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Abstract

The main purpose of this thesis is to derive an upper bound and a lower bound in a law
of the iterated logarithm for sums of the form Z,ivzl arf(ngr + ) where the ny satisfy a
Hadamard gap condition and ¢, € R™. Here we assume that f is a Dini continuous function
on R™ which satisfies the property that for every cube @) of sidelength 1 with corners in
the lattice Z", f vanishes on 0¢) and has mean value zero on (). And for the lower bound
result, we need an extra condition that f has the property that there exists a number ¢y > 0
such that @L' / |f(u)|*du > cq for all cubes of sidelength at least 1, so that we can keep
f from becominé too “sparse” at infinity. We will introduce an important concept, dyadic

martingales, and then proof of our theorems can be obtained by using a reduction to dyadic

martingales.
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Chapter 1

Introduction

In this chapter we will recall the history of the Law of Iterated Logarithm and introduce
useful definitions and notation which will be repeatedly used in later chapters. Also we will

state some useful results.

1.1 History

In probability theory, the law of the iterated logarithm describes the magnitude of the
fluctuations of a random walk, which comes from finding the rate of convergence in Borel’s
normal number theorem. So before we go into any theorems, let’s take a look at the definition

of normal numbers.

Definition 1.1.1 (Normal numbers). For a real number w € [0, 1), consider its binary

expansion, that is,

w = Zcﬂ_i where ¢; € {0, 1}.
i=1
We say w is simply normal if 0 and 1 each occur with frequency % Precisely, let N, (w)

denote the number of 1’s in the first n places of the binary expansion of w. Then N"T(w)

Ny,
is the relative frequency of the digit 1 in the first n places, the limit lim ﬂ

n—oo n

is the

frequency of the digit 1 in the binary expansion of w, and w is simply normal if and only



it 1im V(@)
n—oo n

that is,

=3 Similarly, for a real number w € [0, 1), consider its decimal expansion,

w=Y 107" where ¢; € {0,1,2,...,9}.

i=1
For a fixed number w, 0 < w < 1, let Néj)(w) denote the number of digits in the first n

places of the decimal expansion of w that are equal to j. Then w is normal to the base 10

(4)
if the limit lim —

n— 00 n

, representing the frequency of j in decimal depansion of w, exists

1
and equals 15.

The concept of a normal number was introduced by Borel in 1909, and using the Borel-

Cantelli lemma, he proved the normal number theorem:

Theorem 1.1.2 (Borel). If N,,(w) denotes the number of 1’s in the first n places of the
binary expansion of w, then

. Ny(w) 1

lim ——— = -

n—00 n 2

for almost every w € [0, 1).

We write this as N, (w) ~ §. And then, naturally, the next question to ask is, what can we
say about the deviation N, (w)— %7 With efforts of Hausdorff (1913), Hardy and Littlewood
(1914) and Khintchine (1923), the order bounds O(n2*), O(v/nlogn) and O(yv/nloglogn)
were obtained. Then in 1924, Khintchine gave the definitive answer:

Theorem 1.1.3.

N,(w)—2
lim sup (@)~ 5 =1

nreo %n log logn

for almost every w € [0, 1).

This result is known as the first Law of Iterated Logarithm(LIL). Note here if we let
fi(w) denote the binary digit in the j* place of w and N, (w) = Z fi(w), then E(f;) = 3,
j=1

o*(f;) = 3 and thus 2 = E(N,,) and $n = 20*. Now we consider the Rademacher functions

2



r;(t) = sgn(sin(2/7t)), j =1,2,3,... for t € [0, 1], (1.1.1)

where sgn is defined as

1 ift>0;
%Mﬂz{_1ﬁt20

The graphs of the first four Rademacher functions are as shown:

Figure 1.1: Rademacher functions

(a) r1(x) (b) ra(z)
(c) r3(x) (d) ra(z)

It is easy to see that E(r;) = 0, o%(r;) = 1, and we get an equivalent assertion that



I Z?:l r;(t)
im sup

— =1 1.1.2
n—soo  V2nloglogn ( )

for almost every ¢ € [0, 1].

Rademacher functions can be used to represent random walks. Consider the integers
{...,—=2,-1,0,1,2,...}. Suppose you are standing at 0. Flip a fair coin. If the coin comes
up heads, move to the right by one step. If it comes up tails, move to the left by one
step. Repeat and continue this process. For any ¢ that is not of the form 2%, the sequence

ri(t), ri(t) + rat), m1(t) + r2(t) + r3(t),... is a random walk. According to the famous

theorem of Pélya!’:

Theorem 1.1.4. With probability one, the random walker will return to 0 in a finite number

of steps.

This is a Markov process, which means, given the present state, the future and past

states are independent; formally, for a sequence of random variables { X, Xo, X3, ...},
P(Xn—H = JI|X1 = IhXQ = To,... ,Xn = In) = P(Xn+1 = I‘|Xn = In)

Given any integer m, by the theorem of Khintchine (1.1.2), with probability one, we have

> i1 7i(t) 1
limsup —2———"- > —. When n is sufficiently large, E ri(t) > v/2nloglogn > m
n—)oop Vv2nloglogn 2 y larg p i(t) = glogn =

infinitely often. Thus with probability one, the walker will land on m in a finite number of
steps. Now assume we have m as the starting point, then with probability one, a random
walker will return to this position in a finite number of steps. And after the walker returns,
start once again a random walk; it will be just as if the walker is starting for the first time—
there will be no memory of the past. With probability one, the walker will return again to m

in finite number of steps. Continue and repeat this process; consequently we may conclude:

Theorem 1.1.5. With probability one, the random walker will visit every integer an infinite

number of times.



Obviously for a random walk, after n steps, the distance from the starting point will be

be bounded by

< zn:rj <n
j=1

The Law of the Iterated Logarithm gives more precise estimates: given € > 0, then

eventually,

—(1+¢) inoglogn Z (1+ €)v/2nloglogn.

Thus, the LIL describes the magnitude of the fluctuation of a random walk. In 1929,
Kolmogorov generalized the result to the class of independent random variables, which is

considered the classical LIL":

Theorem 1.1.6. Let S, = Z X, where { X} is a sequence of real-valued independent ran-
k=1

Km82
log log(e® + s2,)

dom variables. Let s, be the variance of S,,. Suppose s,, — 0o and | X,,|* <

for some sequence of constants K, — 0. Then, almost surely,

Sm

lim sup =1

m—oo 1/252 loglog s,

An examination of the graphs of the Rademacher functions and the functions cos(2*~'z)

(see Figure 1.2) leads to the conjecture that, even though these functions are not indepen-
dent, there may be similar results in this setting. Over years there have been many studies
to obtain similar results in other situations in analysis for more general cases. In 1950,
Salem and Zygmund!? considered the case when the X, are replaced by functions ay, cos nyx

on [—m, ] and gave an upper bound result:
Theorem 1.1.7. Let 5,,(0) = Zak cosnif where ny is a sequence of positive integers
k=1
satisfying 2 > ¢ > 1. Let B, = (331, |ax|*)"/? and M,, = maxi<y<y |ax|. Suppose
K,, B2
~ loglog(e® + B,,)

B,, — oo asm — oo and | M,,|* < for some sequence of constants I, — 0.

Then



. S (6)
lim sup <1.
m—oo  1/2B2, loglog By,

for almost every 6 € [—m, 7].

A typical example of Salum and Zygmund’s LIL is when we take a; = 1 and n;, = 2¢!

foreach k=1,2,....,.

Figure 1.2: cos(2*~'z) functions
1 1
D .\\\\\\\//////f\\\\\\\J//////
R -1

(a) cos(z) (b) cos(2x)

1 AA/\ ;\MMMM
VU

(c) cos(4x) (d) cos(8x)

o

This was extended to the full upper and lower bound by Erdés and G&l® in a specific

case:



Theorem 1.1.8. Let n; be an infinite sequence of positive integers, satisfying the lacunarity

condition ™+ > ¢ > 1. Then
ng

ij:l exp 2mingx
lim sup = 1.

N—oo VN loglog N

for almost all x.
In 1959, M. Weiss!” gave the complete answer for lacunary trigonometric series:

Theorem 1.1.9. Let

(e o]

S(z) = Z(ak cos nx + by sin ngx)
k=1
be a lacunary trigonometric series, that is to say, one such that ny1/n; > ¢ > 1 for all k.

We write

N 1/2 N
1 .
By = (5 ;1 (a2 + bi)) My = lgaév(az +0)Y2 Sy (z) = g l(ak cos & + by sinngx).

If, for N — +00,By — oo and My = o (aoglé—g,v)l/?>> then we have, for almost all x,

lim sup S ()
Nostoo (2B% loglog By)'/?

Notice here that we do not need to assume that the n;’s are integers. In 1963, Takahashi'®

=1.

extended the result of Salem and Zygmund beyond trigonometric functions:

Theorem 1.1.10. Consider a real measurable function f satisfying f(z + 1) = f(x),
fol f(z)dz = 0, and suppose ny, is a lacunary sequence of integers, that is, there is a number

q so that
Nk

>qg>1 (1.1.3)
N

for every k =1,2,.... Suppose that f € Lip a, 0 < o < 1. Then

N
lim sup 2 S (ul) <C ae. (1.1.4)

Nooo VNloglog N —

where C' is a constant depending on ¢ and «a.

7



Here are examples of functions that satisfy conditions of Takahashi’s theorem:

Figure 1.3: functions for Takahashi’s theorem

. r

o |-

(a) function 1 (b) function 2

Several authors — Dhompongsa®*, Takahashi'®, and Peter®, have considered versions of
this with a gap condition weaker than (1.1.3).

In 1986 Dhompongsa®* showed:

Theorem 1.1.11. Let {[0, 1], F, P} be the unit interval with Lebesgue measurable sets F
and Lebesgue measure P. For % < a, let A, be the class of real-valued functions f on [0,1]

with f(0) = f(1), fol f(z)dz = 0 and satisfying a Lipschitz condition

[f(2) = )l < e =yl 0<zy <L

Extend the functions of A, to have period 1 on R. Let {n;, k£ > 1} be a sequence of integers

satisfying

Nkg+1 c
>14+ — 0
2 + 5 (¢c>0)

for some 0 < § < 1, and suppose there is a constant A such that the number of solutions of

the equation n; +n; = v does not exceed A for any v > 0. Then for each o with % + % < a,



lim sup sup }ZkSN f(nkx)| <C
Nooo feha VINloglog N —

for almost all = € [0, 1], where C' is a constant depending on «, ¢ and A.

In 1988, Takshashi'® showed:

Theorem 1.1.12. Let f(¢) be a real valued Lebesgue measurable on (—oo, +00) satisfying
ft+1) fo t)dt = 0, and fo f2(t)dt < +o0, and ny be an increasing sequence

of positive integers. If f € Lip §(6 > ) and ny, satisfies n;;—:l >14+ck™(c>0,0<a<

Z f(nt)
lim sup

N—oo \/Nl glog N
where f ~ "2 apcos2mh(t + ay),an, > 0, and || f|| = D2, an.

% and k£ > 1), then

< ||fl], for a.e. t,

In 2000 Erika Péter? showed:

Theorem 1.1.13. Let f ~ > 7 (ay cos 2mkx + by, sin 2wkz) satisfy

Z |ak| + ’bk < 400
k=1
and

Z(ai +b2) = O(n™?) for some S > 0.

k>n

Let (nx) be a sequence of positive integers satisfying

MRl S 4570 5 < L
N 2
Then we have
n
lim sup [ Ere ) < ||flla ae

N—>oo VN loglog N
where [ flla = 322, (lak] + [bx))-



Closely related is the central limit theorem for trigonometric series due to Salem and
Zygmund'? and central limit theorems for more general lacunary sequences of Gaposkin®
and Aistleitner and Berkes!.

In 1947, Salem and Zygmund showed:

Theorem 1.1.14. Consider a lacunary trigonometric series

Z(ak cos ngx + by sinngx), with Pkt >q> 1, (1.1.5)
k=1 T
N
Let Sy(z) denote the Nth partial sum of (1.1.5), that is, Sy(z) = Z(ak cos N + by sin ngx).
k=1

Let Oy = \/% (a3 + b3 +...+dk + %) and ¢ = \/ai + 2. Let Z,(y) be the set of points
x from (0, 27) at which Sy(z)/Cy < y. Let Fn(y) = |Zn(y)|/27, so that Fy is the
distribution function of Sy /Cl.
(i) If Fn(y) tends to a distribution function F(y) such that either F(y) > 0 or F(y) < 1
for all finite y, then
Cn/Ch — 0. (1.1.6)

(ii) If (1.1.6) is satisfied and if C,, — oo, then Fi(y) tends to the Gaussian distribution
with mean value 0 and dispersion 1.

(iii) Let E be a point set on (0, 27), with |E| > 0, and let Fx(y; E) = |Zn(y)E|/|E|. If
C,, — oo and if (1.1.6) holds, then Fi(y; F) tends to the Gaussian distribution with mean

value 0 and dispersion 1.
In 1970, Gaposhkin showed:

Theorem 1.1.15. Let (ng)g>1 be an increasing sequence of positive integers satisfying the

Hadamard gap condition ny.1/nx > ¢ > 1 and assume that

o = /1 (Z f(n;@)) dx > CN (1.1.7)
0 \k=1

10



holds for a positive constant C' > 0. Assume further that for any fixed positive integers

a, b, i the number of solutions of the Diophantine equation
ang —bny = p (k, 1> 1)

is bounded by a constant C(a,b), independent of p. Then

lim IP’{I €(0,1): if(nkx) < tUN} = d(1). (1.1.8)

N—o0
k=1

Definition 1.1.16. Given a sequence ny of positive integers, define for any d > 1,v € Z,
L(N,d,v) = #{1 <a,b<d,1 <k, l <N :any—bn =v}

L(N,d) = supL(N,d,v).

v>0

Recently, in 2010, C. Aistleitner and I. Berkes showed:
Theorem 1.1.17. ! Let (ng)x>1 be a sequence of positive integers satisfying the Hadamard

gap condition and let f be a function of bounded variation satisfying f(x+1) = f(z), fol f(z)de =
0 and (1.1.7). Assume that for any fixed d > 1 we have

L(N,d) =0o(N) as N — o0.

Then the central limit theorem (1.1.8) holds. If f is a trigonometric polynomial of order 7,

it suffices to assume (1.1.8) for d =r.

In this thesis we will generalize the LIL of Takahashi, Theorem 1.1.10. We will retain

the gap condition 1.1.3 but broaden the class of functions f.

1.2 Martingales

We need to introduce some notation and definitions.

Definition 1.2.1. Let (2, F, P) be a probability space. A martingale sequence of length n
is a chain X, X, ..., X, of random variables and corresponding sub o-fields Fi, Fa, ..., Fp

that satisfy the following relations:

11



1. Each X; is an integrable random variable which is measurable with respect to the
corresponding o-field F;.
2. The o-fields F; are increasing i.e. F; C F; 41 for every 1.

3. For every i € [1,2,...,n — 1], we have the relation
X; = E{X;1|F:} ae. P.
Throughout, a cube ) C R™ will be called dyadic if it has the form
Q = k12", (ky +1)2) x ... x [kn2', (K, +1)2)

for some 1, ki,...,k, € Z; for such a cube Q we say that @ has sidelength 2' and denote
this as £(Q) = 2'. We will use the notation |Q| to denote the Lebesgue measure of Q.

For m € Z we let F,, denote the set of all dyadic cubes in R™ of sidelength 27" and we
will let F denote the set of all dyadic cubes in R™ of sidelength < 1. By a slight abuse of
notation, we will also use F,, to denote the o-field generated by the set of all dyadic cubes
in R™ of sidelength 27™. (The usage will be clear from the context.) For x € R™ we also

define F* ={Q+x:Q € F} and F?, ={Q +2: Q € F,}

Definition 1.2.2. Suppose Q € Fy. A dyadic martingale on @ is a sequence of integrable
functions { g, }>°_, on @ such that each g, is F,, measurable and ¢,, = E(gm+1|Fm) for every
m. Here E(¢y+1|Fm) denotes the conditional expectation: E(¢p+1|Fm)(z) = ‘%' fQ Gm+1dy,
ifx e Qe F, Fork>1, set dp = g — gr_1, and we also define the square function

Sfm = (ks E(dR] Fi-1) V2.

Inspired by the LIL’s for sums of independent random variables, in 1970 W. Stout!*
extended these results to martingles.
Theorem 1.2.3 (LIL for martingales). ' Let (X,,, F,,n > 1) be a martingale defined on a
probability space (Q,F,P) with E(X;) =0. Let Y, = X,, — X,,_ 1 forn > 1, Xy =0, Fy =
(0,Q),s% = ZE[Y;Q|.7-",~_1], and u, = (2loglog s2)z. If s2 — 0o and
i=1

Kn n
Y,| < " for m >1
u

n

12



where K, are F,_1 measurable with K,, — 0, then

<1

lim sup

Throughout this dissertation we will make use of many of the ideas and techniques found

in its proof which we accordingly reproduce here.

Proof. Denote the indicator function of a set A by I(A). Let £k > 0 be a constant to be
specified later. Let Y, = Y, I(K,, < k). (Y, F,> 1) is easier to work with because it is a
martingale difference sequence such that |Y,!| < ks, /u,.

Let X| = ZYZ/ Since P[Y, # Y, i.0] = P[K,, > k i.0.] = P[limsupK,, > k| = 0, it
- n—00

=1 b
suffices to show that lim sup —= < 1. To this end, we show that P[X] > (140)s,u, i.0.] =
0 for all § > 0. Let (X])* = maxX’.

j<n 7

P[X;L > (1 + 5)snun 10] S P[(Xt/k)* > (1 + 5)Stk71+1utk71+1 10]

2 2 _ B
St 1Yt P 2loglogp?*-1
S%k 'I,L?k - log log p2k

Thus choosing 6’ > 0 and p > 1 such that (1 4+ 0) > p(1 + ¢’), it follows that P[X] >

(14 0)spup i.0.] < PI(X} )" > (1 +&")sy,uy, i.0.]. Thus it suffices to show that P[(X] )* >
(14 0")ss,uy, 1.0.] = 0.

We now establish a conditional Levy inequality. On n < ¢, define
[(By) = I(X], — X}, + (2E[(X], — X}, )’|F.])? > 0)

and
I(A) = I(X;:, < &, X, — (2E[(X; — X1)*|Fa))z > e)
where

X = max (X - (2E[(X], - X)) F])}).

Jj<n

13



Now

EI(X] >e] > E|> I(A)I(B,)| =E

n=1

- B tzk[(tk zn)I(An)E[I(Bn)\fn]] .

On t; > n, an application of the conditional Chebychev inequality yields

1 1 1 1
B[I(B,)|F] > 5P (I<sz X, + (QE(X), ~ X,PIFD) 2 0) > 5m) -2

Thus
E(X, > 9] 2 (OB [ 00 2 m)I(A)] = (5B > 0]
w26l 2 (3 2 p>n =G o> el
On ty > n,
E| S EOFA| —EIX, - X0PIFL
i=n—+1
Since

tr

Z E[(Y/)?|Fiz1] < p** for all n < ty,

1=n+1

E[I (X[ )" > e)] <E[I(X;, >e—22p")].

Thus for 0 < §” < ¢’ and k sufficiently large,

QE[1(X; > (1+06")(2p* loglogp™)?)]

> 2E[I(X], > (1+8)(2p* loglog p™)3 — 22p")]
> E[I(X;, > (1+0)(2p™ loglogp™)> — 22p")]
> E[I((X] )" > (1+8)(20% loglog p™)2)].

Thus for k sufficiently large,
E[[(X{k > (14 6")(2p* log logp%)%)] < exp —(1+6")loglog p** (1 — k(1 +0")/2)

where ¢ = k(2loglog p?*)~2 and € = (146”)(2log, p**)2 with k chosen such that (146" )k <
1. Combining, it follows for k sufficiently large that E[I((X] )* > (1+¢")(2p** loglog p?R)2)] <

14



2(2klog p)~" for some 1 > 1 by choosing k& > 0 such that (1 + 6”)*(1 — k(1 +4")/2) > 1
Thus
ZE ) > (14 6)(2p* loglog p™*)2)] < 0o for all & > 0.

Since sy, uy, ~ (2p*F loglog p**)2, it follows that
ZIE ) > (14 06)s,up, )] < oo forall &' > 0.

It follows by the Borel Cantelli lemma that P[(X} )* > (1 +d")ss uy, 1.0.] = 0 for all §" > 0,

establishing the theorem. O]

1.3 Examples

Examples of dyadic martingales.

Example 1.3.1. With Rademacher functions defined in (1.1.1), if we define functions s,, =

;1 a;jr; where a; is a sequence of real numbers. Then {s,} is a dyadic martingale.

Example 1.3.2. Let u be a finite signed measure on [0,1] and we define

Zzn {‘ ')xmm

where X;, is the characteristic function of the interval [}, 55) . Then f, is a dyadic

martingale.

Example 1.3.3. Define functions f,, n=1,2,... as

1 if v €[0,1— %)
Inlz) = {_(2” —1) ifre[l—L,1).

Then f, is a dyadic martingale. This is an interesting example as for any f,,, fol fulz)dx =0,

but lim f,(z) =1 a.e. and obviously fol ldr = 1.
n—oo

15



Chapter 2

Law of the iterated logarithm

In this Chapter we will give our main results, which are extensions of the LIL of Takahashi,

and after introducing useful lemmas, we will derive the proof of our main theorem.

2.1 Upper bound in the law of iterated logarithm

Our main result is an extension of Takahashi’s theorem. Here we retain the gap condition

of lacunary sequence ny, but broaden the class of function f:

Theorem 2.1.1. Suppose f is a Dini continuous function on R™ with the property that
f(z) = 0 whenever any coordinate of x is an integer, and fQ f(z)dz = 0 whenever Q € Fy.
Let (ng) be a sequence of positive numbers satisfying the lacunarity condition % >qg>1
and (cg) be a sequence in R™. Then there exists a constant C, depending only on n, g,

and the quantity folw(é) /8 dd, such that for any sequence of numbers (a;) with A, =

VY opey lag|? = oo as m — oo, we have

Tim sup ’Z?:l ap f (ngx + )|

m—00 1/ Agn log log A?ﬂ

Notice that we do not assume the ny are integers, nor do we assume any periodicity of

<(C a.e.

f, and Dini continuity is a weaker condition than Lipschitz continuity, which will be shown

in the next section.
Corollary 2.1.2. Suppose f(z) is a Dini continuous function on R satisfying f(z+1) = f(x)

16



and fol f(z)dz = 0. Then with ng, a; and ¢ as in the Theorem,

lim sup D e anf (n + cx)|
m—00 VA2 loglog A2,

Proof of the corollary. The conditions on f imply that there exists a ¢ € [0, 1] with f(¢) = 0.

< (C a.e.

Then f(c+m) = 0 for every integer m. Consider g(x) = f(z+c); this satisfies the hypotheses
of the Theorem. O

An example of functions that satisfy our theorem is shown as below.

Figure 2.1: A Dini continuous function that satisfies the conditions of Theorem (2.1.1)

The proof of the Theorem will use a reduction to dyadic martingales. This is not the
first time such a theorem has been proved using martingale techniques (e.g. see Peter?), but

the approach here is very different.

17



2.2 Lemmas

In this section we will collect some lemmas which will be used to prove the theorems in

chapter 2 and 3.

Lemma 2.2.1. Let ny < ny < ... be an infinite sequence of positive numbers satisfying
the lacunarity condition % >q>1,k=1,2,... f0<a<f then
1
o< Ogl log(Ba/a) (2.2.1)
a<nk<ﬂ qu

Proof. Let ko be defined by the inequality ng, < o < ng,+1 (put ng = 0) and ¢ > 0 be
defined by the inequality ng,+; < S < nggrir1- If ¢ =0 then (2.2.1) is true. If i > 1 then we

have 8 > npyvi > ¢ g1 > ¢ . Hence Bg/a > ¢* and (2.2.1) follows immediately. [

Lemma 2.2.2. Suppose k > 1 and 27! < n;, < 2%, For any cube J C R" with ¢(J) =
, there exists a unique dyadic cube @ of sidelength = 5, which contains the center of J.

Consequently, J C Q where Q is concentric with @ and £(Q) = 3/(Q).

Proof. Because the dyadic cubes of 81delength are disjoint and cover R", there is a unique

cube @ with £(Q) = o containing the center of J. Let ¢; and cg denote the centers of J

2k
Vvn Vo 3vn
§22k 1+22k_2,2k7

hence J C Q. n

and @ respectively. Then if z € J, |x — cg| < |z — ;| + |cs — co and

The following is from Chang, Wilson and Wolff?, where we refer the reader for the proof.

Lemma 2.2.3. There is a positive integer N, z1,...,zy € R™ and disjoint subsets B’ of

F such that
{Q € F: 0Q } U B,
if Qe B, then Q C Q' for a unique Q" € F* with ((Q') = 80(Q),

and if Q1,Qs € B’ and Q1 # Qa, then Q' # Q5.

18



Definition 2.2.4. If f is a function on R™ we define the modulus of continuity w of f as
w(f,0) = sup{|f(xz) — f(y)| : |x —y| < 0}. When f is clear from context, we will write
w(f,d) =w(d). We say that f is Dini continuous if

/01 @d(s < . (2.2.2)

It is casy to see if the integral in (2.2.2) is finite, then [ w(8)/d dd is finite for any ¢ > 0.
Fact 2.2.5. Every Lipschitz continuous function is Dini continuous, but not vice versa.

Lemma 2.2.6. Let J be a cube in R™ and let y;(z) denote the indicator function of J.
Suppose f is a function which vanishes on 9.J. Then sup,_, <5 [f(@)xs(z) — f(y)xs(y)| <
SUp|,_y<s | f(2) — f(y)|. Consequently, w(x.f,d) < w(f,d) and x,f is Dini continuous if f

is.

Proof. Suppose x,y € R" with |z —y| < 6. If o ¢ J and y & J, or if both z,y € J, then we

casily obtain | f(z)ys(z) — fF()xs(y)| < w(f,8). If 2 € J but y € J, then choose z = tx +

(1—t)y, t € [0,1] with z € &J. Then f(z) = 0, |z—z| < 6, and so | f(z)xs () — f(y)xs(y)| =

|f(z) = 0] =|f(z) = f(2)] Sw(f,0). O
w(d)

Lemma 2.2.7. If f is Dini continuous then for any ¢ > 0, Zw(cZ’l) < 2/ Tdé.
I=1 0

Proof.

Lemma 2.2.8. Let @ be a dyadic cube in R™ and let Q({), [ = 1,2,...,2" be the dyadic
subcubes of () obtained by bisecting the edges of (). Suppose f is Dini continuous on )

with modulus of continuity w. Then for each [,
o Lo 10 [ s < (@)
QDI Jaqw @l Jq a '
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Proof. Without loss of generality take [ = 1. Then

|Q211/ fy \Q!/f dy‘
|Q(11|/ fy klm@ |/ fly)dy) =

2lQ( >|,;/Q( = [, S

< w(Vnl(Q)).

]

Lemma 2.2.9. (Upper half LIL for dyadic martingales.) If f,, is a dyadic martingale on
Qo then

lim sup /ol
m—o0 \/2 Sfm zloglog(Sfm)

almost surely on the set where S(f,,) — oc.

Lemma 2.2.9 is a special case of a much more general martingale LIL due to Stout!*.

We only need this version, which is much simpler to show. (See? Corollary 3.2)

2.3 The proof of the theorem

Proof. According to Lemma 2.2.1, we can assume that for each k£ > 1, there exists exactly
one ny, with 2¥=1 < n, < 2¥. We may also assume that a; = as = 0. For m > 1, let

f() =72 ap f (nar + ).
For k =1,2,..., define G, as the set of cubes in R™ of the form

_Ck1+ll _Ck1+l1+1 _Ckn+ln _Ckn+ln+1
)X-"X[ , )’

Nk ’ ng N ng

[

where ¢ = (¢g1, ..., Ckn), and Iy, ..., 1, are in Z. Then f(ngx + cx) vanishes on d.J for each
J € G. Note that R™ is covered by a disjoint union of the cubes in G.
For a cube Q) € Fj, of sidelength ¢(Q) = define

Qka

(2.3.1)

() apf(nrx + cx)xs(x) if Q contains the center of a cube J € Gy;
€Tr) =
? 0 otherwise.
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Note that each () € Fj contains the center of at most one J € G, and that some cubes
) € Fi may not contain the center of any cube in Gj, in which case Ay = 0. By Lemma
2.2.2, supp A\g € Q. Apply Lemma 2.2.3 to decompose F into the disjoint families B7.

For 1 < j < N, and for each Q) € F%i, let

otherwise.

fg) (ZE) _ {())‘Qo (CE) if Q = C% for some @y € Bj;

Then for all Q) € F*i

suppfy’ € Q (2.3.2)

and
/ fP()de = 0. (2.3.3)
Q

We then define

AD@) = Y x@= Y ) (2.3.4)

QeB’ QeF" i
2-m-2<p(Q)<23 27 <(Q)<1
so that with this notation
N N
TS I SR SR W) 235)
j=1 Jj=1 QeBJ

Define dyadic martingales g¥) = {g%) >~ o by g%) = E(A%”ff{),m > 1 and g(()j) = 0.
To see that ¢U) is a martingale, note that
Blgma|Fr) = BEQGLIFR) = EQQIF + Y. EUSIFR)
QeFI(Q=2""
and the terms in the sum vanish due to (2.3.2) and (2.3.3). This is a small abuse of
terminology, because the gU) are defined on all of R™ which is not a probability space.
However, the restriction of g¥) to each cube @ € F% of sidelength 1 is a martingale on the

probability space (), and R™ can be exhausted by a countable number of such cubes.
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For x € R", let us denote by Qi (z) the unique dyadic cube of sidelength 2=™ in JF%
containing . Then, using (2.3.5), the definition of the g/, and (2.3.4), we have

N N
fult) = S g9 ()| < > i@ EuQ1FED @)
j=1 j=1  QeF"i
27 <Q)<1
-y D — / 19@) = 18 w)| dy.
TS S @] g

27 <(Q)<1

If 0(Q) =27 k<m—1,and y € Qi (z), then by the definition of f(j), Ag (2.3.1), and
Lemma 2.2.6, |f5(2) — f5 ()] < larsslw(niesv/nl(Qr (x))). Thus,

N N m-—1
fu@) =) g @) < D0 Janss| w(nesv/nl(Q (x)))
j=1 7j=1 k=0
N m+42 2k
< Z |ak|w(\/ﬁz—m)
7j=1 k=3
m—+2 2k—3
m+2 Y2 fmi2 ok—3 1/2
2
< N (Z |ak|2> (Z W(S\/ﬁz—) )
k=3 k=3
= CAm+27

where for the last inequality we have used Lemma 2.2.7.

We now estimate the square functions of the martingales g,ij) .For1 < 5 < N, let
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D — |g,(C gk 1| k=1,2,.... Then, using Lemma 2.2.8,

d()] = \E<A§5>rf;”j><x> - BN F2 ) @)
—[EOP1F) @) - EAPIF) @)

A (y)dy

1 ; 1
— A(J) duy —
‘@;(x)r/cg:«x) O = 5 T e

1 ()
d— d
Q0 (2 |/ W 1T @ S 7@ O

QEJ: J
2k <(Q)<1

< i lait3] W(nl+3\/ﬁ€(Qij (m)))

k+2

SN
('ffm (v >)m (kfw(m%))m

=3 =3

k+2 l 3 1/2
<M (Zym? 8\/_ )) :

Then
m m  k+2
(SgP (@) = DB Fia) < MY Jayewf 8\/_ )
k=1 k=1 1=3
m+2 m
< M2Z|azl2 >« )
k=1—2
m—+2
< MMl
=3
= M3A$n+2-
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Therefore,

S anf (i + e

lim su
e VA2 ,loglog A%,
N N o
< lim sup (@) Zj:l g%)(xﬂ + lim sup Zj:l |g?(TJL) @)
T omoce (/A2 ,loglog A2, m—oo /A2 ,loglog A% .,
N ()

C m

< lim sup + Z lim sup g5 (2)]

m—oo y/loglog A% ., = mooo VA2 s loglog A2

: |95 ()]
= lim sup .
jZ1 mooo /A2, ,loglog A2, |,

N

() .
For j fixed, lim sup ' g ()] - < v/2 almost surely on the set {Sg% (z) —
" (59 (@) oglog (591 (@)

J

o0} by Lemma 2.8. But then for such z, (Sg% ()2 < M®AZ,,, and hence

: gt (@)]
lim su
e VA2 sloglog A%, —

almost surely on this set. Because {S g (x) is bounded} = {|g§£) (x)|is bounded} almost

surely (see?),
: 9% ()] _
lim sup RNy 0
mooo /A2, ,loglog A2,

almost surely on the set {S gg) (x) is bounded} and we obtain the conclusion of the theorem.

]
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Chapter 3

Lower bound result

In this chapter we will provide a lower bound in the result of the previous chapter.

3.1 Lower bound in the law of iterated logarithm

Theorem 3.1.1. Assume that f, ng, ax, A,,, and ¢, are as in the previous theorem, again
with A,, — 00 as m — 00. Suppose also that f has the property that there exists a number

1
@/ |f(u)?du > ¢y for all cubes of sidelength at least 1. Set M, =
Q
2
max;<p<n |ax| and suppose that M? < —""_ for some sequence of numbers K,, — 0 as
== loglog A2
n — o00. Then, if ¢ is sufficiently large, there exists a constant ¢, depending only on n, ¢, ¢

co > 0 such that

and the quantity fol w(d)/d dé, such that

m
lim sup (2o B (i + )] >c a.e.

m—o0 VA2 loglog A2,

Notice that in both of these theorems we do not assume the n; are integers, nor do

we assume any periodicity of f. We do not know the best possible values of C' and ¢ in

these inequalities. In the classical LILs, C' = ¢ = 1, but it seems difficult to obtain such
K, A?

precision here. In the lower bound the so called ” Kolmogorov condition” M? < — "

loglog A2

is an essential hypothesis, even in the trigonometric case. (See®, pg. 81.) The property

1
that Ql / |f(u)|?du > ¢ is also necessary and keeps f from becoming too "sparse” at
Q

infinity. For example, consider a function f on R given by f(x) = g,sin(2rz) for z €
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(—n —1,—n]U[n,n+ 1), where &, — 0, say montonically. By Theorem 2.1.1 (or Salem and

Zygmund %),
_ >, sin 27 (2Fz) |
1 — <C a.e.
lnl?jolip mloglogm  — €
and thus,
m ok
lim sup |Zk:1f( a:)} =0 a.e.

m—oo v/ mloglogm

The latter can be seen by breaking the sum in the numerator as Z,]f:l + > py4q Which
gives that the limsup is bounded by eyv+1 on (—o00, — 5] U [55, 00).

The proof of the Theorem will involve a mix of ideas and techniques from previous
chapter, the study of dyadic martingales, and classical probability theory. In Section 2
we will collect some definitions and lemmas which will be used in the course of the proof.
Throughout we will use the convention that C' and ¢ represent absolute constants, depending
only on ¢, n and the quantity (2.2.2), whose value may change from line to line. Sometimes

we will need to temporarily track constants and these will be labeled as C, Cy, etc.

3.2 Preliminaries

We record some lemmas.

Lemma 3.2.1. Suppose k is a positive integer, ¢ > 0. Then

: Z;‘ik—l-lw( n; ) < maX{logZ’ logq}foq 20

C

j—1
. Z‘;{I:lw (Z—?C) S maX{lOg2’ logq} qu “-’

—_

[\

(GN]
.
I8
=
+
=
3
|
3~
2
||H
L,

ng ny q—1
Proof.
/zc w(6) s /3 w(es) Js — /3 w(es) ds + i/;k w(cs)ds
0 5 0 S 1 S 1 S
q k=1" Gk+1

1 1 1

>10g2w +Z}quw (—c) >m1n{10g2logq}z ( )
q k=1 ¢ k=1 a
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Then

i ’ (%C) <> <q1 ) < max {10g2 1qu}/ “0) 45 and

n
j=k+1 J k=1
j—1 j—1 2
1 1 1 ¢ w(d
E W (C@) <) w (—kc) < max{ : }/ w )d5
p n; p q log2' logq~ J, )

which gives (1) and (2). For (3) we have
= 1 =1 1 1
Z;:—Z—S— d a1
j=k+1 "7 j=k+1 & 1 4 kd

The proof of (4) is similar. O

In what follows, we will need a lower bound for || S, ay.f (ngz+cx)||2 on [0, 1], This will
be done simply by squaring and estimating the terms aya; f[o,l}n f(ngz+cg) f(njz+c;)dx. We
will use the well-established principle that if, say n; is much larger than ny, then f(nyx+cy)
is roughly constant on cubes where f(n;x + ¢;) has mean value zero, which leads to a small

value for the integral.

Lemma 3.2.2. If j > k, then

/ |f(njz + ¢;) f(nex + c)| do < (/ |f(njx+cj)|2dx)2 (w(\/ﬁ”kw m'””“) .
[0,1]" [0,1]~

n; N
Proof. Recall that Fy denotes the set of all dyadic cubes in R™ of sidelength 1. Consider the
family of cubes of the form Q;,, = %Qm — nijcj, where @),, € Fy. Note that fQj,m f(n;x +
¢j)dx = 0. We say Q;, is of type 1if Q;,, C [0, 1], and Q;, is of type ITif Q;,, N[0, 1] # (
and Qjm, N ([0,1]")¢ # 0. Let R = (UQj.m) N [0,1]", where the union is taken over all type
IT cubes. Then |R| < 1 — <1 — n—i)n < i—" For each type I Qjn, let a;,, denote its center.

J
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Then
/ |f(nkx + i) f(njz + ¢j)| da
[0,1]™

= Y / nkw+Ck)f(njl’+Cj)|df+/R|f(nkff+0k)f(”j$+cj)|dff

Qj,m of type I

< X [ Wt @) = g+ ) fye + )| do

Qj,m of type I J,m

(/ |fnk$+0k|da?) (/ |f(n;x + ¢;)] da:)1

< Z W(\/ﬁnk) / |f(n;z + ¢;)|dz + % (/[071],1 f(nse + Cj)|2dl’>é

2n; _ N
Qj.m of type I J Q],"L J

Vi i) o V20Ul oin)’
( 2n] ) (/[071}71 |f(nj1:—|—cj)| dl’) + T (/[071]71 ]f(njx+cj)| dx) .

]

Lemma 3.2.3. |f[01n f(njz + ¢;)dz| < 2nm More generally, if ) is a dyadic cube of

sidelength 5 where 2% < ny < 27! then for j > N, |Q| | Jo f(njz + ¢;)dx| < on 2 W e ”f”°°

Proof. Using the notation of the previous proof we have:

f(njx +c¢;)dx| < Z f(n;x + ¢;)dx —l—/ |f(n;x + ¢;)|dz
[0,1]" type 1 Qj Qj m R
=0+ [ 1o + e < RIS < 2010
The second statement follows from this by a change of variables. O

Lemma 3.2.4. If ¢ is sufficiently large, then

N

/ | Z apf(npx + cx) Pde > cA%
[0 1]n k

=1

for some constant ¢ > 0 depending only on n, ¢ and the quantity in (2.2.2).
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Proof.

N

N
/ (Z ar f(ngx + ¢y, ) Z / flngx + ck)‘2dx
0,17 \ 41—y —1 [0, 1]n

+2 Z Z a,a; f(ngx + k) f(njz + ¢;)dx

k=1 j=k+1 (0,1]"

For typographical convenience in what follows, set m, = max{log2, 101 }. We estimate the
second term, using Lemma 3.2.2 and all parts of Lemma 3.2.1

N N
> |ara,| |f (i + ) f(njx + ¢;)|dx

k=1 j=k+1 o0.1]"
2 V2
|f(nd+Cj)|2dI> w(\/ﬁnk) + TLHfHOO
2n; v

= Z | ( Z a?w(\/;;;k) /[om |f(njz + cj)|2dx> ( Z w(\/;:k)>

+¢—||f||ooz|ak|<z T n]x+cj>2dx)é(§;)5

) n;
j=k+1 j=k+1

VG (8 2 N nny 9
< (mq/O g)d(S) Z\akl ( Z a?w(\é;j )/[;)71]n‘f(nj$+0j>’ da:)

k=1 Jj=k+1

+ (@Hf“oo\/%) Z\ak| ( - /01]n (njz + ¢;)| dx)

Jj= k+1

(Z) (Z > aw <§:’“> /[ 71]n|f(njx+cj>|2dw)

k=1 j=k-+1

1
2

2

1
2

+ (Val =) (Z) (Z YU If(njfv+cj)|2dﬂf>

n
k=1 j=kt+1 & J01]"
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M=

Vil @) N (L L\ (S 2 S oV
- (mq/o %dé) (Zak> (Z ]/ f(njz + ¢;)| dme(\é;j ))

k=1 =1 [0,1]" —1
1 N 3 /N -1 | 1
+ (\/%HfHooﬁ) (;a ) <Z /[01]n njx+cj)|2d:c;n—k>
N 2 /N L _
< (;ai> (;ai/m”n |f(njx+cj)|2dfﬁ> <mq/0\f/q wg)d5+ \/\/2_T(J|Ji||i;>
Therefore,
N 2

ar f(nkx + cx)| dx

1

N
> Zak/ nkx—l—ck)|2dq; — c AN <Z ai/ |f(nkx+ck)|2dx)
0 1 [0,1]"

where ¢, = (mq ff/q £ g5 + %'Lf“f)") . By hypothesis, f[0,1]n |f(nex + c)]Pdx > ¢ for

every k, and the lemma follows by taking ¢ sufficiently large (and hence ¢, sufficiently

1
2

[0,1)»

small). O

We will need the following subgaussian estimate for dyadic martingales (see Chang,

Wilson and Wolff?).

Lemma 3.2.5. If g, is a dyadic martingale on ) then for each m and every A > 0,

)\2
o€ Q: lanl)l 2 A} < exp (57— )

We would like a similar estimate for sums of the form Z arf(ngz + c).
k=1

Lemma 3.2.6. Put f,,,(z) = > /", arf(ngz+cy) where f is as in the hypotheses of Theorem
3.1.1. Then there exists constants C' and ¢ depending only on ¢, n and the quantity (2.2.2)
such that

(& € 0,17 : [fulz)] = A} < Cexp (—j—) .
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Proof. By Lemma 2.2.1 we can break up the sequence n; into a finite number of sequences
each of which has the property that for each k& > 1 there exists exactly one n;, with 2¥~1 <
ny < 2F. That is, we may write f,, = fm1 + -+ - + fmx for some positive integer K and each
fm; has at most one ny in each dyadic block [2%,2¥"1). Then since |{z € [0,1]" : f.(z) >
AH < ZjK:l {z € [0,1]" : fn; > %} the desired estimate follows if we can get such an
estimate for each f,,;. In other words, we may assume, without loss of generality, that f,,
has only one ny, in each dyadic block [2%, 2¥+1). We first also assume that a; = as = 0. For
m > 1, let f.(z) = ZZH; arf(nrx + ¢x). Under these conditions, it is shown in Chapter
2 that there exists a family of dyadic martingales {g } 7 =1,...,N, and an absolute

constant C] such that

fm+2 Zg

and for each j, (ngfZ (z))? < C’1A3n+2

< CiAp42

Here ¢ and N depend only on the dimension n. Thus, for A > C1 A2,

{z € [0,1]" : | fmya(2)] =2 A} < {z € [0, 1] |Zg z)| 2 A= CiApio}

N

. A Cl m-+2 )\ - ClAm+2)2
<3 |@we 0.1 ) > 2= iz zexp( .
j=1 (597(7{)@))2
_ 2 2
< Nexp (—c()\ EQIAWH) ) < Cexp <—CA;\—) )
m—+2 m—+2

By taking C' large enough so that C'exp(—cC?) > 1, this remains valid for A < C}A,, ».
Finally, to remove the assumption that a; = ay = 0, set fi,(z) = fiu(z) — a1 f(nmx +
c1) — asf(nex + ¢3), so that fm satisfies the above inequality. Noting that ||f|l. < C,
where C' depends on the quantity in (2.2.2), and using the inequality exp(—c(a — 3)?) <
exp(—3¢a? + 3¢f?), valid for a, 8 > 0, we have

{z € (0,2 : @) > MM < {2 € 0.1" : finl@) > A = (ar] + Jaz]) £l }|

_ 2 2
< Conp (~c 2L DUIRRY ¢ o (22
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]

The following is adapted from part of the proof of Proposition 5 in Banuelos, Klemes,

and Moore!!

Lemma 3.2.7. Suppose that g(z) is a real valued function defined on a set F, |E| > 0, and
that
( )dx

— <eA and / dx>cA
‘IEI |E| ’

for some constants A > 0, 0 < e < 1, ¢y > 0. Suppose also that g satisfies

2
{z € E: |g(z)] > \}| < Ce 22| E| for all A >0,

where C, ¢ are constants. Then if € is sufficiently small, there exists a 6 > 0, depending only

on ¢, ¢y, C, and ¢ such that
{x € E:g(x) > 6A}| > 6|E|.

Proof. Let 0 < § < L to be chosen momentarily. Then

1
cAzg—/g:z: 2dx
o4 < o [ Jola)
! 2d 1 %d
|g(z)["dx + lg(2)"d

a |E| {z€E:|g(z)|>LA} ‘E| {z€E:|g(z)|<LA}

SC(LA)260L2+C/ e~ AT AN + ’E’/La x)|dx
< CAY(L? + =) + / |g(z)|dx:
T 1E]

By choosing L sufficiently large, depending on ¢, C, and ¢y, we have

1
'AS—/ g(z)|dz.
+ [lato)
1

1 C’ €
+
— [ g xdx:—/ga: +g(x)de > —A—-A=CA.
1./, 0¥e = g ol olahds > =

But then
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Thus,

1 1 1
CA< — gt (x)dr + —: gtdr + — g dx
’El {zeE:gt<5A} ‘E‘ {zeE:0A<gt<L'A} ’E‘ {zeE:gt>L'A}
L'A /
< oA+ Tl € Big (o) 2 04)] + CAL e
By choosing § sufficiently small, and L’ sufficiently large, the conclusion follows. O

As to be expected, we will need a Borel-Cantelli type lemma for independent, or at least
weakly dependent random variables. This is provided by the following, whose proof can be

found in Banuelos and Moore®, pg. 79:

Lemma 3.2.8. For £k = 1,2,..., suppose F} is a collection of dyadic cubes whose union
is [0,1]™ such that Fj,; is a refinement of Fj. Suppose that the maximum length of the

elements of F} tends to zero. Suppose & C F} has the property:

ek, |en |J J >|Q\%.

Jengrl

Set By = J cg, J- Then for a.e. z, x € Ej i.0.

3.3 The proof of the theorem

Let M be a fixed large positive number. Define Ny < Ny < --- by

N
N :min{N:Zaz > Ml}.
k=1
Let € > 0 and assume € << 1.

Consider a large positive integer {. Using the definition of N; and the fact that |ay,|? <

eA},, for Ny sufficiently large, we can assume that A%, = A} _; + a3, < M'+ A} and

hence
1
M' < A3, < - (3.3.1)
Consequently,
A% M
1—e)M < —* < : 3.3.2
(=M < g < (33.2)
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Then by Lemma 3.2.6 and (3.3.2) we obtain

1+€
{z €0, 1]" |Zakf nx + cx)| > 1/ \/ANZ+1 loglog A%, }

AR, loglog A
gcexp<—c 1+e A, loglog Nl+1>

cM(1—¢) AR,

I+e
< Cexp (—m(l €)M log log AN,+1)

< Cexp (—(1+¢)loglog M) = C((I + 1) log M) ~1+<).
So by the Borel-Cantelli lemma, for almost every z € [0, 1]",

N

> anf(mea +ci)
k=1

1 + £
< \/ANM loglog A3, . (3.3.3)
)

for all sufficiently large [ (depending on z).
The definition of N; and (3.3.1) yields:

N1

M! 1 1
2 A2 2 I+1 _ +1 2
k=N+1 : )
3.3.4

By hypotheses, for all sufficiently large [,

2 2
AN1+1 AN1+1

2 g2 | N ) oS TN
1;}:15\)5“ U = BNy (loglogANlH) — 2 loglogANlJrl ’

which, by (3.3.4) and the definition of Ay,,, implies that

2 Niya Nipa
2 KN1+1 Zk N1 @ /
max aj, < E aj.
1<k<Nji4 1 —e— 55 loglog ANl+ (1 —e— = logl N

We may assume that e is small enough and M large enough so that 1 — e — % > % Thus,

max _ o </ (3.3.5)
1<k<Niiq Nit1 log
\ 2Zuk=N+1 @

Let 0 < p < 1. Suppose [ is large so that plogl >> 1. We define a sequence of positive
wlogl
1+4+¢

integers Iy, 15 - - - , ||, where for simplicity we write | | = { J (| | represents the greatest

34



integer function) as follows:

Let [; be the first time such that

N+l 1 Nit1
2 2
a, > a.,
kZNl-i-]. k‘ZNl-‘r].
so that
Ni+l1—-1 1 Nt
2 2
a; < —— asz. 3.3.6
k=N;+1 k=N;+1

Likewise, let l5 be the first time such that

N+l 1 Nit1
2 2
a; > —— a,
=N+l +1 k=N, +1
so that
Ni+l2—1 1 Nit1
2 2
a; < as. 3.3.7
Y a Tog > a (3.3.7)
kZNl+l1+1 k=Nl+1

Similarly we define I3, ...,1|.
Because of (3.3.6), N; +[; < N1 and hence by (3.3.6) and (3.3.5)

N+l N+l -1 1ae Niwi
)DIRTED DTN S
plog
k=N;+1 k=N;+1 k=N;+1
Combining this and (3.3.7) yields
Ni+la—1 Ny Ny
1+e¢ 1
2 < 2 < 2 3.3.8
Z ak— (ulogl+ulogl> Z ak Z ak? ( )
k=N;+1 k=N;+1 E=N;+1
the last inequality being a consequence of the fact that
1 1 logl
r te + < 1 for positive integers r with r < ROSZI 4. (3.3.9)
wlogl ulogl 1+4+¢

Thus, N; + lo < Ny11, so by (3.3.8) and again using (3.3.5), we have
Ni+lo Ni+l2—1 Nipi

Z ai = Z ai+a?vl+52§<1+€+ ! c ) Z a;

plogl — plogl + plogl

k=N;+1 k=N;+1 k=N;+1
Lo (3.3.10)
=2 az.
(ulogl> k:ZN;H :
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Continuing in the same fashion, using (3.3.5) and (3.3.9) we have

Nyj+13—1 14 1 Nyt Nit1
2< (2 2 < 2 3.3.11
2 s ( (Mlogl>+ulogl) 2 k< ) d (33.11)
k:ZNL+]. kZNrF]. k2N1+1

which implies that N; + I3 < N;;;. We continue this process, repeatedly using (3.3.5) and
(3.3.9) to conclude N; 4[|} < Nyy1.
Consider a dyadic cube @ such that |Q| = 27F where L is chosen so that 2" < ny, < 211,

By rescaling to ), Lemma 3.2.4 implies that

2

N+l N+l
/ Z arf(ngr + ;)| dx > c|Q| Z a;.
Q |g=N;+1 k=N;+1

Similarly, again by rescaling to ), Lemma 3.2.6 implies that

N+l 22
{re@:]| Z apf(npx + c;)| > A} < Cexp <_CM+—112) Q.
k=N +1 k=N+1 %k

Finally, notice that for £ with N, + 1 < k < N; + 13, (3.3.5) yields

Consequently by Lemma 3.2.3, and Lemma 3.2.1 (4),

N+l N+l L
1 ML £l
@/ E ap f(npx + ¢)dz| < E |ak|#
Q k=N,+1 k=N, +1 k

Then Lemma 3.2.7 applies to give § > 0 (which depends only on £ and constants which

themselves depend only on ¢ and n) so that

N+l

rEQ: Z akf(nk:v—l—ck) >

kZNl+1

(3.3.12)
N+l

>Rre@: Z ar f(ngx + ) >0

k=N;+1
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N+l

Set h(x) = Z arf(ngr + ;). Choose Ly so that 21 < ny,y, < 2M% Fix z, y and
k=N;+1

suppose |z —y| < 24? Then using the hypotheses of the theorem, the definition of Ay,,,,

Lemma 3.2.1(2) and (3.3.4), and again assuming that 1 —e — 57 > I, we have

|h(x) — h(y)| < Z lax| | f(npz + cx) — flnpy +cr)| < Z x| (ﬁnk)

k=N;+1 k=N;+1

N,
Ky, An,,, Nt Vnng 2 eyt az
w 2 S C’f(NH_1 \/ﬁ .
og

20

(3.3.13)

NN+

< 3
log log A?\rl 41 k=Nl

- ((5— C\/ﬁKNM)
vulogl

From (3.3.12) we conclude that there exists a collection of dyadic subcubes {Q'} of Q
with each |Q'| = 27 such that Vz € Q',

N+l
0 —Cy/uK
> wflowr s> (S

k=N, +1

and with | | ] @'| > d]Q|.
Q'cQ /
Consider such a () . Arguing as above we have

Ni+l2 5

reqQ Z ag f(ng + cx) >
k=Ni+l1+1 Vilogl

Ni+l2

>Rreq: Z apf(ne +cx) > 0

kJZNl-i-ll-i-l

Ni+l2

Sz =0Q.

kZNl-i-ll-‘rl
As previously, this leads us to a collection of dyadic subcubes {Q"} of Q" with |Q"| = 272,
where L, satisfies 212 < NN+, < 2L2+1 such that Vo € Q”,

Ni+l2

§d—C/uKy,. ,
Z apf(npr + i) > < \/\/l_LlNH )
k=N;+11+1 K108
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and with U Q"| > 6|Q’'|. We continue this process. Eventually we come to a subcollec-
Q//CQ/
. . L plogl . e
tion of cubes {I} with |I| = 27"0, where || = - | and L is the number satisfying
5

2k < Ny < 2Lu*t such that Vo € 1,

Nl-i-lu

0 —C\/uKn,
Y aflmr o) = ( \/%M >
k=N;+l|_1+1 plog

Moreover, U Il >0 |@| where @ is the previous generation cube. On each I, we need to

IcQ
Nij1
estimate the remaining terms Z ar f(ngx + ¢x). Using (3.3.13) and Lemma 3.2.3 we
k::Nl-i-lu—Fl
have:
Nl+1 Nl+1
1
i / arf(nex + cp)dr| < Z lag| m/f(nkx—i-ck)dx
T =Nt +1 k=Nj+1|j+1 I
=N e S Wi o [E
2 o
log Z Uk Z Ny log(
k:Nl+1 k:Nl-'rlu]-i—l
By Chebyshev,
Ny B Ny 1
: 2 =
rel: Z arf(ngx + ¢)| > 2C, g Z ay §2|I|,
k:Nl-Hu]-l—l k=N;+1

so that in particular,

Nl+1 5 Nl+1

Z agf(ngx + ¢) > —2C4 Togl Z a (3.3.14)

k:Nl-Hu-f—l k=N;+1

on at least 5 of the measure of I. Choose L so that 2L < NNy, < oL+ Let h(z) =
N
k;-]_\171+l[]+1 akf(nkx + Ck)'
Let 2 be a point at which (3.3.14) holds and suppose |z —y| < 2. Estimating as before
(as in (3.3.13)) we have:

230
k Nl+1

Viogl

h(z) = h(y)| < CKny,
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Thus, if

then

£

Consequently, there exists a collection of dyadic subcubes {J} of I with |J| = 2-L such that

for every x € J,

N

e+ Kn,_,
k=N;+p+1 0g

1
and with | Ujscr J‘ > §|I‘

Finally, adding the estimates from all of the above generations, we have

Ni+ NiH| | N1
Yooarflmzta)+o+ D> aflurta)t Y anf(mr + )
k=N;+1 kZNH-lu—l kZNl-i-lu-i-l

-5 (me) o ()

on a subcollection {J} of dyadic subcubes of @) with

1 wlogl plogl H108§<5) 1 |Q|

> Q0 1+ = |Q|elog6) e — |Q|l Tte

@nJJ1 > 1@l

(o) I
)

where the latter inequality holds if p is chosen sufficiently small. We remark that neither o
nor € depend on g so this is possible.
We may also assume that [ is large enough so that

VloglJ/(ulogl) o1 (3.3.15)

1+¢ 1+¢ 1+¢
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Thus, on the subcubes J, if [ is sufficiently large, we can estimate

Nip1
Z ay f (niz + cx)
k=N;+1
- plogl o — C\/ﬁKNHl _C \/g + KN1+1
1+e Vilogl Vlogl
S 1 wplogl (6 —C\/nKn,,, o Ve+ Ky, ]
T llt+el+te Vvplogl Vdogl

where 7 depends only on u, €, and 9§, but can be taken as a fixed positive number for all [
sufficiently large. Thus, if we let F; denote the family of dyadic cubes @ in [0, 1] of sidelength
2~ L (recall 2L < ny, < 2L+1) and let &1 denote the union of those cubes J of sidelength
9L (recall oL < N, < 2Z) found in all of the @) using the above argument, then, for large
enough [ (depending only on € and M), the hypotheses of Lemma 3.2.8 are satisfied, so that
there exits 7 > 0 such that for a.e. x there exists a subsequence of {N;}7°,, (depending on

x) such that for each [ in this subsequence we have
N
Dk l+1\111+1 apf(nee + cx)
N
\/logl pon HE\IQH ak
1

For such an z, then by (3.3.4), and again assuming that 1 —e — 57 > 1,

for an infinite
subsequence of the N; we have
N,
> k1 @k f (N + cx)

logl S ot a?

N3

By (3.3.1),
log log A?Vm <log((l + 1)log M —log(1l —¢)) < 2logl,

the latter inequality holding for [ sufficiently large. Consequently,
ka ar f(ner + c) — ng\il apf(nex + cx) S N

\/Zk 'y ak log log (Zk "y ak) 2v2
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But from (3.3.3) for a.e. « we have,

‘Zfil arf(npx + Ck)‘ 1+e¢
S -
VI a2 loglog S az | ML —e)

for sufficiently all large [ (depending on x).

Hence for a.e. x there is an infinite subsequence of sufficiently large enough [ so that,

lle+l ak‘f nex + ck;)) ,r] 1 + c

VN a2 loglog Y0 a2 o\

Thus, for a.e. x,

lim sup Dy af (el m 1te

n-soo /Y p_, ailoglogd y_ a2 o0v2  \[eM(1—¢)

We can let M " oo and obtain the desired result.
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Chapter 4

Future work

It has long been appreciated that the partial sums of lacunary series exhibit many of the
properties of sums of independent random variables. This is evidenced by many results in
analysis which give central limit theorem type behavior or laws of the iterated logarithm

" was first proved for Bernoulli

(LILs) for lacunary series. The classical LIL of Kolmogorov
random variables by Khintchine, then in 1950 Salem and Zygmund'® considered the case
for trigonometric functions ay cosnix on [—m, 7] and gave an upper bound result, which
was extended to the full upper and lower bound by Erdos and G4l®. Later on Takahashi!®
extends the result of Salem and Zygmund and derives a LIL for lacunary series, and in this
paper we extended the results of Takahashi by broadening the class of functions f. It would
be worth of study to improve our result according to the followings:

Mentioned in Chapters 2 and 3, it would be interesting to see if the hypotheses of Dini
continuity is necessary or if a weaker hypothesis would suffice.

Mentioned in Chapter 3, we needed ¢ sufficiently large. It would be interesting to see if
that condition is necessary.

In both the upper and lower bound results, it would be interesting to determine the

best possible values of the bounds. That is, to find the best possible values of C' and ¢

respectively in inequalities
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> hey anf (g + )|

lim sup <C a.e.
m—00 VA2 loglog A2,
and
lim sup (2t e f (7 + )| >c a.e.

m—00 VA2 loglog A2,
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