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CHAPTER 1
INTRODUCTION

The determination either of the temperature distribution or of
the subsequent mechanical responses exposed to the action of heat source
in solids has been paid considerable attention both in research and
engineering [1,2]. Research on this topic and the development of appropriate
methods of analysis are some of the most interesting areas of current
technical activity, not only in connection with nuclear reactors, but
also in fields such as those of welding, metél cutting, metallurgical

processes, high-speed flight, power plant design and so forth.

Apparently, the theory of heat flow due to a heat source originated
in connection with arc welding, Rosenthal, P. [4] in 1935 was the
first to apply the exact theory of heat flow due to a heat source to arc
welding, by using the experimentally established principle of a quasi-
stationary state [3,5]. A particular case of the genéral solution was
treated independently by Boulton and Lance Martin [3,6] in 1936. Bruce [7]
applied the method of instantaneous sources to another particular case of
welding and, in 1941, Mahla_[&] extended this method to a three dimensional
case. More recently, More complete investigations of thermal stresses in
an infinite cylinder due to steady-state or transient temperature variation
have since been made by a number of authors [9.10,11,12,13,14,15,16,17].
In reviewing the literature, attention was centered on the case of
témperature variation and thermal stress in rods resulting in many efforts

which have been made by different investigators [18,19,20,21,22].



In the present research, a simple problem of thermal stress
and displacement in a thin finite rod has been considered. The heat
gource is instantaneously generated over a finite portion of the rod,
one end of the rod is fixed with the other free, and both ends are kept
at zero temperature. This researsh is of intrinsic interest itself
because the rod problem reprents the simplest of all engineering

-~

structures,

The problem is approached from the standpoint of classical linear,
uncoupled, ther@oelastic theory. The analysis is composed of two
distinct problem; i.e., heat conduction neglecting the mechanical
coupling effect and elasticity regarding the imertia effect. Furthermore,
the material is assumed to be homogeneous and isotropic with respect to
both its thermal and mechanical responses, and its physical properties

are independent of temperature.

At first, this research is concerned with.the derivation of the
temperature distribution field, Assuming the temperature gradients in the
cross section of the rod to be negligible and also that heat losses through
the surface to the sorroundings medium is not considered, one obtains one
uncoupled heat conduction equation, The partial differential equation is
gsolved for the finite long rod by the technique of Laplace transformation
method. A " long-time" solution {23] is obtained. Associated with the
given temperature variation, an elementary thermoelastic theory was applied
to derive the goﬁerning differential equations under the thermal load.

Laplace transformation has been found convenient for the solution of this

problem. In addition, the effect of this temperature induced the thermal



deformation and the propagating stress wave in the rod will be studied

by using the finite difference approximation methods.



CHAPTER 2

TEMPERATURE DISTRIBUTION IN A THIN ROD INDUCED

BY A LINE HEAT SOURCE

2.1 Derivation of the Heat Conduction Equation

The coordinate system to be considered is described in Fig. 1.

AN

o

Fig. 1 Coordinate system

For analysis of the above described thin rod, the linear,

uncoupléd heat conduction theory will be used subjected to the

following assumptions:

1.

2.

Any conversion of mechanical energy into heat is neglected.

The material is assummed to be homogeneous and isotropic
with respect to its thermal response , and all physical

properties are regarded to be independent of temperature.

The temperature gradient in the cross section of the rod



is neglected and also the loss through the surface to the

sorrounding medium is not considered in the present investigation.

Under these assumptions the energy balance equation for an element

of the rod leads to the Fourier Heat Conduction Equation [24].

327 _ 1 3T _ _ qx,t) (1)
3x? o] ax k

where q(x,t) is the heat generation, For a point impulsive heat

gource at zero time

a(x,t) = qps(t)8(x—=x ) (2)

and for an instantaneous line heat source at zero time

q(x,t) = qgd(e){H{x-xp)-H(x-x1)} (3)

where o is the thermal diffusivity, k is the thermal conductivity,
q,1s the quantity of heat generated by the heat source per unit time and
volume, t is the time variable, x is the position variable, H(x) is the
Heaviside step fumction and 8(t) is the well-known Dirac's Delta functionm.

Equation (1) and equation (3 ) constitute the equations of heat

conduction to be solved in the present investigation.



2.2 Method of solution

The equation of heat conduction for an isotropic rod of finite
length due to a point impulsive heat source at zero time is first
solved by using the Laplace transformation method. With the aid of
integration with respect to the space coordinate, the solution for a thin

rod of finite length due to a constant instantaneous line heat source

can be obtained.

2.2.1 Solution of Heat Conduction Equation for a point impulsive heat

source

Consider a thin rod of finite length as shown in Fig. 2,

/ggggantaneOUS line heat source

I
|
i/

—— X

AN

X0

X1

Fig. 2 An instantaneous heat source distributed
on the thin rod



The rod is instantiy heated oy a point heat source at x'.

Immediately remove the point heat source and let the rod cool naturally,

The differential equation governing the heat conduction in

this investigation as derived in sectiomn 2.1 is

32T 1 _

" T 1 3(t)s8 (x-x") (4)

k

where x<x'<x . Introduction of dimensionless quantities £ = x/L,

™= at/L2 , 8= T/Ty, reduces equation (4) to

320 3¢ _ _ gno .
s = T §(1)é(g-¢")
= =~ Qod(1)8(£-E") (5)
where Q)= qgpa/kT;, £' = x'/L and T is a reference temperature.

For the rod with a finite length L, the boundary conditions
and initial conditions must be provided in order to describe the
problem completely. In the present investigation we suppose that the

system is at rest initially, Thus the initial conditions are

T=20 for 0 < x <L att=20 (6 )

8 =0 for 0 <g£<1 att1=20 (7))



Prescribed temperature at both ends are

T=20 for x=0, L (8)
or g =20 : for £=0,1 (9

Taking the Laplace transform of equation (5) and introducing the

initial conditicon, i.e., Eq.(7 ), we obtain

d20

; - 80 = - Qpd(E-£") (10)
dg

with the boundary condition

8(0,s) = 6(1,s) = 0 (11)
where the notation
0(g,s) = L{0(g,1)} = ﬂ? e %Toe,7)dr

is introduced and E(g.s) is referred to as the Laplace transform of
0(g,s) with respect to t. As a solution of Eq. (10) satisfying Eq. (11),
we assume

0(&,s) =n§1 A sin(anE) {19)

where An is independent of £. We also assume

8(¢-g") = I, B_ sin(ntf) (13)

Since the set of functions sin(n7g) is orthogonal over (0,1),

both sides of equation (13) are multiplied by sin(nvf) and integrated



to obtain

Bri %l §(£-£")sin(nnE)

= 2 sin(nng') (14)

whe_re n = 1,2’3’£‘_,5||-.-|o.--.- s® e @
and also
sin(nn&')sin (nwg) (15)

s(g-£") = 2 £

where n = 1,2,3,4,5 streeerenecces

Hence, substituting equation (12) and equation (15) into equation (10),

we have

2 Qy sin(n7s")

n
s + n2n2

Wheren=1,2’3,4’5 e s e s o0 s Be w8 OO

and

éin(nn&')sin(nri) (16)

18

8(g,s) = 2 Qq

n=1

s + nzrz

By inversion, the temperature distribution for an impulsive point heat

source is
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n272

o(g,1) = 2 Qonzl sin(n7£")sin(arL) e R (17)

2,2.2 Solution of Heat Conduction Equation for a thin rod of finite

length due to an instantaneous line heat source

For an instantaneous line heat source distributed over £g<g£'<g

we integrate the preceding result of equation (17) with respect to &'

between the limits ' = £3, £ = £, and get
€1 & —n2q2¢
e(g,t) = 1 [2 Qp I, sin(n7E) e sin(nrg')] dg'
g n=1
_ @ sin(n=&) . -n2n2t
= 2 angl —HE;—-——~—[cos(nﬂ;0) - cos(nr&y)] e (18)

Equation (18) is the solution for temperature variation in

terms of nondimensional quantities.



11

2.3 Evaluation of analytical solution of temperature wvariation
2.3.1 Evaluation of an infinite series

Since the temperature variation 0(£,7) is expressed in terms of
exponential and trigonometric functions, the numerical calculation

and convergence of the infinite series must be studied. For convenience,

let us repeat equation (18)

% . e
0(E,1) = ZQOngl _Eigéﬂzél_ e T [cos(nnEy)-cos(nmg;) ]

sin(nn&) e-nzv

2
1 ar T[c:os'[mnig)-cos(zm:l)] 9)

e =]
sum = ¥
n=

From the properties of trigonometric functions, the absolute values
of sin(nwf) and cos(nm&g)-cos(nnEy) should be less than or equal to 1 and
2 respectively, i.e., fsin(nni)! < 1 and |cos(nﬂ£0)—cos(nﬂ£1)|_i 2
Therefore, equation (19) can be expressed as

‘1127\'2"['
e

n=1 nmT @0)

18

sum < 2

Upon examining the above equation, the right hand side of the
inquality converges very rapidly if 1 is very large, but, obviously,

it is inconvenient for calculations pertaining to small times.

22
Expanding the exponential function e nereT in series form, we
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find that

-n2n2¢ 1
e

1+ (22 )+ (0272 1) 2 /214l a2 ) 4 Fereennennann

From the above equation, we obtain

2.9 1
-neTéT € ————
e 2.2 (21)
Inequalities given by equation 20) and equation @€1) can be

combined in the following form

sum < 2 ni b 22)

Therefore, the series sum and the temperature variation 0(£,t) are
convergent, as can be easily proved by combining equation (20) and (22)

and applying a comparison test [25].

For the purpose of computation, some particular values, 1.e.,
£=0.5, £g = 1.0, £; = 1.1 were substituted in equation (18).
Table (1 ) reveals that the larger the value 1, the less terms one

needs to calculate of the series for a required convergent value.



time =
T = 0,000546

1.00 sec.

time =

v = 0.002728

5.00 sec.

10.00sec.
T = 0.005457

time =

13

time = 50.00 sec.
T = 0,027284

25 |

- 0a463740E-01
-GC.697310E-C2
-0«6971485¥F-02

- ~0.372004E-01
CalU9819£-C1
0.109773E-C1

L De236770E-C1
-C.110178E-C1
-0.110120E~-C1
- =0.11G247E-01
UeB82 71 30E~-C2

0. 825616E-C2

_ Oe313885E-C2
—0.488289E-C2
-Ca437B77E~-C2
.. -Da.18B98551E-C3
0a.226229€=02
De2206012F-C2
=0 B0B4 73E-C3
-0.80893BFE-C3
-C.B0H092E-C3
_Da.493160E-03
Ce211947L-C3
C.211731E-C3

| __ —Ca.162350E~-03
-Ca 360825E~-C4%
—(.360621E-C4
0.21U0533E-C4%
0e3T71366E-05
Oe 37T1366E-C5

J - 0.122185E-C4

-0.144T79E-05
-0.1479410E-C5
.=Ca917515E-CS
Ca1957337E-05
0.15A955E-05

1 Ca351350E-C5

=0.7916C0E-CE
-0.7BIL00E-C6E
- =0.T792929E-06
0. 3725C7E-ChA
U.3171586E-Ct

~ 0.18792C05E-06
=0.246520E-07
=0.284014c-C7
0.5012237€E-C7
0.744581 E-07
Ce T440T4E-CTY
0.542989E-C17
0.542687E-07

0.4538236£-01
=0a3957T11E-07
- Ca3556C8c-C2
~Ge2497481E-C1
(ta314627TE-02
0.314445E=-C2
C.T501 34E-C2
—U.1139396E-02
-G.119235E=-G2
-Ce L194L3E-C2
0.231327E-C3
Ce231073E-03
Ca?5264TE-04
~0.216552E-C4
—0.216272E-C4
-0.121557E-05
C.28367T7E~-(S
O.288275E-C"
Cel53643E-05
D0.15759BF-05
Ue 1536C4E-CS
0.163477E-C5
0.1631>5€E-05
0.163155E-05
s 1631C1E-CE
* 0.163107¢t-C9
U.163107E-05
- Ga1631CT7E-CS
0.1631C7E-CS
0.163107E-05

Ce441759E-C1
Us2345€3E-C3
0.235468E-03
-0.136R31E-01L
0.657653C-C2
0.697002E-013
Cel18215%5E-02
Ca263T6TE-L3
C.269881E-C3
0.26378B1E-03
0.324593€E~-03
Ce324533E-C3
C.3231&6E-C13
C.322566E-03
Ce322585E-C3
C.3225E6E-C3
* 0,3225883E-03
0.322588E-0%
- C.32258BE-C3
C.322538E-C3
0.322588E-03

Ce 3061 31E=-CL
0.17U531€E-01
G.170532€E-01
Calb66CsTE-CL
x Dalbha7550-C1
0.leb6Ta5E-01
O.166T35E-01
U 166755E-C1
U.16AT755E-CL

* denoting a required

convergent value

Table 1 1 influences the convergence of the series
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2.3.2 Numerical example and result

For numerical calculations a finite rod of span length L = 1.5
ft., made of copper, has been assumed. The temperature has been
calculated at points along the longitudinal axis, with k-= 224.0
Btu/hr-ft°F, o = 558.0 Ib/ft3, Ce = 0.091 Btu/Ib°F, a = 4.42 ft?/hr,

and E = 1.872 x 10° Lbf/ft2.

The numerical calculations of the dimensionless quantities
shown in equation (18) were carried out using an IBM 370/158 computer

at the Computing Center of Kansas State University.

The results were found by summing terms for evaluation;
for instance n = 26, at £ = 0.5, T = 0.002728, gave very good convergence.
Throughout the computations, 'the dimensionless quantity Qg has been taken
as .019731, this choice was assumed so that a unit quantity of heat is
introduced.

Part of the numerical values of the dimensionless temperature
have been illustrated in Fig. (3 ), Fig. (4), table (2) and table (3).
Thus table (2) and Fig.(3) show the variation of the dimensionless
temperature v.s, the dimensionless space variable £ along the longitudinal
axis of the rod as a line heat source is induced between £35 = 0.133 and
£1 = 0.120, while table (3) and Fig. (4) illustrate the temperature
distribution as a line heat source is induced between £; = 0,667 and £; =

0.733 at various instants after the thermal shock.



CHAPTER 3

THERMAL STRESS AND DEFORMATION DUE TO THE GIVEN TEMPERATURE
VARIATION

3.1 Derivation of Governing Differential Equation of thermoelasticity

for a thin rod

We shall confine ourselves to an elastic, isotropic homogeneous
thin rod , with respect to both its mechanical and thermal properties,
and assume that plane cross sections remain plane, and that only axial
stress is present, being uniformly distributed over the cross section.
let u = u(x,t) be the longitudinal component of the displacement at a
point x and at any time t. As in the linear theory of elasticity the
strain-displacement relation can be derived directly from purely

geometrical considerations.

For small displacements, the strain e(x,t) at any point x and
at any time t is connected with the displacement vector by the relation

e(x,t) = *%ﬁiziEl (23)

If only a one dimensional problem is considered, then o(y,t) and a(z,t)

can be neglected, i.e., 0(y,t) = o(z,t) =0

For the present investigation, only thermal loading is considered.
If we use the assumptions of section 2.1 and further assume that there is
no coupling of the temperature and strain fields, i.e., no mechanical
energy due to the strain is converted into heat, the governing equations

of thermoelasticity for an isotropic homogeneous thin rod are derived.

15



Since the thermal expansion contributes to part of the direct
strain, the temperature will appear explicitly in the stress-strain

relation, which now has the form

ol(x,t) = E[e(x,t)-Ce T(x,t)] (24)

with E denoting Young's modulus, Ce denoting the coefficient of
linear thermal expansion and o(x,t) denoting the stress at a point

and at time t.

When there exist sudden changes of temperature in this rod,
the influence of inertia can not be neglected; we have then to

investigate the equations of motion.

The basic differential equations governing the extensional

motion of a thin, homogeneous rod are the equation of motiom [23].

~2
= () (25)
at

and the equation of compatibility

324 3u
= 26
dXot Jtdx (= )

Substitution of equations (23) and (24) into equation (25) to
eliminate o leads to the displacement equation, where p is the ‘density

of the material of the rod.

16



17

32u _ 1  3%u

ax2 V2 32

+ Ce(%:—-) @7

where V = (E/;::)l/2 is the wvelocity of elastic wave propagation.

Successive substitutions from equation (23) into equation (24) and

from equation (26) into equation (25) to eliminate u lead to the stress

equation.
2 2 2
3x2 v2 32 a2
3.2 Solution of the thermal stress and deformation

We suppose that the system was initially at rest and in the stress

free state thus the initial conditions are

U 0 for 0 <x <L, t=20 (29)
o o _ 0
at for 0 < x <L, t=0 (30)

Since one end of the rod is kept fixed and the other free and there are

no tractions on the lateral surface, the boundary conditions are

u=20 at x =0 (31)
—?—E—IO at x = L (32)
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Introducing dimensionless quantities &= -E—, U= - o-= —I—,
: L L, To
T = JEE—, displacement equation (27) becomes
12 :
2 A2 12 A
oY =& i P (33)
3g2  v2L2 ¢ B
with
U(g,0) = ﬁ%gﬁéigl_ -0 (34)

Taking the Laplace transformation of equation (33) and using equation

(34), we obtain

dzﬁ a2 SE 32

) (35)

where E(E,s) = ém e_STU(E,t)dr is the Laplace transformation of U(Z,t)

with respect to T.

Differentiating equation (22) with respect to { and substituting

in the above equation we rewrite the equation as

27 2 e
a“u_ o <27
deg? v212
- 2. iQgte Ty T, -E2B0OTE) . v bt hemonlunkil] (36)

sy =

il
s + n°rw-



with the boundary conditions

U=0 at £ =0 37)
du o
KA sEp=d (38)

General solution of equation (36) is

- - » W1(s)
U(E,s) = (.‘,lel{"z(s)E + Coe b2(s)E _ IL— cos(nTE) (39)
T
where
Y1(s) = -2 Uolein [cos(nnig)=cos(nrg;)] (40)
s + nzﬂz
= 98 :
v2(s) = =g (41)

Solution of equation (39) satisfying equation (37) and (38) is

219

—_ _ 1 @y 733 e g U ~v28
U(g,s) = | L———1 e+ | Cwrrra o
s nr24¢5 1+ e2%2 n?1n2ﬂ2+¢%
_nzl*———kl———cos(nni)
1'12772'*"«[’%
= 2 i =21_¢L'""‘] msies)
1+e°7 n2r24y3 T nZn24¢3
h(1-£) s, = i = v
= cos 1% 1 - [ —1 ] cos(nwE)
COSh(QJZ) n=1 n2ﬂ2+{p§ n=1 n2ﬂ2+¢%
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Substituting Lq. (40) and Eq. (41) into the above equation,

we obtain
= _ _Cosh[(1-£)as/VL] <« 2QqCeT:[Cos(nnfy)-Cos(n=Ey)]
UE8) = = ehTas/vL) & > 2
oshia 0=l (s+n2n2) (a2n24a2s2/V212)
_ ¥ 2QpCeTy[Cos(n7Ey)-Cos (uT£;) JCos (nE) .
Letting
5 a
17 ¥o
Ay = A;(1-8)
Ag = 2QqCeT (43)
A
)\L,, = nzwz
M
and rearranging Eq.(43) we obtain the simple form as
- © Cosh(};s)[Cos(n7£y)-Cos(nrE;)]
ULE,s) = lifﬁlcgzhgxizi‘ Osfn o) —Cop (51
! (s2+xy) (s+n?72)
-, [cos(nmfq) - cos(uni;)lcos(n7L)
3 n=1 (44)

(s%+1y) (s+n?7?)
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Inversion
L 1
(sZ41y) (stn?7?)
(.-’_ P 'n(r’? T) "nszZT
_ _ Cos(v¥iy1) pomesindAeT) e
irten, UML) GG e
a2
_ Bsin(Vi,1-¢) | _ e nre - (45)
nlr i Ay ntnt+ kg
Where
Bcos(¢) = n2ﬁ2/fXL, Esin(¢) = 1, ¢ = tanul(/il/nznz)
Also
L-l[ Cosh{i~s)
s2Coshi(A;s)
= m= gl S. = H i
-1 ghmélsm[(zﬂ 1)#£/2]1Sin[ (2m-1)r1/2)] (46)
72 (2m-1)2
And
o 2
gk | -]
(Sz+lg)(8+néﬂz)
- 2.2 — ol w2
= () [eos (V3 ) = Pmsin (V1,0 I+ (2T——)e ™ T
nitrlen, A nin4a,
W R ol -n?n2
= —4— [sin(VRy1-8)] (L) T (47)

(n*r%+a,,) nn4a,



Hence, by the application of Eq, (46) and Eq. (47) and the

convolution theorem of the Laplace transform [26], we obtain

(e, )
- C h Ma 1
L lfcﬁzhﬁ;\lig > 7
(s 4Ay) (s+n 7 %)
ﬂL'l[Cosh(lqs)__ 52
szcosh(}\ls) (sz-i-)\,*) (S+’n2?2)
2 2
in (V3.0 L_b M en
/T [—AQBSIR(vahArﬁ) L a'rte %
4 nh""q“l'_'\q ntf,ﬂ,l}_'_)\q
o« 2;1" ';Tf ( o T -
X {(r-n) - 81 5 Sin[(2m-1)n£/2]Sin[ @u-l)x (z-n) /201],
2 m=l (2m—1)2

where n is a dummy variable

After integrating Eq. (48) from zero to t we obtain

X(EsT)
8 —
= e ﬂr;-* { - Tn%——[sin(v”;\h'f—@‘*ﬁiﬂ#'] + tcos(¢)}
babgn, vy
2.2 2,2
4 _nom : - 1 [1-e nZx T]} _

22
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8n'm'hy ¢ Sin[(2m-1)75/2] X
(n" n“+Aq)u m=1 {n v“+[(2n-l)v/2‘1] }1/2(2m~l)

. - - -n2n? -1 2m-1
X [(21; DT a7 3Ll 4 e™ 7 Tstnfltan” CZ—T— )1}
by 2Xxinn
ST ¢ sin[@m-l)nz/2]
(n 1Tt’+14)1' m=1 (2m-1)2

x {S1n(Xy1-4) + Sin[: +(2m—l) /201
n+(2m-1)/2 -

_ sin¢/xyT-0) + Sin[¢-(m-L)r t/20 )y
n-{2m—1)/2

Therefore , the inverse transform of Eq, (44) is the solution

of the displacement equation , i.e.,

o 2.2
—A3 n‘E‘l -1 —1ig Sin(r"Tz+ -3} + e—n A T} X
" 4 L b :
n'TT o+ Ay
X [cos(nrZg)-cos(nm5y)] cos(nm&) (50

Where ¥ (£ ,7) is shown in Eq. (49) rearranging Eq. (30) to combine

the summation of single and double forms we obtain

23
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u(g,)

l -nzﬂz‘r
[BSin (Vi T-t)+e }[1-Cos(nmE) ] [Cos(nnEg)- Cos(nmE;)] _
1 A N
nmiHAy

::Asnz

B e
B2 =L a2 (i) (u-1)2ntn [ 2me1) /20,1212

-Aa

- T = - B - L
% (stn[BBDTT _ppn 1 20y 4 o™ Tggn fran T (22 )
2)\1 2A]_'ﬂ2‘ﬂ’ Zklnzﬂ'
AT <

ﬂa(n“ﬂq+A4)(2m—l)2

X sin(/fqr—¢)+sin[¢+(2m~l)ﬁT/2l1] _ Sin(JTLE-¢)+sinlb—(Zm-l)vr/2l1]}} X
n+ (2m-1)/2 n - 2m-1)/2 :

X ein{(2m-1)7&/2)][cos(nmig)-cos(nrmg)] (51)

From equation (51) it is evident that gg =0 for £ = 1. Also,

it can be shown that U(0,t) = 0 and u{s,0) = ngéigl =0, for 0 < £ <1
T = = L ]

Thus the solution satisfies the boundary and initial conditions. The

normal stress can be easily verified from equation (18), equation (24)

and equation (51) to be

ag(£,1)

—_—

E
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2.2

As b { nn[Ssin(fiqT—$) +e T T] _ 2QQCeTQe- T} X
= n=1 n""lr“ + ;\4 nTI'.Xa
X { sin(ang)[cos(nnig)-cos(nrfyr]} -
i £23L;2E£ Zn~1 )]+e—n2r2Tsin[tan -1 2m-1 —————)
a3 5§ (Bt C i G g I
: Belmsl nz(n“r“+lq)(Zm—l)z{n”ﬂ“+[(2m—l)2/2l1]}lfg

sin(YAyt-8)+sin{¢s+(2m-1)mt/2)1] _ sin(ViL-¢)+sin4-Qm-1)71/2),

_aagals { n + (mtl)/2 n - (n-1)/3
w3 (a*ray) Co-1)2

X {_EZE:llE_ c

3 os[SgE%llEE][cos(nﬂag)—cos(nﬁil)]} (52)

By equation (52), ¢ = 0 at £ = 1. Hence the condition of end £ =

being stress-free is satisfied. From the expression of U and o, it is evident

that both U and ¢ remain bounded as 7 + « which is expected.
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3.3 Examining the convergence of the analytical solutions

of thermal étress and deformation.

An examination of solution of the displacement and stress obtained
in section 3.2 shows that all solutions are expressed in the forms of
combinations of single and double infinite series, Therefore, a study of
the convergence of the single and double infinite series becomes necessary.
For instance, the expression of the displacement solution is

= o«
X v

Im=1

[Fl(u,m) _F3(n,m)

G1(n,0) _ 3
Fz (n,m) Fy (n,m)

n=1 Gz (n,0) n

8
r~

U(g,t) =

where G;(n,0), G2(n,0), F1(n,m), Fz(n,m), Fa(n,m) and Fy(n,m) are

polynomials in the variable m and n and

— —n2721 _
G1(n,0) = A3z[Bsin(Viy1-9)+e ][1-cos(nm&) ] [cos(amEp)-cos(nm8;)]
Gz2(n,0) = n“w“+kq
22
_ L (2m-1)=1 -12m-1 -n°TT -1.2m-1
Fi(m,m) = 8xzAin 7 {SM[T -ta.n—zi‘lzzgl] + e sin[tan (mﬁ

X sin[ (2m-1)7£/2][cos(n7&g)—cos (nm&1)]
1/2
Fo(a,m) = 72 @ % Ay) @m-1)2 in*r%+ [ (2m-1)7/221 )

sin(v"}_A;T-—i-)-i»sin{‘H'(Zm-l)”ﬁ: /2)41
F3(n,m) = 43y2 %8¢ n + Qm-1)/2 = -

sin(V2,1=¢)+sin[¢-Q2m-D) 7t /2371, .- :
& e =y }sin((2m=-1)7g/2] X

X [cos(nmEgy)-cos(nnE;)]

Fu(n,m) = 73(n"n"+1,) (2m-1)2
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Since the degrees of G;(n,0), Fi(n,m) and F3(n,m) are lower

® Gy(n,0)

than that of G;(n,0), F2(n,m) and Fy(n,m) respectively, series Llcz(n 3

= o B (njn) s = FPalhgn)

ef1nfl T (a,m) and n=1mel Fq(n m) 2Te convergent, as can be easily

proved by applying a comparision test [26],

Examing the solution of stress, we can express the equation (52)

as the following form

g

6(52—() — = G1|(ﬂ20) = C.E' Fl'(‘n m) Fa'(n;!m) _ 6 -
T E —,nEIG;_(n,O) n=1m=1 le(n,m) Fu.(n,m) 1= CeTp8(E,1)

where G,'(n,0), F3'(n,m) and F3'(n,m) are the derivatives of Gi(n,0),
Fi(n,m) and Fz(n,m) with respect to the independent variable, respectively.

apbgd

Gi'(n,0) = AzlBsin(Vh,T-8)te "1lcos(anEg)-cos(nmE;) ] [nmsin(nrE) ]

- - - e B
F1'(n,m) = 8x3in’r" 151n[(%§%12‘ta ;§§m~i)] e " Tsin[tan l(%ﬁI%?f)]}x
X [cos(nvfg)-cos(n7£y) ][ (2m-1)75/2]cos[(2m-1)7E/2]
F3'(n,m) = AAuklzﬁ{sin(fiuf—¢)+sin[¢+(2m-1)7g/211]

n + (2m-1)/2

Y/-‘_-‘ —h)4gi L n—-1)~~ )
- sin(ViuT ﬁ)nsingimfi?fé) 5/2}‘]}[cos(nrio)-ccs(nnil)] X

X [Q@m-1)7&/2)cos[(2m-1)7E/2]

Comparing the degrees of G;'(n,0), F1'(n,m) and F3'(n,m) to that
of G1(n,0), F1(a,m) and F:(a,m) respectively, we find that the degrees

of G;'(n,0), Fi’(n,m) and F3'(n,m) are greater than that of Gj(n,0)
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@ G1'(n,0)
Fi(n,m) and Fg(n,?). Therefore, the convergence of the series ngiaéfﬁjéj_,
@ @ F'(n,m) ® F3'(n,m)
E ol i0a P L LA han that of the series
nEJ {5t 0 and a=1o= 1T, (n.m) should be slower than at o
@ © = F o 3
z G, (n,0) L f B1(m,m) nd Z  Faln,m respectively. By repeated

n=1G; (n,0) * n=1w=1F; (n,m) n=1r=1Fs (n.m)

-trials of numerical evaluation, even when n and m up to 300, the required

o =]

convergent result of ngl G1'(n,0)/Gz (n,0), nglmgl F1'(n,m)/F2(n,m) and

nElm§1F3'(n,m)/F4(n,m) is not reached, which indicated that the convergence

is very slow.

For our purpose of obtaining the results of thermal stress and
deformation, a finite difference approximate method based on the result
of the given temperature variation is introduced instead of directly
evaluating the analytical solutions of stress and deformation,i.e.,

equation (46) and equation (47) respectively.



CHAPTER 4

SOLUTIONS OF THE DIFFUSION, DISPLACEMENT AND STRESS

WAVE EQUATION BY FINITE-DIFFERENCE METHODS

In the present investigation, finite difference approximations to the
solution of the diffusion equation are so chosen as to give an explicit
computational program for the umknown function. The solution then
proceeds step by step, i.e., it matches in a direction normal to the boundary
along which the initial condition is specified, guided by boundary
conditions along the transverse boundaries of the open region. Then based
on the given temperature field, implict computational programs are used
for solving the displacement equation and stress wave equation. An implicit
finite difference approximation procedure which is unconditionally stable
for the solution of the diffusion equation is also presented. Results
obtained by this method are cémpared with that evaluated analytical

solution and with that obtained by an explicit finite difference method.

4.1 On the solution of the Diffusion Equation

In section 2.1 the liberation of source as just described means that
a quantity of energy is instantaneously liberated at t = 0; this may be
taken to imply that at t = O an instantanous rise of temperature of an
amount aqp/k will take place [23] and therefore an equivalent problem is
considered instead df solving the equation (22), equation (51) and equation

(52) directly [see Appendix I], i.e.,

29
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92T 1 &t
= o e (52)
3x2 Q E
T=0 - for x = 0,L att >0 )
T=20 for x < x5, x > x; at t=20
= aqp/k for xp < x < x at t = 0 (53)
-g—g=0 for0<x<L  att=0

4.1.1 The explicit form of the Diffusion Equation

In order to approximate the solution of equation (52) and equation
(33), a network of grid points is first established through out the region
0 <x< L, 0 < t, with grid spacings 4x, At, In this problem, it is easy
to ensure that grid points lie on the bowundaries of x and t. For any grid
point ( i,j) that does not have i=0, or j=0, The derivatives of equation
(52) are now replaced by the finite-difference forms suggested by using
the second central difference in the x direction and first forward

difference in the t direction.

; = T, . T T .
i,j+1 2dd . wig i+1,3 i,] i-1,3
At (Ax)z (53)

T

Letting r = a&t/(ﬂxz), this may be rewriten as

T Tt , ¥ (l-Zr)Ti + T
]

1,§+1 ° Tfi-1, 3 141, (54)



In Fig, (5 ) the crosses and circles indicate those grid points

involed in the time and space differences respectively.

-1 T Xi+1

Fig.5 the explicit form
It has been established that the calculations will be stable [27] and the
solution of equation (54) will closely approximate that of equation (52)
provided Fhat r < 1/2 ., Furthermore it was proven [27] that the solution
of equation (54) will converge to that of equation (52) as both the time
and space increments At and Ax approch zero assuming that inequality
T 5_1/2 is satisfied. This method has the advantages of being simple and

easy to program.

4.1.2 The implicit form of the Diffusion equation

The stability restrictions inherent in explicit methods require
very small steps in the t direction. Therefore, an implicit method, in
which stability for all r > 0 is ensured, is applied to obtain a solution

to compare with the " long time " analytical solution.

Using the second central difference in the x direction and the

31
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first backward difference ( suggested by Crank and Nicolso [1947]
and Laasonen [1949]) in the t direction at the point (i,j+1), the difference

equation is

T T T e i
or
- + +
(l+2r)Ti.j+l 'ri,j r(Ti+1'j+l Ti-l,j+l) (55)

where r = att/(2x)?2
That is, the above relation exists between the values of T at the four

points shown in the space-time grid of Fig.(6)

Fig. 6 The implicit __l l_
form tj+l

i-1 i i+1

This method is unconditionally stable, However, the use of this
method requires the solution of a large number of simultanecus, linear,
algebraic equations at each time step. Iterative methods are usually

utilized to accomplish this solution.
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4.2 On the solution of the Displacement Equation and Stress Wave Equation

Equation (27) is a hyperbolic partial differential equation.
Following our usual approach, we select a network of points (i,j) with

spacing Ax and At and approximate the governing equation as follows:

- + = +
O I Bt OF Bl S0 PR IS B O Sl Y T 90 £ H
( %)? v (at)?
T, -T
¢ ce —i#L,3 " Ti g
2(Ax)
or 5 . .
- + 2(1- ¥ =
U, g1 = Balyg 3 + 2QRDU, 5+ Rilgyy 5= U4 9m

+BolTie1,4 ~ Taar,g?

where R, = vat/ax, R2 = CeRIAx/Z, This is an explicit recurrence formula.

Basing on this explicit recurrence formula, an improved implicit
method [28] is introduced. The method is carried on an approximate
difference for 532u/3x? at the time steps j-1 and j+1 respectively. Then,

an average recurrence formula between time steps j-1 and j+1 are shown as

_Efg_ -éEiL 5 st [T - 2u +U +
3x2 ot 2a2 11371 T T1,3-1 T Tad g

-2

+
U4 T Y Uy ) -



s e -2U, . +U ) (56)
i,j-1 1,3+1
o? -5 ]
Introducing,
SR P WS e 0%
€ 3x € 2(4x)

equation (27) can be approximated as

2 2

R - 2 + R +
7 Usg 3.1 - R 0 Y054

R2 2 R2
-—l - e +
¥ 2 Ui-l,j+l (1+R1)Ui,j+l ‘Z'IUi ,j+1 2Ui,j

Ry (Tyva,5 = Ti-1,4’ (57)

This is an implicit recurrence formula. Fig. (7 ) is the typical
relaxation pattern for equation (57). The use of this method requires
the solution of a large number of simultaneous, linear, algebraic
equations at each time step. Iterative methods are utilized to accomplish

this solution.

Lo~
=]
i v
e
o

2
R,/2 -(1+RY) j+1

=)
L =]
S
L]
X\J}C
Py o
(5 (S
|
[

-(14R ) R} /2

(.

i+1

Fig. 7 Typical relaxation pattern
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Having established the values of U at any time step, we can apply

the following approximate formula to study the solution of the stress g.

g _ _du
E ax  ceT
U

141, ~ Y11,
2hx i,]
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4.3 Numerical example and results

For numerical calculations, the same example presented in section
2.3.2 is carried out. All the computer runs were performed on the IBM

360 machine.

Part of the numerical results of the temperature, stress and
displacement in the thin rod have been illustrated in Fig. 8 through
10 and table 4 through table 6, Fig. 8 and table 4 show the wvariation
of temperature, which are carried out by explicit and implicit finite
difference methods respectively. The result of the analytical solution
is also compared with the results carried out by finite difference methods
in Fig. 8, Fig, 9 and Fig. 10 show the results for an elastic wave
traveling through a bar in the direction of continuously decreasing
temperature, A typical time and space increments that lead to excellent
result was Ax = 0,05, At = 0.00005., Fig. 10 shows two compression stress
waves traveling in two opposite direction after a thermal shock. The
wéve velocity measured from Fig. 10 is about 1800 ft/sec. Which is very

close to the value (E/p)lfz.



CONCLUSIONS

The mathematical model with its solutions and the popular
finite difference methods for an isotropic finite rod due to an
instantanecus heat source have been studied. Obviously, Laplace
transformation method is convenient for the solution of this
problem, Although this solution is formally exact in that it is able
to satisfy all the boundary and initial conditions as well as the
governing differential eguations, it will give rise to counsiderable
difficulties in the numerical evaluation, for the convergence of
the analytical solution with single and double series forms is very

slow,

For our purpose, the finite difference method with carefully
selected time and space increments has the advantage of investigating
the stress wave pattern in the thin rod after a thermal shock is

‘introduced.

Based on the study of this research, the following research

1s recommended and suggested.

1l. In the present analysis, the edges of the rod are assumed
fo be fixed and freely supported. Analyses involving boundary conditions,
such as clamped and simple edges have not been considered and have been
left open for future investigations.

2. Although the idea of an instantaneous heat source is an

ldealization, experimental approximations are still of value. An

37



application of the laser beam technique has been done successfully
by many investigators [29]. Therefore it is significant to pursue

such techniques so that an experiment which closely approximate the

present problem can be carried out in the near future,

The present analysis is concerned with the isotropic, homogeneous
thin rod. Therefore, the study of the propagation of a stress wave in
a nonhomogeneous thin rod and the effect of temperature gradients
on the propagation of a stress wave due to an instantaneous heat source

provides a new task for future investigation.
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APPENDIX I
AN EQUIVALENT SOLUTION OF TEMPERATURE VARIATION

For the purpose of our numerical work we consider an equivalent
problem to the problem which was presented in section 2.2.2 instead

of solving this problem directly.

The linear partial differential equation is

32T _ 1 3T

sz a 9Jt

subject to the boundary and initial conditions

T =20 at x =0, fort >0

T =20 at x L, for t >0

¥ =“qua {H(x-x0)-H(x-x;)} at t =0, for 0 < x <L

where qp o k are known constants.

Let us note that only the x-direction yields a characteristic
value problem; then, with the proper choice of separation constant,

the product solution T(x,t) = X(x)t(t) gilves
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d2x
dx? + A2x=0; X(0) = x() =0 (A1)
dr T i
= + ax‘t =0 (A2)

The solution of equation (Al) is

= ! } = { . : -
Xh(x) Anpn(x), un(x) 51n(Anx), characteristic functions,

AnL = nm n=1,2,3,"++csscecharacteristic values,

and the solution of equation (A2) is

i 2
T (t) =Ce ok (a3)

Hence the product sclution becomes

@ - 2t ;
T{x,t) =n£l a e 'n 51n(Anx) (A4)

where a = A C
n nn

Finally, introducing the initial condition,.T(x,0) =aqg/k{H

(x-xg)-H(x-x1)}, into equation (A4) gives

61



T(x,0) = aqq/k{H(x-xg)-H(x~x;)}

= ngl a_ sin(lnx) (AS5)

Equation (A5) is the Fourier sine series expansion of T(x,0)

over the interval (0,L). Multiplying both sides of equation (A5) by

sin(lmx) and integrating the result over the interval (0,L), where

sin(} x) is the mth term in the set, we have

L . = T;
g ?(x,O) SLn(kmx)dx = nél a 6 sin(knx)sin(kmx)dx (A6)

where sin(Amx) is the mth term in the set. Using the orthogonality

of the set, we find that all terms in the sum on the right of equation

(A6) are zero except the term corresponding to n = m. Hence we obtain

2 L .
a I é T(x,0)51n(Anx)dx

n

(A7)

20
= kn?ro [cos(}\nxﬂ)-cos(?\nxl)]

Substituting equation (A7) into equation (A4), we have

2aqp @ sin(A x) -ad 2t
T(x,t) =_—_Eﬂﬂn£1 s B e 'n “[eos(A xg)-cos(} x;)]

where kn = nn/L. Hence some solution can be derived in this manner

by this method.
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APPENDIX II

esse THIS PRNOGRAMM USED TO EVALUATE THE ANALYSIS
SOLUTION OF TEMPERATURE VARIATION

SPLesosTHE SPAN LENGTH 0OF ROD (FT}
CINeo o THERMAL CONDUCTIVITY (BTU/HR yFT4F)
CAP...SPECIAL HcZAT COEFFICIENT (BTU/LB.F)
DENS . DENSITY NF THF 20D (IB/CUBIC FT)
ALPHe s THEPMAL DIFFUSIVITY ( SQUARE FT/HR.)
TIMIF. e TIME ENR CONTROLLING THZ

COMPUTATION OF THIS PROGRAM (SECONMD]
Udase HEAT QUATITY DUE T2 A CONSTANT

INSTANTANFOUS HEAT SOURCE (B8TU/CUBIC FT,SEC.)

X09pXlawsPARTIZULAR POINTS,y SETWEEN THAT
A CONSTANT HEAT QUANTITY UO IS INDUCED

Esawe YOUNHS ELASTIC “UDULUS (IBF/SQUARE FT)
COEF..COEFFICIENT JF LINEAR THERMAL
EXPANSIDON

DIMENSION TEMP({16)
10 FORMATIF3a1l+F5alsFS5ea34F5.l4F4a24F4.l4FTal,E9.3,E7.1)
11 FIRMAT{SX, tH= ', 14," THE SOLUTION CaN NOT CONVERGE"',
CYAT EXACT VALJE')
12 FORMAT(//442X, *TEMPERATURE DISTRIBUTION (F)t,// 425X,
C* * THE SECTION LENGTH IS Q.1 FT. 1)
15 FORMAT(1H!)
14 FORMATI(//)
1T FORMAT(2F5.2)

18 FORMAT(25X," = X0 =1,F5.2,"* AND XL =% 3F5,2422X,"'%"7)
22 FDRMAT(ZSX" x XXO=',F?.4y' AND XX];:',FT-‘C&'Z\)X"*"/,
40 FORMAT(LIHI4 10X 4" AT TIME="yFllad,? SECOND ',/ /,
C2(/+10X,8F12.0))
MM=15%

READ (5410) SPL4CON,CAP,DENS ALPH,TIMEF,UQ,E,COEF
WRITE(6,15)
WRITE(6,1%)
WRITE(6,12)

eeseA UNIT HEAT QUANTITY IS INTRODUCED

Uo=uo/uo

eessCHANGE TIME UNIT (HOUR) T3 TIME UNIT (SECOND)
CON=CON/3600.0

ALPH=ALPH/3600.0

PI=3.1415295

QO=UO0=ALPH/CIN

eseo KDUMYA USED FOR CONTROLLING THE READ CARD



e NaNel

a0

KDUMY A=1

4500 CONTINUF
READ(S,1L7) xJsX1
WRITE(6,18) XJ,X1
XX0=X3/5PL
XX1=X1/5PL
EPI=1.0E'!.2
WRITE(6,22) XX0,XX1
TIME=1.0

2000 CONTINUE
TD=ALPH=TIME/[ SPL=®=%2)
X=0.0
MK=1

3000 CONTINUE
XX=X/SPL

ee se SUMMING THE TERMS

SUM=0.0
N=1
51=0.0
200 CONTINUE
PIN=N=PI
PINZ=PIN==2
COSN=CDOS[PIMN=XX0)-CUS{PIN=XX1)
SUM=STN(PIN=XX)/PINEXP(=P IN2=TD)=COSN+SUM

eee«eCOMPAFE THE RESULTS OF SUMMING TERMS (FIVE TERMS)

IF {N«GT.1) 50 TO 110
S1=5U™
N=N+1
GO TO 200

110 IFIN.GT.2) GO TO 210
52=SUM
N=N+1
GO TO 200

210 1IF(N.GT.3) 30 T3 300
S3=SUM
N=N+1
GO TO 200

300 IF{N.GT.4) GJ TOQ 400
S4=SUM
N=N+1
GO TO 230

400 IF{N.GT.5) GO TO 500
S$5=SUM
N=N+1
GO T0 200

500 CONTIMNUE
Dl =ABS(52~-S51)
D2=ABS(53-51]



800

1000

T80
790

4000

810

(aNaNal

4600

D3=ABS(54-51)

D4=ABS(55-51)

S1=52

$2 =53

§3=54

S4=S55

§5=5UM

TFIID1aLELEPT) e ANDo{ D2 LELEP]] JAND. (D3 LELEPI) LAND,
CID4.LE.EPT)}} GU TO 1000

IF{N.EQ.122) GO TO 830

N=N+1

GD TQ 200

WRITELG6,11) N

GO TO 810

CONTINUE

IF{MK.EQ.MM) GO TO 78D

GO TQ 790

S1=0.0

CONTINUE

TEMP{MK)=2.0%]0*ABS{S1)

X=X+0.1

MK=MK+1

IF(MK-MM] 3000,3000,4000

CONTINUE

WRITE(6440) TIMEZ(TEMP(KK]) yKK=1,MM}

TIME=TIME+2,D

IF{TIHME-TIMEF) 2000,2003,313

CONT INUE

WRITE(6,151}

KDUMYA=KDUMYA+1

eeao USING L TO CONTRNOL READ CARD

L=3

IF(KDUMYA-L]} 4500,+4500,4600
CONTINUE

WRITE{6,15)

sToe

END
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SAMPLE DATA IS AS FOLL WS

SPLeessled
CONewee224.0
CAPe.e.0.071
DENS«ess+553.0
ALPH oo o o4 o2
TIMEF.aaallad
UQeees35U0ddeD

Eeeoal 8725 29
COEFaaae9a3E-26
XO--.-O.?; XL..-.O.}
XO0sawaledy Xleaealal
XOooealeTyr Aleaeaiel
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OO0 OO [aEaNaNeNe Nal aNal

[aNaNel

laNaNe]

10

15

100

APPENDIX IIT

wees THIS PRNGRAM USED THE [MPLICIT FINITE DIFFERENCC
TO SOLVE THE TEMPERATURE VAR AT IUN

DIMENSION T{31,2),A029,34)

COMMAON/W2 /LA

FOMAT(F5.3,F5.1)

FORMAT (2Xy '"TIME =" 3 FOed e/ 33Ks4{ 8F Gt/ ,3X))

FJQHAT(I/"...'..--ln.-l.n-.--...a.'llnol......tio.ll}

ALPH. . THEPMAL DIFFUSIVITY (SQUARE FT/HR,)
CINee« THEFMAL CONDUCTIVITY [BTU/HR,FT,F])

READ(5,10]1 ALPH,CON
NN=31

NN1 =NN-1

NN Z2=NN=2

ALPH=ALPH/ 3500
CON=CON/3622
DTAU=10,05

TIMEF=3,0

DX=0.052
R=ALPHENT AU/ (DX=DX)

esse e AN UNIT HEAT QUANTIFY BEZ INTRODUCEDesesas

Q0=1.0
TO=ALPH/CON=Q0D
TAU=0.0

asase SET AND PRINT INITIAL TEMPCRATURES.cesns

DO 103 I=1,31

T(I41)=0.0

T(15,1)=TD

Til6,1)=T)

T(17,1)=Tu

WRITE(6,15)

WRITE(G&,12) TAUG(T(I gL) y1=14MN)

eseeeSET POUNDARY VALUES eeaees
Til,1)=0.0 .
TINNs11=0.0

T{1,2)=0,0

TINN,2)=0.0

seensnEFNEM CALCULATIOUS OVER SUCFESSIVE TIML STEPSeess
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OO0

aNeRe

acoo

500 CONTINUE
TAU=TAU+ODT AU

eeoes s COMPUTE NEW TEMPERATURC eeveaas

DO 200 1=1,HMN2
DO 200 J=1,\H1
AlT,J)=20.0
200 CONTIMUT
DI 300 I=1,nN2
AlT 1)=-(1.0%2.072)
IF(I.EQ.1) GO T7 352
IFIILEQaNNZ)Y 5J TO 360
A(L,1+1)=F
ﬁlI|I—l,=R
AT NMNL)=-T(I+1,1)
GO TO 300
350 A(I,1+1)=F
A(LyNNL)I==T(I+1,41}
GC TO 300
360 AlI,1-1)=Rr
A(T¢NNL}==T({TI+1,1)
300 CUNTIMUE
CALL GAUS2 ([NN2)
DO 320 I=1.NN2
TII+1,2)=41T,4N1)
320 CONTIMUE

eees o PRINT TEMPERATURES WHEN APPRIAPRIATCaesess

WREITE(6,15])
HRITE(b,lZ) TLU,(T(I,Z).I=1.NN)

eese e CHANGE NEW TEMPERATURES TO OLD TEMPERATURES AND STIRE

DO 400 I=2,20

T, 1}=TL1,2)
400 CONTINUE

IF(TAU-TIMEF) 500,4500,060
600 STOP

END

SUBRAOUTINE Gaus2 (N)
DIMENSION A(29,30)
COMMNOMSAZ2S A
Nl=N+1
DO 200 J=1,N
DIv=A1Jd+J)
$=1.0/D1V
DN 201 K=J,.N1

201 A(JsKI=ALJ4K])FS
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203

204
202
239

DN 292 1=1,1
IFtI-u) 2
T

Ald=-a(T

1

J

2124223

'
3.2
}

DO 204 K=J,%1
A‘I'K!=An{1!7(]*'1[.’»"\(-.'!’(,

CONT INUE
COoNT ITNOT
RETHRN
END

SAMPLE DATA

ALPHs e o4 %2
CONeweo22442

[S AS FILLOWS
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aNeaNeleNeNel

OO0 OO0

70

APPENDIX IV

ceeae THIS PRIAGEAM USED TH= FINITE DIFFERENCE METHINS
TD  SOLVE THERMIEZLASTICITY PRUSLZM

eseea UNIT HEAT QUANTY 0OF HEAT IS INTRODUCED

DIMENSION TI2142),DISPLI3Ly3) s STRESSI3L,3) 4RISHT(29),
CLEFT{29) 4 R (29)
CIAMHDNLZLS T
CAMMONS T2/ DISPL
COMMNN/Z4/ STRESS
COMMON/ZS/ DSPLXWTIMED X XL
COMMON/ZES DENS,E, ALPH
COMMONSZT/COEF
CIMMINLZIR/LEFT
COMMNN/ZQ /S 2 IGHT
COMMIN/ZL1Y/ ZR2INR
10 FURMAT I 34 1lsF9aloF5.3,F5.1sF4.2sF4al yFTalyE9a3s=Tal)
17 FORMAT(2FS5.2)
30 FORMATIE1HL,25X,' TEMPCRATURE (F)  STRAIN AMND STRESS
CIPST) Akt GIVE I AT SPACING JF'.F1d.0," FT AAAT N, /)
40 FORMATILHO,' AT TIME= *,Fll.6," SECOND ',/ ,5X%,
C!'TEMPERATURE 3/ 9 24X+ 3F10.29 /) ya Xy TF15.3)
42 FORMAT(LX 4" DISPLEMENT 3/ 43 (4X33515.9,/ )94X4s7TELA.9)
29 FJR‘4&T(/""'..I....l‘.ll.Il.lIl‘.lCl....l..l.l..‘l.']

50 FORMAT{6X,"STRESS! 3/ 43 (4X,3E1549,4/)44%,7E16.9)

CONe o« THEPHMAL CONDUCTIVITY (3TU/HR 4 FT,4F)
SPL.eoTHE S2AN LENGTH OF ROD (FT)
CAP,.,..S9cCIAL HEAT (BTU/IRB,F)
DENSL.DENSITY OF THE 200 (IBJCUBIC FT)
ALPH, sTHERMAL JIFFUSIVITY (SQUARE FT/HR.)
TIMEFaeaTIMz FD2 CONTROLLING THE "
COMPUTATION OF THIS PHIGRAM (SECOND)
UDeoe HTAT QUATITY DUE TO & CINSTANT
INSTANT ANTIUS (BTU/CU3IC FT,SEC.)

XO09X1lsawPARTICULAR PDINTS, B3ETWEEN THAT
A CONSTANT HEAT QUANTITY D3 IS INWDUCED

Eeee YOUMHS ELASTIC ™MJDULYUS (IBF/S2UARC FT)
COEF.« .CNZFFICTIENT OF LINZAR THZRMAL

EXPANST ON (FT/FTyF)

READ (5,100 S2L,CONLCAPDTNSsALPH,,TIMIF,UD,F4CI=F
NUM3=3]

NM1=MNUMI-]

NM2=NUMR =2

Ua=ua/ud



A0

OO

CUN=CON/ 350940
ALPH=ALPH/35])0.3
DTIMF=0.,00205
DSPLX=0U.030
XX=0.J50 .
READ(S,17) XJ, X1
TIME=).D

K=1

K<=1

X=3.0
F=UO*ALPH/CON

PROZLEM WAS FEPLACED)

DO 52 I=1,NUM3
T{Is1)=0.2
62 CONTINUE
T(15,1)=F
T{15,1)=F
T(17,1)=F
DO 100 I=L1,"MUMR
DISPLUI,K)=D.0
STRESS(IyX}=2.2
100 CINTTMUE

SET BUNDARY VYALUES

T(1.,3

DISPLIL,1

DISPLIL1,2

DISPL{L1,3)

WRITE (6,43}

WRITE(6,23)

WEITE (H440) TIMEL(T(I4K)yI=1,NU42}

WRITE(6y442) (OISPLIL K)yI=1,yNUMy)

WRITEL6450) [STRESSIT 4K 3I=1,NUMT)
932 CONTINUE

K=K+1

K<=£<£+1

TIME=TIME+DT [ ME

CALL TEMP (NUMA LK, DT I4F)

CALL QISP (DTIMF,DEPLX K MUMA)

CALL ELAST (KyNJUMI,L,COEF,F,DSPLX)

IF{KKGTL 2} G2 FO 250

WRITE(6,29)

WRITE (6440) TIMEZ(TAH(I2)1=14NUMS)



OO0

oo

259

269

289

271

270

290

399

109

I

Yo l= 114
2141

WPITF(64,42) (DISPLLT '
1 s5HUAR)

v’
WRITE(b,52) (STRESSI(I
WRITE[6,27)
GO TN 260
CONTINUE
WRITE [6440) TIMF,(T(1,3),1=1,NUMY)
WRITE(6qy42) (DISPL{T,30, =1, NUM3)
WHTITE(6,53) (STRESS(I,3) 40=1,4U4%)
WRITE(6,273)
CONT I HUE
IFI(<=2) 272,273,+280
CINTINUE
DO 271 [=1,1UMB
TiI,1)=T(1,2)
T(1:2)1=T([,2)
DISPLIT,11=0ISPL{I,2)
DISPLIT42)=215PL(1,3)
STRESS(I,41)=53TPESS(1,2)
STRESSII+2)=DISPL(IL,3)
CONT INUE
K=2
CONTINUE
IF{KK=53) 252,291,322
CONTINUS
GN T 999
CONT I NJE
sTORP
END

2
)

1

eeseas!ISINSG EXPLICIT METHOD T SOLVE TEMPERATURE

SUBRAOUTINE TEMP (KM, K4DTIME)
DIMENSTUN TI(31,3)4A029,30)
coMMONZZLY T

COMMON/ZSY NSPLXSTIMEI X X1
CUMMON/Z6/ DCEMS, Ey ALPH
NM1=NM=-1

T(1,K)=2.2

TINMyK)I=0.0
B=ALPH*DTIME/{DSPLX=0SPLX)
DO 100 I=2,441
TlIsKI=3=T(I=14K=1)+(1ad=2,08)}=T(I,K=114B=T(TI+1,<-1}
CONT INUE

RET JRN

END

eseesUSING TMPRIOVED IMPLITIT METHOD T3 SOLVE JISPLACZMENT

SUBRPOUTINE DISP (DTIME 0SPLAyX )
DIMINSION A(30,31)4315PL(3143),T(21,3)
COMMON/ZILS T

COMMNN/Z 2/ DISPL
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COMMNN/ZE/S DENSE ALPH
CoOMMOMN/ZZT/CIEF
COMMON/W2 /A
ML=M-]
M2=M-2
VELO=SQRRTI(E/OENS)
RATU=VELO=DTIHME/DSPLX
ERATO=RATN%.2
RA=(1+RRATO}
COR=CUEF=DSPLX*RRATI
DO 100 I=1,41
DI 102 J=1,M1
AlT,J)=0.0
100 COHTIMUE
IF(K=2) 300,300,200
300 CUNTINUF
DO 800 I=1,M1
All,1)==2.0%R7A
IF{I.EQeL) GO TI 502
IF(I.EQ.ML) 30 TD 550
A{I,I+1)=FRATD
AlI,I-1)=FRATN
CALT MY =C0R={T(I+2,K=1)-T(1,K=1))/2.0-2.0%DISPLII+1l,K-1}
GO TO 700
502 CONTINUE
A{I,1+1)=RRATD
AlT4M)=COR/2,0TI1I+24K=1)=-2.9=DISPL(I+1,%-1)}
GO TD 700
553 CONT 1NUE
A(IL[=-1)=PRATI=2,0
Al T4yM)==COR=T(],K-1)=2.0=DISPLII+1+K=-1)
T0d CONT INUE
800 CONTINUE
GO TO 810
200 CUNTINuF
DO 840 I=1,"1
AlIyT)==1.0=04
IF(I.EQ.1) G2 TN 535
IF{I.ED. ML) 3N TD 515
AlT,1+1)=8AT2/2.0
Al I-1)=RRATO/2.0
ALT M) =CORSTITI+24K=1)=T{I4K=111/240-2.0%¥DISPLII+],K=1}
C—IRRATO/2.0=DISPLIT,K-2)-2A=DISPL{ [+1+K=-2)
CHRRATO/2.0=DISPL{T+2,4K=-21))
GO T2 710
505 CUNTIMNUE
AlT,1+1)=rRRATN/2.0
ALT MY=CORE({TII+#24K=-1)=-T{I,XK-1))/2.0-
CUO-RA=DISPLULI#+] ,K-2)+RATD/2.I=DISPL{I+2,K-21))
C-2.0=DISPLII+1,X-1)
G) T 714
515 A(I,I-1)=RRATN



Al oM)==CN T T,K=-1)-(RFEATM :DISPLLI4K=-2)-FA*DISPL({I+1,
CK=2))1-2.0"DI5PL{I+1,K-1)
T1) CoMT INUE
840 CNNTIMUE
813 CONTINUE )
CALL GAaus2 (41)
DD 9900 I=1,41
900 DISPLII+#1,X)1=A(T1,M)
RETURN
END
SUBROUT INF ELAST (KyNUMB,ZUCF,E,DSPLX)
DIMENSINYN T(31,43),DI5PL(31,3)y STRESS(31,3)
CaMMAN/SZLL T
COMAONSZ2/ OISPL
COMMON/Z4/ STRESS
IF(<-2) 103,173,300
103 CONTINUE
DD 150 I=1,HUMB
IF(laF0Qal) GO T 190
IF(T.CQ.NUH4A) G T2 2G3
STRESSII+2)=(DISPLII+L,42)-DISPLII=-142))/12.0%0S5PLX)
C=CNEF*T(1,2)
GO T9 152
190 STRESS(I,2)=DISPLI{I+1,2)/0SPLA-CO=F=T(1,2)
Ga TDO 152
200 STRZSS(L[42)==COZF=T(1,42)
153 CCNTINUF
GO TN 500
300 CONTINU=E
DO 3199 [=1,AUMB
IF(I.EQ.1) 33 70 312
IF(1 QUMY GO TO 329
STRESSII+3)=(DISPLII+L,43)=DISPLII-143))}/(2.0%DSPLX)
C=COEF=T(I,3)
GG TD 390
310 STRESS(I,3)=DISPL(I+1,3)/DSPLX-COEF=-T(I1,3)
GO TO 392
320 STPESS(I43)=-COEF*T(1,3)
390 COMTINUFE
509 CONTINUE
RET RN
END
SURRGCUTINE GAUS2 (N)
DIMENSINY  A(30,431)
COMMIN/W2/ A
Nl=MN+1
D2 200 J=1.,M4
DIvV=4a(J,J]
S=1.2/D1V
DO 201 K=J,N1
201 A(J K}=AL1J,K) S
N3 202 1=1,N
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NN 234 K=J,11

AT K)=a(l 1 +A]1J7AT0JyK)
COoNTIHUE

CONT INUE

RETJRYN

EMND

SAMPLE DATA IS AS FILLOWS

S5PLuwasl o5
CONeeea?24.2
CAPaeasDe091
DENSeaeae558,0
ALPHaweata42
TIMEF . .eWallad
UDesoae35300e3
Eeeeal372E 073
COEFaaaa9.3E-06
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This research presents an analytical and numerical solution for
the transient temperature and the associated thermal stress and
deformation which arise in an istropic thin rod of finite length
due to an instantaneous heat source distributed over a finite portion
of the rod. The problem is approached from the standpoint of classical
linear, uncoupled, thermoelastic theory. The material of the rod
is assumed to be homogeneous and isotropic with respect to both its
thermal and mechanical response, and its physical properties to be

independent of temperature,

Assuming the temperature gradients in the cross section of the rod
to be negligible, and also that heat loses through the surface to the
sorroundings medium is not considered, The diffusion equation is solved

" solution

by the technique of Laplace transformation, A " long-time
for the simple boundary conditions ( zero temperature bouwndary ) is
obtained. Associated with the given temperature variation, an elementary
thermoelastic theory was applied to derive the governing differential
equations under the thermal load. For the fixed end and free end boundary
conditions, the Laplace transformation method leads directly to to the
solutions in terms of a double infinite series. For the poor convergence
of the double infinite series, it gives rise to considerable difficulties
in the numerical evaluation. For this research, the finite difference

approximate method with carefully selected time and space increments has

the advantage of investigate the stress wave and deformation patterns



in the thin rod . A graphical presentation is made of predicted

temperature distributions, stress and deformation.





