parameters for the model are: total height is 144
inches, the distance of the throat is 108 inches, the radii at the top, throat
and base are 38.7, 36.0 gpd 56 inches, respectively, and the constant thickness
of the shell is 0.5 inches shown in Fig. 4-1. .

By using partition size (16x16) for the matrix method and the computer
program, the linear elastic buckling pressure obtained is 3.76 psi. The non-
linear buckling pressure is about 3.59 psi (see Fig, 4-6). According to the
analysis, the associated buckling shape of ring section shown in Fig. 4-2 is
for those at the location of maximum deformation. The location of the maximum
deformation along the vertical strip is about 67 inches below the throat. In
order to see the influence of the partion size to the accuracy, two different
partition patterns (20x20) and (30x30) also have been computed. The linear
buckling load P., changed from 3.76 to 3.65 and 3,151 psi, respectively. The
relationship between A¢ and the linear buckling pressure Py 1s shown in Fig,

" GimT.
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144.0 in

Fig. 4-1 Geometric Parameters of the Prototype Model
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Fig. 4=2 Normalized Deformation Ratio of the Ring Strip
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By the use of Richardson extropoclation (23) base on that error of central

difference in order of (A¢}3, one can find an improved P which is obtained as

T, = 3.758, T2==3650 Ty = 3.151

1
Tymy =T = € (15 )3

imp = Ty , Tinp = 3+6%7 B, = 3.637 psi
Timp - TZ = (20) 2

T, =Ty = C (35 )

imp 2 -

T,  ='2,9409 -
o e (%_) imp B _ = 2.9409 psi.
imp 3

To show the variation of the buckling mode shape function due to various

partition sizes. Figures for the relative buckling deformation along the ver-
Eical strip with maximum w values are shown in Fig. 4-3, 4-4, 4~5, The detailed
deformation from the computer output are listed in Appendix B. Note that due
to the nonlinearity of the material such as concrete, the shell becomes non-

homogéneous and orthotropic during the nonlinear buckling analysis as discussed

in Chapter Three.
4=2 The Analysis of Fort Martin Tower

The studies of the Fort Martin Tower had been examined by Langhaar (17)
and Cole (2). The material is assumed to be isotropic and homogeneocus in the
present analysis (linear), the Young's Modulus is 3,00x108 psf, the Poisson's

ratio is 0.197. The boundary conditions are assumed to be clamped at the support

and free from constraints at the top of the shell. The external load is uniform

pressure, The constant thickness for the shell is 5,5 inches. The total

height is 310.0 ft, the distance of the throat is 216 ft, the radii at the
top, throat and base are 90, 80.25 and 124.3 ft, and b = 183.92 ft shown in
Fig. 4-8

The linear buckling load P, obtained is 143.38 psf. -A comparison of

the results to the published results are listed in Table 4-1. The ratio of
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Fig. 4-8 Geometric Parameters of Fort Martin Tower



P.p(psf)
Support
P, P, Cole Langhaar Present
Clamped 307.01 313.01 143.38
No. of
———— 7 2
waves _

-Por for seven waves mode shape iz about 317. psf by uaing
the present method.

Table 4-1 Buckling Load (linear) for Fort Martin Tower
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of the present P, to those published results range from 46% to 477%, which

the present results are more conservative than the previous analysis resilts.
Note that the number of the waves of the buckling mode along the circum-
ferential direction is two according to the present‘analysis and there are

seven waves according to other investigators for this model,

4-3 Proposed Method of Solving the Geometric Imperfection
When the geometrical imperfection is of importance, the problem can be
solved by the classical method of local linearization which can be viewed as
a kind of incremental techanique.
This start with
T (W) = QW) + Q(8)
where § is a imperfection matrix
Ti(W1) = (Tg + Wp)
= AAP(S + Wo + AW ) + Q(s + W+ AW )
after simplification, this reads
To(AWo) = AXP(S + W) = AT (Wo) + AAP(AW,) + (Ty = T,) (AW )+ Q(AW,)
with AW, as the unknown matrix.
ﬁet A, = nA), and the corresponding left hand operator be Tp, then the
increment of W at the (n + 1l)th iteration is characterized by the following
linearized form.
To(AWn) = AAP(Wp + 8) = (Tn4l = Ty) (Wn) + Ap+1P(4Wn) + Q(Wn) -
(Tn+1 - To) (AWn)
Note that one only need to construct the inverse operator Tgl'once for

all iterations.
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CHAPTER FIVE

CONCLUSION

According to the numerical analysis of the concrete prototype model
shell constructed at KSU the linear buckling load is about 3,76 psi. The
buckling mode shape in the circumferential direction in general is quite
agreeable to the elastic buckling mode shape for a cylindrical shell under
uniform lateral pressure (1), The buckling load obtained from the nonlinear
elastic buckling analysis has little difference in the case of linear elastic
buckling analysis for the prototype shell. This can be explained due to the
buckling that occurs at a low stress level to show the significance of the
consideration of the nonlinearity of the material.

Through the investigation of the numerical experiment, the following
observations can be made.

1) The organization of the elements of the matrix W can fit the natural
arrangement of the nodal points.

2) The use of Sylvester's operator can reduce the matrix equation into the
smallest possible dimension.

3) Seven iterations for the method used can reach a relative accuracy of 0.1%
for mode shape function and 0,01% for eigenvalues,

4) Partition size of 16x16 for the meridianal and circumferential direction
in the numerical analysis is adequate for the practical use.

5) The buckling load obtained is only about 25% of that predicted by the use
of the formula of Mungan (12), (24), The values will be verified by experi-
ment test of the concrete model in the near future.

6) The result of the analysis compared to that predicted by Langhaar is about

50% lower. It shows that the method provides conservative prediction.
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The computer program developed can be used to find the buckling behavior
of the geometrical imperfect shell.

The boundary condition also can be changed by modification of the method.
presented to solve general cases.

With modification the computer program developed can be used to find the
lowest natural mode of vibration.

Further developments are needed to find higher modes of vibration as de—

sired in the dynamic analysis of the shell structures,
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NOTATION

The following symbols are used in this paper

Radius of the throat

Geometric parameters related f;‘fuliné line
Independent parameters to describe the constitutive system
Column vector of (W&)

Discrete angle an& length for 8, ¢, r and z
Young's modulus

Young's modulus, subscripts refer to directions
ﬁéighﬁ Bf éﬁe tower

ﬁeggth from throat to the support

Plate or shell %éiffness _
Bending moment (equations (1-15) and (1-16)) _

Membrane forces subscripts refer to directions

Membrane fofces due to the uniform lateral pressure
Membrane forces due to axial load

Membrane forces due to selfweight

N =N F, N =T
Equivalent lateral force
Related to equation (1-28)
Unit external load

Radii

Radius at top and support



@n))
(T, T
h

(Tp)

(Ts)

Q)
T)
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Generalized operator

Generalized operator with linearized eigenvalue
Thickness of the shell

Principal operator

Seccndary operator

Buckling deformation (matrix)

Normalized buckling matrix

Buckling deformation in différential equation
Cartesian coordinates

Eigenvalue

Assumed eigenvalue

Calculated eigenvalue

Stresses, subscripts refer to directionms
Strains, subscripts refer to direction

Column eigénvectors for (B)'

Column eigenvectors for (A)

Eigenvalue for (A)

Eigenvalue for (B)'

Eigenvectors for (B)'

Eigenvectors for (A)

Poisson value

Eigenvalues for (B)'

Eigenvalues for (A)



5.

65

REFERENCES

Navaratna, D. R., Pian, T. H. H. and Witmer. E. A., "Stability Analysis
of revolution by the Finite-Element Method", American Institute of Aeronau-

tics and Astronautics Journal, Vol. 6, No. 2, Feb., 1968, 355-361.

‘Peter P. Cole, Jchn F. Abel and David P. Billingtom, "Buckling_cf Cooling

Tower Shells State of Arts', American Socity of Civil Engineering Jourmal,

Vol. 102, No. 11364, June, 1975, 1185-1222,

Hsueh, T. M. and Wilson, E. L., "Stability Analysis of Axissymmetric Shells

", Research Report No. 69-82, Structural Engineering Laboratory, University

of California, Berkeley, Calif., Sept., 1969.

Sen, K. and Gculd, P. L., "Hyperbolic Paraboloid Shells on Discrete Sup-
ports'", Journal of Structural Division, ASCE, Vol. 99, No. ST3, Proc.

Paper 9629, March, 1973, 595-603.

Yeh, C. H. and Shieh W. Y. J., "Stability and Dynamics Analysis of Cooling

Tower', Journal of Power Division, ASCE, Vol. 99, No. P02, Paper 1014, Nov.,

1973, 339-347

P. G. Rirmser and K. K. Hu, "Application of Sylvester's Equations to the
Analysis of Structures", to appear in the WISSENTSCHAFTLICHE Zeitschrift der

Hochschle fur Architektur and ‘Bauwesen, Weimer.

K. K. Hu and P. G. Kirmser, "The buckling of rigidly connected beam grid-
works", Berichte VI Internationalar Kongress uber Anwendungen der Mathematik
in den Ingenieurswissenchsften, Achitektur-und Bauwesen, Weimer 19, #2,

174-176, 1972.



10.

11.

12.

13.

14,

15.

16.

17.

66

Charles Jordan, "Calculus of Finite Difference", second edition, Chelsea

Publishing Company, New York, 1974.

A. Ghali, A. M. Neville and Y. K. Cheng, "Structural Analysis, a classi-

cal and matrix approach', 1972.

Wilhelm Flugge, '"Stresses in Shells", Fourth editiom, Springer Verlag New

York Inc., 1967.
Chi-Ten Wang, "Applied Elasticity"; McGraw-Hill Book Company, 1953.

S. E. Swartz, K. K. Hu, T. E, Gates and C. R. McDonald, "Construction and
Testing of Micro Concfete Models of Cooling Tower Shell", presented at

1980 SESA spring Meeting, Boston, Massachusetts, paper No. A80-4, 1980Q.

S. Timoshenko, "Strength of Materials", 1 and 2, 3rd edition, D. Van

Nostrand Co., Princeton, N. J.

K. K. Hu and P. G. Kirmser, "A Closed form Solution for Three Dimensional
Pin Connected.Gridworks“, Development of Mechanics, Vol. 8, Proceding of

the 14th Midwestern Mechanics Conference, 347-355,

",

Stephen P, Timoshenko and James M. Gere, "'Theory of Elastic Stability",

2nd edition, Engineering Socity Monograph Series, 1961.

Almannai, A., Basar, Y. and Mungan, I., "Berluntersuchungen an Rotaion-

sschalen-Theorieund Versuch, Bauingenieur, Vol. 54, 225-211, 1979.

Henry L. Langhaar, Arthur P. Boresi, Robert E. Miller and Jerry J. Brueg--
ging, "Stability-of Hyperboloidal Cooling Tower", ASCE, EMS, prec., Oct.,

1970.



18.

19.

20.

21,

22.

23,

24

67
K. K. Hu, S. E. Swartz and C. J. Huang, " A Proposed Generalized Cons-

titutive Equation for Nonlinear Para-Isotropic Materials " NASA Conferen-

ce Publication 2147, 187-196, 1980

B. Y. Ting, " Buckling Test of a Hyperbolic Shell subjected to uniform

pressure " The Marley Company, 5800 Foxridge Drive Mission, Kansas.

Chan, A. S. L. and Firmin, A., " The Analysis of Cooling Tower Shells
by the Matrix Finite Element Method, Part I. Small Displacements " The
Aeronautical Journal of the Royal Aeromautical Socity, Vol. 74, No. 10,

London, England, Oct., 1970

‘K. K. Hu, " Linear Deflection Theory of Long Span Arches " Taiwan High-

way, 1963, Taipei, Taiwan

Timoshenko, S. and Woinwsky-Kriger, S., " Theory of Plates and Shells",

Megraw-Hill Book Co., New York, 2nd Ed., 1959

L. F. Richardson, " The Approximation Arithmetical Solution by Finite
Differences of Physical Problems', Trans. Roy. Soc.(London), A210,1910
Mungan, Ihsan, " Buckling Stress States of Hyperholoidal Shells, ' Journal

of the Structural Nivision, ASCE, Vol. 1n2, Mo. STIN, Nct. 1974



APPENDIX A

68



69

: g.-]_ Skeletal flow chart for SHELl stability computer

program
Define the dimen- Read shell prin-
sion for all var = cilpal geometry
able data

[

define and calcu-
late all matrix find all geometry
operator such as data for a shell
B, BT1, BT2, BT3, discrete mesh
A, BE5, AP, AP1, with equally
AP2, DF1 and DF2 such as Ty o L,z

Y
f£ind (oz)"1 (BT1) ' find membrane
and (A) eigenva- . > forces N ¢and
lues and eigen- Ny -
vectors

] _ J

start to iterate define the assume
by using power |_ buckling mode
method (wo)

[

control the eig-

envalue ) and find linear buck-|
eigenmatrix (W) =] ling load and |_.ponlinear
accuracy assoclated eige- | solution

nmatrix




A-1-1 Nonlinear solution procedures

Find A, (w)
from the linear
solution

first

x
AX = i A gmé

M (D) ‘)\04-4.4\-1

Ey (1), By (D)
can be found by
stress-strain

|

reorganized
operators (B)",

*
Nﬁ = A;“g +xg

Gg =N/
Ge =Ny f=

]
N9 - }ENS +N§

(BES), (AP),
(4P1), (AP2)

the same process
as linear solu-

:
| £ind caleulated

tion

Me and (w)

& O

da £ B

stop

Flow chart for nonlinear solution

* process of the program

applied on SHELl program
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A-2 SHEL 1 & 2 Computer Program

$J08 +P=80,TIME=(0,32C)

G SHEL1 PROGRAM AND SHEL2 PROGRAM
c THIS PROGRAM IS BUILT BECAUSE THE BUCKLING LOAD AND
¢ MODE QF

? ﬁg‘%ﬁn;

ANALYSIS.

THIS PROGRAM [S MAINLY BASED ON THE SYLVESTER
AND FINITE

DIFF:RENCF AND [TERATICN MPTHDD
IMENSICN ‘OF . EACH- TERM IN T PROGRAM "ANC

.COORDINATE OF LONGITUDINAL DIRECTICN
4TH DERIVITIVE wiITH PHI
)=RADIOUS GCF HYPERBOLIC SHELL CURVE

NGLE-ﬁLONG‘wITH RPHI
ORRECTION CQORDINATE OF Z wITH EQUAL
PHI

=EIGENVECTER FCR CORRECTION B
ENVALGFS FOR BT3.

] LAEaRs
c DF2(M2)=FIRST ORDER DIFFFRENTIAL OPERATOR WITH PRI TN &3
c DS2(M2)=SECCND DIFFERTIAL OPERATOR WITH PrI IN B3
c B1(M2,M2)=0PERATOR ON (w)
c ..azrmz,mz)z QNNFCTIDN MATRICES
B2(MZ

C

z*&t;unsvmuefntc L
THE CHANGE FORM OF 84 BY ADDING FORCE
ND I—-

IDN DEPEND DN THE BTl DIMENSION)
[ON DEPEND ON THE BT! DIMENSICN)
= B TRANSPQSE

ECOND DIFFERENTIAL OPERATOR

HITH THITA

[ Mz

C PRESSURE

C X(M2+M2)=0ONE CCNNECTION MARRICES OF BUCKLING MQODE
C T3{M2,M2)==SUNMNMATION OF MATRICES
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N TS % o2

NAL RESULT MATRICES WITHTHITA EXTERNAL LOAD
INAL RESULT MATRICES WITHTHITA FEXTERNAL LOAD
NAL RESULT MATRICES WITHTHITA EXTERNAL LOAD
SYMMETRICAL PARTY QOF B

c RR3(M2,M2)
¢ RRRS (M2, M2)
. '
M =S5UMMA N
M ‘&2 =SUMMATEGN

DE SYMMETRICAL PART
TRECES REUATE “TD.-E

I
MA

CONNECTIGN _VECTOR
'=MEMBRANE. FORCE OF AXIAL

LOAD. WIiH PHE-

SVA(16+16)+EGNA(LS) »

2(1l6.+16)
D)
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3 JJdJd=0
4 LX1=0.
9 LK2=
2

T

B

29

10

11

12

13

YEI=T53/T52
JC3=TS1/TS2

1

16

17

{g QCa=(YE1-QC3) /TSI *%2
20

QC1=QS1/Q7T2

24 READNEND+Z1(1}+sZ1({M1)+QLIGL+POTHICK, YCLNG
25 READAL +BLsRTRBWHT

25 1s0 FORMAT(1X,8E13.6)

FR= YQUNG*THICK#*J/(12.*L1.—Pn#*2))
k*iAL"OQZB*qT*QL*PRS

32 ET(1)=FR
33 1505 EPT(I)=FR

34 WRITE(6+1743)
351763 FOAMAT('Lt)

COUNG s " A= ' JAL

38 PRINT: "8=? 43L+'RT=" 41T, *RE=?'4RB+ 'HT="4HT
39 PRINT 'FLEXTURAL RIGIDITY=*,FRL,'UNIT AXIAL LDAD=',AXIAL

XXT=AT ANCXX )
PT=ANGLE=-XX1
XX=(AL/BL#%2) % Z1{ML)/(1+(ZL(ML)/BL)*%2) ¥30,
XX)1=ATAN(XX)
TPB=ANGLE=XX1
DR=(PT=PB /M
 PHI(1)=PT+2.50p
_BRI[2Y=PT$pR
PHI(3)=PT
D0 22 I=4,M3
PT=8T-0P
PHI{1)=PT
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o

Q TQ &0

l
LT.&NGLEJ
LE=RHI( 1)

=
=1.M3
=-LAL**2*3L**2)/(4L**2$S[N(9H[(IJ)*’2 BL®x2
]S . , : e,
LR Ve
el RPRIL
T (R EED
PRINT.(Z1(1)
PRINT(PHI(I
DO 1220 I=1,
(s
CRMAT {(SXwu*F
FRTIHTTA
o s =Ty
{3=1=2
FORMAT(SX.13
WRITE(&68.13205
CGNTINUE

; ; tALcuuATLNG THE GEﬂMETR
‘{:TPE Enr;nuLy_vawaathc PAQAEOLDID ShFLL

c
Cooes e CONSTRUCT THE FAURTH DESRIVITIVE OPERATER WITH THITA
C

AN=N

Sol= a.*3.1a1§92 37AN
g2=01#e2
Ca=Dl swa
DO 70 [=1.N -
0O 70 J=1.sN
Al(IsJ)=0.

A{lsJ)=0

DU 71 r-l




4 135
Al(N-l)—Al(l:N}

M2=M+2
Ml=M+]1
:Dﬂ t23¢_

127 DO 401 I=i.,M2
128 DO 401 J=1sM2
129 B(lsJ)=0,

t.._. 3' v N = 3 -.. .

¥3

'1001092
s M2
2.0/092

0/({2+*%DP)

0s/DP2
/DPZ g
L

DF2( 3+4)=1s/(2e%DP)
DS2(3,2)=1./DP2
DS2(3,3)=-2,./DP2
DS2(3,4)=052(3,2)
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14 I=2.M1

+1.I4+1)=( HPHI(I)+HPHY({+2))/(? #0FP¥RFHI(TI+1))

15 I=1.M2

415 J=]1 M2
Gl d)=B101 I J*DFl(IUJ) e

I= 1;”2
J=lw M2
=ERPCLY® JL_EZLLLiLLAKF?!Il

(DS 1(T,
GO T4 4251

GTel}
[=2,M1
J=1.M2
I+1)=(= QPHI(I)+QPHI(I+2!}£{2.*QE Eb!!L_llJ
S I=tsM2 25,
B - TedEm e M2
a;a&t1-41=a3e1.1}toF2{t.J>
D0 424  I=1.M2
DO 424 J=1.M2
=(052(1.J)=-B8(I[,+J))/wB2(1)
I=1,M2
JELs M2
-0’0 - -
-,-K=L'M2“ At o )
.;ac:.J}+eat:.x)tat
Sl=1.2
J=1+2
0.0
[(2)%%2%DP %% 2
___TTT=SSS*RPHI(3)%a,
L UUUS=RPHTI (2 )+QFPHT (4 ).

-8!L;2)'(1.1555+UUL/TTT)
LBl Le3)=sé=24.555) ¢
‘H!L.&k;llngSS-UUL!TTT}
UK==2, %DP%RPHI(3)

UK l==UK
SSS=RPHI(Z2)%%2%DP%x%2
TTT=SSS*RPHI(2)%4 .,
LUUUa-RPHI{ll+RPHI£3} :
“'G&vl)-tr./SSS+UUL/TTT}/UK
. 200 B8(2¢2)={—2./555) /UK =
'”ZEIJ‘“f“~‘LgﬂfZaBI‘fI.ISSS-UUL/TTT]/UK
SSS=RPHI(4)%%x2%xDP%%x2
TTT=SSS*RPHI(&4)%*4,
UUU==RPHI(3)+RPHI(S)
__a(g,;zza;g,az (1./555+UUU/TTT)/UK1
B2 8)Y=t~2../5SSHAUK L :
{(2:,5%= (I./SSS-UUU/TTT}fbKl
it DOLE280 [=1 62 N
bl PO 4280 J=i.M2 i
4250 B(I, J)—EP(3)#B([.J)

1
J
)
l

~Hilun

J
y J:
2

oo 4540
DO 4540 J=1.,M2

4540 BT2({1,J)=WA3([)*8T2(T1,J)
DO _426 I=1.,M2
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222 DO 426 J=1,M2
223 426 Ba(I+JI=EP(J)*¥B3(1,J)*PT*COS(PHI(J))I/(RI(J)RRPHI(J))
224 DO 427 I=1,M2

—229 DG 427 J'I-ME

Gl )/{Eo*DP*RPHI(B))
«¥DR%RPHI ( 3))

247 0C 429 J=1,M2

254 431 APL(I-J)‘HAJ(I)*B3([-J)*FC*:PT(II/IWAZ(IJJ
255 DO 432 I—I.MZ

276




61 VB(I.J)=AS(1J)
I1J=0 "
0O 62 I=1,M2 A

DO 7567 [—1-“2
DO 7567 J=1.,M2
7567 VBT(I.J)=VvBT(I.J)/5ABS{J)
RO 702 I=1.M2
93 702 J“!eNE

“CALL EIGEN(STsASsNAMV)
K=0

DG 29 J=1«N

JS=(J=11%N

TAND SELFWEIGHT
GO TG 17356
TC 7171

) GL  TC 708%
- GO TG 7099

=EICRYEIL(I)
"EF(IEI«GT”I_ C

: = g u:: L4
BL2=BL4%SQ

RT(BL1)
01==QL *AL3/(2.%EL )
SK=SOQRT(1.+ (BL/AL )%%2)
FF=SK*COS(PHI(2))
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331 FE=2.%FF/(14=FF*$2) *ALCG ({1 4FF) /(10 =FF))
332 DO 1SC I=3,M2
333 S1=SK*COS(PHI(I))

52—51**2

SNTHITEI)=(=

csnpazcrastAL/sLJt*zaqa
339 190 CONTINUE
3a0 WRITE(6,1902)

_u%%ETﬁﬂﬂsﬁﬁ_nuﬁ_lﬂ,QEAQ_LEAQ“iELJﬂii;l&&J

Q.4 ; ‘:"and &&NEHLL114_&THITI!
345 1903 FORMA'(A 99X, tz.ax.Els.a.ax E13.6)
3456 1901 CONTINUE
347 SNPHI(1)=0
348 SNIRIT()=
' 5 [(2)=0. .
ﬁ;fz 9

'Fonces OUE 70 EXTERNAL PRESSURE (PrTNI .
W 13Xs 'NTHITA®)
=23,M2

1TG13) I12.ENPHRICIJ.ENTHL(L)
XQIGK s 2X e E 13- 6 tﬁ x vE1L3e6) .

C'MEMER

CSX s 'NP

361 DO 1911
12=["_2

00

ol |0 RN N (TR

1
384 1




IR R LA T AR
THITA *,' STRES
{({STR(I1sJ) s J=1,:2)sI=1,M2

/
s
)

ry TO €012

410 6062 ET([]=GC3+GC4*<TR(I J) k%2

411 6012 CONTINUE

412 IF(EIG(KK) LT.EI(I11J)) GO TQ 1000
-—-_,r—————e——ig_mi S .TO 100

OE . 801S. L=

G0 TO 1506
c
C--...ASSUMED BUCKL ING MCDE

DETSAM*BMP—AMPEBM 1

423 BMP=8MP /DET
424 AMP==AMP /DET
425 Bw==8MP

o CW=AMP

441

£COS(2.%T)

S=SQRT(S)

DO 17583 [=1.+M2

DO 1788 J=1.N
1758 X(1,J)=X{1.,J)}/S

80



81

442 7830 KK=1

lifR—t
nﬂll nn

C SNTHITA%*W

c QDT2(M+24N)
497 60500 DO 604 I=1l.M
438 DO 604 J=1.N




TCI+2)%X(I1+42,J)/7WA2(1+2)

507 12= I+2
508 607 QDT2([2,J)=QDT1( [ +J)
DO 608 I=1.,2
DO_608 J=1,N
GRT2{ L+ d)=0e-
DO 6080 . Isl+M2
“ DO 60&0 FEEF N
i - "L=Qn12LLL¢L£ﬂa1(r)
(a-aT)favx
DO 620 I=1,M2
DO 620 J=1.N
RRR1(I1,J)=0Q
DO 6§20 K=1, ua C i
SRRRI{ e d ) =R RRI(I.J1+BTEC
=BES®X . . el
N0 /3 I:lﬁM?
DO 632 J=1+N
RRR2(1+J)=0.
DO 632 K=1l,M2
524 632 RRRZ2(I.J)= nnqztt.J)+BStI.K)*x<K
ORS .00 633 I=1,M2
: DO A2I J=L.N s B
.RRR2{I,J) -naqztr
LMD 2
00 634 J=1sN
RR1( IsJ)=0.
DO 634 K= ,M2
RR1I( I, J)‘RRI(I.JJ+AP(I-K}¢X(K J)
08 83501 [=1.M2 _
1DQ‘&%§0I J*Z.N

QRQ3(I|J]—RRR3(l-J)+RPlfIvK)*AI(K1J)
538 « 64100 DO 641 [=1,M2

S39 DO 641 J=14N
—RRRB(I J)
TaNZ -

: (LeJ)i=0s )
o rTee £ 638 KE1,M2 . e i
545 638 RR3I(1,J)=RRI([+J)+AP2( 1 +K)*EX(KsJ)

DO 63801 I=1.+M2

DO 63801 J=1,.N

RRRS{,!_OJ,=DO

DO 63801 K=1.N

RRR5 (1 5 J) =RRRS(

et o DG GAS = e N
553 845 RHRSCI.J)--RRRSGI J)
554 64400 DO 640 [=1.M2
555 DO 640 J=1+N
556 RRS{1,J)=0.

82
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S57 DO 640 K=1,M2
558 640 AQRS(I+sJ)=RRS(I+JI+ARPI(] +K)*X(K,J)
559 0Q 64401 I=1.,M2

-—60 QQ_§¢401 J=1. N

DO 62437
S74 62437 XER(I,J)=0
575 DO 649 I=1,M2

JI+VB(I.K)*XR(KsJ)

T804 708 W(Ts =Wl JIFWI(TLKI3VAT(R T
605 S=0.
606 DO 770 I=1,m2




84

EMAX=ABS(E{1.1))
DO 712 I=1,M2
DO 712 J=1.N
IF(ABS(E(I,J))-EMAX)
'EMAR=&BS Bl }

712,713,713

X(IlJ) W{I'J}
TR=TR+1.
IF{EMAX .LE«QO.0O1l) GO TO 7E3
GO TQ 62720

. .DO 7708 I=1+M2
DO 7708 J=1 4N

TP{I+Jd)= Cs '”

AR I v o e 4 M2
7708 TP(I.J)-TP(I-J)+HT3(I-K)*XII-J1

772 TP(lyJ) TP(I-J)+TF1(I-J)
NO 781 I=1.,M2
00. 781 J=1,sN
T3(IeJ)=TP(1,J)=TE(1 ,J) QQLI;JQ-QDTZ(I'J)
FE(!OJ’ CD(I.J) i '

SU ‘SUM+T3(I-J)**2
SUM=SQRT(SUM)

TEGE SUM1=0,

DO 784 1=1,M2

00T BG J=le N

UHI-SQRT( GMI)
KK =KK+ T -
EIG(KK)= SUM/SUHl
EIGE(KK )=EIG{KK)
SRROR=ABS((EIGE(KK=1)=EIGE(KK)})/EIGE (KK=1))
IF(AB§{ERRQR].GT«G.15! GC _TO 790
WRlTE(6¢7035)EHAx' EZRER e T
AFORMAT.(* 1%, *ERRO A _ =1
; : 'H~RITE{607036] s ;
m_._ﬁﬁ__MLLLLMML&_QDE_ﬂE;SﬁEMLW
DO 15032 [=3,.M2

I12=1-2

PRINT,*RING NUMBER = ",12

PRINT ISOOKW(lOJ)QJ 1aN)
o WRTT ; MG )

-ﬁ.1511JJ~

790  EMAX=1.
TR=1.
GO TO 783

10000 SToP
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675 END
677 SUBROUTINE EIGEN (STsASsNsMV)
DOVBLE PRECISIC RHLﬂNQ“uLI_EJAJJ)ﬁlﬁ&;ﬁlﬁﬁzx

éNCSrRANGE'FLUA

IJ'IQ+I
691 R(1J)=0,0
692 IF(I~- J) 20,15,20

695 25 ANORM=0.0

696 DO 35 [=1,N

697 DO 35 J=1.N_
8 __ __  _____IF([=l) 3

30s1&-!+lJ*J-J}f2 e

703 40 ANORM;IoQIG*DSQRT(ANDRH)

704 ANRMX=ANORM*=RANGE /FLOAT (N)
E
=2 INITIALJ;E'INDIggTuag AND COMPUTE THIESHOLD, THR

Eﬁﬂfﬂ

62 IF(DAES{A{LM))-THR) 130+65,65
65 IND=1
LL‘L+LQ

NN~
0 ~fo o & G

721 75 SINX‘Y/DSQRT(Z 0% (1.0+(DSGRT(1.0=Y*Y)J) 1)

722 SINX2=SINX*SINX
723 78 COSX=DSORT(1.0-SINX2)

124 COSX2=COSX*COS5X




725

21aT5s]

SINCS =SINX*COSX

ROTATE L AND M COLUMNS

A{IM)*xS
INX+A(I

RCIMR)=R(ILR)*SINX+R(IMR)%COSX

R{ILR)=X
CUNT!NUF

A(MM)=X

Gd TO &0

TEST FOR L = SECOND FRCM LAST COLUMN

765
766
767

165

[0==N
DO 185 I=1+N
I1Q=1IQ+N

86



763 LL=T+(I*I-1)/2
769 JA=N*({[-2)

776 A(MM) =X
777 IF(MV=1) 175,185,175
773 175 NO 180 K=1,N

ILR=1Q+K
ITMR=JA+K

X=RCILR)
TLR}=R( IMR
R 180 _RCIMBY=X.
784 185 CONTINUE
785 DO 192 I=1,NCC
786 192 ST(I)=A(1)

SENTRY
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Table B-2 The Buckling Mode Shape Function Values at (20x20) Grid Points

for the Prototype Model
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ABSTRACT

A matrix method for the approximate solution of buckling of cooling
towers is developed which is based on the differential equat;ons of deforma-
tions of shells with the use of Sylvester's generalized matrix equation.
?inite difference techniques have been employed in the construction of the
operators for linear and nonlinear elastic buckling of the hyperboloid of
revolution under the application of axisymmetric loads. A computer program
has been developed according to the method of solution presented.

The influence of different step sizes of the partitioning on the eigen-
values has been studied and used with an extrapolation to improve the walues
obtained.

Nonlinear buckling is solved by a quasi-linearization techﬁique which
converts a nonlinear problem into a set of linear ones and the desired eigen-
value is calculated by an interpolation method.

Numerical examples based on the data for a model of a cooling tower under

construction, as well as data for the Fort Martin Tower published are used.



