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CHAPTER I
INTRODUCTION

Concern for the health and comfoft of the faétqry worker by union
and government officials and by management has stimulated a growing interest
in the air conditioning of factoriles. In recent years designers of dndustrial
alr conditioning systemsrhave taken advantage of thermal stratification, and
significant savings have been achieved by cooling only the lower, occupied
levels of spaces with high cellings (1-4)%,

The warmer air near concentrated heat sources such as lights or
michinery teuds te rise to the celling due to its buoyancy. Thus, part of
the internal heat generated is removed from the ailr conditioned space, Also,
a large part of the usual roof load does not enter the lower level since it
is blocked by warmer air near the ceiling. This causes the air near the
celling to be formed into horizontul layers having different temperatures,
Such an arrangement is called a stratified layer,

A lack of deéign information about stratification in high ceiling
plants sometimes leads to poor agreement between the calculated and actual
air conditioning load (4). Also, designers disagree about the effects of
alr belng exhausted through the stratified layer. Dralle (3) favors venti-
lation of upper levels while Dean (1) thinks the air above the lower

conditioned level should be kept as motionless as possible. The required

#Number in parenthesis desipgnate references in the List of References.



helght for stratification to occur and the possible advantages of increased
ceiling height have not been examined. A method to predict the air circula-
tion in a stratified layer due to internal loads, ventilatlon systems and
the time dependent boundary condition at the roof 1s deaired. The purpose
‘of_this work 1s to provide an adgquate theoretical ana}ysis of the problem
and obtain some needed design information. The investigation ié restiicted
by congidering the light fixtures as the only internal sources which affect
the stratification process.

The phenomenon of thermal stratification is not limited to the present
situation. For example, the yearly variation in solar heating of lakes
creates a time dependent vertical temperature distribution. Also, the
stratification of cryogenic flulds in supply tanks is important when these
filulds are used as rocket propellants.

In the present iuvestigation a physical wodel of a typilcal section
in the widdle of a factory was considered. With the ald of previous analytical
and laboratory studies of stratification and natural convection the energy
equations were wriltten. The time dependent boundary condition and the
simultaneous modes of heat transfer complicate the problem and prevent an
exact soulutlon of the equations. The appropriate implicit finite difference
equations were written and solved by Gauss-Jordan elimination. A Fortran
computer program was written and a numerical solution for the daily cycle
was obtained.

Actual data taken from a factory with an air conditioning system
designed for thermal stratification provided a verification of the solution.
By varying parareters in the model of a number of interesting solutions
were obtained which finclude the effects of exhausting ventilatioﬁ alr through

the stratified layer and the result with increased ceiling heipght,



CHAPTER II
PREVIOUS INVESTIGATIONS

Significant reductions in the required air.coﬁditioning capacity of
factories due to thermal stratification have been reported by Déan (2},
Dralle (3) and Olivieri (4). Data including the transient airrco;ditioning
load from an operating day at a plant in Kansad City, Missouri was obtained
by Dean (2). The case study provided‘by Dean was compared.to the numerical
solution of this study.

Most of the previous theoretical work concerning stratification
phenomena concentrated on very speciflc conditions, which is typical of the
avallable solutions regarding any matural convection problem. Stratification
occurences have been studied in seversl different applications, including
the natural happenings in the atmosphere and large bodies of water. Despite
the lack of theoretical work concerning stratificatien in high celling plants,
the following references provided some insighe,

A theory of turbulent natural convection from maintained and insgtan-
taneous sources wag presented by Morton, Taylor and Turner (5). Solutions
in both uniform and linearly stratified envirconments were obtained. The
plumes of hot air rising from small sources were treated as conlcal in shape
as observed in experiments. The rate of entrainment of surrounding fluid at
any helight was assumed to be proportional to a characteristle velocity at
that helght., Results of previcus and new experiments were compared with

the theory which showed good agreement. .An application of the theory to the



atmosphere was made.

Baines and Turner (6) considered turbulent plumes in a bounded reglon
where interaction between the buoyant elemente and the environment exists, A
steady~state solution produces a stably stratified environment with the
density profile fixed in shape. In addition to the entrainment assumption of
Morton et al (5), they reparded the rising elements as spreading out at the '
top of the region and becoming part of the environmént at that level,
Laboratory experiments verify the results c¢f the theory. In‘th&-pregﬁnt-
study a plume of hot alr rising from eath light fixture was assumed to be
of this form.

The various conditions, including stratified environments, under which
solutlons for buovant elements from maintained and instantanecus sources have
been obtained were reviewed by Turner (7).

An analytical and experimental study eof natural couvection in
cylindrical cecordinates was presented by Barakat and Clark (8). Interest in
thermal stratification in liquid propellant tanks where the container walls
are heated motivated the work. The governing equations were solved numerically
and thelr method offers some guidance in the numerical solution of non-linear
partial differential equations.

Winter and Schoenhals (9) alsoc investigated stratification of a
contained fluld subject to transient heat convection frdm the ccantainer sides.
As in the present study, a stratified layer which forms at the top of the
contalner is fed by rising hot air. An analytiecal solution based on an
approximate integral method wse obtained. Also, results of several experiments
concerning the behavior of the stratification process were presented and

possible methods to prevent it were cbtained.



Like the roof of a factory, a large body of witer receives periﬂdic.
solar heating. 4n analytical method for the predictien of the time dependent
vertical temperaturerdistribution in a deep lake was presented by Dake and
Harlewan (10). Their theory for the yearly cycle of solar heating and
cooling agreed well with field data. Armaly and Lepper (1l) obtained a
numerical solution for -the dally stratification process in deep bodies of

water by taking into ﬁccount the directional and spectral behavior of the

solar load.



CHAPTER IIT
DETAILED DESCRIPTION OF THE PHYSICAL MODEL

The first step toward siﬁulacing an occurence in nature is the produc-
tion of a qualitative description of the phenomcnon. From the previous inves-
tigations of therﬁal stratification and the physical structure of an industrial
plant, a model thch includes the various mechanisms of heat transfer was
developed. The following discussion of the physical model provides an intro-
duction to the basiclideas of stratification in high ceiling plants.

This investigation was restricted by considering the light fixtureé
as the only internal load which affects therstratification process. The
effects of turbulence in the ccoled space on rising, warmer alr from a concen~
trated source on the floor includes some removal of fluid from the rising
currents by the enviromment. Since the level of turbulence may depend on
numercus conditions within the cooled space, this complication was not
considered in this study. Thus, discrete, large heat sources at the floor
were riot examined and a uniformly distributed source around the floor was
assumed to be part of the alr conditioning load.

In the model the lights separate the alr conditioned space below and
the warmer stratified alr above, as shown in Figure 1. Proper placement of
the supply alr diffusers and the return air Iinlets sufficiently below the
light fixtures eliminates the interference of their air flow with the
stratified layer. In the actual case there exists an air space between the

‘cooled space and the light fixtures but it provides negligible thermal

storage. Since only overall effects of air movements are important the

6
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imaginary boundary defined by the light fixtures provides an adequate approx-
imation. ‘Also, 1t was assumed that sufficlent fluid motion exlists in the
cooled space to provide a constant uniform temperatufe.

The boundary condition at the outslde of the roof varies with time in
a 24 hour cycle. The heat balance at this boundary at any set time includes
solar radiation, radiant heat transfer with the sky and other cutside surround-
ings and convection heat transfer with the outside air. Radiant heat exchange
occurs between the ceiling and the floor and convection heat transfer takes
place between the celling and the top air of the stratified layer. Between

“the floor and the air conditioned space convection exists and conduction
occurs between the floor and the ground. The ground acts as an infinite
heat sink since below a certain depth ite temperature remains unchanged.
The thermal storage of the roof, the roof supporting esteel and the floor is
significant,

Consider a circular region In the niddle of the factory of appropriate
size so that a single light fixturg can supply it with light. Of course in
the actual case the light supplied by different fixtures overlaps and no
such boundaries are absérved. Each light fixture genefates sensible heat
which 1s dissipated by radiation to the floor surface and convectiocn to the
surrounding air, As the neighboring alr becomes heated it rises, since 1ts
density decreases, and it is replaced by new ailr from the alr conditioned
spacé. The rising turbulent plume grows in masa as it eantrains air at its
edge from the non-turbulent environment; Figure 2 shows the fluld motien
within the stratified layer and the arrows indicate the direction of flow,

The heated air continues upward until it reaches the ceilinpg where it spreads

out uniforuly and becomes part of the enwviromment, Previously affected
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layers are continuously pushed downward until they reach the air conditioned
space below.

The upper air of the stratified layer also receives heat by convection
from the ceiling. Consider the case when the ceiling heat flow is sufficient
to raise the neighboring alr temperature higher than the average temperature
of the rising convection currents at that height. The rising plume does not
penctrate this warmer layer which remains stagnant despite the fluld motion
below. The identical effects on the convection currents below c0u¥2_be
created by lowering the celling at a height equal to the thickness of the
stagnant layer. A virtual ceiling at the boundary of the stagnant layer aﬁd
the plume layer is seen by the rising currents and the same type of fluid
motion as described previcusly exists below the stagnant layer.

Sometimes needed ventilation air for the cooled space is exhausted
through the stratified layer and out at the roof. It was assumed that this
does not alter the motion within the plume and the entrainment at any level
remains unchanged. These assumptions follow 1if the exhaust fans are not
placed directly over the rising plumes but they are located above the surrounding
air which is under most of the celling area. WNote that in the previous
situations the same amount of air drawn by the light fixture into the rising
currents must be returned to the air conditioned space through the surrounding
air. Therefore, three possibilities exists for a given ventilation rate
superimposed on the fluid motion of the surrounding air of a given plume. The
upward ventilation velocity may be less than, éQual, or greater than the
undisturbed downward velocity of the surrounding air at the light level.
Figures 3a, b and c show the changed fluid motion corresponding io the three

different cases. Also, a stagnant layer relative to the plume, as described



previously, could exist where the fluid motion within the layer is the

uniform ventilation velocity.

11
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CHAPTER IV
ANALYSIS OF THE STRATIFICATION PROCESS

Cousider a ty#ic&l circular section in the'middle of‘the-factofy where
the total lighting effects on the floor are equivalent to those produced by a .
single light fixture. The time varying boundary conditien at the roof and
the multiple modes ﬁf heat transfer within the plant hinder the derivation
of exact solution. Therefore, the objective of this analysis was to develoP
a mathematical statement of the stratification-process which could be solved
by numerical methods.

The first portion of the analysis involved the steady-state equations
which deséribe the thermal plume phenomena. Thén, the equations representing
replacement of a light fixture with an equivalent virtual source were cbtained.
The derivation of the energy equation for the air surrounding the plume and
the statement of the energy equations for the floor and ceiling with
appropriate boundary conditions follewed. Finally, the heat flow equatiois

including all the different modes of heat transfer within the space were

liasted.

Thermal Plumes
Turbulent plumes of hot air rising from small scurces tend to be
confined within conical regions simllarly to the case of forced jets as
noted by Turnmer (7). An observable boundary between the turbulent buoyant
fluid and the surroundinge has been noted from laboratory expériments. The

turbulent plume grows with distance upward as gome cf the non-turbulent
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external fluld flows into 1it.

Morton et al (5) considered a source of‘buoyancy as a general case
of natural convection. The results may be applied to a source of light liquid
in a heavier liquid with which it is freely misciblc or to the more obvious
case of a source of heat in a fluid.. His results and otheré_have been glven
with density as one of the dependent variables defining the convective motion.

To trancfer density Into terms of temperature the relation

Pg = P
B . A »
o B(Tp Ty) (1)

may be used. (B = 1/T, °R'1, for gases,) The strengfh of a source of
"buoyancy 1g the .total rate of rélease of buoyancy to the nearby fluid relative
to some chosen density. A point scurce 1s usually chosen since it is easiest
to handle mathematically.

Three maiﬁ aésumptioas are common in the discussions of thermal plumes
found in the literature. Filrst, the rate of entrainment at the edge of the
plume is proportional to the mean velocity in the plume at that helght.
Although this 1s done without an understaﬁding of the details of the turbulent
mixing, experimeﬁts have verified tﬁis assumption. Second, the velocity and
the buoyancy profiles are of Caussian form and are equal in width. The pro-
files may be expressed as

w (z,r) = w (z) exp (*rzlbz) (2)

(py (2) = pp (z,r) )

4 (z,r) = & o = A{z) exp (wrzlbz) . (3)
T ’ ' :

The horizontal scale b is characteristic of the normal distribution curve and
does not correspond to the radius of the plume. However, L 2,146b is an

effectlve radius where the velocity and density difference have decreased to
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1% of the axial values, Third, the local density variations of any height are .
small compared to the chosen reference density,

A point source of buoyancy in an enclosed space was considered by
Baines and Turnmer (6), in which changes in the environment occur due to the
source. The process in a cylindrical contalner was treated as shown in-
Figure 4, whe:g again the arrows Indicate the directions of flow. It was
assumed that when the plume fluid reaches the top of the container it spreads
out instantaneously into a thin horizontal layer. After a period of time the
entire fluid in the environment has at some time been in the plume. A stable
. density distribution in the surrcoundings develops with a continuous decreasc
in density at any level.

It was assumed that the area contaiﬁing the plume is a small fraction
of the total area at any level and that the velocities in the plume are much
larger than those in the environment, Under these additional conditions
Baines and Turner (6) wrote the equations of conservation of volume (mass),

momentum and density deficiency (the equivalent of thermal energy) as

P (b"w) 2abw (4)
2 .

d {bw 2

3'5(2 )"b“‘ - (5)
2@ 6

E_(bW),:b%?A?_ . (6)

dz 2 o )

The entrainment constant, ¢, must be determined from experimentation. In the
last term of equation (6) the density gradient of the surroundings is defined

as
A, . Po = Pp ‘
o =g p*““r : {7




Figure 4.

Point Source in A Cylindrical, Confined Region
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My, W,

% b, 32 (8)
Noting that the do#nward mass flow in the surroundings at any level equals the
upward flow in the plume gave

~nRU = i . _ (9)
The fact that the.density changes in the Burrounﬁings are caused only by the-

vertical fluid wmotions was expressed by -

dAo

940 _ . Bho :
U 53 . - (10)

Pt

An exact solution was obtained by Morton et ai {5) of equations. (4), (5)
and (6) for the case of a-uniform environment. This sclution applies only for
the rate of advance of the first front of buoyant fluid of the plume in an
enclosed region. However, the solution was used later in this analysis for
obtaining an approximate virtual source. For boundary conditions it was
assumed that at the point source the radius and the momentum in the plume are
zero, and that the issue of buoyancy is at a known constant rate. The solution

was expressed In terms of powers of z and the constant buoyancy flux as

A xb2uA _
2 2=0 (11)
b(z) = 55;_ oz - (12)
o 1/3 -1/3

w(z) = 5 18 a F z

a';;[ ST ") (13)
a2) -“._5_'__,(,,5_1)1/3 o <413 g 203 ,-513 (143

3n| 18

A brief explanation of the meaning and the units of the buovancy flux

relative to the chosen density may be helpful. By definition



18

F = _flux of buoyancy per second from the source
o :
Or

Putting the corresponding units in place of the quantities in equation (11)

yields

P . (££2) (ft/sec) (ft/sec?) (lbum/ft’)
[o]

lbn/£t>

‘4 (1bm - ft/secz) / sec - fta
1bm/fe3 secd

Dividing both sides of (11) by 8. glves

fg' a(1bn - ft/seczj / seec _ lbf/secc
3 (15)
8¢ 1bm - ft ) 1bn 1bm/ft
1bf - sec2 ~fm3

The numerator of the expression on the right hand side of (15) corresponds to
the buoyancy issued by the source and the denominator represents the chosen
reference density.

A solution for the full set of equations (4), (5), (6), (9) and (10)
was presented by Baines and Turner (6) which is vzlid after a period oﬁ time
has elapsed. The variables were expressed in terms of the nonmdimensionai
parameters y and § defined by

£ ~2zand 1= 4

H “1/3

(%) Yo ¢ . (16)

Consider the following transformations which are corrections to those listed

by Baines and Turner which appear to be in error:

. =2/3 | o
A o P23 o3 B ey -ty - an
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A w %_2/3 Fg/?: o413 y-5/3 £(5) (18)
—_— Tr-1/3 F%” 523 g-1/3 % (E) (19)
b=2¢g Hh (£) | (20)
U = PR AR N T VLR 1T (21)

After defining k = Lh , substitution of (17)--(21) into (4), (5), (6), (9) and

(10) gave
4 . -
i "k (22)
d k%
o dE = h”f . (23)
dun
dg dg (24)
§ = = gh? (25)
af o '
Jo\ar) =1 . (26)
The boundary conditlons applied were
£, =0 at g =1 | (27)

i
j=0, k=0 |, f0 =0 at =90
Baines and Turner obtained a series solution which quickly converges and it

was written as

=3 = 2 = 0.459 /3 _p.0588 (8/3 0.0100 (3 " (28)
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k= th = 0.765 £2/3 —0.157 £5/3 -0.0366 ¢&/3 (29)
£ = - (1L - £) - 30)
£, = £2/3 (3,27 - 0.837 £ -0.062 £%) -2.37 . 3D

Laboratory experiments with plumes in an enclosed reglon verified the
solution and the baslc assumptions used. The time required for the steady-
state solution to be valid is less than a few minutes from the results of
the experiments. | |

The validity of the results obtained with the assumption that the
buoyant elements lnstantaneously spread uniformly acorss the top of the region
is questionable in relatively tall regions. If the inertial force of the
rising plume at the top of the reglon overcomes the restrailning buoyancy force,
a general over;urning motion develops. Balnes and Turner related this limita~
tion of their solution with the ratio H/R. In some simple experiments they
observed that the thickness of the top layer with overturning motion steadily
increased as the ratio H/R was increased. TFor H/R = 1.5 the zone from £ = 0.5
to £ = 1.0 was filled with a non-uniform mixing motion, while the zone below
was stably scratified as described previously. From this and other observations
they concluded that H/R = 1 {8 the largest value for which their solution is

fully valid,

An Equivalent Virtual Source
Since any actual source has a finite dlameter it 1s necessary to deter-
mine the position of a virtual source before using the plume equatioms. In
as much as the shapes of light fixtures are avkward to handle, the actuai

gource and its plume are treated as if they are circular. A typical middle



21

section of a factory where the total lighting effect on the floor is equiva-~
lent to a single light fixture is shown in Figure 5 with the various parameters
used in the analysis, Again, & steady-state problem is considered. Simple
expressiuhs igvelving the outér radius of the section and the mass flow rate

from the cooled space into the plume were written as

: 12
2 hl : : .
Q4. = wRk" ¢ or R =701
1~ hl _ (“%1) | (32)
(1L -F ) :
r1” “hl i} .
3600 = Q7 Fp) Qop = mype, (G, - T, - (33)

The character of a thermal plume scurce depends only on the buoyancy
flux and the vblume flux it provides. In terms of the parameters of the light

fixture these quantities become

Volume flux = mq

pa (31})
Buoyancy flux = ¥al . s - Toal) . (35)
3 T
© Pa aac

The reference temperature or density for the buoyancy {lux was taken to be that
of the air conditioped space. With the assumed Gaussian proflles within the
plume, integration of these quantities cver the plume section was required,

The details of the Integration are included in Appendix A and the results are

Volume Flux = wbzw (36a)
Buoyancy Flux = 1 bzwb_, (36b)
2

Also, integratioﬁ over the horizontal plume section yields
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Figure 5. Typical Middle Section ¢of a Factory VWhere the Lighting Effects
Are Equivalent to a Single Light Fixture. .
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o 3/5
g 0.253 mal fﬂa) . (41)
& 475 1/5
o Fo

Equatlon (41) glves an approximate value for dg in terms of known quantities of
the ectual source and the entralnment constant,

For the case of the plume in a confined region the buoyancy flux is not
constant with hedght, Therefore, the values of both dg and F must be obtained
for an equivalent virtual source. Substituting equations (I8) - (20) into (38)

and (39) produced

m P
'b"é“}” e 4ut3 G8/3 4503 p M3 () 42)
a
P w ol o "ot (s “3)
T B Ty o\ 5 ¥d
a aac 8

Equation (43) implies that the buoyaucy flux decreases linearly as height increases,
which is also apparent after a close inspection of (30), After cubing (42) and

solving (43) for ¥ and combining, it was found that

2 4 T T
b - 1
?,"‘.-.‘L-EL.;L L8 = 8 s a)® 30 -1 = o (44)
(wallpa) S aac
where ¢ = ds . Once the value of 4, which is a root of (44) is known
® F+d .

&

F, can be computed from (43).
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T ) . (37)

b~ Toal = 1/2 (Tm -

Toal

Equating (34) with (36a) and (35) with (30b) gives

al
— vbzw (38)
p

a

m T T
A, b = Toal) . T 2. . (39)
P_. T 2

a aac

Neglecting the density changes with height in the environment an approxi-
mation of the position of the virtual source was obtained from the solution of
the plume equations in a uniform environment, (11) - {14). The use of the
series solution, (17) - (21) and (28) - (31), was clumsy and produced a non-
linear equation whose roots must be determined by a numerical scheme. An
initial estimate of ds 1s provided by the approximation for uniform environment
and is required by any iterative method. Therefore, both equations are needed
and their derivatlons follow.

The buoyancy flux for a plume in uniform surroundings is constant with
height. Comparing (11) wich (39) shows that the value of F, can be computed
if the values of the parameters on the right hand side of (39) are known for
the actual source. An expression for d; was found by solving (38) for w and
equating it with (13). After substitution of (12) in place of b it was found

that

w(d ) = "al =2 (18 .\ p R a "1/3 (40)
& 2 2 .9 6 \ 5u o s ’
m(6/5)" a” d." p

a

Solving (40) for ds and reducing the expression gave
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- 3/5
4 - (0.253 m /pa) . 1)

B 5
a&fS Foll

Equation (41) gives an approximate value for d, in terms of known quantities of
the ectual scurce and the entrainment constant.

For the case of the plume iu-a confined region the buoyancy flux is not
constant with height, Therefcore, the values of bhoth dg; and ¥, must be obtained
for an equivalent virtual source. Substituting equations (18) - (20) into (38)

and (39) produced

-

m
1
Ei_n o 4ﬂ213 u4/3 H5/3 F01/3 ("j) (42)
a
Fos = “al ifgﬁ:"fﬁ§li\ e F {5 (43)
[ B £ T ol s+ d_
a aac 8

Equation (43) implies that the buoyancy flux decreases linearly as height increase
which is also apparent after & clese inspection of (30). After cubing (42) and

solving (43) for ¥ and combining, it was found that

2 4 T, . T
64 a 2g ( = Dal) (S & ds)ﬁ ("J(ES))3 . & 0 (44)
(mallpa) S aac
where £y ¥, ds . Once the value of ds, which is 2 root of (44) is known
s + d '
&

F, can be computed from (43).
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Rejection of Ventilation Air Through the Stratified Layer

Consider the steady-state downward velocity profile of the surrounding
air in the plume layér given by (21) and (28)., Let a stagnant layer be present
between the ceiling and the plume layer. Furthermore, suppose roof ventilation
fans which draw air from the air conditioned space through the stratified layer
are operating. Assuyme that the fans were not placed directly owver the rising
plumes but are located above the surrouanding air which is under most of the
ceiling area. Then, the entrainment rate at any level of the undisturbed plume
is identical with the case of no ventilation and the same enviroumental temper-
ature profile,

Superposition of the uniform upward velocity of the ventilation air
with the original velocity profile given by (21) and (28) in the plume layer
yields

Uy (E) = 3600 (V + U (E) ) (45)

Neglecting the relatively small volume of ailr directly above the rising plume,
the velocity throughout the stagnant layer becomes

U, = 3600 V (46)

sl

Transient Energy Equations
The plume equations for the velocity profile of the surrounding air in
the plume layer, (21), (28) and (45), provide a steady-state solution. However,
the problem considered in this study is of transient nature since the roof load
changes with time. A transient equation of the surrounding air was deai;ed.
which, together with the plume equations, could be solved by nuﬁerical methods,
Also, the transient energy equations for the stagnantrlayer, the roof and the

floor along with appropriate boundary conditions were needed. These equations
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give a concise statement of the problem but the boundary conditions of the
plume layer are awkward. The numerical treatment easily handles the boundary
conditions but 1s much more lengthy.

The vertical coordinate within the factory was taken to be y ; as shown
in Tigure 6, since the coordinate system used in the discussion of the thermal
plumes 1is not convenient. Comparison of Flgures 5 and 6 yields the coordinate
transformation,

z=yac—ds+y (47)

For the derivation of the energy equation of the surrounding air of the
Plume layer, conslder a one dimensional spatial element with dimension d&.

In making an energy balance on this element only the following forms of energy
were assumed significant:

1. Intermal energy of the fluid.

2. Heat transferred by conduction,.

3. Heat transferred by convection,

The various energy rates for making the energy balance are listed in Table 1
and are shown with the spatial element in Figure 7. Making the energy balance

and reduclng yields

aT 921 (U_.T )
1 pl 1°pl
o pL _ - pl p -
84 .t Ky 2 Paa y PataV Tpl
oy 9
. aZTP1 . 5T 1 BUPI 48)
= —rt=~ p C s # P A TR @ 8
o a’a | Pl TGy pL \ay

Sikilarly, a mass balance gives

i) 1
“‘"‘E‘"‘!‘vﬂﬂ

(49)



27
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Vertical Coordinate System for the Middle Section of the Factory.
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TABLE 1

Energy Rates on a Spatial Flement of the Surrounding Adr of the Plume Layer

Form of Energy Rate Symbol Expression
Internal Energy Stored q Y aTP1
. st a“a ""_B'E‘"' dy
T
Conduc tion with : ~ Ky E§R£
surrounding air at y g y
Conduction with 9q:4 Ty 2T
+ pl . 3 _pl
surrounding air at y + dy Ged ay dy - ka 3y ka ?yj“ dy
Convection with
surrounding air at vy L pacaUplTpl
Convection with . a(u_,T )
nl T pl

surrounding air at y + dy dey + E%Eﬁ_dy pata¥p1Tpr + Py “”—%¥“£L—‘dy

y o

Convection from plume
entralinment devp Pve, Ty dy



Figure 7.

9ed d aq
G.q t _ﬁgﬂ y Ay aycv
! |
e q :
% st #
l

cvp T

y + dy

A Spatial Element of the Surrounding Alr in the Plume Layer.
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Substitution of (49) into (48) produces the desired equation as

2T '
EEEE.+ Efﬂl =q, 27pl , L, <y <L . (50)
1 a 2 3
pl oy at 2 3

y anl

Equation (50) coutains a non-linear term, Upl Iy since Upl - Upl ¥ Tpl) s
i.e., the velocity in the surrounding air determined by the plume equations
depends on the temperature distribution within the stratified layer.

Conductlon heat transfer between the plume layer and the air conditioned
space cannot ;eadily be gxpressed as a boundafy condition at y = Ly because the
imaginary boundary in the physical model has no thickuess. The boundary condi-
tion at y = L3 includes the injection of the plume air at its bulk temperature
at that level and conduction between the stagnant layer and plume layer. 1In
the case when no stagnant layer is present convection between the ceiling and
the plume layer is the proper boundary condition. These conditions were not
expressed in equation form here since some are awkward, but they are an
essential part of the numerical solution.

The energy equation and boundary conditions for the stagnant layer

wvere written as

T 3T azT
v, 81 sl 3751 | L ,cy<L (51)
ay
aT T
k, Sslag 2Ly e, : | (52)
2 oy 3y
ol 1

kg —vim =h (T, - Tgy) , y=1L, . (53)
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The celling and the floor were considered as two infinite parallel
planes where the radiation shape factor is unity since all the radiation heat
transfer leaving one plane reaches the other. The radiation heat flow rate

per unlt area was written as

so (a0 -Tha, )

/e, + 1/eg - 1

3
qrad 2

A radiation coefficient was defined for convenience to express the radiation
‘heat transfer in terms of the linear temperature differemce T, (L, , t)

- Tf (Ll s t). Thus,

pgq * By (Tp (L, , ©) = T (L}, t)) (54)
wvhere
@, L0 -T o, ) )
B o= O L 4 £ 'y . (55)
r (L/e, + /eg = 1) (T, Iy ;} =T (L, £))

The boundary condition at the outside of the roof varies with time in a
24 hour cycle and can be expressed by the sol-air temperatures described in the
ASHRAE Handbook of Fundamentals (12). Below the floor the ground receives heat
by conductlon and it was treated as an infinite heat sink gince its temperature
remains unchanged.helow a certain depth. For simplicity here, consider a floor
and roof which are each composed of a homogencus material although multilayer
construction was easily handled in the numerical solution. The one dimensional
transient heat conduction egquation and boundary conditions for the roof énd

floor were written as

s 21
Pl B v Ly <y <y (35)
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3T,
Kp oy =he (T, -Tgp) ¥ =Ly (57)
e T (o) -1 g - L (58)
T ey s ' sat r ' 5
2 . .
OT¢ k" .
— = T - < <
e % T A | Sl
ay
a1,
oy "% Te T . YLy (60)

k--'-m-:—n - T =
£ he (T, - T) + by, (T (L 5 €) - Tp (L), ©) ) +F, q, ,

y=0 (61)

The Heat Flow Rates
Consider a known temperature profile of the factory at time t. The
equatiohs for a horizontal unit area were written describing the heat flow
rates given in Figure 8 where the arrows indicate positive direction, TFrom

the boundary conditlons listed in the previcus section,

Yeoof hy (Tsét (t) ~ Tp (Lg, t)) (62)
Qeegy = Mo (T (L, 8) =Ty @y, £) ) (63)
qr&d = hr (T‘: (L4 » t) = Tf (Ll y t) ) ¢ (54)

‘qflin = hg (T (Ll » B - Tac) . , (64)



v
Roof i Qrst
l qceil
Stratified dest
Layer
.;?sb -i—
' qacb
Air Conditioned Space i
Qac1
T 9f1in
‘ |
Floor Ufge
l qflout

Figure 8. Direction of Hea; Flows.
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quOut » Cg (Tf o, t) - Tg) . (65)7

Energy balances on the floor and the roof gave

q = q - (66) .

ret Toof - qCEil = Arad

Ulge = 9rad ~ Ulin "~ YUloue T Frl %1 - (67)

The heat flow rates due to the fluid motion of the plume and the venti-
lation air remain to be listed. The total ventilation heat load on the air
conditioning system is the sum of the sensible heat gain corresponding to the
change of dry-bulb temperature for the given alr flow and the latent heat gain
corresﬁondiug to a change of humidity ratic. The two cases with or without
exhausting ventilation alr through the stratified layer were considered seps-
rately. For the case without rejection of ventilation air through the strati-

fied layer the heat flow rates were written as

9gb = = Pa Unlte) €5 (T ~ Tpy (L, £) ) | Bl

Qaeb ™ ~ Pa UnlEg) ca (Tpy (Ly , t) = Taed + 60 p, Q, ¢, (T (£) ~ T,.)

+ 4840 Q, A W  (69a)

The last two terms in (69a) correspond to tﬁe sensible and latent heat gain

for the ventlilation air flow as described in the ASHRAE Handbook of Fundamentals
(12). 1In both (68a) and (6%a), - o, U, (¢5) represents the mass of air per unit
area from the air conditioned space feed into the plume. When ventilation air
is exhausted through the stratified layer two cases, Upl(gs) negative {(down-

ward) and Upl(Es) positive {(upward), were treated separately. For nepative
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U (EB) the heat flow rates were written as
pl

Gop ™ PaCa [~ Up(Ee) Ty # U (E) T (L, 0 = Uy T, (@, c)] (68b)

Qaaly = = paca[h Uh(ES) Te F Upl‘gs) Tpl (L, t)] + 60 ; Q, ¢, (Toact) - T,e)
+ 4840 QAW | (69b)
The heat flow rates for the case of positive Upl(g}-were written as
Qb * PaCa [- Uy CEg) Ty + Upy (£ Too = U T (L n}] . (68¢)
Gach = = Pac, [w Uy (Eg) T,o + Uy CEQ) Téc] +60 p, 0, ¢, (To (8) = T, )
+ 4840 Q, AW 4 (69¢)

Note that the entire convective portion of the heat generated by the
lights was assumed to be fed into the plume. Thus, Qgh 18 a measurement of
how much of the convective portion of the lighting load remains in the strati-
fied layer. Conduc tion heat transfer between the plume layer and the ailr
condltioned space was neglected in these heat fidw rates but it was included
in the nunmerical solution.

Finally, the heat b#lances on the stratified layer and the air

conditioned space were written as
Ygst = 9eedl + 9sb (70)

9acl = %cb + Yf1in . | - - ' (71)



The quantity qg.; must be provided by the air conditioning system to the

cooled space in order to maintaln the desired temperature and humidity.

36



CHAPTER V
NUMERICAL SOLUTION

A numerical soclution to the equations developed in the previous section
which includes the various modes of heat transfer and the periodic boundary
condition at the roof was desired. Newton's method for solving 3 non-linear

"equation was used to find the position of the virtual scurce. Implicit

finite difference equations were Qritten which reduced the problem to & set

of linear alpgebrailc equations at each time step. The non~-linear term in the
energy equation of the stratified layer was linearized by treating the velocity
profile constant over the time increwent. Guass-Jovdan elimination was
employed to solve this system of equations. The thickness of the stagnant
layer was obtained by a comparison of the incoming bulk plume temperature and
surrounding air temperatuve a2t each level in the stratified layer., A computer

program was written based on these numerical techniques.

Position of the Virtual Scurce

The paramater dg of the equivaleat virtual source was desired for a
given actual source and surrounding tempeérature at the previous time incre~
ment. An initizl estimate of dg is given by equation (41) which was derived
from the expressions representing uniform surrcundings. The root of equation
(44) near the estimated value 18 needed for an accurate value of dS "

Equation (44) is in the general form of a non-linear equation
written as

Fd) =0 . | g

37
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Newton's method 1s applied with an iteratloen procedure given by

u
+ 1 - v f(d )
dg ds ~ {73a)

£' ()

where the superscripis enumerate the successive approximations. FEvaluation of
f'(d:) and f(dg) is required at each v + 1 iteration step. Differventiation

of equation (44) ylelds

2 4

4 3 (T = Tga)

f'(da) - L ¢ 5 2? b oal [6 {5 + ds)s (“j(gs) )3
(éal/pa) 5 Taac

+3 (s +ds)6 (-3(E) ¥ EEE" G )} (73b)

. _
where $—— (-3(£,) a..i,ﬁ_____( 0.765 £2/3 _ 0.157 €513 _ g.0367 £8/3 ) .
32 8 B R
5 (s + dy) .

Issacson and Keller (13) discussed the conditicns for comvergence of

Newton's method while proving several applicable theorems. Let

: f£(d,)
dB = gldg) = d, - (dg .
£1(dy)

Note that g(ds) has roots which coincide with those of (72) and no others, A
sufficient condition for convergence on any closed interval containing a root

at da = v is that g(ds) satisfies the Lipschitz condition on the closed

interval,

| ga) -8t | s x| d, -y
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where A < 1. This condition is satisficd and the procedure will converge
if the dnitial estimate is sufficiently close to a root.

In actual computations roundeff errors in the evaluation of the
functions limit the size of the error bund independently of the number of
iterations. Any test for the termination of the iterations should allow for
this roundoff effect. Since only three significant digit accuracy was
desired no complications were encountered with the simple convergence test

Udly po .

| g - <
Finite Difference Procedure

The energy equations for the surrounding air in the stratified layer,
the roof and the floor given by (50), (51), (56) and (56) were solved by
finite difference methods. The implicit method was used since it is stable
regardless of the size of the time increment used. The vertical space of the
factory was divided into nodes and difference equaitons were derived by applying
a heat balance to each node of horizontal, unit area. The non-linear term,
bl a:yl , in (50) was linearlized by considering the velocity‘compononts to

be known and they were talken equal to their values at the previous time level.

That is, the values of T and S were used in the plume equations from the

oal
temperature profile at the previous time level. Conduction heat transfer
between the stratified layer and the air conditioned space and the thermal
storage of the structural steel near the ceiling were included in the
difference equations. Modification of the nodal equations for each value
of § is necessary,

In the daily cycle of some factories a shut down period may occur

during a portion of the day in the early morning. Since the air conditioning
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system, factory equipment and lights are off during this period, the desired
temperature of the air condltioned space 15 no longer maintained. An extra
difference equation was added to the previous set to be solved for the changing
temperature of the lower space. A listing of the difference equations is

provided in Appendix B.

The implicit nodal equations form a set of linear algebraic equations
which nmust be solved simultancously. In the usual matrix notation the problem

is
Ax =

where A is a square matrix and x and f are column vectors. For the preseﬁt
problem, A resembles a tridiagonal matrix with a partial row and two other
coefficients symmetrically added. The partial row changes position when the
value of 5 changes., Since the majority of coefficients are zero, the computer
program employing Gauss-Jordon elimination was written to skip them. A |

relatively small number of equations, usually about 15, were solved.

Error Analysis
The numerical procedure outlined above contains two distinet kinds of
error. First, the discretization error is due to the basic approximation of
replacing the differential equation by algebraic equations of discrete
quantities. Second, the roundeff error 1s a computational error caused by
only a finite number of decimals being retained after rounding. Both of these

errors require some further explanation.

An equivalent method for derivation of difference equatlons 1is replacing
space and time derivatives with finite differences obtained by algebraic
elimination. of truncated Tayler seriles expansions about se€eral adjacent.
points. The order of the discretization error with respect to a space or

time increment is obtained by thils approximation, Such a procedure is
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explained by the authors of most texts on numerical analysis including
Crandall (15); Similarly, a Taylor serles expansgion was applied to find the
order of error introduced by the linearization of a term in a non-linear
partial differential equation by Barakat and Clark (8). Consider the term
+1

are.the values of the velocity at time

aT
U pl . t t
pl -—-u—ay in (50). 1f Upl and Upl

levels t and t -+ 1 respectively, then

v, * _B%kn ot 3.%,.1_+ st (i‘;;&) 3:_;& . NS
The last term on the right side of equation (74) represents the linearization
efror which 1is of order 0 (At). Thus, tﬁe discretization and linearization
errors can be redgced by decreasing the size of space or time increments.

Next ccensider the determination of the magnitude of the roﬁndoff
error due to the Gauss-Jordan elimination process. An energy balance for
the overall system is a meaningful test of a calculated solution. Little
extra work is needed since the quantities required in the energy balance
are part of the solution beinpg sought. Clausing (14) discussed the uses of
such an energy balance which include a criterion for fhe termination of an.
iterative method when one is employed, the approximation of the roundoff
errors for a direct procedure, and a check on the computer program and the‘
derived set of difference equations. The appropriate overall energy balance

in terms of the quantities defined by (54) and (62) - (71) is

9%heck = Yroof - 9flout + %hl - Yac1l - 9rsr - Afst - Ygst = 0 . (75)
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Thickness of the Stagnant Laver

Determinatjon of the position of the boundary between the stagnant
layer and plume layer was carried out at each time step. At the light fixture
level T was given and Ty was computed by equation (37) with the value of Tga)
at the current time step (Toal = Tpl (L, , t)_)_. The bulk plume temperature
at each node level was calculated by alsimple heat balance of the rising
plume mass from the previous node and the wmass of entrainment within the node.
Thus, the bulk plume temperature at each node was calculated in the plune
layer of thickness determined from the previous time step. 'If the plume
extends into a node, the bulk temperature of the rising plume air from the
previcus node must be greater than the surrounding at that nodal‘level.
Starting at the light level and prcceeding upward with this comparison yielded
the thickness of the plume layer at the current time step, Then, it was
used at the next time step to compute the nodal temperatures of the surrounding

alr in the stratified layer.

Procedure of the Computer Program
A brief degcription of the computer program is presented below
containlng the order of succession of the calculations. A complete listing
of the Fortran computer program is contained in Appendix C. The following
sequence of steps was used at each time increment:
1. The buoyancy and volume flux at the light level were evaluated by
equations (33) - (34) using the value of Toal at the previous
time step.

2. The values of dg and F, for the equivalent virtual source were

determined from equations (41), (43), (44) and (73).
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The velocity profile in the plume layer was computed using (21)
and_(ZB)._ If ventilation air was exhausted through the stratified
layer it was superimposed on the plume fluid wotion by (45) and
(46).

The coefficients in the difference equatious were calculated and
arfanged in a two dimensional array.

These equations were solved by Gauss-Jordon elimination for the
nodal temperatures. |

The bulk plume temperatures were determined and the comparisons
were performed to establish the boundary between the plume and
gtagnant layers.

The heat flow rates including 9,.1 ¥ere evaluated using equations

(54) and (62) - (71),



CHAPTER VI

RESULTS AND DISCUSSION

" The daily cycle of the factory was simulated by the computer program
employing the numerical techniques of the previous chapter. Since the initial
temperature profile was unknown, a constant temperature distribution of Tac
was assumed. Within a 48 hour period containing two daily cycles excellent
agreement developed between the end of the first cycle and the end of the
second. Thus, a 48 hour run was sufficient to produce an appropriate initial
condition.

The oveyall energy balance, (75), revealed that the roundeff error in
the Gauss-Jordon elimination was small because the maximum absolute value
eucountered of Geheck Y28 only 0,001. An approximation to the magnitude of
the discretization errors was obtained by varying the space and time incre-
ments for some trial computer runs. Upon reducing the time increment from
1 bour to 0.5 hour the maximum difference of temperature over the generated
profiles was 0.4 F, Since any decrease in the final space iﬁcrementé produced
even less variations, the calculations acquired with hourly spacing were
probably in error by less than one degree Fahrenheit. The roundeff error
was small compared to this,

The resﬁlts glven by the7computer program were coﬁpa;ed to data,téken
from & plant using a thermal stratification system. Further solutions were
obtained by vatying parameters In the model., These include the effects of

~exhausting ventilation air through the stratified layer and increasing Ay,

44
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Comparison With the Plant Data

Data from an actual planf with an alr conditioning system designed
for thermal stratification Iin Kansas City, Missourl was provided by Dean (2).
The alr conditioning load of the factory was approximated from observations
of the unloader configurations of the air conditioning system, Also, temper-
ature profile; at yarious times during the dally cycle were measured aon an
August day. At the beginning of the daily cycle the air conditioning system,
along with the rest of the factory equipment, was turned off from midnight
to 7 am.

For a meaningful comparison the heat gain ﬁhrough the walls and the
internal load due to the people and egquipment around the floor were included

in the air conditioning load. Thus,

e

ato:: = 'i"g“,"'ﬁﬁ"’ %acl * Gyazy * Yine - | (7_6)
In this factory the ventilation zir is supplied and exhausted through the
air conditioning system and does not influence the stratified layer above the
air conditioning space. Since only design conditions for the computation of
the latent gain of the véntilation air were available, the latent gain was
assumed constant and equal to the design conditions, However, outdoor air
temperatures were used to calculate the changing sensible gain at each time
step. A listing of the values used in the comparison is provided in Appendix D.

The only parameter.needed fqy the comparison which remained unknown
was the maximuﬁ temperature in the plume.at the actual séurce; Tm. Noting
that the light fixtures have a bulb surface temperature of approximately 105°F
according to Dean, values of 100°F and 90°F were tried. The calculated

results along with the measured factory data of the total air conditioning
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load are shown in Figure 9. Very little difference In the computed load
resulted from the two different values of Tm. However, the meaSufed load
was greater than the computed load throughout the daily cycle with a discreﬁ—
ancy of about 107 at its peak. Among the possible explanations for this..
difference are the measurements of load were crude and only accurate to the
nearest 10 tons at best, the disagreement between values corresponding to

the installed equipment and the design values is significant, or there were
differences between the actual outside weather conditions and the design
conditions. Thus, if all the exact values were known the discrepancy between
the two curves may possibly be reduced.

Although no significant difference in the air conditioning load
appeared for the two different values of Tm, a large difference was determined
in the thickness of the stagnant layer developed, as shown in Figure 10. For
T; 90°F the volume flux in the plume at the light level was greater since
the corresponding T was much lower as can be seen by examining equations (33),
(34) and (37). Thus, the downward velocity in the stratified layer at the
light level, Uj (g ), was greater. This was offset by a decrease in the
temperature of the lower stratified layer due to the thicker stagnant layer;
For all further calculations the value T = 100°F was used since the maximum
plume temperature 1s probably close to the bulb surface temperature.

The calculated temperature profiles of the stratified layer are
compared to the measured temperatures in Figure lla, b, ¢ and d. Since the
light fixtures are 2 feet below the ceiling the temperature of the air |
conditioned space is assumed below this level. The maximum disagreement
occurred at time = 16 at the ceiling with a temperature difference of about

6°F, although the ceiling temperatures were approximately equal at time = 12,
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Of course, the temperature of the ailr just below the light level 18 not equal
to T,. in the real case. However, the temperatures in the stratified layer
cowparé reasonably well.

The instantaneous heat flow rates of the various mechanisms of heat
transfer and the cumulative thermal storage of the roof, stratified layer and
floor over the daily cycle are presented in Figures 12 through l4. It is
clear from Figure 12 that the heat transfer between the roof and the outer
surroundings was large while convection heat transfer between the ceiling and
the stratified layer was practically eliminated. However, the radiant portion
of the roof load was significant and part of it entered the air conditioning
space through 9% 14in® When the lights were operating qg, Was always positive
indicating that part of the light load was remaining in the stratified layer,
Yet, at the time of peak air conditioning load, time = 14, Tor. was approximately
zero revealing that nearly all of the convective lighting load, 3 Btu/hr - ftz,
entered the air conditioned space. Figure 13 shows that conduction heat
transfer between the bottom of the floor and the ground was almost cﬁustant
throughout the daily cycle. Recall

Qacl = Yacb + 9flin | (71)
The larger contributor to 9,01 W28 dg.), and most of Qep WaS due to the
sensible and latent heat gains of the ventilation. The cumulative thermal
storage of the roof, stratified layer and floor are presented in Figure 14
relative to the enerpgy stored at time = 24, Note that dpses QF1st 204 Qgge
are the hourly instantaneous storage rates and the cumulative thermal storages

were computed as
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E g (8) = Z q (t) (77a)

Beger (8 = 2. dppgr () (77b)

Esst (t) = :E: qut (t) g B Lo Do o ow ow oy 2 (77c)
i=1 -
The thermal storage of the structural steel was included in Eggp but it was

small compared to Eigpe

Varying Pavameters in the Model

Throughout this section the values used in the comparison remained
as constants ip the model except for the parameters that were changed to
obtain a desired comparison. The required air conditioning load was represented
by gu.; &ince the effects of thermal stratification in the typical middle
section of a factory were studied. In most cases the designer of air condition-
ing systems is only 1nteresfed in the peak cooling load, qscl" which natuvrally
becomes the important variable. Here the superscript p is used to denote the
value of a variable at the time of peak cooling load.

With the same number of light fixturés the results of varyinpg the value
of 9, are presented in Figure 15. The results show that any increase in 91

produced nearly the same Increase in q An additional convective lighting

%
acl °’
load caused greater mass flows Iin the plume layer, higher temperatures through-
out the stratified layer and a decrease in the thickness of the stagnant layer.
Sinilar to its behavior in the c omparison run, the stratified layer retained

some of the additional convective lighting load except at the time of peak

load.
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Increasing the value of th while qu = constant raises the value of

R as shown by equation (32),

- (Shl—;f/2 '

: T (32)
This corresponds to having the same lighting load but fewer light fixtures, A
variation over the range of 100 to 650 watts/fixture, produced no change in the
computed alr conditioning load, temperature profiles or any other variable.

Before increasing the distance between the light fixtures and the
ceiling the validity of the assumption that the rising plume elements instan-
taneously spread uniformly across the top of the plume layer needs examination.
As mentioned previously, Baines and Turmer (6) concluded that H/R = 1 was the
largest value of the ratio for which their analysis was fully valid. In
order to satisfy this criterion, the values R = 11.86 feet and 650 watts/fixture
were used corresponding to the same value of gu; in the comparison. Upen
increasing the value of dlc from 2 feet to 5 feet and again to 8§ feet, only
a very slight trend of lpwering qzcl was observed, Note that with the identical
light source used in each of these runs approximately the same mass flow
entered the air conditioned space from the stratified layer each run. Since
the stratified layer cannot store the rising plume mass, it is reasonable to
assume that the same effect would occur even if the /R criterion was not
satisfied. It should be noted, however, that adequate ceiling height is
needed in order to satlsfy the basic assumptions of the model, The supply
alr diffusers and return air inlets must not interfere with the stratified
"layer between the light level and the ceiling.

By increasing the thickness of insulation in the roof the cooling
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load of the factory was reduced as shown in Figure 16. Practically all of
this decrease was a result of a lower radiation heat transfer rate between

the celling and the floor which enters the alr conditioning space through

Py, °

The effect of exhausting ventilation air through the stratified layer
and out the roof was compared with ejecting the air through the air conditioning
system, as was done In the comparison run, Figure 17 shows that the cooling
of the outdoor ailr fpr ventilation results in a larger inc;easé gn load than
the reduction realized by exhzusting the alr from tﬁe stratified layer.
However, exhausting needed ventilation through the roof significantlylreduced
the cooling load. When the ventilation air flow of the comparison run,
U.Z.Cfmffpz , was exhausted through the stratified layer a decrease of
3 Btu/hr -~ ft2 of qscl or 12% of the total peak cooling load was obtained.
Thus, the convective portion of the lighting lead was subtracted from the
peak cooling lbad.

A close inspection c¢f the curve corresponding to the rejection of air
through the roof{ showeﬁ that 1ts slope is dncressing as the ventilation rate
increages. Thus, the additlonal reduction of the peak cooling load obtained
by QVhau%ting moT e air through the stratified layer decreases with increasing

air flow.i As cxpeﬂted,stha downward air flow from the stratified layer iuto
the cooled space was not reversed until the exhausted air flow was increased
Cto 0.2 cfm/ftz. For greater alr flows the additional saviugs were considerably
less becaﬁse the radiation heat transfer from the ceiling can be reduced only
slightly,

The sufficient afir flows exhausted through the stratified layer which

reduce the air cnuditioning load by the convective portion of the lighting
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load are shown in Figure 18. Different outside air conditions would alter

the curves in Figure 17 and 18 but the relatlonship between the two curves
would be unchanged. From other computer runs no significant changes in the
sufficient air flows were obtained with different thi;knesses of insulation

in the roof and higher sol-air temperatures, Thus, this occurrence depends
ouly on the intermal convective lighting load. The sufficient air flows are .
strongly dependent on the temperature of the lighting source since any change
in the volume flux of the plume effects the downward air flow from the strati-

fied layer into the cooled space.



Heat Flow Rates - Btu/hr - ft2

Figure 16.
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Ventilation Air Flow, R, = cfm/fi:2

Fipure 18,

61

0.40 -
0.30
0.20 -
0.10—
0 { ! { 1 }
0 1 2 3 4 5 6

Convective Portion of Lighting Load - Btu/hr - ft2

Sufficient Air Flows Exhausted through the Stratified Layer which
Reduce the Cooling Load by the Convective Portion of the Lighting
Load.



CHAPTER VII
SUMMARY AND CONCLUSIONS

This study has produced a numerical solution to the process of
transient thermal stratification occuring in factories with high ceilings.
The analysis was restricted by considering the light fixtures as the only
internal scurces which affect the stratification process. The solution was
based on a simplified, physical model with thermal plumes rising from the
light fixtures in a stratified layer between the level of the lights and the
ceiling.

The results and discussion offer the designer of air conditioning
systews some useful information about the thermal stratification. A summary
of the relavent results 1is given below:

1. TFrom the comparisen with actual plant data the numerical solutliom

approxinmately describes the thermal stratification process.

2. Without exhausting any ventilation air through the stratified
layer convection heat transfer at the celling is practicaliy
eliminated and only radiation 1s important, At the time of peak
load nearly all of the conﬁective light load enters the air
conditioning load. At other times a fraction remains in the
stratified 1ayér.

3, If the assumptions of the physical model are satisfied, varying
the distance bctwecnlthe celling and the light fixtures does not

significantly aiter the air conditioning load..
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Exhausting needed ventilation through the roof can reduce the
cooling load by decreasing the convective portion of the light
load which enters the alr conditioned space. The sufficient air
flows necessary to neglect the entire convective light load were
obtained but they are strongly dependent on the temperature of

the light fixtures,



' CHAPTER VIII
RECOMMENDATIONS

Further verification of the results is required beforé apﬁlications
can be handled with full confidence.. A laboratory sfudy in which the variablés
of the model could be accurately measured and varied is needed. Alsc, addi-
tional comparisons with actual factory cases weould provide increased confirma-
tion of both a laboratory study and the model.

Heat sources at the floor which affect the stratification process were
completely neglected in this investigation. A study of rising, warmer air
from concentrated sources in the alr conditioned space would be ruch more
complicated because the effects of turbulence in the cocled space must be
included. In the present study the surrounding air of the plumes in the
stratified laver was coasldered non-turbulent and no less of buoyant fluild
to this environment was assumed. However, in the turbulent cooled space some
removal of fluid from the rising currents by the environment takes place in.
addition to the entrainment process. Also, the air diffusers may disturb
the rising plumes and this would complicate the problem even more, Further
study of the stratification process with these complications 1s needed before

a full understanding can be obtalned.

64



10,

11.

12,

LIST OF REFERENCES

Dean, F. R. and Reese, J. A., "A New Approach to Factory Air Conditioning",
Heatinp, Piping, aund Alr Conditioning, June, 1974, pp. 45-49,

Private Communication, Frank R. Dean Jr., Tempmaster Corporation,
April 29, 1976.

Dralle, W, F., "Vertically Zoned Air Conditioning for High Celling
Industrial Plants", leating, Piping and Air Conditloning, December, 1970,
pp. 69-72, :

Olivieri, J. B., "A Consultant Looks at Complaints About Unitary A/C for
Industricl Applications™, Alr Conditioning, Heating and Refrigeration News,
February 4, 1974,

Mortom, B. R., Tayler, G. I., and Turner, J. 5., "Turbulent Gravitational
Convectilon from Maintainad and Instantaneous Sources', Roval Societv of
London, Proceedings, January, 1956, A 234, pp. 1-23.

e

Eaines, W. D. and Turnmer, J. S., "Turvbuleut Buoyant Convection from a
Source in a Cenfined Reglon', Jour. of Fluld Mechanics, 1969, Vel. 37,
pp. 51-30. '

Turner, J. S., "Buoyant Plumes and Thermals"”, Annual Review of Fluid
Mechanics, Sears, W. R. and Van Dyke, M. Editors, Annual Revicws, Inc.,
Palo Alte, Calif,, Vel. 1, 1969, pp. 29-44.

Bavrakat, H. Z. and Clark, J. A., "Analytical and Experimental Study of the L
Transient Laminar Natural Convection Flows in Partially Filled Liquid '
Containers", Proceedings of the Third Interpationzl Heat Traunsfer Cmnfmrence,\
Vol. I1 (1966), pp. 1i2~162. W,

Winter, E. R. F, and Schoenhals, R. J., "Analytical and Experimental Studies
of Thermal Stratification Phenomena', Final Report, Part V, leat Transfer
Laboratory, Purdue University, (To NASA), October, 1908,

Dake, M. K. And Harleman, R. ¥,, "Thermal Stratification in Lakes, Analytical
and Laboratory Studies', Water Resources Research, Vol. 5, April 1969,
pp. 484-495,

Armaly, B. ¥, avnd Lepper, S. P., "Diurnal Stratification of Deep Water
Impoundments', ASME Publication, 75-HT-35.

ASHRAE llandbook of Fundamentals, American Society of Heatihg, Refrigerating
and Alr-Conditioning Engineers, Inc., Mew York, N, Y., 1972,

65



13.

14,

15.

16.

66

Isaacson, E, and Keller, H. B., Apalysis of Numerical Methods, John Wiley
and Sons, Inc., New York, 1966, pp. 85-99.

Clausing, A. M., "Numerical Methods in Heat Transfer', Advanced Heat
Transfer, Edited by Chao, B. T. and Chato, J. C., Univ. of Illinois,

1967, pp. 238-332.

Crandall, S. H., Engineering Analysis, McGraw-Hill Book Co., New York,
1956, pp. 376-396,

Kreith, F., Principles of Heat Transfer, Second Edition, International
Textbook Company, Scranton, Pa., 1969, :



APPENDIX



Appendix A
Integration Over Plume Section With Gaussian Profiles

The character of a plume source depends only un‘the byoyancy flux
and volume flux it provides, To determine an equivalent virtual source
equations (36a) and (36b) were equated to the buoyancy flux and volume flux
of the actual source., A derilvation of these expressions of the buoyancy and
volume flux of the virtual scurces assuming the velocity and density profiles
are Gaussian follows.

Ag a simple illustration assume that the velocity and density are

constant across the plume and are zero outside it. Then,

Volume flux = ﬂrg W (78a)
Buoyancy flux = nri Vg Q)O = pp) ﬁJr . | (78b)

Now consider velocity and demsity profiles which are normal distribution

curves centefed about the axis 6f symmetry. Thﬁs,
- L. G
@ (z, r) = w (2) exp (~r“/b*") _ (2)
p(z, ) =g Gy () ~p (2, 1)) [ p, =8 (2) exp (-rzlbz) . (3)

For this case equations (78a) and (78b) become

20 fw | |
Volume flux w/{ w (z, r) Tdrd 0 (79a)
o o
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24 9
Buoyancy flux .ﬂ/ / w(z, r) Alz,r) r dr do (79b)
o o

where iutegration is performed over a circular horizontal section of the

plune.

The integration of (7%a) and (79b) was completed as follows. Substi-

tution of (2) into (7%a) and integration yields

2% fo , “
Volume flux f/( J/, w(z) exp (—rszz) r dr d 8
0 o

= 2 rw(z) / exp (_r2/b2) r dr
0

nw(z) b (z)/ exp (-r2/b%) d (r2/b%)
‘“ 0

- mw(z) b2 (z) (0 - 1)

aw (z) b% (2} . (363)

L]

Similarly, substitution of (2) and (3) into (79b) and integration gives

2 o
Buoyancy flux i}f /// w(z) exp (~r2b2)'n (z) exp (—rzjbz) r dr d@
o o ,

L]

= 21 wiz) A (z)’]/ exp (-2 rzbz) r dr
o .

o«

= Zu(z) 4 (2) b?‘(z)f exp (=2 r2/b%) 4 (2 c2/b2)
(e}

o7 w(z) 8(2) b2 (z) .- . (36b)
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Thus, equations (36a) and (37b) are obtained.
A'relationshib between the bulk temperature and the axial temperature

in the plume was desired. From the definition of bulk temperature,

211' o

J( j( w(z) B (T - To) rder d© -
o 0 8
2m 0,

){ }f Ww(z) r dr d@
0 o

From the previous integration it is obvious that

B(Tb - Tcal) =

BT, = Toay) = 1/2 B (T, - Tyay) - | (37)



Appendix B
Finite Difference Equations

The vertical space of the factory was partitionéd into nodes of unit,
horizontal area and Implicit difference or nodal equations were derived by |
applying a heat balance to each node. Figure 19 shows the final.arrangement
. of nodes with tolerable discretization errors in the comparison solution.

The fluid velocity in the stratified layer is expressed by

Uy (6) = 3600 (V + U (5) ) (45)

pl

Ugy (g) = 3600 V (46)

These equations are evaluated at the boundaries of the nodes and the downward

and upward hourly mass flows are represented by

o i, 1 : 1

By = "o, Upl(g ) 3§ my=0 , d4f Upl(g ) < 0 (81a)
i [ T 1

by = p, Upl(g ) 5 g =0, if Upl(g ) >0 (81b)

where gl = (d_+ (-1) y) /i, 1=1,2, ..., NBand0cgl 1 .

Different tcerms are needed since the temperature of a mass flow is dependent on
its direction. Also, it is convenient to express the hourly mass flows of the

plume motion before the superposition of the ventilation air flow as
sl = 3600 p. U ced) | (82)
pl a 8 ) _ )
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In the stagnant layer the mass flows are
s . i _ : ' 8
L 3600 s V 3 ty=0 _ (83)

where 1 < Ei §

A complete listing of the nodal equations_usinglthe numbering system
in Figure 19 for the case of no stagnant layer is given below. The entrained
alr from each of the lower nodes in the plume layer is represented in the
nodal equation of node N-5 since the plume carries the entralned air and
delivers it to the top nede of the plume layer., Thus, modification of the
nodal equations for each thickness of the plume layer is necessary. For the
details of these changes the computér program listed in Appendix C must be

examined.

In the nodal equations the superscript denotes the time step and the
subscript indicates the node which the temperéture represents, Ti . A descrip-
tion and the thickness of each node is given in Table 2, The preper nodal

equations are

k - 2 At C + 1
1+ 28 o 4 f Tf+l='rf+ A AN . '1"2;"l
Pr Cr ¢ \8 ¥ Ppcegvg 8 Pg cg ¥g
(84)
2 At k¢ t+ 1 _ .t At ke t+ 1, At kg t +1
142l T T, * L * ¥ (85)
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2
At (kf/yf + he + hy) 4l ; 2 At kg bl
Lo c. ¥ T4 - T3 * 7 Ty
P “f /¢ : Peg Ccg Y¢
. 2at hf . Bor U1
- ac 7 cr ye (86)
Pe C¢ Vg £ Cf g
At Gk Jy. + (@2 +nb) c)
1+ a’s d u a Tt+1
4
pa ca yS
A 2
i At (2 ka/ys + i, ca) At {ka/ys + gy ca) e+l
= T‘,‘ + T.. + Tg (87)
Pa €a Yg e Pa Ca Vs
11—2 -1*3
L s At (2 kafys + (hy T+ T) ca) )
Pa ca ys *
=3 g2
. (k,/yg + 0 " c,) e+l st (kylyg + my™%) o ot
= T + Iy F o ¢ i+l
i R 5, 6, “ e vy N"‘? k (88)
n oN“S cN"g .
- At (2 La/ys + @y a7 ey e+l
e Tx-6
' at (k. / -r.rﬁ“'g ‘ ) A «N-8
t a'Ys u Ca +1 bt (k fyg +my e 4
N-6 CcC N-7 - cc N=5
(89)
CC = (pgy Cgp Fyp + 9, ¢y (L= Fopd )y



TABLE 2

Description and Thickness of Nodes

75

Node Nodal Equation’
Number Description Thickness Number
1. Lower floor » 12 Vg 84
& Middle floor V¢ 85
3 Top floor 1/2 V¢ 86
4 Lower stratified layer Ys 37
5 to N-7 Middle stratified layer /4 88
N-5 Sfratified layer with structural y 89

steel s
N-5 Top stratified layer with
structural steel 1/2 yg 90
N-4 Ceiling or lower roof ¥y 91
N-3 Middle roof Yo 92
N-2 Middle roof Yo 93
N-1 Middle roof Yy 94
N Top 95
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. N-8
2 At (kal'j.wS +h, + (md + 36Q0 : V) C,

1+ Tt:-f-l
1Y N-5
2pt (k fy, + 80 e)
} Tt . A a'Yg mu c, _t+1 25t hc ’i‘t+1'
N-5 cC In-6 + e N-4
" 2t cy s (_2 .1 ) Tt+l + @3 .2 pt+l
Co mpl - o1 mpl 4 mpl_ ‘mpl) 5 b
IN._B oN“'g t'+'1 .
+ - T
oy =y ) Ty g (90)
1
At y y +1
1+ 2. 4+.21 +h +h rt
BL B L\ 2 ks k) g £ N4
St At h, - At by RE ol
N-& ~ - T
pL €1 Y1 N ey P - Y, yp\| N-3
Py €1 e + —
2 k2 kl
(91)
1
At SRS .. S k
gy R
mre i Yo N-3
Tk, Tk
tt+ t k
= Tt + AL T 1 + & 2 t+1 (92)




t k
28t ky | 4y . bt k, 41, A
1+ 7| T Ty-2 * 7 N-1 5
P2 €2 Y2 Pz Cz %2 By T4 ¥
1 k +1
1 $-=BE Y, ¥ #=t | Ty
Py €2 Y2 7k, g i, Y2
At k g+l , +1
- Tt"H- + _?__ TN-—Z + At T;
N-1 2 : y ¥
Pz €2 Y, By cy Y 2 4’3
27212 kZ k3
1
I y, Y3 +hg ik
At h
= Tt 4+ _At Tﬁfi 4 s opttl
P Co V.| o+ ==}
373 7312 k2 k3
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Sl
Ty_3 (93)

(94)

(95)

If the air conditioning system, factory equipment and lights are turned

off during a portion of the daily cycle; the desired temperature of the cooled

space is no longer maintained.

heat transfer occurs Iin the stratified layer.

to be solved for the changing temperature of the lower space was added

Since no plume motion exists, only conduction

An extra difference equation

to the

above listing. The heat transfer through the factory walls is significant

in determining the temperature of the lower space during this period. Thus,

it is included in the difference equation for the lover épace was written as:
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at (U, (A, /Ag) + he + 2 k [y )

1 + Tt+l
ﬂa Ca Yac acc
.qt 4 AtR e+l 2 At ky/y at U, (A /AL)
T Ty - e T2+1 + 2 £ gttt
2 "8 TR Pa Ca Yac Pa ©a Yac ca ‘

(96)



Appendix C

The computer program using the FORTRAN IV language 1s presented on

the following pages.
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Appendix D
Values Used in the Comparison

Most of the values used in the comparison were provided by Dean (2)

and a list of them follows.

A, = 34,000 £t ky = 0.022 But/hx-ft-CF

A, = 9,500 £e? ky = 1.0 Beu/hr-ft-°F

¢, = 0.26 Btu/lbm-°F . N = 14

cp = 0.156 Btu/1lbm-°F - Qy = 5.02 Btu/hr“ftz

Cot = 0,115 Btu/lbn-°F aint = 7,35 Tons of refrigeration
e, = 0.12 Btu/lbm-°F ' Q,; = 853 Btu/hr

¢, = 0.157 Btu/lbn-"F Q, = 0.206 cfm/fc”

ey = 0.2 Btu/lbm-"F R = 7.35 ft

C, = 0.148 Btu/hr-£t2-°F A = 1,0 hr

dy. = 2.0 ft T = 75.0 °r

F., = 0.4 T, = 55.0 Op

Py, = 0.01248 T = 100.0 O

h, = 1.08 or 1.63 Btu/hr-ftZ-OF** u, = 0.85 Btu/hr*ftz—oF

h, = 1.08 Btu/hr-ft2-CF A4 = 0.0047 1bm vater/lbm dry aix
hB'ﬂ 3;07Btu/hrfft2-°F | _',: yg ® 0.125 ft -

k, = 0.015 Beu/hr-ft-°F y, = 0.3636 ft

ke ® 0.5 Btu/hr-ft-°p y, = 0.005208 ft

k= 360.0 Btu/hr-fc-°F y, = 0.02777 ft



y3 = (0,05208 Ft
%% Changes with direction of heat flow, 1.08 downward and 1.63 upward,

a=0.1

&y = 0,5

e = 0.9

pa = 0.075 lbm/ft>
o = 144.0 lbm/ft>
by, = 490.0 1bn/ft>
py = 489.0 lbm/ft3
py = 10.0 1bm/ft>
py = 95.0 lbm/fc>

o = 0.1714 x 10~8 Bru/hr-£t2-°p%
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79
79
78
77
17
77
78
80
83
86
90
93
96
97
98
97
96
94
90
88
86
84
B2
80

sat’

72

94

72 -

71
70
70
77
88
99

109 .

118
126
130
132
129
124
116
106
94
83
81
79
77
75
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ABSTRACT

In recent years designers of alr conditioning systems for factoriles
with high cellings have used thermal stratification by cooling only the cccupied
levels. The size and cost of the required systems are significantly lese than
the systems needed to cool the entire closed space, This study provides a
theoretlcal analysis of the thermal stratification process and some needed
degign informatioﬁ.

This investigation is-limited by comsidering the light fixtures as the

. /!_,”»f"”
only internal sources which affect the stratification process. The analysis
is based on a simplified, physical model in which the level of the light
fixtures separates the stratified layer above and the cooled space below.
Since the str&tified_layer also recelves heat by convection from the ceiling,
the thermal plumes‘which‘t@ge,from the lights may not peﬁetrate a stagnant
layer of ailr under the ceiliﬁg. It was assumed that exhausting ventilation
air through the stratified layer does not alter the motion of the plume or its
entrainment of the surrounding alr at any level.

M equivalent virtual source for a light fixture was obtained with the
same volume and buoyancy flux, Thus, equations previously developed for a
thermal plume in a confined region glve a steady~state solution to the fluid
motion in the stratified layer. However, a transient solution is needed since
the cyclic changes in the variables which affect the air conditioning load may
not be in phase with each other, The transient energy equations for the roof,
floor and stratified layer with appropriate boundary conditions give a concise

statement of the problem. These equations are solved numerically by using



implicit finite difference equations and assuming that the fluid motion in the
stratified layer remains constant over each time increment. Gauss-Jordon
elimination is used to solve the linear system of difference equations. A
Fortran cémputer program usiﬁg tﬁesa numerical techniques provides a solution,
- The numerical solution was verifiled by comparing it with data taken
at a factory where thermal stratification occurs. The results indicate that
convection heat transfer at the ceiling is practically eliminated and only
radiation is important. The cooling load can be significantly reduced by
exhausting needed ventilation air through the stratified layer énd out the
roof. Also, it was found that 1f there is sufficient ceiling height to
satlsfy the assumptions of the physical model, increasing the ceiling height

will not alter the air conditioning load.



