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CHAPTER I

RESEARCH OBJECTIVES AND INTRODUCTION

Research Objectives

One of the objectives of this research is to investigate the method
of goal programming as it is applied to the allocation of resources
within the firm._ A problem typically faced by the firm is one in which
a limited amounﬁ of resources is to be allocated within the firm, which
requires that certain decision parameters be established and selected
in a manner that will optimally allocate the resources of the firm sub-
ject to a series of constraints. This kind of problem is typified by the
so-called "optimal mix problem'", the solution to which specifies certain
operating parameters that will accomplish an optimal allocation of
resources. An "optimal mix problem" will be used in this report to illus-
trate goal programming and the operating policy it provides the firm.

A second objectivé of this thesis is to incorporate an extension
of the goal programming method, in which consequential actions for goal
underachievement or overachievement are incorporated directly into the

model.

Introduction

Goal programming is an extension of linear programming originally
formulated by A. Charnes, W. W. Cooper [ 2], and YuJi Ijiri [ 7], which

incorporates the concept of goals into the linear programming format. The



concept of a "goal" must be distinguished from a "constraint" to
differentinte goal programming from traditionsl linear programming{ A
constraint describes'environmentalrconditions imposed upcn the decision
maker, which he cannot alter. A goal, on the other hand, is the result

of a m&nagement'desire. Management established and quantifies its goals
with the idea that if these goals are attained, or even closely approached,
the firm will operate sﬁccessfully.

The traditional linear programming model seeks to optimize its
objective function within a set of envirommental constraints which bound
the set of possible solutions. The only place a managgment desire can
be expressed 1n the model is in the objective function and the optimal
attainment of this desire is a result of the optimization process. Any
subsidiary goals which maﬁagement wighes to éttaiﬁ must be formulated
as envirommentsal constreints and as such are no longer gosls. These
constraints cannot be vioiated and, as arresult, gpecify the feasiﬁle,
attainsble solutions. -

The formulation of the allocation problem as & goal programming
problém, on the cther hand,allows the manager torestablish multiple.
goals and place these goals, unaltered, into the model; Thése goals may
be subjectively ranked and weighted in order of importance to the firm.
The welghts placed on goals typify the relative importance of each goal
to management and force the optimization method to satisfy critical
goals before attempting to satisfy leﬁs importent goals. Only true
environmental restrictions are treated as constraints to the solution.

A gosl should be thought of as a target set by management. It is
possibie for such a target to be set at o level highér than that which

can actually be attained. When confronted with such & situation, goal



programming does not abandon the target but seeks to-Satisfy it as well
as possible, even though it cannot be fully mét. 'This factor becomes
important when the firm is faced with a decision in which there is a
conflict of incompatible goals. Using goal programming, it is possible
to force the computational prOcedufe to satisfy a goal, even though the
solution that results lies outside what would be the convex set of
feasible solutions &lloﬁed in a linear programming formulation of the
same problem. Thus, the conflict of incompatible goals can be resolved
in a logical and efficient manner.

Goal programming can be adapted to include information from the
books of account (accounting'records), so that full use éan be made of
the present and past internal business states in the fingl selection of
proposed future operating plans. The use of the "goal" ﬁpproach makes
it possible for management to establish subgoals for various operating
departments. Tﬁe process of establishment of these Subgoalsrrequires
dissémination of informetion between departments, which in itself fesults
in an improved communication system. Multipericd operating policies
can be developed for all suborganizations, in line with total organiza-
tion goals, thus giving management an integrated and time-ordered plan
for the direction of the firm.

Goal programming is extremely flexible in that it allows for the
incorporation of multiple targets into & proven computational procedure
(linear programming). These goals may be compatible or incompatible,
and weighted in order of relative importance to indicate superordinate
and subordinate targets, to be approached or even attained in the final
solution. The ease of incorporating accounting information mekes data

gathering a small part of problem formulation and creates a powerful



decision tool which management can use to develop operating policies
vhich are in line with the present internsl financial status of the firm.
(Barnard [ 1] says, "Decisions must be made in light of reality"). The
establishment of explicit goals for use in the model provides improved
coordination between departments and managers at all levels of the

organization.

An Tllustration of an "Optimal Mix" Linear Programming Problem

Linear programming, and the simplex method, can best be illustrated
by a simple mix problem. In the mix problem the firm seeks to determine
an operating policy which will result in the optimal use of certain

resources of the firm.

To motivate this exposition, consider an example. The Chop-N-
Block Corporation produces two products, a knife and a wooden cutting

board. Each product requires the following inputs:

Knife Board
Direct Material Cost ($) .50 1.00
Direct Labor Cost ($) .50 1.00
Sales Price ($) 3.00 - 5,00
Machine Time (Hr.) .50 .25
Assemble Time (Hr.) ' 380 1.00

In order to keep this éxﬁmple uncomplicated, we will make the following

assumptions. Consumer demand for the products is strong, which means all
knives and cutting boards that can be produced can be sold for the prices
indicated. Production is limited by three restrictions. TFirst, the firm

has $28.00 in liquid resources (cash + bank credit + collections from



prior sales) at the beginning of Period 1, the beginning of the firm's
planning horizon. Second, we assume no cash sales (i.e. all goods are
sold on credit) and no cesh-on-hand required minimum belance, therefore
this $28.00 is the amount available to meet material and labor costs
in Period 1, Third, the firm employs one machinist and the equivalent
of two and one-half assemblers (each working 8 hours per period). This
means that machine capacity and assembly capecity are 8 and 20 hours per
period respectively. The problem to be solved then is, how many knives
and cutting boards should the firm produce in éeriod 1l in order to maxi-
mize its profits, given the financial and capacity constraints?

The solution is straightforward. Let Xl represent the number of
‘knives to be produced and X2 represent the number of cutting boards to
be produced. The objective function and constraints are developed as

follows. The profit on each product is the difference between the sales

price and production costs for labor and material:

PROFIT

(Price - Material - Labor)K * Xy
Cost Cost

+ (Price - Material - Labor )y * X,
Cost Cost

(3.00 - .50 - .so)xl + (5.00 - 1.00 - 1.00)x2

= 2.00X; + 3.00X,

Total material and labor costs for & knife and a cutting board are $1.00
and $2.00 respectivelf and must be paid from available cash resources.
This leads to the financial constraint that total cash production costs

. must be equal to or less than available cash resources, or 1xl + 2%, < 28.
The total problem formulation thus becomes



Meximize PROFIT = 2x1 + 3X2
subject to
(1) .5%, + .25%, < 8 hours (Machine capacity constraint)
1 2

(2) 1x, + 1X, 20 hours (Assembly capacity constraint)

|A

| A

(3) le + 26 28 dollers (Financial resource constraint)

(k) xX,X, 20 (Nonnegativity conditions)

1* e

The procedure for the solution of this linear programming problem is
the simplex method (for an exposition of the simplex method see Hadley
[ 5]). Constraints are converted to equalities by the addition of slack

variables, Sd, where necessary:

Max PROFIT = exl + 3x2 + OSl + 082 + 083
subject to

8 (Machine capacity constraint)

(1) .5%y + .25, + 51 +0 +0O

(2) 1% + X, +0 + 8, +0 20 (Assembly capacity constraint)

o8 (Financial resources constraint)

(3) 1%, + 2AX,+0 +0 +8;3

(4) X, % 20 (Nonnegativity conditions)

The graphical solution, Figure 1, and the optimal solution, Figure T
in Appendix A indicate that the optimal production policy is to make 12
knives and 8 cutting boards, resulting in a profit of $48.00.1 The cash
resources ($28.00), machine capacity (8 hours), and assembly capacity (20
hours) are fully utilized and restrict the simplex method from finding a
more optimal scolution. Thié total utilization of resources is evidenced
by the fact that the slack variables for each of these resources (Sl, 82,

and 33) are equal to zero.
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FOOTNOTES

1a(12) + 3(8) = 8.



CHAPTER II
THE GOAL PROGRAMMING METHOD

The entity being examined here is a firm. A real problem faced
by all firms is the necessity to translate the overall purpose of the
firm into subordinate purposes which can be made operational at subordi-
nate levels of the organization. In the end, the accomplishment of
subordinate purposes must result in the accomplishment of the firm's
overall purpose. This implies control and direction of operating
'departments by establishing subordinate purpcses which will result in
attainment of the overall objective of the firm. |

An optimization model of the firm must allow for the incorporation
of both overall and subordinate.goals. It must, through the optimiza-
tion procedure, ferret out the operating policy or policies that best
satisfy the overall goal of the organization thfough the satisfactory
accomplishment of subordinate obJectives. It is possible that subgoals
may be in conflict with each other and as such parts of subgoals may
have to be sacrificed to attain satisfactory.aécomplishment of the aover-
all goal. The model should incorporate a scheme for ranking subgoals in
order of importance, so as to permit attainment of some subgoals in
preference tb others in case of subgoal conflict.

This kind of "satisficing" behavior is not atypical to that evidenced
by the modern day firm. Goal programming is a method by which subordi-

nate goals can be successfully incorporated into a mathematical decision
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model so that the'overall.ohjective will be'approachéd through the
sccomplishment of subob)ectives.

The term "goals'" should be distinguished from "constraints".
Constrainﬁs are eﬁvironmental conditions which are im@osed on the firm
and as-sudh are inviolable. Goals are the announced desires of manage- '
ment expressed in mathmatical terminology. ConStraints in optimization
terminology are considered to be inviolate limits, whereas goals may be
viewed as behaving.like "econstraints™ but with the cﬁpability of being
intentidnally violated, with the sdded fesature that.the amount and
direction of violation is explicitly determined by the optimization

procedure.

The Concept of a Goal and a "Target"

In conventional linear programming formulatipns, feasibility con-
straints act as absolute bounds on the convex set of feﬁsible solﬁtions.
No constraint is permitted to be violated in any 5a$ic-solution, opﬁimal
or otherwise. It is possible to convert what would otherwisé be &
bounding constraint into a goal, so that the goal incorporates a defined
right-hand—éide "target" as an approachable, but perhaps.unattainable,
objective. The specific intent in goal construction is to permit inten-
tional deviation away from a right-hand side target value without causing
infeasibility in the basic solutioms.

The concept of goal construction and target values (objectives)
can bg developed as follows. Let Y be a deviation from an announced
target value,-T, resulting from some actual performance, A, being less
than, grester than, or equel to the target. From this reasoning, then

A+Y=T, given A, T > 0; A, T =03 A, T < 0. Thus, Y may take on
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values that are either positive, negative, or zero with respect to the
target and the actual performance, irrespective of the signs or values
of A and T. v

One recognizes the deviation, Y, as being an unsigned variable, whose
value and sign are determined by the value and sign of the actual perfor-
mance, A, in relation to the value and sign of the target, T. To use
linear programming computational techniques to solve goal programming
problems, it is necessary that all decision variables, including the
deviation variable, Y, be nonnegative. One technique for handling a
varigble that is unrestricted as to sign is to replace the unsigned
variable with the difference between two nonnegative variables. Let the
unsigned varisble, Y, be the difference between two nonnegative variables,
Y= and Y*, or Y = Y~ - Y*. We define Y~ to be the amount ‘tha.t a target
is undershot, that is, a "deficiency" deviation from goal attainment. Y*
is accordingly defined as the amount that a target is overshot, that is,
an "excess" deviation from goal attainment.

Let Y = Y- - Y, given that Y=, Y* > O and Y~ - Y* = 0. The charac-
teristic that the product of ¥~ and Yt equals zero is a result of the
simplex method which guarantees that at most one of the deviation varia-
bles, Y~ and YT, will be in solution (have a positive value) at any
iteration.

There are three possible sign conditions for Y with respect to the
target, T, and actual performance, A. Since Y =Y - Y+, (Y=, Yt >p),
and since at most one of the deviation variables, ¥~ and Y*, can be in
solution in any given basis, thefe are three combinations of Y~ and Y*
which result in condit;ona identical to those for the unsigned deviation

variable, Y (see Table 1).
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TABLE I

CONDITIONS FOR Y = Y~ - ¥+, (Y=, ¥* > 0)

When: Then:
(1) Y>o Y" >0, ¥r=0
(2) Y<o0 Y- =0, Yt >0
(3) Y=0 Y =0, =0

Condition 1 corresponds to goal underattainment, or a "deficiency" devia-
tion from the target as earlier defined. Conditipn 2 corresponds to a
goal overattainment, or an "excess" deviation from the target as earlier
defined. Condition 3 corresponds to zero deviation, or "exact" attainment
of the target. |

Té illustrate this concept, consider a cashligflow equation. Let
the ta:get, T, represent the amount of cash which one wishes to accumulate;
let A represent the actual cash accumulation; and let ¥ be a value wﬁich
must be added to A in order to equal T. A cash inflow is implied when
A is posiqive.

(1) If cash is underaccumulated, then T > A (given T, A > 0), and

Condition 1 in Table 1 holds true:
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Since by definition
A+Y=T |, (Y > 0) ;

then on substituting ¥ = Y~ - Y* and the requiremeht from Table 1 that

Y- >0, Yt = 0, one obtains
A+ Y -Yr=T (Y= > 0, YV =0) ;
or
A+Y =T [1]

vhich is illustrated as:

]
*IIIII-II A . e y—---.{'
T

0]
(2) If cash is overaccumulated, then T < A (given T, A > 0), and

Condition 2 in Table 1 holds true:
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Since by definition

A+Y=T {Y <0) 3

then on substituting ¥ = Y~ = ¥ and the requirement that I~ = 0,

Y* > 0, one obtains
A+ =Y =1 (¥~ =0, YV > 0);
or
A-Yr=rT [2]

which is illustrated as:

0

(3) If cash is neither underaccumulated nor overaccumulated, then

 A=T (given T, A > 0), so that Condition 3 in Tsble 1 holds:
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Since by definition
A+Y=T |, (Y =0) ;

then on substituting ¥ = Y~ - Y* and the requirement that Y~ = 0,

Yt = 0, one obtains
A+ Yy -Yt=1 | (Y~ =0, Y' =0) ;
or

(3]

e
1]
L=

Since it is known that at most one of the deviation variables, Y~
or Y*, can be in solution in any given basis, these three Equations, [1],

[2], and [3], can be combined to form Equation [4], representing the

general cash inflow goal situation:
A+ (y--Y) =1 (A, T>0; ¥, ¥ >0) [4]

In a similar manner, a general cash outflow goal equation can be
developéd.l'Let-the fargét, T; represent a limit to.ﬁhe amount of cash
one wishes to spend; let A represent the actual cash outflow; and let
Y be a value which must be added to A in order to equal T. A cash outflow
is implied when A is négative. Hereafter, we define A, T < 0.

(1) If the cash outflow exceeds the limit then T > A (given A,

T < 0), and Condition 1 in Table 1 holds true:
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Since by definition
A+Y=T 5 Y>>0

then on substituting Y = Y= - Y* and the requirement from Table 1 that

Y- > 0} Yt = 0, one obtains
Ar+ Y= -yt =1 . {Y~» 0; X¥ = 0) ;
or
A+Y =T ' [5]

which is illustrated as:-

| ) -
| T . l
e --“

(2) If the cash outflow does not exceed the limit then T < A

(given A, T < 0), and Condition 2 in Table 1 holds true:

Y*Aq

T
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Since by definition
A+Y=T , - (Y<0);

then on substituting Y = ¥~ - Y* and the requirement from Table 1 that

Y- = 0, Y > 0, one obtains
A+Yy -Yt=1r | (=0, ¥*> 0) ;
or
KoY & [6]

which is illustrated as:

T 0

(3) If the cash outflow exactly equals the limit, then T = A

(given A, T < 0), so that Condition 3 in Table 1 holds true:

L
—
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Since by definition
A+Y=1T (Y = 0) ;

then on substituting ¥ = Y~ - Y* and the requirement from Table 1 that

Y~ =0, Y*¥ = 0, one obtains
A+Yy —yt=17 (=0, Y =0)
or
A=T [7]

Again since we know that at most one of the deviation variables, Y~ or
Y*, can be in solution in any given basis, these three Equations, [5],
[6], and [7] can be combined to form Equation [8] representing the

general cash outflow goal situation:

A+Y =Yt=17 (A, T<0; Y, ¥ >0)

Recalling that earlier we defined A, T < O, then on multiplying both

sides by (=1), one obtains
A-(r-¥H) =1 |, (A, T>0 3 Y, Y* > 0) (8]

To summarize the foregoing briefly, note that both cash inflow and
cash outflow goals are forﬁulated iﬁ ﬁhe form A + Y =T, with the sign
on the deviation variable, Y, or its conjugate set, YT - Y+, being the
distinguishing difference. Thus, from Equation [4] a cash inflow goal

is formulasted as

A+ (r-thH =0
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whereas from Equation [8] & cash outflow goal is formulated as

A=Y= |

-

with the understanding that Y~ and Y' are defined to be nonnegative
deviation variables in the linear programming model.

Now, consider the formulation of the objective function. Observe
that Y~ and Y' are defined as nonnegative variables, so thaﬁ the sum of
these two variables measures the ;gggg_of the déviation variable Y
about the target, T (recall that at most one of the nonnegative devia-

tion variables Y~ and Y' will take on a positive value in any solution

i
o 'lllllll'%lllllllll v+ Illlll"l
| _

A, (T > A) A, (T < &)

T
H Range of Y ’ 7

The simplex method should attempt to minimize the range of Y so as to

basis).

approach the target as closely as possible. Therefore the objective

function can be expressed in the form
Min 2 =Y +Y*,

The concepts developed in this section will be used to formulate

problems in the goal programming format in the sections that follow.
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An Iliﬁétration of & Goal Programming Problem

"The'simple producf—mix example problem, which‘was illustrated in
a prior section, will now be converted into a goal programming problem
to illustrate the fofmnlation of this type of prdblem. Let X, again
represent the number of knives to be produced and X, be the number of
cutting boards to be produced in a particular decision period. Profit
will now be treated ss = consequential variable resulting from the
optimization procedure. Although the previous simplex linear programming
problem formulation yielded an optimal solution in which the maximum
profit attainable is $48.00, we now assume a profit target of $60.00,
which is obviously in excess of the attainable érofit.'

Using the genersl form for & cash inflow goal, Equation [8], the

profit goal isrformulated as follows:
2Xl + BXQ +.(Y- - Y+) = 60

in which one can ldentify the contribution to profit and overhead as

being 2X; + 3X, and the profit target as 60. The question now is, what
_ manufacturing policy should be undertaken to best satisfy environmental
(production) constraints and the firm's profit goal? The goal pz;ogram-

ming formulation of the problem is given on the following page.



Min Z=Y +7YF

subJect to
(1) .5%; + +25X,, < 8 (Machine capacity constraint)
(2) X, + 1% < 20 (Assembly capacity constraint)
(3) 1+ 2, < 28 (Financial constraint)

(4) 2X; + 3Xp + Y~ - Y' = 60 (Profit goal)

(5) X1, Xp, Y-, ¥Y* >0 (Nonnegativity condition)

The environmental constraints, (1), (2), (3); are unchanged from
the prior linear programming example. The profit goal, (4), is con-
structed such that the actual profit attainment, 2X; + 3X, : can fall
short of the target, in which case Y~ > 0, Y¥ = 0; can exceed the target,
in which case Y~ = O, s 0; or can equal the profit target of $60.00
exactly, in ﬁhich case Y~ = 0, Y¥ = 0. In order that the actﬁal profit
atfainment be as close to the profit target as possible, the range of
deviation from the profit goal must be as small as the emvironmental
constraints will allow, that is, the range of deviation from the target,

Y o+ Y+, must be minimized. Thus, the object function becomes
+
Min 2=Y +Y

All constraints are converted to equalities through the addition of
slack varisbles and the simplex method is used to find an optimal solu-
tion. The simplex solution tableaus are included in Figure 8 of
Appendix A. The goal programming formulation yields the following

optimal solution:
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X, =12.0 8, = 0.0 Y- = 12.0
X, = 8.0 Sp = 0.0 v = 0.0
83 = 0.0

2 =Y +Y" =12.0+0.0=12.0

If the firm undertakes this solution, it will produce and sell

12 knives gnd 8 cutting boards in Period 1. Machine capacity, assembly
capacity, and available cash resources will be fully utilized, as is
indicated by the zero value of the slack variables in the corresponding
constraints (81, So, 85 = 0). One should note that the profit goal of
$60.00 is not attained (as the simple linear programming formulation
indeed demonstrated it could not be), but that the deficiency v&riable,
Y-, has a value of 12.0. This indlcates an underattainment of the pro-
fit goal by $12.00. Substituting Y~ = 12.0 and Y'Y = 0.0 into the profit

goal equation,
2X, + 3X2 + 12.0 = 60

one realizes that the actual profit is therefore 60 - 12 or $48.00. The
goal programming solution, in this case, is exactly equivalent to that

obtained using traditional linear programming problem formulation.

Expanded Gogl Programming Problem

Consider a slightly modified situation for the Chop-N-Block Corpora-
tion as summafized in Table 2 and Taﬁle 3. Changes from the prior problem
are:

1. The compény incurs fixed expenses in the amount of $5.00 each

period, which must be paid in cash.
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2, Cash dividends smounting to $2.50 are to be paid at the end of
each period and $2.50 is to be spent each period for equipment replacement.

3. Instead of selling on a cash basis, the firm now sells all
finished products on a one period credit basis. It is assumed that all
receivables are collected when due. Labor and material expenses must be
paid in cash in the same period as when incurred. The firm again can
sell all that it produces so there is no change in inventory from period
to period.

Table 2 is a summary of cost and physical data for this altered

situation.
TABLE 2
COST AND PHYSICAIL DATA
Knife Cutting Board
Machine tiﬁe/unit 1/2 1/4
Assembly time/unit 1 x
Selling price/unit - $3.00 $5.00
Variable expenses/unit
(Labor, material, etc.) $1.00 $2.00
Contribution to profit and
overhead/unit $2.00 3.00
Totel machine time available 8 hours/period
Total assembly time available 20 hours/period
Fixed cash expenses | $5.00/period
Expenditures for equipment $2.50/period

Cash dividends $2.50/period
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Table 3 illustrates the balance sheet of the compeny at the beginning of

Period 1 (end of Period 0).

TABLE 3

BALANCE SHEET, BEGINNING OF PERIOD 1

Assets . Ligbilities and Net Worth
Cash $20.00 Bank Loan $10.00
Accounts Receivable 730.00 Long Term Bonds Payable 30.00
Inventory -0 -
Plant & Equipment 24.00 Stockholder's Equity 34.00
$7k.00 .00

The sum of cash and accounts receivable are the firm's "quick" assets
which can be used to pay cash expenditures in Period 1, such as fixed and
variable expenses, dividends, and equipment replacement. Taxes are
assumed to be nonexistent and the inventory balance is assumed to be zero
because the firm is able to sell all goods that it produces. These
simplifying assumptions are made in order to concentrate attention on the
goal programming solution method without burying 1t in extraneous details.
Tt is assumed also that the board of directors of the firm has
approved a plan for plant expansion in Period 3. Part of the funds for
this project will be obtained through debt financing and part through the
sele of capltal stock in Period 2. In order to command a good market
price for its stock in Peridd 2, management judges that the firm must

(1) continue to pay its dividends and {2) make a satisfactory profit in
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Period 1. The board feels that potential investors would deem a profit
of $35.00 in Periocd 1 to be a "satisfactory" profit and one which the
organization can accomplish in the coming period. Since the total of
fixed expenses, dividends, and expenditures for equipment is $10.00 per
period, the net profit objective is equivalent to a contribution to
profit and overhead of $45.00 from the production and sale of knives and
cutting boards.

It is further assumed that the president of the firm has established
a policy of meintaining a cash balance that is at least $2.00 greater
than the sum of short term lisbilities (in this case $10.00 + $2.00 =
$12.00). Also, it is assumed that the contractual conditions of the long
term bonds require that the firm's net working capital (cash + accounts
receivable + inventory - short term liabilities) at the end of the period
be twice the face value of the bond debt (in this case 2 + 30 = $60.00).
The question now is, what level of production optimally satisfies these
requirements?

As before, letting X; represent the number of knives to be produced
and X2 represent the number of cutting boards to be produced, the goal
programming model will be formulated as follows. The two technical con-

straints remain unchanged from prior formulations:

(1) .5Xl + .EEXE < 8 (Machine capacity constraint)

(2) 1x + 1% < 20 (Assembly capacity constraint)
The profit goal is now formulated as:

(3) 2X, + 3%, + Y =-Y =145 (Contributions to profit and overhead)
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The end of period cash balance requirement modifies the financial

constraint from the original equation to:

20 + 30 - 10 - (1x +2X) > 12
Beginning Accounts Cash fixed Cash Required end
cash receivable expenses, variable of period
balance equipment expenses balance

' expenditures,
dividend
payment

which reduces to

(L) 1X; + 2X, < 28 (Minimum cash balance requirement)

The minimum net working capital balance constraint is formulated

in the following manner:

20 + 30 - 10 - 10 + (2X; +3%p) > 60
Beginning Accounts Bank Cash fixed Net contri- Required
cash receivable loan expenses, bution to end of
balance equipment profit and period
expenditures, overhead balance
dividend '
payment

which reduces to

(5) 2%, + 3%, > 30 (Working capital requirement)

Since the overall aim is to meet the profit goal of $45.00, the
objective function will again be to minimize the range of deviation of

profit contribution. Thus, a formal statement of the revised goal

programming problem is to
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Min 2 =Y + ¥yt

subject to
(1) .5% + -25X,, < 8 (Machine capacity constraint)
(2) X, + 1%, < 20 (Assembly capecity constraint)

- +
(3) 2%, + 3K, + YT - Y

45 (Contribution to profit and overhead)

(¥) 1% + 2% < 28 (Cash balance requirement)
(5) 2% + 3% > 30 (Working capital requirement)
(6) Xy, X0, Y7, yt >0 (Nonnegativity condition)

The graphical

solution to this problem is illustrated in Figure 2, and

the simplex iterations are included as Figure 9 in Appendix A. 1In

examining thi

can be satisf

this case, tw
The two

cussed below.

and if it is

6 knives and

s figure, it should be noted that the profit goal of $45.00
ied by more than one optimal basic feasible solution; in

O.

optimal basic feasible solutions are illustrated and dis-

The first optimal basic feasible solution is

= 6.0 S, = 3.0 Y™ = 0.0
= 11.0 83 = 0.0 Yt = 0.0
= 205 8y = 15.0

implemented as a production policy, the firm will produce

11 cutting boards. The contribution to profit and overhead

goal of $45.00 is exactly attained, indicated by the fact that the devia-

tion variables, Y~ and YV, both take on values of zero, This can be

further verified by substituting the solution values for X; and X, into

the marginal

profit contribution expression, 2X; + 3X,. There is an

excess of 2.25 hours of machine capacity, an excess of 3.0 hours of
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Figure 2. Graphical Solution to Expanded Goal Programming
Problem with & Profit Goal of $45.00
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assembly capacity, and the fequired working capital balance of $60.00
is.excéeded by $15.00 as is evidenced by the positive values of the slack
variables (Sl, 82, Sh) which are associated with these constraints, ALl
available cash resources are utilized (83 = 0).

The second optimal basiec feasible solution

X, = 12.75 8, = 0.75 Y =0.0
Xp = 6.5 S5 = 2.25 vt = 0.0

requires that the firm produce 12.75 knives and 6.5 cutting boards per
period. Again the deviation variables, Y™ and Y+, are equal to zero,
denoting that the profit and overhead contribution goal of $45.00 was
att#ined exactly. Machine capacity is fully utilized (S = 0), but the
positive values of the slack variables in the aasqnbly capacity, cash
balance, and working capital balance constraints show that there w111
be 0.75 hours of assembly capacity, $2.25 cash, and $15.00 working capi-
tal whlch are not employed by this production plen.

In addition to the two optlmal basic feasible solutions to the fore-
going problem which satisfy the profit goal, theré are other optimal
solutions which will accomplish the éame result. A theorem in linear
programming stetes that if a problem hgs more than one optimal basic
feasible solution, then any cbnvex combination of these solutions is
also an optimal solution (but not necessarily basic) (for proof see
Hadley [ 5], p. 99). Given p optimal basic feasible solutions to a
problem, & convex combination of these solﬁtions is defined as a weighted
average of the p solutions, where the weights are nonnegative and sum

to unity. That is, if & problem has p different optimal basic feasible
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solutions, Kﬁ (where ZJ is an n-component solution vector and § = 2, 3,
.ess D), then a convex combination, X, of these solutions results from

assigning weights Uj to the solution vectors gd, or
X = Usky

if ﬁhe,conditions Uy 20 and ZUJ =1 are met. X is an optimal solu-
tion but not necessarily a basic one.

Thus, in the foregoing example problem, the two optimal basic feasi-
ble solutions define the two extremal points of & straight line (Figure 2)
connecting the two solutions. The other optimal nonbasic sclutions lie
along the straight line. For example, by assigning weights of 0.2 and
0.8, respectively, to the two optimal basic feasible solutions obtained
previously,'a third optimal nonbasic solution can be obtained. Consider
the decision variables Xla and le, which are the values of X; obtained
from Optimum a and Optimum b, respectively, in the foregoiﬁg-example.
The convex combination of Xla and Xy, resulting from assigning weights

Uy, = 0.2 and U, = 0.8, is thus

10 = VK1 * U1y
0.2(6.0) + 0.8(12.75)

11.40.

The same procedure is applied to the other_basis end non-basis variables

in the two basic solution vectors X, and X, so that one obtains
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X0 = 11.h0 s2c = 1.20 Yc‘ =0
% _ - +* _
Xp, = T.40 85, = 1.80 Y,f=0

which is a third optimal solution, but nonbasic. This solution satisfies
the environmental éonstraints and the profit'target of $45.00. In a
similar fashion, an infinity of optimal nonbasis solutions can be found
by using weights of different magnitude, all of which will be optimal
and satisfy the environmental constraints and the same profit target.

An examinstion of the grephical solution (Figure 2) reveals that
the profit and overhead contribution goal of $45.00 not only can be met,
but in fact can be exceededl. Had management set the profit target at

$60.00, for exsmple, the optimal solution would be

Xy =12.0 8, = 0.0 T~ =12.0
= = . + =
X, = 8.0 §3 = 0.0 . Yr= 0.0
§; = 0.0 8), = 18.0

This solution indicates that the optimal employment of resources will
result when the firm produces 12 knives and 8 cutting boards. .In this
case the profit and overhead contribution goal of $60.00 is underattained
by $12.00 which is evidenced by the deficiency deviation varisble, Y ,
having a valﬁe of-12.0. Thus, the actual contribution to profit and

overhead for this solution is $h8.00.2

There is no idle machine capacity,
sssembly capacity, or liquid resources (Sl, PP S3 = 0), but the required

minimum working capital balance is exceeded by $18.00 (S) = 18).
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The Incorporation of Multiple Goals

In all of the foregoing examples, the profit tafget has been
treated as a management goal with all of the other requirements treatéd
as envirommental constraints. To illustrate the flexibility of goal
programming, it is desirable to treat not only profit but also cash and
working capital balances as goals rather than as constraints. Previously,
when the liquidity requirements (cash-and working capital) were formulated
as constraints, these requirements were required to be satisfied abso-
lutely in order to retain feasibility in the optimal solutious. When
these requirements are formulated as goals, intentional deviation from
the goals can be permitted.

In the following multiple-goal formulation of the example problem,

the technical constraints due to machine and assembly capacity remain

unchanged:
(1) .5% + .25%, < 8 (Machine capacity constraint)
(2) X, + 1% < 20 (Assembly capacity constraint)

Also, the contribution to profit and overhead gosl remains unchanged;
except now the deviation variables for this goal are denoted as Y3’ and
Y3+, to distinguish them from other new deviation varisbles to be defined

below. Thus, the contribution to profit and overhead goal beccmes
(3) 2X, + 3X, + Y3- - Y3+ = 45 (Contribution to profit and overhead)

where Y3' and Y3+ represent an underattainment and overatteinment, respec-
tively, of the $45.00 goal established for the contribution to profit and

overhead.
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Additionally, let Y),” and Yh+ be the end-of=-period under- and over-
accumulation of cash. Since the end-of=period cash balance goal is stated
in terms of cash outflow decision variables, the deviation variable
(Y~ - Y*) must be subtracted from the left-hand side in order to yield

the end-of-periocd goal. Thus
(L) le + 2%, - (Y),~ - Yh+) = 28 (Cash balance goal)

now expresses the end-of-periocd cash balance as a goal, rather than as
a constraint.

Also, let Y5' and Y5+ be the end-of-period deficiency and excess,
respectively, in the working capital balance at the end of the decision
period. Since the working capital requirement is formulated in terms
of cash inflow decision variables, the deviation variable (Y5_ - Y5+)

must be added to the left side in order to yield the end of pericd goal.

Thus
(5) 2X; + 3%, + (Ys' - Y5+) = 30 (Working cepital requirement)

expresses the end-of-pericd working capital balance as a goal, rather
than as a constfaint. |

Now consider the obJective function, into which multiple gosals
are to be introduced. Suppose management desires first and foremost to
attain a profit contribution of $45.00, and only secondarily to reach
the cash and working capital end-of=-period balances if possible. BSpecif-
ically, suppose management considers satisfying the working capital
‘balance requirement to be three times as important as satisfying the
minimum cesh balance geoal, with both of these goals subordinated to the

primary goal of profit attainment. Suppose alsc that the working capital
!
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goal must not be underattained, but that working capital goal overattain-
ment is equally satisfactory as meeting the minimum end of period working
capital balance exactly. Also, suppose that cash should be used as fully
as possible, therefore neither an excess nor a deficiency in the required
$12.00 end-éf-period cash balance is desireable. Suppose also that
management considers that the overriding profit goal must not be under-
attained.

To formulate these goals into the objective function, let M and N
be very large numbers (M,N > 0) and let M >>> N, such that M is so much
larger than N that no number k (k > 0) can make kN > M. Using the

weights M and N as defined, the objective function can be written as

Min Z = MY.~ + NY;~ + NY,* + 3NY.".

3 5

Thus, MYB' expresses the heavily weighted potentisl underattainment
of profit, 3NY5' expresses the less weighted potential underattainment
of the working capital goals, and N(Yh— + Yh+) expresses the lowest
weighted potential deficiency and excess in the cash balance, all of
which are to be minimized.

This formulation of the objective function demonstrates the incor-
poration of multiple management goals which are selectively and arbitrarily
welghted in order of importance, so the simplex method will selectively
optimize amoung the competing goals. The objective function can be
interpreted more fully as follows:

1. Management has set profit target attainment as its primary and
overriding goal. Exceeding the target is considered as acceptable as
exactly meeting the goal, as evidenced by the absence of the excess

variable Y3+ in the objective function. Since Y3“ carries the largest
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relative weighting factor (M), 1t will be driven from the basis before
the other deviation variables, thus satisfying management's primary
profit goal before attempting to satisfy the other goals.

2. Aftér'the profit target has been satisfied or exceeded, manage-
ment wants to maintaln or exceed the working capital minimum balance.

The deficiency variable Y5- is placed in the objective function with a
relative weight of N = 3 (N<<<M), to insure minimization of this devia-
tion after the profit goal but before the cash balance goal.

3. After both of the above goals have been approached or satisfied,
management then wants cash to be used ms fully as possible with no excess
or deficiency in the required cash balance. Thus, the deviation
(Yh- + Yh+) carries the least relative weight, N = 1.

The multiple goal problem can thus be stated formally as follows:

Min  Z = MY_T + NY,” + NY,© + 3NY_ ",

3 5
subject to
(1) 5% + .25%, < 8 (Machine capacity constraint)
(2) X, +  1X; < 20 (Assembly capacity constraint)
(3) 2X; + 3%, + Y3' - Y3+ = 45 {Contribution to profit and over-

head goal)

(4) 1%, + 2%, - ¥+ Yh+ = 28 (Cash balance requirement goal)

(5) 22X + 3+ YT - Y5+ = 30 (Working capitel requirement goal)
0

(6) X (i=1,2; J =23, %4, 5) (Nonnegativity

i!
Constraints)

The IBM MPS/360 programming system [12,13,1L] was used to determine

the optimal solution to this problem. In the machine formulation, the
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relative welghts used in the objective function were M = 99999(103°),

N = 100, and 3N = 300. The optimal solution is as follows:

Xy = 6.0 Y37 =0 ¥s~™ = 0.0
Xy = 11.0 13t =0 15t = 15.0
S) = 2.25 Y~ =0
8, = 3.0 =0

Contribution to Profit & Overhead = 2X; + 3X, = $45.00.

This solution indicates that the profit goal of $45.00 is attained
exactly (Y3', I3+ = 0), and that there is an excess of 2.25 hours of
machine capacity and 3.0 hours of assembly capacity. The end of period
cash balance is $12.00, the required minimum as evidenced by the zero
valued deficiency variables Yh— and Yh+' There is an excess of $15.06
of working capital (Y5+ = 15.0) sbove the required end of period minimum
balance of $60.00.

Referring to the optimal tableau in Figure 11 (Appendix A),lit is
concluded that an alternate optimal basic feasible solution exists. The
non-basis variable Y3+ contains a zero value in the current objective
function row, Z', which indicates that Y3+ can enter the basis without
altering the value of the objective function. This is the requirement
for the existence of an alternate optimum. The alternate optimal basic

feasible solution is:
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X, = 12.0 ¥,m=0.0 Y5~ = 0.0
X, = 8.0 Y3t = 3.0 . Y5+ = 18.0
Sy = 0.0 ¥),~ = 0.0
S, = 0.0 r,*=0.0

In this solution, the profit goal of $45.00 is not only attained
but exceeded by $3.00 (as indicated by Y3~ = O and Y3+ = 3.0) when the
firm produces X; = 12 knives and Xp = 8 cutting boards. There is no
idle machine capacity or assembly capacity as the slack variables, S,
and Sp, associated with these constraints take on values of zero. The

end of period cash balance exactly equals the minimum balance goal of

+

]

$12.00 (since Y7, ¥, 0). The working capital goal of $60.00 is

exceeded by $18.00 (Y5- = 0, Y.* = 18.0). The graphical solution

5
{figure 3) depicts the two optimal basic feasible solutionms.

The question arises as to why the profit goal of $45.00 was attained
exactly in the first optimal solution and then, in the alternate optimum,
this gosl was exceeded by Y3+ = $3.00? The answer lies simply in the

fact that the objective function was constructed so as to minimize

underattainment of the profit goal (Y,~), but not to prohibit overattain-
_— 3

+

3
seeking the alternate optimum, the variable Y3+ was the non-basis vari-

ment; that is, Y.  was not included in the minimization objective. In

éble whose adjusted objective row value was zero, and therefore the
candidate varieble to be brought into solution. In bringing Y3+ into
solution, feasibility is retained by removing 82 (assembly time slack),

and optimality is retained because the incoming vériable, Y +, does not
make any additional contribution to the objective function as it is defined.
Simply, overattainment of the pfofit goal is‘permitted because there is no

optimization function term which requires the variable Y3+ to be minimized.
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Machine Capacity Constraint

Assembly Capacity Constraint

(6, 11) Optimum Production Level

Profit Goael
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Cash Balance Goal
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Figure 3. Solution to Multiple Goal Example
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Incompatible Multiple Goals

In the last example, all goals and constraints were satisfied by
both the original and alternate optimal solutions.. Note that the maximum
profit that can be attained without violeting any constraints is $48.00
(see Figure 3), corresponding to the optimal sclution point (Xl = 12.0,
X, = 8.0). Now, consider a situation in which one or more of the
snnounced goels could not be attained exactly. For example, what if
management had specified a target of $60.00 for contribution to profit
and overhead, instead of setting the profit go;l at the original $45.007
This new.target lies beyond the feasible area in which all goals and
constraints can be satisfied. If the new target of $60.00 is met, which
goal will be violated? | |

Although the answer-is not obvious, a prediction might be made
from the weighting factors in the objective function. Since underattein-
ment of the profit goal is most heavily weighted, oné would expect the
deficiency variéble Y3_ to be driven out of solutidﬁ (Y3' goes to zero)
first, thus attaining the profit target. One might also predict that
the working capital goal will bé satisfied because its deviation variseble
(YS’) carries the second largest welghting factor (3N}, and therefore
YS” should elso be driven from solution. Because the technical constraints
(machine and assembly capacities) are feasibility constraints which cannot
be violgted, one would expect then that the cash balance requirement goal
would "yield" to the optimization pressure, as its deviation variables
(Yh- and Yh+) carry the lowest weighting factor in the oblective function.

To motivate an illustration of the behavior of incompgtible multiple

goals in the goal programming format, consider an extension of the
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previoué example. Suppose now that, the profit goal equation is altered

to ineclude the new profit target:
- + _
(3) 2% + 3%, + ¥;7 - Y37 = 60

To insure exact attainment of the $60.00 profit target, the objective
function is also strengthened by the inclusion of a Y3+ term, so that

the objective becomes:

‘ oy - + - + "
Min 2 = MYT + MY,T + NY,T 4 NY)© o+ 3NYST .

The other constraints and goals remain unchanged from the previous
multiple goal formulation.

Under this formulation, the optimal solution is:

X, = 0.0 Y, = 0.0 Y= 0.0
= e + o

X, = 20.0 vt = 0.0 ¥t = 30.0

8, = 3.0 ¥,” = 12.0

8, = 0.0 v, = 0.0

The profit goal of $60.00 is exactly attained (Y3+, Y~ = 0); machine
and assembly constraints are not violated (although there are 3.0 hours
of idle machine capacity); the working capital minimum is exceeded
(Y5+ = 30.0), but the cash balance goal is sacrificed (Y~ = Y200,
just as predicted. The large weighting factors attached to the profit
deviation variables and the working capital deviation variables have
forced the violation of the weakest goal {cash balance requirement).
This example demonstrates the applicability of goel programming to

& situation involving incompatible goals. A hierarchy denoting relative
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goal importance can be established by menagement and in turn translated
mathematically into the objective function of the model. As the goal
programming objective function is composed of deviation variables (each
representing a deviation from a specific management goal) which can be
weighted, it is possible to force the computational procedure to attempt
the selective minimization of these deviations from goals by weighting
each deviation fariable in the objective function with g numerical
coefficient representing the relative importance of the goal in manage-
ment's hierarchy of goals. Traditional linear programming methods not
only cannot expresé multiple goals, but have no built-in mechanism to
force selective satisfaction of multiple goals -~ a necessary character-
istie for the loglcal resolution of conflict between incompétible multi-

ple goals.

Consequential Actions Associated with Incompatible Goals

When one or more of management's announced goalé'fails of attain-
ment, it is possible that the firm must undertake a consequential or
remédiéi action in order to guarantee that the uﬁattained goal will be
met. Fof example, in the previous incompatible goal example, the end-
of-period cash balance goal failed of attainment (the goal was under-
attained as evidenced by Yh- = 12.0). A subsequent (or contemporaneous)
action required of the firm as a consequence of this result might be,
for example, the short-term borrowing of funds in order to assure end-
of-period liquidity maintenance (attainment of the cash balance goal).
In this example then, the cash balance underattainment, Yh- = 12.0,
wouid sigﬁal not only the necessity for making the loan but also the

size of 1it.
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The goal programming format is more powerful than the conventional
linear programming format for handling what can be called consequential
or dependent decisions. TFor example; in the prior example, had the end=-
of-period cash balance emount been formulated age a constraint, the
optimization would not have proceeded to the point where the firm's
profit goal could be attained, even though this was the firm's announced
overriding objective. Optimization simply would havg étopped when the
cash balance constraint became "tight". On the_other hand, the goal
programming format in fact permitted intentional underattainment of
the low-ranked cash balance goal so that the overriding profit goal
could be attained exactly, while at the same time explicitly signalling
cash balance underattainment in the optimal solution.

Now, if one were to devise a consequential decision procedure (to
borrow money, for example) that would be invoked only when a goal is

adversely violated, so that the goal is consequentially attained as a

result of the signalled underattaimment, then one would have, in effect,
the same end result that a constraint formulation would provide but
withﬁut the disadvantages of the invioiable constrﬁint formulation.

Such a decision procedure is obviously more powerful than a straight
constraint formulation, since it provides for secondary or remedial
action to be taken that is conditioned upon & prior result. That is,

if the prior result is favorable, no remedial actibn need be taken .

and the consequential decision procedure is not invoked, but if the prior
result is unfavorable then the remedial decision procedure is invoked.
The method by which such a decision procedure can be incorporated into

the goal programming model will be exemplified on the following page.
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In the incompatible goal example presented earlier, attainment of
the end-of-period cash balance goal of $12.00 was sacrificed in order to
obtain a maximum profit operating level. The question, then, is what
consequential or remedial action should bé taken by the firm as e result
of underattaining the cash balance goal? One straightforward remedial
action would be for the firm to borrow $12.00 in Period 1 to make up
the end-of-period cash deficiency (Yh- = 12.00). This would insure
on-target attainment of the cash balance goal, which would in turn
provide the level of funds at the beginning of Pe;iod 2 which management
deems to be necessary for the operational level contemplated.3 Associ=-
atéd with the short-term borrowing of funds, however, is an interest
charge which acts to reduce the attainable profit. 1In writing the loan
procedure into the goal programming model, therefore, one needs to reflect
not only the effect of making the loan but also the effect of the interest
penalty assdciated with the loan.

Assume that the firm has access to a free money market (i.e., it
can bofrow or lend all of the money it desires at a current esteblished
interest rate). Assume also that the current established interest rate
_ on short-term loans is 10% per period. If a c#sh deficiency, Yh—’ will
exist at the end of the period, the firm must borrow Yh- dollars from
the free money market to satisfy the minimum cash balance reguirement.
The interest charge on this short-term loan will be 10% of Yh— dollars and
will decrease the contributions to profit and overhead in Period 1 by
O.th- dollars.

Since it is, in general, possible for the firm to overattain a
cagh balance goal as well as underattain it, the question arises as to

what consequential action should be undertaken in the event of
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overattainment. If the firm overaccumulstes cash during the period, a
cash excess (Yh+) will result, which can be lent on the assumed free money
merket at an interest rate of 10%. The refenue from such a loan acts
to increase the contribution to profit and overhead by O.IYh+ dollars.
(The functional equivalent of "lending" excess funds is the purchase
by the firm of short-term securities, such as certificates of deposit
and marketable bonds). Thus, & consequential decision procedure, in
this case, can be incorporated for both underaccﬁmulation and overaccu-
mulation of cash.

To implement this decision procedure, we assume that the firm uses
an accrual method of accounting, so that if funds are borrowed in Period 1,
for example, to provide cash balance goal attainment at the end of Per-
iod 1, then the interest penalty on the loan is also properly chargeable
against profit in Period 1. Likewise, we assume that if excess funds are
invested in Period 1, then the accrued interest income is credited to
profit in Period 1. Using this assumption, then, the goal for contfibu—

tion to profit and overhead becomes

- + = +y
(3) 2X, + 3X, + Y3 - Y3 - O.l(Yh -Y7) = 60

when the potential accrued interest penalty (or credit) is reflected.
Note also that no change is necessary in the cash balance goal
(Equation (4), p. 35). The reason is that the cash balance deviation
variables, Yh- and Yh+’ are now viewed as being amounts that are to be
borrowed or invested in the free money market, rather than as simple

deficiency or excess deviations from the goal.
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" Similarly, the working capital gosl formulation (Equation (5),

p. 35) requiree only slight modification as a result of borrowing or
lending funds. Working capital is defined as the net of cash, receiv-
ables, inventory, and short term liabilities. When borrowing is effected,
both cash and short-term liesbilities are increased by the same increment,
s0 no change in working capital results. Similarly, when lending is
effected, cash is decreased but receivables are increased by the same
increment, so no net change in working capital results.

However, as a result of borrowing, an interest penalty (charge) is
incurred which, in an accrual accounting system, results in an increase
in short term lisbilities (accounts payable). This increase in short-
term liabilities reduces working capital, so the result in the working
capitél goal of borrowing Yh- dollars is to decreése end-of-period
working capital by O.th‘ dollars. Conversely, if excess funds (Yh+
dollars) is "lent" then the net effect is to increase accounts receivable
(interest income receivable) by 0.1 Yh+ dollars, which is a net increase

in working capital. Thus, the revised working capifal goal is
— + - + =
2X, + 3X, + (Y5 Y ) - O.I(Yh Y),¥) = 30

When the consequential "borrowing - lending" decision procedure is
incorporated into the incompatible goal exemple, then, the revised pro-

blem can be formally stated as
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- - + - + -
Min Z = MY3 + MY3 + NYh + NYh + 3NY5

subject to:

(1) .5% + -25X, < 8 (Machine capacity constraint)
(2) X, + 1, < 20 (Assembly capacity constraint)
, _ . .
(3) 22X + 3+ Y, -¥,
- 0.1Y)~ + 0.17,* = 60 (Contribution to profit
and overhead)
(L) 1X, + 2%, = V)7 4 Yh+ = 28 (Cash balance goal)
- +
(5) 2% + 3%, + Y - ¥,

0.1Y)~ + 0.1¥,* = 30 (Working capital goal)

(6) Xl,XE,Yi—,Yi+ >0, (i=3,4,5) (Nonnegativity conditions)

A unique optimal solution to this problem exists which is as

follows:

X]= O Yo = 1.2 Y5' = 0
X, = 20.0 rh= o Y, = 28.8
8, = 3.0 Y)” = 12.0

- + o

This solution requires that the firm produce no knives and 20
cutting boards. There will be 3 hours of idle machine capacity but
assembly capacity will be fully utilized (Sl = 3, 52 = 0). Whereas, in
the previous example the profit goal of $60.00 was attained exactly
(Y7, Y3+ = 0), the profit goal is now underattained by $1.20 (¥;” = 1.2).
Similarly, the working capital goal was previously overattained by $30.00,
whereas now it is overattained by only $28.80 (Y5+ = 28.8). These changes

in the profit goal and working capital goal deviations result from the
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interest penalty (charge) on the short-term loan of $12.00 (Y)~ = 12.0),
which was the consequential action of violating the end-of-period cash
balance goal (Yh- = 12.0). In effect, the gross contribution to profit
and overhead by producing 20 cutting boards is (3.00) (20) = $60.00,
but the interest expense reduces this to a net value of $58.80 for the
period. Likewise, the accrual of $1.20 in incurred interest expense
reduces the end-of-period cash balance overattainment from $30.00 to
$28.80.

To further illustrate the flexibility of goal programming, consider
a comparison of two formulations of an example, the first formulation
with no consideration of consequential actions resulting from deviation
from goals agd the second formulation incorporating these consequences.
In this example assume that there are no changes from the previous
example except that now meanagement desires a contribution to profit
and overhead of $57.00.

Formulating the problem with no consideration of the consequences

of goal violation, the formal statement of the problem is as follows:

+

- MY~ - + -
Min 2 = MY5™ + MYt o+ NY, T+ NY) T+ 3WY,

subject to
(1) .le + .25%, < 8 (Machine capacity constraint)
(2) 1X; + 11X, < 20 (Assembly capacity constraint)

(3) 2% + 3X, + ¥~ - Y3* = 57 (Contribution to profit and

overhead)

(4) 1X; + 2%, - Y~ + )+ = 28 (Cash balance goal)

(5) 2%, + 33X+ Y5~ - Y5+ 30 (Working capital goal)

(6) xl,xa,ri“,ri+ >0, (i = 3,4,5) (Nonnegativity
conditions)
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which results in the solution

= 3.0 Y.,” = 0.0 Y "= 0.0
xl 3 5
X, = 17.0 Y3+ = 0.0 Y5+ = 27.0
— + s
S, = 0.0 r,* = 0.0

The formulation of the same problem, this time considering penalties,

is formally stated as:

" + - + -
Min Z =MY +MI3 +NY,+ + NY), +3NY5

3
subject to
(1) 7'5Xl + .25X, < 8 (Machine capacity constraint)
(2) 1x; + 1X, < 20 (Assembly capacity constraint)
- +
(3) 2% + 33X, + Y37 - ¥

57 (Contribution to profit
and overhead)

}
(@]
l—l
]

=
1

+
o
|
<

=

n

28 (Cash balance goal)

(3)  1X + 2%, - 7"+ ot
(5) oX; + 3%, + Y. - ¥5*

* = 30 (Working cepital goal)

3,4,5) (Nonnegativity conditions)

(6) %yXo¥, 7Y, 20, (2

which results in the solution

X; = 2.0 Y," = 0.0 Y= 0.0
- + o +

X = 18.0 .t = 0.0 " = 270

5, = 2.5 Y,~ = 10.0

S, = 0.0 y*= 0.0
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One recognizes that although the contribution to profit and overhead
goal of $57.00 is met in both cases, the production policies of the two
solutions differ. In the second case, the level of production is in-
creased by 1 knife and 1 cutting board so that the net contribution to
profit snd overhead from the products and the interest expense will equal
the goal of $57.00. Thus when the consequences of goal violation are
incorporeted, goal programming not only tells management what goals will
be violated and how much they will be violated but what revisions are
necessary to production levels in order to satisfy the hierarchy of

management desires. A comparison of these two cases is shown graphically

in Figure 4.
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Model Formulation
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Incorporation of Books of Account

One of the major advantages of goal programming devolves from the
fact that the model cen be constructed in terms of financial variables
end financial relstionships, rather than in terms of other decision
variables such as production quantities, for example. This has an obvious
appeal from the standpoint of management of the firm, since most opersating
variebles in the firm can be expressed in monetary values. The data
base in which monetary amounts are periodically recorded so as to reflect
changes in the firm's operating position is the firm's accounting system,
or specifically, the "books of account" of the firm. It is not only
possible but desirable to use this data base as a fundamental input in
the formulation of the goal programming problem. Accounting data com-
prise a primary source of information in the formulation of goels and
constraints affecting the operating policies of the firm. Additionally,
the operating &ecisions chosen will directly affect future transactions
which are to be recorded in the books of account. From a financial
prediction (budget) standpoint, it is easier to define operating and
decision varisbles in terms of financisl units (dollars) as opposed to
production units. Thus, the integration of accountiné data and the goel
programming model is a reasonable and logical undertaking.

From the accounting viewpoint, a firm is composed of assets, lia-

bilities, and owner equity, with the following relationship:

ASSETS = LIABILITIES + OWNER EQUITY
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Each of these is a major classification of several ﬁccounts, with each
account in the firm's "books of account" denoting a particular type of
asset, liability, or equity. These accounts, when viewed in total,
comprise the "books of account”.

An accounting convention, "double entry bookkeeping", is based on
the fundamental equation above. The occurence of a business transac-
tion causes entries to at least two accounts in the books of account.

One of these entries will be a debit (1eft hand) entry and the other will
be a credit (right hand) entry. Increasing the value of an asset account
requires a debit or left-hand entry. Decreasing an asset account value
reqpires a credit or right-hand entry. For liability and equity accounts
the opposite holds true; that is, a debit entry decreases the value of

the account and a credit entry increases the net balance of a liability or
equity account. Two simple examples will illustrate this point. A firm
purchases $1,000.00 of mgterials on credit. The accountant will recbrd
this transaction as a $1,000.00 debit to materials (an increase in an
asset) and a $1,000.00 credit to accounts payable (increase in a lisbility).
When the actual payment of the $1,000.00 liability is transacted, a
$1,000.00 debit will be made to accounts payable and a $1,000.00 credit
will be recorded in the cash account. The net effect of the two transac-
tions is to convert one $1,000.00 asset (cash) into another $1,000.00
asset (materials). In & second example, 100 shares of company stock is
sold at a price of $10.00 per share. This transaction increases both

the firm's cash balance and stockholders equity. The accountant debits
the cash account for $1,000.00 and credits the stockholder's equity

account for $1,000.00.
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For the purposes of the goal pfogramming model, transactions such
as these can be illustrated very simply through the use of ann x n
account matrix and a standard variable notation to describe each entry
in the matrix. The n x n matrix in Table 4 has a column and a row for
each of the n accounts,in.the books of account. In the matrix, credit
entries are recorded in the column under the account to be credited and
debit entries are recorded in the row corresponding to the account to
be debited. Thus, only one.entry to the matrix is required for any one
transgction that can be represented by s simple debit-credit entry. In
Table 4, each entry in the spread-sheet matrix has a numerical value.

In formulating the goal programming model, some of these entries will

be unknown varisbles; thus, it is convenient to represent an entry in
general in the spread—sheet.matrix as a variable, Xij’ where X is the
unknown dollar amount of the transaction, i is the account to be debited
and j is the account to be credited (k, J = 1, 2y veey n), and n is the
total number of accounts in the matrix.

In the formulation of a goal progremming model, changes in accouht
balances are also needed. Let the change in the balance of a particular
account, t, (t = 1, 2, ..., n) during & given period, be A,. Then
Ay is given by

n n -

Ay = Jilxts - iilxit [9]
The fifst term in Equation [9] is the total of the debit entries to
accourt t during the period and the second term is the total of the credit
entries to the same account t during the period. The following conditions

describe the net change (4;) in the balance of account t during the period:
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TABLE 4 "Continued"

variable production costs; xRC(K) = $2.00, Xpe(B) = $36.00
collection of receivables; Xog - $30.00 |

net profit on goods sold; Xggp = $58.00

payment of fixed expenses; Xpg(p) = $5.00

equipment replacement; Xpo = $2.50

payment of cash dividend; Xgg(p) = $2.50

short term loan to meet liquidity goal; Xgp = $10.00

interest expense payable; Xpp = $1.00

29
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TABLE 5
RESULTING EFFECTS OF A, ON ACCOUNT BALANCES
If: Then:
An asset account balance has increased.

AL > 0 or

A ligbility or net worth account balance
has decreased. :

An asset account balance has decreased.
<0 or

A liability or net worth account balance
has increased.

In formulating a problem in terms of financial units as opposed to
production units it is more convenient to express subscripts in alpha-
betic notation rather than in numerical notation &s used above. The
notation used for a financial variable is Xij’ vhere X is the dollar
amount of the transaction, i is the account to be debited in the spread-
sheet matrix, and j is the account to be credited. The following alpha-
betic abbreviations are used for the subscripts i and j, and represent

the account titles in Table U4:

C = Cash

R = Accounts Receivable
> Agset Accounts

H
n

Inventory

o
]

Plant and Equipment _
D = Interest Expense Payable
L = Loans Payable > Liability Accounts

B = Bonds Payable

E = Owner Equity Net Worth Account

I_%rJl
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Net entries, xij’ into the account matrix may arise from several
accounting transactions which give rise to the final net entry. To
describe how a typical net entry is expressed in general notation, con-
sider the variable XRC(K)' This entry is considered in the subsequent
sections of this report to be the "total variable cost" of producing
knives. In its variable form, it represents a net amount of money that
is to be debited to accounts receivable and credited to cash as a result
of producing the entire lot of knives. The question is, why does it
represent the net effect (in the books of account) of & total variable
cost? The explanation can be made in terms of a sequence of accounting
transactions, as follows. To facilitate the explanation, abbreviated
T-accounts will be used to illustrate the elementary transactions (as
in Figure 5).

To produce one knife, variable production inputs (labor and material)
are purchased for cash (entries "a" and "b" to "Cash", "Direct Labor
Expense", and "Materials" in Figure 5). The materials are then trans-
formed by the production process and labor into a finished knife which
is carried to "Inventory" at the cost value of the production inputs
(entries "C"). When the knife is sold on credit, the sale is recorded
in "Sales" and "Accounts Receivable" at the sales value (entries "a");
and the cost of the sale is recorded to "Cost of Goods Sold" (entries "e").
The net revenue from the sale is reflected in the "Profit and Loss"
summary account by the trensfer entries "f" and "g". On closing the
bocks of account at the end of the perlod, the net profit is transferred
as a net increase to "Owner Equity" (entries "n").

The $2.00 balance in "Owner Equity" represents an increase in

equity from the beginning of the period. This is offset by an increase
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Cash Accounts Receivable ' Owner Equity
.50 (a) (a) 3.00 2.00 (h)
.50 (b)
Materisals Labor Expense Inventory
(a) .50 .50 (e) (b) .50 .50 (e) (e) 1.00 1.00 (e)

Cost of Goods Sold Sales Profit & Loss

(e) 1.00 1.00 (g) (f) 3.00 3.00 (d4) (g) 1.00 3.00 (f)

a = Purchase of materials

b = Purchase of labor

¢ = Transfer to finished goods inventory at cost
d = Sales of knife for $3.00

e = Record cost of the sale

f = Reflect revenue from sale

g = Reflect cost of generating revenue from sale

Transfer of net profit to owner equity

b
fl

Figure 5. Illustrative Example Using T-Accounts
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in "Accounts Receivable" of $3.00 and a decrease in "Cash" of $1.00.

The question then is, how much of the accounts receivable increase is
not owner equity? Thus, the difference between the $3.00 increase in
"Accounts Receivable" and the $2.00 increase in "Owner Equity" is a cost,
which in this case is the equivalent of the total variable cost (or, the
original value of the labor and materials purchased). Thus, a debit to
"Accounts Receivable" (R) and & credit to cash (C) in like amount, XRC’
represents the net effect of incurring a total_variable cost when X is
stated in terms of cost. Differentiating now between the total variable
cost of producing knives and that of producing cutting boards, XRC(K) is
defined as the total variable cost of producing knives and the XRC(B) is
defined as the total variasble cost of producing cutting boards, per
period.

To illustrate now how the goal programming model can be formulated
in terms of financial variables, consider again the incompatible goal
example formulated on page 48, which incorporated goal unattainment con-
éequences. This previous example, formulated in terms of production

variables, was stated as
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Min Z =M~ + MY+ ny,” + wy,t + 3Ny
L l

3 3 5
subjeect to
(1) 5%y + .25%, < 8 (Machine capacity constraint)
(2) 1x; + 11X < 20 (Assembly capacity constraint)

- +

(3) 2% + 3K, + Y7 - ¥,

0.1Y,~ + O.th+ = 57 (Contribution to profit
and overhead)

= +
(3)  1x + 2% - YT+

(5) ax) + 3%+ Y - Y5

- 0.17,~ + 0.1y,"

28 (Cash balance gosl)

+

30 (Working capital goal)

(6) Xi’XE’Yi—’Yi+ >0 , (i= 3,4,5) (Nonnegativity conditions)
Note that in the cash balance goal

- + _
(L) 1%, + 2%, - Y7 + Y)7 = 57

the expression (1X;+ 2X5) is the total cash outflow (and therefore, the
total variable cost) required to purchase the inputs (labor and material)
for the production of both knives and cutting boards during the decision
pericd. Note also that le ig the total variaeble cost of producing

knives only and 2X2 ig the total variasble cost of producing cutting

boards only, per pericd. Recall now that xﬁC(K) and XRC(B) were defined
earlier as the total varisble costs of producing knives and:cutting boards,
respectively. Therefore, the relationships which equate total variable
cost in one system of variables to total variable cost in the other system

are
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1X; = Xpeo(k)

and - 2%p = X
2~ “Re(B)

which can be solved in terms of the production variables, X; and XE‘

Thus:

X = Xpa(k) (10]

and X, 2 | [11]

= Xpo(a) /

By substituting Equations [10] and [11] into the goal and constraint
equations of the model as constructed with production variables, one
obtains the equivalent model in terms of financial variables, which can

be formally stated as follows:

Min 2 = MY,” +My." + NYAT + NY,* 4 3WY."

3 3
subject to
(1) .5Xpe(x) * -125%ge(p) 2 8 (Machine capacity
- constraint)
(2) Wpa(g) * -5Xpa(B) < 20 (Assembly capacity
constraint)

(3)  Kpoky * 1-5%me(s) * Y3

0.1Y,~ + o.uh+ 57 {Contribution to

profit and overhead)

- +
(4) lxRC(K) + lXRC(B) - YT+ Y 28 (Cash balance goal)

(5)  Ppg(xy * 1-5¥pom) * Y5~ T5
0.1Y,~ + O.th+

30 (Working capital
goal)
(6) X . , .o, >0 , (1 =3,4,5) (Nonnegativity
RC(K) XRC(B) L *E conditions)
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which results in the solution

Xﬁc(x) = 2.0 ¥;0= 0.0 ¥Y." = 0.0
Xpo(B) = 36.0 Y3+ = 0.0 Y5+ = 27.0
5, = 2.5 Y),~ = 10.0
S, = 0.0 v,* = 0.0

The implementation of this solution will result in a total variable
production cost of $38.00, $2.00 of which is the variable cost of produc-
ing knives (XRC(K) = 2.0) and $36.00 of which is the varisble cost of
producing cutting boards (Xpa(p) = 36.0) in Period 1. There will be
2.5 hours of idle machine capacity (Sl = 2.5) and assembly capacity will
be fully utilized (S2 = 0). The contribution to profit and overhead goal
of $57.00 is attained exactly (YB',Y3+ = 0), but only at the expense
of the cash balance goal which is undershot by $10.00 (Yh“ = 10.0) and
in turn causes the firm to borrow $10.00. The working capital goal is
exceeded by $27.00 (YS+ = 27.0}. The graphical soluinn to this example
is illustrated in Figure 6.

In order that the production equivalents of this optimal financial
operating policy can be communicated to the production department in
the form of a production quota, one only has to solve the reletionships
Xl = XRC(K) and X, = XRC(B) / 2 to set performance objectives of Xy = 2

b for the production department in

knives and X, = 18 cutting boards
Period 1.

It. should be noted that this solution yields the same production
policy as that given by the goal programming formulatlion in terms of
production variables. By defining the variables in terms of financial

units (dollars), management can immediately discern the effects of a
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proposed operating policy on the future financial state of the firm and

thus can give it direction in a more informed menner.

Development of an Account Matrix end Projected Balance Sheet

To show the financial effects of a proposed operating policy on the
firm, the optimal solution to the goal programming model is incorporated
into the account matrix. That is, the optimal decision values and the
values of the resulting deviation variables are incorporated into the
account matrix, in which the xij entries are those resulting from the
goal program. The follbwing variables are used to develop the exposition

in this section.

XRC(K) = Total variable cost per period of producing knives
xRC(B) = Total variable cost per period of producing cutting boards
XEC(l} = Fixed cash expenses

XEC(E) = Cash Dividend payments

Expenditures for equipment replacement
X = Cash receipt due to collection of receiveables
XRE = Net profit contributions from the sale of finished gocds

XCL = Amount of the short term loan liability undertaken

Interest expense accrued

These vafiables represent the net effects of the entries made to
recdrd the accounting transactiéns associated with these variasbles. The
variables XRC(K) and XRC(B) were explained in a previous section of this
report. They are the total variable costs of producing knives and

cutting boards per period, respecti&ely. The variable xEC(l) describes
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the net result of incurring and paying $5.00 in fixed expenses for the
pericd. The detailed accounting transesctions are illustrated in the

- T-gecounts below:

Fixed Profit Owner
Cash Expenses & Loss Equity

5.00(a) (a)5.00} 5.00(b) (b)5.00| 5.00(e) (e)5.00

Fixed expenses are paid in cash and recorded as entries "a" in the books
of account. At the end of the period, the "Fixed Expenses" balance is
transferred to the "Profit and Loss" summary account (entries "b") and
then the balance of "Profit and Loss" is transferred to "Owner Equity"
(entries "e¢"). The net of these transactions ("a", "b"; "e") is a
credit to cash (C) and a debit to equity (E), or in varisble notation
XEc(1)" |

The variable XEC(2) represents the net of the accounting transac-
tions recording the payment of cash dividends. The net profits generated
by the firm during the period can either be distributed to stockholders
as cash dividends or be retained in the firm tc finance growth and other
needs. If all net profits are retained in the firm, owner equity is
increased by the amount of the net profit. When cash divideﬁds are peid,
net profit is decreased and the increase in owner equity from net profit

" is smaller than it would be if all profits were retained for use by the

firm. The payment of cash dividends, then, decreases both "Owner Equity"
(E) and "Cash" (C) as represented by the variable XEC(E)'

The variable Xpp represents the credit entry to "Cash" and the debit

entry to "Equipment" (P) which ere made when equipment is purchased for
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cash. The collection of receivables requires a debit entry to "Cash"
(C) end a credit entry to "Accounts Receivable" (R) as described by the
variable Xap.

In the development of the variable Xpc on page 59 of the previous
gection it was noted that the production and sale of one knife resulted
in & $3.00 increase in "Accounts Receivable", a $1.00 decrease in "Cash"
and & $2.00 increasse in "Owner Equity". It was noted that $1.00 of
the $3.00 increase in "Accounts Receivable" was the recovery of the
variable cost of producing & knife. The remaining $2.00 of the increase
to "Accounts Recgivable" then is net profit, which increases the balance
of "Owner Equity" by $2.00. The recording of net profit and increase
in owner equity is thus reflected by the net variable XRE‘

If a loan is undertaken, "Cash" (C) will be dehited and "Loans
Payable" (L) will be credited, resulting in an entry, Xgp, to represent
the corresponding debit and credit entries. As accrual accounfing
methods are assumed to be employed, the interest charge will be recorded
in the period the loan is undertaken. The net effect of entries record-
ing the interest charge is a credit to "Interest Payable" (D) and a
debit to "Owner Equity" (E), represented by the variable Xpp. The
rationale for this net entry is similar toc that for the variable XEC(l)
on page 64, except that the expense is not paid in cash. That is,
"Interest Expense" decreases net profit which in turn results in a
decrease in "Owner Equity", while "Interest Paysble" increases liability,
thus preserving the integrity of the double-entry account system.

Th? sccount matrix illustrated in Table 4 depicts the net accounting

transactions which are caused by the optimal operating policy determined
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on page 62.. In that example problem the profit goal is $57.00 and the
consequential actions resulting from goel under- or overattainment are
incorporated in the model. Using the date illustrated in Table 4 and
Equation [9], the projected end-of-period account balances can be cal-

culated. The relationship
ENDING BALANCE = BEGINNING BALANCE + A [12]

is used to calculate the end-of-period balence for 'an asset account,
recalling from Table 5 that 4; > O signals an increase in an asset
account balance and Ay < O signals a decrease in an asset account bal-

ance over the period. The relationship
ENDING BALANCE = BEGINNING BALANCE - Ay

is used to calculate the end-of-period balance for a liability or net
worth account, :ec&lling from Table 4 that Ay > O signals a decrease
and Ay < 0 signals an increase in & liability or net worth account bal-
ance over the period.

As an example, we use Equation [9] to calculate the change in the

cash account balance over Period 1. Thus:

8 8
An= £ Xns - I X,
c c
g1 4 4 10

L40.00 - 48.00

-8.00
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on substituting A, = 8.00 into Equation [12],

(ENDING BALANCE)CASH 20.00 + (-8.00)

12.00

In the same manner, the end-of-period balances for the other asset

sccounts are found. The results are:

Accounts Receivable = $96.00
Inventory = $0.00

Plant and Equipment = $26.50

Using Equation [9], the change in the Loans Payable account balance

over Pericd 1 is calculated as

8 8
%, ™ JEEXLJ‘_ (oL
= 0.0 - 10.00
- 10,00

Substituting AL = -10.00 into Equation [13],

(ENDING BALANCE);nay pavapre = 10-00 = (-10.00)

20.00

In the same manner, the end-of-period belances for the remaining

1liability and net worth accounts are found. They are:

Interest Payable = $1.00
Bonds Payeble = $30.00

Owner Equity = $83.50
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Table 6 is the projected end-of-period Balance Sheet for the firm
besed on the assumption that the optimel policy derived from the goal

programming solution is implemented.

TABLE 6

BALANCE SHEET, END OF PERIOD I

Assets Liabilities and Net Worth
Cash $ 12.00 Interest Expense Payable $ 1.00
Aécounts Receivable 96.00 Bank Loans 20.00
Inventory -0 - Long Term Bonds Payable 30.00
Plant & Equipment © 26.50 Stockholder's Equity 83.50
$13%4.50 $13L.50

One should realize from the foregoing that the formulation of the
goal programmingrmodel in terms of financial variables not only yields
optimal operating policies (in terms of goals) for the firm, but also
provides the basis for estimating the effect of those policies on the
financial position of the firm at a future date. Since actual operating
policies will directly affect the transactions to be recorded in the
books of account, it is desirable to estimate the.effect of these policies
in advance. Projected balance sheets are the means of estimating the
net effects of operating policies, and it has been demonstrated that bal-
ance sheets can be obtained easily from the matrix of accounts and the
optimal values of operating variables obteined from the goal programming

solution.
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An obvious extension of the method would be, therefore to incorpor-
ate the matrix of accounts and a balance sheet calculating routine, along
with the goal programming solution routine, into a computer program so
that the output would provide not only the goal programming problem
solution, but also the projected balance sheet(s) resulting from the sol=-
ution. Such a procedure would give management both the "means" (operating
policies), and the "end" (projected balance sheets).

Further, by making incremental changes in the values of the inputs
(goals), the analyst thus could develop several optimal alternate opera-
ting policies - in effect, providing a gsensitivity analysis on goal
values - thus providing management with an enlarged set of alternate
actions, together with the projected consequences (in the balance sheet)

of these proposed action.



FOOTNOTES

lSimplex iterations are shown in Figure 10, Appendix A.
2 - + _

_2x1+3x2+*r - Y =60

2(12) + 3(8) + 0 = 12 = 60

therefore, 2(12) + 3(8) = L8

SWhether or not the end-of-period cash balance of $12.00 is reason-
able or adequate is not at issue here. It is to be recognized, of
course, that cash balances in reality fluctuate from period to period,
and that the absolute level to be maintained at the end of a given
period is not only a function of prior levels of cash usage and genera-
tion, but also of future cash needs and potential generation. In reality,
the right-hand side goal value in & cash balance goal formulation pro-
bebly is not a constant, as assumed here, but rather a function of the
firm's production and operating levels, which can and do change from
period to period. For simplicity, however, we assume the goal value
to be a constant which has a priori been determined by management to

be satisfactory.

hxl

XRC(K) = 2.0;
X, = ch(B) / 2 = 36.0/2 = 18.0

!



CHAPTER 3
SUMMARY

In this thesis the goal programming method is investigated as an
econonic model of the firm. The process of managing at all levels of
the firm requires a continual definition and sﬁbdivisibn of goals and
objectives that in turn give direction to the detailéd activities of
the firm. For the firm to be successfu;, it is necessary that the attain-
ment of the_subgoals formulated for each operating seg@ent of the firm
contribute to the accomplishment of the overall objective of the firm.
Therefore, the method used to model the firm should possess a format
which is capablé of incorporating multiple goals aﬁd subgoals in an
ordered hierarchy. The model should also be caﬁéble of selectivelj
optim151ng the goals and subgoals of the firm. 7 |

The formats of traditional linear programmlng models provide for
the optimization of one overriding goal, formulated as the objective
function; end reguire that all goals other than the superordinste goal
be formulated as environmental constraints. The constraints act as
absolute bounds to the optimization procedure.

The goal programming format, on the other hand, is capable of incor-
porating quantified multiple management goals which can be subjectively
weighted to signify the relative importance of each goal in the hierarchy

of management desires. Using linear programming computational techniques,

T2
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the goal programming method optimizes the allocation of resources so
es to obtain the most gatisfactory soluticn ielative to the hierarchy
of goals established by management. |

Why should mansgement entertain a "satisficing" behavior when the
possibility of a global optimum allocation of resources may be possible?
" The answer to this question comes from considering the nature and charac-
teristics of the firm itself. The firm is a complex organization of
ﬁhat might be described as "men, money, machines, material, and methods."
When management undertakes the formulstion of an Qveréll operating policy
for the firm, the total integration of these components of the firm
should be considere@. Management must be able réalistically to project
levels of performance for each operating period and éegment of the fifm
which are aftainable {or believed to be attainable) &elative to the pre-
sent mode of opération end standards of performance of the flrm. Even
if a global opﬁimal operating policy could be found for the firm, this
does not mean that the steps to attain that optimum can be implemented
and thejrésult achieved in the immediate period, or even in a few fore-
seeable pericds im the future. A change in policy may require movement
Eggggg.thé new objectiva over‘several operating périods before this
change becomes an operationﬁl reality. Management gives direction to
the firm through the establishment of a realistic hierarchy of goﬁls
and thus the method used to model the firm should develop operating
policies which are consistent with these realistic objectives. Herein
lies therapplicability and superiority of goal programming as a model
of the firm. | | |

The goal proéramming method will obtein a satisfactory solution

to the optimal allocation of resources even though the goals established
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by managemenf are incompatible. It will elso signal goal incompatibility.
These results ere accomplished by the hierarchical weighting of the devia-
tion varisbles which compose the objective function, so that the computa-
tional procedure will attempt to minimize these deviations logically in
an ordered sequence. The goal programming-solution obtained for the
incompatible goal situation may require the underattainment of particular
subgoals but the goals that are underattained will be those which have

a lower "status" in the hierarchy of management desires. From the view=
point of the firm as a whole, the solution to this incompatible multiple
goal problem will indicate an optimal allocation of resources so that

the major oblectives of the firm are attained. Because multiple goals
must ﬁe formulated as inviolable environmental constraints, trgditional
linear programﬁing models cannot resolve the.conflict of incompatible
constrainﬁs through selective satisfaction of paiticular environmeﬁtal
constraints at the expense of violating other constraints and retain
feasibility in the-solution. The incompatible goal prograﬁming formula=-
tion can be extended to yield a solution that not only depicts the amount
thet particularrgoals are under- or overattained but the consequences of
such gosal unattainment also.

The goal progfamming formulation can be easily adapted to incorporate
data from the books of account. When the variables in the goal program-
ming model are defined in terms of_financial units, the solution values
for the operating varisbles can be used directly to construet a projected
balance sheet of the firm. This provides the financial effect of the
operating variﬁhles. Given both an opersting poliéy and the results of

that policy, management possesses better knowledge on which to base



75

decisions that will, more probably, lead to successful operation of the

firm in the direction of the goals specified by it.




APPENDIX A

SIMPLEX ITERATIONS TO ILLUSTRATIVE EXAMPLES

T6



Min Z = 2Xl + 3X2

First Tableau

2 3 0 0 0 0

X, X, 8 S, S3|v 6
0 5, |1/2 14 1 0 0 8 32
0 s |1 1 o 1 o |{=20 20

Second Tablesau

2 3 0 0 o 0
X, X, 8 8 S| » 8
© s, |38 o 1 0o -1/8 o/2 | 12
0 Ss |[1/2] o0 0 1 -1/2 || 6 |12
3 X f1/2 1 0 o 1/2 |j1b | 28
z' {1/2 o 0 0 -3/2A#'u2

Optimal Tablesu

2 3 0 0 0 0

X Xy Sl Sp 84 b @
o s; 1o o 1 =34 1/ o
2 X | 1 0 0 2 -1 |12
3 X | o0 1 0 -1 1 8
z' 0 0 0 -1 -1 48

Figure 7. Simplex Iterations to the "Optimal
Mix" Linear Programming Problem
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First Tableau

Z= 2Xl + 3X2

0 0 1 0 0 0 1 0

X X5 Y+ s, 85 S4 ' b 0
5, | 1/2 1/4 0 1 0 0 ¢ 8 32
So | 1 1 0 0 1 0 0 20 20
83 | 1 (2] 0 0 0 1 0 28 1k
Y| 2 3 -1 0 0 0 1 60 20
Z' | =2 -3 2 0 0 0 0 60

Second Tableau

0 0 1 0 0 0 1 0

X, X Y 5 s 8 ¥ |o»v 0
5, | 3/8 0 0 1 0 -1/8 0 9/2 12
S, ([1/2]1 o 0 0 1 -l/2 0 6 12
X | 1/2 1 0 0 0 1/2 0 1L 28
y- | 1/2 0 -1 0 0 -3/2 1 18 36
7' |-1/2 0 2 0 0 3/2 0 18

Optimal Tableau

Xy Xy ¥t 8, S, 83 Y- b 0
5, | O 0 0 28 -3/b 1/h 0 0
X | 1 0 0 0 2 -1 o I 12
X | 0 1 0 o -1 1 0 8
-| o 0 -1 0 -1 -1 i 12
22| o o 2 0 1 1 o || 12
Figure 8. Simplex Method Solution to the "Optimal Mix" Goel

Programming I'roblem
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Two Phase Method

Phase I : Min Z, = A

First Tebleau

79

o 0 0 0 0 0 0 0 1 0
+ -
X1 X5 Y Sy, 8, S Y~ Sy Ag b <]
8 {1/2 /v o 0 1 0 0 0 0 8 | 32
S i 1 0 0 0 1 ) 0 0 20 20
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| 15
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Figure 9. Solution to Expanded Goal Programming Problem with
' & Profit Goal of $45.00




Phase II : Min Z, = Y™ + Y
First Tableau
0 0 i 0 0 0 1 0 0
+ -
x, X, Y 5 8§ 8 ¥ & " S
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s, {13 o o 1/3 o 1 0 0 |10 | 30
Y 0 0 -1 1 0 0 1 0 15 15
85 -1/3 0 o [2/3] o0 0 0 i 8 12
X, | 2/3 1 0 =1/3 0 0 0 0 10 |-30
71 0 0 2 = 0 0 0 0 15
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Figure 9. "Continued"
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Optimal Tableau
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Figure 9. "Continued"
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First Tableau
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Figure 10. Solution to Expanded Goal Programming Problem with a

Profit Goal of $60.00



Phase II ;
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Figure 10.

"Continued"
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Optimal Tableau
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Figure 10. "Continued"
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Figure 11. "Continued"
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This thesis summarizes some of the developments of other investi-
gators in the method of "Goal Programming". 1In addition, the prior work
reported herein has been extended briefly to include a new concept called
"eonsequential action".

Goal programming is a method of optimally allocafing resources

"within the firm when the firm has an ordered, weighted hierarchy of goals.
A simple economic conceptualization of the firm is used to illustrate the
application of goal programming when the firm is aséumed to have both
compatible and incompatible multiple goals or objectives. Using this same
concept, an example was formulated to demonstrate the integration of the
goal programming method and the accounting system of the firm.

The goal programming solution to the incompatible goal problem re-
quires that the exact attainment of particular subgoals be sacrificed
so that major goels can be met. The goal programming method also was
extended from prior work to define a new concept, that of "consequential
action". A consequential action is en action that the firm must undertake
as a result of failure to attain a particular goal. An example of a con-
sequential action is the forced borrowing of funds if a cash balance goal

is underattained. This concept is formulated quantitatively and exemplified.



