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Abstract. It has been shown that taking into account surface mechanics is extremely important
for accurate modeling of many physical phenomena such as those arising in nanoscience, fracture
propagation, and contact mechanics. This paper is dedicated to a contact problem of a rigid stamp
indentation into an elastic isotropic semiplane with curvature-dependent surface tension acting on
the boundary of the semiplane. Cases of both frictionless and adhesive contact of the stamp with the
boundary of the semiplane are considered. Using the method of integral transforms, each problem
is reduced to a system of singular integro-differential equations, which is further reduced to one or
two weakly singular integral equations. It has been shown that the introduction of the curvature-
dependent surface tension eliminates the classical singularities of the order 1/2 of the stresses and
strains at the end-points of the contact interval. The numerical solution of the problem is obtained
by approximation of unknown functions with Taylor polynomials.
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1. Introduction. It is well known that particles on the surface of solid objects
experience a different environment than those in the bulk. For macro-objects, it is
customary to assume that surface energy is small compared to energy in the bulk and,
in most cases, can be neglected in the study of the stressed state of the object. This,
however, is not true for surface-dominated phenomena such as micro- and nanoscale
processes. In this case the ratio of the surface energy to bulk energy is no longer very
small, and the surface energy needs to be taken into account in a stress analysis.

Classical linear elasticity lacks interior length scale and, thus, does not allow us
to take into account microstructure and surface effects in the material. To overcome
this deficiency, various surface energy theories became prominent recently in stud-
ies of nanophenomena, especially problems for nanowires, nanorods, nanoinclusions,
and also problems of fracture mechanics. Intuitively, surface energy can be under-
stood in terms of a two-dimensional elastic membrane which has been attached to
the surface of a three-dimensional bulk substrate. The first rigorous surface elas-
ticity theory of this type was proposed by Gurtin and Murdoch and is described in
their seminal works [4], [5]. Later Steigmann and Ogden [20], [21] pointed out that
the Gurtin—-Murdoch theory cannot be used for a compressive stress-state, and they
generalized the Gurtin—-Murdoch theory to incorporate curvature dependence of the
surface energy. Independently, a different curvature-dependent surface tension the-
ory was proposed by Slattery and coworkers [12], [19]. In this paper we adopt the
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latter theory for modeling the surface behavior. The effect of the nanostructure of
the material is modeled by the introduction of surface tension 4 on the boundary of
the semiplane, which is assumed to depend linearly on the curvature of the boundary.

The motivation for using this particular theory to study contact problems derives
from its successful application to fracture. Since fracture is a nanoscale process,
surface mechanics on newly forming fracture surfaces strongly influences the stress
and strain fields near the tip of a crack. In particular, it was shown in [17] in the
context of the classical Griffith crack problem under pure mode I loading that if the
surface stress tensor is chosen to be Eulerian with surface tension being constant,
then the resulting crack-tip stress and strain fields lose the traditional strong, square-
root singularity and exhibit only weak, logarithmic singular behavior. Furthermore,
it was shown in [17] that under pure mode I loading, if surface tension is chosen to
be a function of (linearized) crack surface mean curvature, then the stress and strain
fields are bounded in a neighborhood of the crack-tip. However, it was subsequently
shown in [22], [25], and [26] that if mixed-mode loading conditions occur at the crack-
tip (as is the case for an interfacial fracture [25], a curvilinear crack [26], and a
classical Griffith crack with mixed-mode far field loading [22]), having surface tension
depend upon mean curvature might be insufficient to guarantee bounded crack-tip
stress and strain fields; in particular, certain components of the stress tensor might
be bounded in a neighborhood of the crack-tip, while other components exhibit a weak
logarithmic singularity. It was then shown in [22] that under these conditions, having
surface tension depend upon higher tangential gradients of the surface displacement
as well as on linearized mean curvature removes the weak crack-tip stress and strain
singularities resulting in bounded stress and strain. Additionally, it was shown in
[26] that having surface tension depend upon linearized mean curvature removes the
oscillating nature of the interfacial crack-tip stress and strain fields predicted under
classical (no surface mechanics) linear elastic fracture mechanics (LEFM) theory.

Micro- and nanoindentation tests are frequently used to study microstructure-
dependent size effects, which motivates the study of contact problems here. It has
been noted [7], [11], [13] that in micro- and nanoindentation experimental studies,
the obtained values of mechanical parameters significantly depend on the size of the
indenter. It has also been observed, both experimentally and through numerical
simulation, that this dependency cannot be explained by using bulk theories alone
(such as the strain gradient theory), and surface to volume ratio should be taken
into account. Different forms of Gurtin—-Murdoch surface elasticity have been applied
recently in [6], [23], [27], [28] to the contact problems for a semiplane, a semispace, and
an elastic layer. In this paper, curvature-dependent surface tension will be assumed
to be acting on the boundary of the semiplane.

Cases of both frictionless and adhesive contact of a rigid stamp with a semiplane
are studied in the present paper. The outline is as follows. The boundary conditions
with the curvature-dependent surface tension are derived for a frictionless contact case
in section 2. The mechanical problems are reduced to systems of singular integro-
differential equations which are further reduced to weakly singular integral equations
in section 3. In section 4, the effect of the surface tension on the singularities of the
stress field near the end-points of the contact zone with the stamp is discussed. The
solution procedure for the adhesive contact case is illustrated in section 5. Finally, the
numerical procedure is described and the numerical results are obtained for different
mechanical and geometric parameters of the problem in sections 6 and 7.
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Fic. 1. A rigid stamp indentation into an elastic semiplane.

2. Statement of the problem for a frictionless stamp. Consider a contact
problem for a rigid stamp indentation into an isotropic elastic upper semiplane with a
Poisson ratio v and a shear modulus p (Figure 1). Assume that the boundary of the
semiplane in an undeformed configuration is aligned with a real axis of the coordinate
system and the contact interval along the x-axis is Ly = [—[,[]. The stamp is pressed
into the semiplane vertically with a total force ¥ and a moment about the origin
M = 0 and cannot rotate. It is assumed here that the force Y is large enough so
that the actual contact zone of the stamp with the semiplane is the whole interval
Lg. The surface of the semiplane L; = R\ [, [] outside of the contact zone is free of
stresses. The stresses and the derivatives of the displacements vanish at the infinity
of the semiplane. Assume that the surfaces of the semiplane and the stamp are in
the frictionless contact and the curvature-dependent surface tension is present on the
boundary of the semiplane. It is assumed that the stress field in the bulk is subject
to Hooke’s law. The surface stress of the form T = AP acts on the boundary of
the semiplane, where P =1 — n ® n is the projection tensor. Then, similarly to [17],
the jump momentum condition on the boundary of the semiplane can be taken in the
following form:

(2.1) gradyy +27Hn + [T[n = 0,

where 7 is surface tension on the boundary of the material, T denotes the Cauchy
stress tensor, n is the unit normal to the deformed boundary of the semiplane pointing
into the bulk of the material, H = — %diV(g)n is the mean curvature, grad(c) and div ¢
denote the surface gradient and the surface divergence correspondingly, and the double
brackets [...] denote the jump of the quantity enclosed through the boundary of the
semiplane.

Assume that the surface tension acting on the boundary of the semiplane depends
linearly on the curvature of the deformed surface [17]:

(2.2) v = 71div(c)n +v9, t€ Ly,

where 71, 72 are real constants. A similar formula with possibly different constants is
valid for the material in the contact zone Ly. The surface mechanics model assumed
here treats the material surfaces as dividing surfaces (in the sense of Gibbs) between
two distinct material phases; on Lo, the phases are both solids (the rigid indenter
and the elastic semiplane), while on L; the phases are the elastic semiplane and the
“vacuum” outside of the material body.

Linearizing (2.1), (2.2), under the assumption that all of the appropriate deriva-
tives of the horizontal u; and vertical us displacements are small, leads to the following

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/14/16 to 129.130.37.160. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A RIGID STAMP INDENTATION INTO A SEMIPLANE 621

modified boundary conditions:
(23) Ulz(t, 0) = 70U27111(t, 0), te L(),

Ug)l(t,O) = gz(t), te Lo,

in the contact zone, and
(2.4) o12(t,0) = yuz111(t,0), t€ Ly,

o22(t,0) = —y2u2,11(t,0), te€ Ly,

outside of the contact zone, where 92, 012 are the normal and the shear stresses
acting on the boundary of the semiplane, the subindex 1 after the comma means
differentiation by z, and g2(t) is the derivative of the function which describes the
vertical profile of the rigid stamp. The coefficients vy and v, are allowed to have, in
general, different values. No continuity of stresses is assumed through the end-points
t = £l of the intervals Ly and L;. Observe that similarly to [17], (2.1), (2.2) are taken
in the deformed configuration, while (2.3), (2.4) are in the reference configuration. To
obtain the boundary conditions (2.3), (2.4) one needs first to convert (2.1), (2.2) into
the equations in the reference (undeformed) configuration and then linearize these
equations.

3. Reduction of the problem to one weakly singular integral equation.
It is well known that the stresses o922 and 012, and the derivatives of the displacements
u1, ug in the semiplane S, can be expressed through two complex functions ®(z), ¥(z)
(complex potentials) analytic in .S using the following formulas [10]:

(3.1) (022 + io12)(t) = B(t) + B(E) + %(f@’(t) + (),
d , W
(3.2) 2u (w1 + iua)(t) = R®(t) - B() — Z (VD) + ¥(D), teR,

Here k = (3 — v)/(1 + v) for the case of plane stress and k = 3 — 4v for the plane
strain.

Consider the integral representations of the complex potentials proposed by Savruk
[15]:

(3.3) B(z) 1 g/(t)dt+ (/f—f—})_l/Rq(t)dt

o R 1—2 i t—z’

1 '(t)dt  tg'(t)dt 1)t t)dt  tq(t)dt
BTNy ot (0 NGRS ORI B
2r Jgp\ t—2  (t—2)2 i R\ t—z (t—2)2
where the functions ¢(¢) and ¢’(¢), defined on the real axis R, represent the jumps of
the stresses and the derivatives of the displacements through the real axis R:

(34) 2q(t) = (0'22 + i012)+(t) — (0'22 + Z'O'lg)i(t), teR,

g'(t) = —(uy +iuz)t(t) — %(ul +iug) (t), teR,
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”

where superscripts “+” and “—” correspond to the parameters in the upper and lower
semiplanes, respectively.

Since there is no physical material present in the lower semiplane, the complex
potentials there can be chosen formally with a certain degree of arbitrariness according
to the convenience of the solution to the problem. In this problem, we formally
extend the domain of the definition of the complex potentials ®(z), ¥(z) from the
upper semiplane S to the full complex plane in such a way that the derivatives of the

displacements are equal to zero on the boundary of the lower semiplane:

d
(3.6) E(ul +iug)~(t) =0, teR.
Observe that due to the uniqueness of the solution of the second fundamental problem
of elasticity [10], it follows that the only solution to the boundary value problem (3.6)
in the lower semiplane is the trivial solution (up to the rigid motions of the semiplane).
Hence, the stresses also must be equal to zero on the boundary of the lower semiplane:

(37) (0'22 + Z'O'lz)i(t) =0, teR.

Substituting the integral representations (3.3) into the Muskhelishvili formulas
(3.1), (3.2) and remembering that ¢ = ¢ on the real axis allow us to obtain simple
formulas for the stresses and the derivatives of the displacements on the real axis:

(3.8) (022+ialg)i(t):iq(t)+% /R g;(T_)‘iT - m’zﬁ_j 5 /R "gd;, teR,

d ’ RGeS k—1 [ g (r)dr 2K q(r)dr
(3.9) QME(Ul‘FlUZ)i(t) =E——F—g )+ /R * /]R

2 27 T—t wi(k+1) T—t’

te R

Substitute (3.6), (3.7) into (3.4), (3.5), and then into the boundary conditions
(2.3), (2.4), and arrive at the following new boundary conditions:

Y0 2u
(3.10) Im qo(t) = 793@), Re go(t) = mgz(t)a t € Lo,
v1(k+1) Yo(k 4+ 1)

(3.11) Imgi(t) = Reg!’(t), Req(t)=— Reg/(t), te L.

4u 4n
Here and further, the subindex “0” denotes the values of the functions ¢'(¢), ¢(¢), and
their real and imaginary parts, and their derivatives on the contact interval Ly, while
the subindex “1” denotes the values of these functions on the interval L; outside of
the contact interval. The functions ¢'(t), ¢(t) without any subindices are presumed
to be defined on the whole real axis R:

! t) te Ly qO(t) te Ly
/t — g()( ) ) t) = 9 5
g(t) { g1(t), te Ly, a(t) q(t), teL.
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The condition (3.6) then can be rewritten with the help of formulas (3.9) as

k+1 k—1 [ Reg'(r)dr 2K / Im g(7)dr
A2 Img’ =
(3.12) mg'(t) + 2 /R T—t +7T(I€+1) R T—t 0

teR,

k+1 k—1 [ Img'(r)dr 2K /Req(T)dT
3.13) — 2 " Reg'(t - -0, teR,
(3.13) 2 g+ 27 /R T—t m(k+1) Jg Tt

where the real and the imaginary parts of the equation have been separated. Assuming
that the unknown functions in (3.12), (3.13) belong to the space L*(R), take the
Fourier transform

Fi) = [ e g

of (3.12), (3.13), and use the following relationship between the Fourier and the Hilbert
transform [8]:
F(H(f)) = —isigns F(f),
where
1 f(r)dr

T Jr T

H(f)

Then the unknown function F(Im ¢’(¢)) can be excluded from the resulting equa-
tions, and the system (3.12), (3.13) can be reduced to only one equation:

Yok + 1

) FRegt ) + =)

(3.14)  — F(Reg,(t)) —isigns v

F(Regy"(t))

_ If_fl]-"(gg(t)) ~isign s F(Reqo(t)) + %F(gé’(ﬂ).

Assuming that Reg¢'(t) — 0, Reg”(t) — 0 as t — oo (this fact is verified in the
appendix), integrate by parts:

FReg!(t)) = —e 7 Re gl (1) + ¥ Re ¢ (=) + 2misF(Re g} (1)),

(3.15) F(Regl(t)) = —e 2™ Re g/ (1) + €2™* Re g}/ (—1)

+ 2mis (—e > Re g (1) + ™ Re g} (—1)) + (27is)>F(Re g (t)).

Substituting the second formula (3.15) into (3.14) allows us to solve (3.14) for the
Fourier transform F(Re g} (t)):

Ly Y2(k +1) p o
F(Regi(t)) = (32 - o 1)7r2)

Y k+1 .. S —2mils mils
(316) X {— <ﬁ181gn8+ %) (_016 2mil +0282 1 )

1 , , 242
—(-C —2mils C 2mils\ _ _ 4M
+47T2 (—Cse + Cae™) v (K2 — 1)72

F(g2(1))

H .. Ly .
+ mz sign s F(Reqo(t)) — W—:l)w?}-(g? (t))} ’
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where the constants C1, Cz2, Cs3, and Cy are defined by C1 = Reg{ (1), C2 = Re g} (-1),
C3 =Reg!(l), and Cy = Re gy (-1).

Substituting formula (3.16) into formulas (3.15) allows us to find the Fourier
transform F(Re g{’(t)) as well:

’yg(lﬁ + 1) H -

" _ 2 _

F(Regy'(t) = <S 271 (K — 1)7T|S| * m(k — 1)772)
ﬂ _ —27ils 2mils

(317) X {71(H — 1)7‘( ( Cle + 026 )

72(’{ + 1) H —2mils 2mils
— —C C.
+ ( 27 (k — 1)7r|8| + y1(k — 1)72 ( 3¢ +Cae )

8u?s?

4pissign s
71 (k2 —1)

FRean(t) + 12 P}

Using the convolution formula for Fourier transforms [8], it is possible to invert
the Fourier transforms (3.16), (3.17):

vo(k 4+ 1)

)= L -
Regi(t) = pra (Kg(t 2 2vi(k — )7

Kz(t—l)>
(3.18)
_ %02 (Kg(t—H) _ me(rtl)

1
(e — Ty 2 ”) + 5 (CCsKa(t =) + Caki(t +1)

472

2

21 B
_WAOQZ(T)Kl(t—T)dT— WAORGQO(T)Kz(t_T)dT

HYo "
Mo Ki(t—7)dr, te L,
ACER /LOQZ(T) 1t = m)dr !

Reg{'(t) = —%(—Ollfg(t 1)+ CoKs(t+1)
+ Cs (%Kﬁ —) - %(%WKWL B l)>
(8.19) —C (%KL(HD ~ mKl(t—H))
+'y1(/§27u2—1) /o0 (2Kt - — sl ar
+% /L Re qo(7) (%Ks(t -7 - M(%WKZ@ _ T)> i
+% /LO g5 (7) (%Kﬂt —7) — %(%Wlﬁ(t _ T)) dr
%(:ﬁ . /L RezoiTt)dT’ -
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where the kernels K(t), j = 1,2, 3,4, are defined by

e2mics > cos 27s(t + ¢)ds
Ki(t+e)=F 1 (—5 ) —of XBTUETON
i te) <<|s|—a>2+b2> [

(3.20) Ka(t+¢) = —iF ! (%) = /000 %’
SRR iy
o= 4112§::Li))7r S ’yl(ﬁﬁ 1)r?

Here it is assumed that 16u > ~y172(k% — 1) (and, hence, b is a real number). In
practice, the shear modulus p for many industrial materials (such as metal alloys)
satisfies the condition p > 40, and the parameter x always satisfies the condition
Kk < 3. Hence, it is sufficient to consider the parameters 71, 72 such that vy, < 80,
which is a physically reasonable condition for surface tension parameters.

It is possible to show that the functions K;(t) and Ko(t) are Hélder continuous
with any exponent A\, 0 < A < 1, on the whole real axis and belong to the space
L?(R). The function K3(t) belongs to the space L?(R), is Holder continuous with any
exponent A, 0 < A < 1, on (—00,0) and (0,00) separately, and has a discontinuity
of the first kind at t = 0. The function K,(t) belongs to the space L?(R), is Holder
continuous with any exponent A, 0 < A < 1, on (—00,0) and (0, 00) separately, and
has a logarithmic singularity at ¢ = 0. The proofs of these properties can be found in
the appendix.

To regularize the system of the singular integro-differential equations (3.12),
(3.13), solve (3.14) for F(Reqo(t)) and invert the Fourier transform:

1 ! 1 1"
(3.21) Reqo(t) = _/ Regi(r)dr _ 7a(k + )/ Reg}’(r)dr
TJ, Tt drp o T—t

2 _1 /!
< [ i D) [ O
ﬁ'/—’—]. Lo T—1 2(/45"'1) Lo T—1

The final step is to substitute the formulas (3.18), (3.19) into (3.21). This reduces
the frictionless contact problem under consideration to one weakly singular equation
for the function Re go(t) on the finite interval Lg:

1 (I—=7)(1+1t)| Rego(r)dr Yo(k + 1)
.22 R t) = —— 1 —
(3.22) el =23 | BTyt (e D
Kg(Tl—T)dTl Hy2 / / K4(T1—7')d7'1
X /LO Reqo(r )dT/ p— =D/, g2(T)dr —
Yoy2 / / Ky(ry — 1) d7'1 24 / 1 (I—7)(1+t)| g2(r)dr
dyim? . T —t m(k+1) J1, (I+nl—-t)| -t
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J(T)dr
T—1

271'(/4:—!—1 (1 —1)
Lo etl) vo(k 4+ 1) /KQT /K2 (t 4+ l)dr
43y (k — 1) T

1) Ko Ko
+72("”°+ < / a( _t 04/ 4T+ld7>, t e L.

The kernel of this equation belongs to the space L?([—1,1] x [1,1]), is Holder
continuous on (—I,l) with any exponent 0 < A < 1, and has at most singularity of
logarithm-squared type at the end-points ¢ = +[ [2]. Assuming that the functions
92(t), g4 (t) are Holder continuous on Ly up to the ends, it follows that the right-hand
side of (3.22) also belongs to the space L?(—1,1), is Holder continuous on (—I,1), and is
a weakly singular function with a singularity having at most logarithm-squared type at
the end-points ¢ = +I. Then it follows from the theory of Fredholm equations [9] that
the solution Re go(t) to (3.22) exists, is unique for almost all values of the parameters,
and is Holder continuous on L with the possible exception of the end-points ¢ = 4.
Observe that then from the formula (3.18), it follows that the function Re ¢’(t) also
belongs to the space L?(R\ [, []) and is Holder continuous. Similar conclusions can
be made for the functions Re ¢”’(t) and Re g"”’(¢). Hence, all the operations which led
to (3.22) are justified.

The solution Re go(t) to (3.22) contains four real constants Cj, j = 1,2, 3,4. Four
additional conditions for finding these constants will be given later.

%(*@7—1 ‘ n(+1)]g

4. Singularities of the solution at the end-points of contact zone with
the stamp x = =+l. From the previous studies [16], [17], [25], [26], it is known
that taking into account the curvature-dependent surface tension in the form (2.2)
on the boundary of an interface or a noninterface crack leads to the elimination of
the classical power singularities of the order 1/2 at the crack-tips and oscillating
singularities of the pure imaginary order in the case of an interface crack. Weaker
logarithmic singularities may still be present at the tips of the crack. Let us investigate
the singularities of the stresses and strains at the end-points of the contact interval
for the case of the frictionless contact of the stamp with the semiplane.

Assume that the function g (z) and its second derivative g4 (z) are Holder contin-
uous and do not have singularities of any kind at the end-points of the contact zone
x = %l. By excluding the unknown Im ¢'(¢), the system (3.12), (3.13) can be reduced
to one singular integral equation:

Req(r)dr

=0, teR.
T—1

, K—1 1

(4.1) Reg'(t) + o Imq(t) 7T/R

Consider this equation on the interval Ly. Observe that the unknowns Re ¢'(t) =
Re g((t) and Im ¢(t) = Imqo(t), t € Lo, can be expressed through the functions go(t)
and g4 (t), and hence are bounded at the end-points ¢t = %[ of the interval Ly. Also
observe that since all the unknown functions can have at most integrable singularities
at t = £, the function Im ¢ (¢) = 71(”:1) Re g7’ () has at most integrable singularities
at those points. Then it follows that the functions Re g} (t), Re g{ (), and Re ¢ (¢) are
bounded at ¢ = +£l.

Since the functions Re g{(t) and Im gy (¢) are bounded, it follows from (4.1) that

the integral
/ Req(r)dr
R T—1
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is bounded at the end-points t = +I. Then, there is no discontinuity at these points,
and hence the function Re ¢o(t) is also bounded at ¢ = £I, and, in addition, it satisfies
the conditions

(42) Re qo(:I:l) = Re ql(:I:l).

From (4.1) and the fact that Reg/(t) is bounded at the end-points ¢t = =+, it
follows that the function Img(¢) is also bounded at these points. Finally, from
(3.12), obtain that the functions Im gj(¢) and Im ¢ (¢) have at most logarithmic type
of singularities at ¢ = +[. Hence, the stresses and the derivatives of the displacements
have the following behavior at the points ¢t = +i:

0'12(t,0) = O(l), Ugg(t,O) = O(].), t — =+,
u1 1(t,0) = O(log [t £ 1]), t — +I,
’U,g)l(t, 0) = O(].), t — =+,

where either all the top signs or all the bottom signs need to be taken.

Therefore, it has been shown that similarly to the conclusions of the papers [16],
[17], [25], [26], introduction of the surface tension on the boundary of the semiplane
leads to elimination of the power singularities of the stresses and the derivatives of
the displacements. Only weaker logarithmic singularities may still be present.

Observe that the conditions (4.2) provide two out of four necessary conditions to
find the constants C; in (3.22). The other two conditions can be obtained by fixing
the total force acting on the stamp and its moment about the origin:

l l
(43) / Ugg(t, O)dt = Y, / tO’gg(f, O)dt =M =0.
-1 -1

5. Solution for an adhesive contact problem. Consider a rigid stamp in-
dentation into an elastic semiplane similar to the previous sections. Assume that
the friction between the semiplane and the stamp is so large that the stamp and the
semiplane are in the adhesive contact with each other. The boundary condition (2.3)
is replaced in this case by the following adhesive condition in the contact zone:

(51) U171(t, 0) = g3(t), U271(t, 0) = gg(t), te Lo,

where the functions g2(t), g3(t) describe the profile of the rigid stamp. The boundary
conditions (2.4) outside of the contact zone stay the same. Using a procedure similar
to that for frictionless contact, obtain that the conditions (3.10) are replaced with

21 2u
- t), Regy(t) = ——
/‘\3"‘193( )7 egO() /‘\3"‘1

(52) Im qo(t) = gg(t), te Lo,

while the conditions (3.11) stay the same.
The integral equations (3.12), (3.13) remain the same, and (3.14) needs to be
replaced with

7k —1)
4p

vo(k 4+ 1)

(5.3) — F(Regy(t)) —isign s v

F(Regy () + F(Regi"(t))

= 2 F(ga(t) i sign s FReao(t) — L Ftma (1)
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Following the solution procedure in the previous sections, the problem can be reduced
to two weakly singular integral equations on the finite segment Ly with respect to the
unknown functions Re go(¢) and Im go(t):

e

64 g A A - e

S B e e
e Regi(t) = ———Lms /L Rea (Kt —7)dr
—m /L T go () K (t — 7)dr — %(ﬁfi‘flw /L 9o (T KL (t — 7)dr

+5-01 <K3(t - %Kg(t - z))-%cz (Kg(t . %m(w z))

+41—2( CoEi(t— 1)+ CaKy(t+ 1), t€ L,
Re g/ (t) = _m(fiﬁlh /L Re do(T) Ky (t — 7)dr

2u 4p?
+71(H+ Or /Lg Im qo(7)K3(t — 7)dT + P /Lg g2(T)K3(t — 7)dr
m(—qm (t—1)+Cs K (t+l))—%(—C3K3(t—l)+C4K3(t+l)), tely,
and the kernels K;(t) and the constants C; are defined in the same way as in the case
of the frictionless contact.

Assume that the given functions go(t), g3(t) belong to the space L?(—I,1) and
are Holder continuous on the segment Lo up to the end-points. Then (5.3) is a
system of two weakly singular equations with L?([—1,1] x [~,1]) kernels and L?(—,1)
right-hand sides. Hence, using the theory of Fredholm integral equations [9], we can
conclude that the solutions Re g (), Im go(t) exist and are unique for almost all values
of parameters, belong to the space L?(—I,1), and are Holder continuous on Lg, with
the possible exception of the end-points t = +1.

Let us investigate the singularities of the obtained solution. Observe that the
functions Re ¢ (t) and Re g7 (t) (and hence, Re ¢ (¢)), as in the case of the frictionless
contact, remain bounded at the end-points ¢ = +I. Then it can be seen from (5.4)
that the function Im gy (t) can have at most a logarithm-squared type of singularity
at the end-points ¢ = %I, while from (5.5) it follows that the function Re go(t) can
have at most a logarithmic type of singularity. Then from (4.1) we obtain that the
function Im ¢ (¢) has at most a logarithm-squared type of singularity. Finally, from
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(3.12) it can be seen that the function Im ¢/ (¢) has at most a logarithmic singularity
as well. This leads to the following properties of the stresses and the derivatives of
the displacements:

o12(t,0) = O(log? [t £ 1]), t — =+,

022(t,0)20(10g|t2|:l|), t— £l F0, Ugg(t,O) :O(l), t— £+l +0,
ul,l(t,O):O(l), t— £l F0, ul,l(t,O):O(log |t:|:l|), t— £l +0,
’U,g)l(t, 0) = O(].), t— :|:l,

where either all top signs or all bottom signs need to be taken. Observe that just as
in the case of frictionless contact, the stresses and the derivatives of the displacements
can have at most logarithm-squared singularities.

The conditions (4.2) do not apply to the case of the adhesive contact. Considering
(3.13) and remembering that both of the functions Re g((¢) and Re ¢/ (¢) are bounded
at the points t = £I, we obtain that the following conditions need to be satisfied:

I /
(5.6) Imgi (), Beaot)
t—1+0log|t — 1| t—1-0logl|t — |
!
- Im ¢} (¢) ~ lim RGQO(t).
t——i—0log|t +1| t==i+0log|t + |

The conditions (4.3) remain the same for the adhesive contact case as well.

6. Numerical scheme for the solution of the systems of singular integro-
differential equations. To find a numerical solution to the systems of singular
integro-differential equations (3.12), (3.13) with additional conditions (3.10), (3.11)
or (5.2), (3.11), approximate the unknown functions ¢(t), ¢’(t) by Taylor polynomials
separately on the lines Ly and Ly. This method has been previously employed in [25],
[26] and proven effective in these studies in comparison with the spline collocation
method and with the results obtained by approximating the unknown functions by
Fourier series.

The details of the numerical scheme of the solution will be presented in the
example of the system (3.12), (3.13) with additional relations (3.10), (3.11). First,
approximate the unknown functions Im g((¢), Re qo(t), Re g} (t), and Im ¢/ (¢) and the
given function go(x) by truncated Taylor and Laurent series with a given number of
terms:

N-1 N-1
(6.1) Im gj(t) = apt®, Reqo(t) = aith, t e Ly,
k=0 k=0
N N+4
(6.2) Im gy (t) = Z a;t™"  Reg|(t) = Z agt™®, te L,
k=1 k=1
N-1
(6.3) g2(t) = bit", t € Lo,
k=0

where a}, a2, a3, a} are unknown coefficients and by, are given coefficients.
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Observe that since the functions Re g/ (t), Im g} (t) decay to zero at infinity, it
is possible to assume that the free terms in Taylor series expansion (6.2) of these
functions are equal to zero. The additional four terms in the expansion (6.2) of the
function Re ¢’(t) correspond to the constants Cj, j = 1,2,3,4. Compute the singular
and the regular integrals of the power series terms explicitly:

rkdr — l—(=17F
Joarmi= 2 R st
—kd 1 —(=1)itk
(6.4) / r —tr = (+]i Pk <,
lri>t T =0 J

k
1—(-1) o
/ d’"— Z AL T
| ]+k

rl<t T =1

—k 01— (=1
/ rdr > %rw—k, It > 1.
| =

r—t
r>t i=tizk 7

<.

Substituting the representations (6.1)—(6.3) into the system of the singular integro-
differential equations (3.12), (3.13) and using the formulas (6.4) and the additional
equations (3.10), (3.11), obtain the following system of linear algebraic equations for
the unknown coefficients aj, in the representations (6.1), (6.2):

N+4 ; N+4 ;
1 —1 1—(=1)itk 1—(=1)itk
K+ allk—FH 4l 7 ( ) + K71 Z](]"’l) 4l j—2 ( )

2 kK 21 % j+k 2um j+k+2

_1)k—i N1 , 1— (—1)k—i
Z s e ol S TR e

J 0,j#k (ks +1) §=2,j £k 42 k—j+2
k=0,...,N—1,
k-1 "~ 1 (—1)FT k-1 1— (—1)i+k
Cor Z a;lj k—1j + 2m Z gl JW
i=0.3#k J =1 J
N-1 N+4
+72'€ Z T (D7 Ky Z 4131 14 (=1
7r(/<a+1)J:0#k J k—j  2um & Jjt+k
(6.5) = ubpl®, k=0,...,N —1,
N+4 [y N+4 ki
k+1 . k=1 1 —=(=1)"7  km o 1—(=1)J
; L o > ajl Jik(_), to— > ajl 2](]+1)7k ( ._)2
=Ltk J BT j=tih—2 J
N-1 ; N-1 »
_ /’L(K/ - 1) b lj 1- (_]‘)j+k Yok b lj72 i(i—1 1-— (_1)J+k k=1 N
- ] . J ](.7_ ) . — ) LI )
w(k+1) & j+k w(k+1) & j+k—2
Jj=0 j=2
N-1 ; N ,
k+1 4, o k-1 L l= (=1 g1 31— (=1)kJ
— agl™" — Z ajlj - + Z ajl™ ——o—
2 = j+k 2m Pleyr i k—3j
N-1 . N+4 .
+27”Zazpﬂ_ﬂ St GLECDY N
7.‘-(,{4_1) — J ]+k 2:““71-]:1]-75]671 k—j 1 ) gee ey dVe
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To obtain the remaining four equations, substitute the representations (6.1)—(6.3)
into the additional conditions (4.2), (4.3):

N-1 ~ (/{—l—l) N+4
(6.6) aRE)" = Y kaj(E) T
k=0 H k=1
N-1 , Ikt . Yy N-1 , 1F+2 .
6.7 1+ (-1DF) = =, 1-(-1)" =0
(6.7) I;Oakkﬂ(ﬂ ) =3 kzoakk+2( (=1)%)

Consider the case of adhesive contact. In this case, the unknowns (6.1) need to
be replaced with

N—
(6.8) Imgo(t) = apt®, Reqo(t) = aith,  te Lo,

i

(69) gZ(t) = bitkv 93(t) = b%tka te LO;

where again aj, a2, a3, aj are unknown coefficients and b2, b3 are given coefficients.
Substituting the representations (6.2), (6.8) into the conditions (3.12), (3.13),
(3.10), and (5.2), obtain the following system of linear algebraic equations:

N-1

—j N+4 ;
25K A= (=1)k7 k-1 4 L= (=1)7FF
(610) ——2 3 G A i
w(k+1) P k—j 27 = j+k
N4 j+h
Y1k "y 47—l — (=1) 31k
— Das;l™ 77 ————— = ubjl
+2M;J(J+ )a; T o
N-—-1 k—i
+M 3 Ol Gt A A VY
(ke + 1) T !
J=0,j#k
N-—-1 k—i N itk
2K Z a?ljl_(_l) J " ﬁ_lza?lfjl_(_l)j
w(k+1) =0Tk k—j 27 = j+k
N-+4 ;
k72 g1, L (D ub21
2um J j+k+1 k
N-1
1— (=1)k7
e R it e G N V)
m(k+1) 4= k—j
J=0,j#k
N+4 k—i N+4 k—j
K+1 5, k-1 4 L= (=17 Ky 4o .. 1= (=1)F7
5 akl + o Z Cljl jﬁ"—% Z Cljl J j(]+1)ﬁ
j=1,j#k j=1,j#k—2
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0'§1 -0.5 0 0.5 1

Fic. 2. The normal stress 22 on the boundary of the stamp for different numbers N of terms
in the series: N = 80, N = 100, and N = 120.

N—-1 N-1 ;
“DF (k- 1) 21— (=D
lj = bl ———— k=1,...,N
/€—|—1 Za k—l—] 7T(/€—|—1),Z J k—yj 7 Ty
Jj=0 Jj=0
N-—-1 N .
1- Itk 1 -1 1 — (—1)k
B e e Y et
T+ 1) S a+ T i=Lik —J
N+4 k—i N—-1 itk
14 (=1)FY -1 1= (=1)
_Er Z a?lﬂflj +() :_M(H )Zb§1j¥’ k=1,...,N.
2’”;‘:1#1@ k—j—1 m(k+1) = j+k

The additional conditions (4.2) should be replaced in this case with the conditions
(5.6). The meaning of the conditions (5.6) is that the functions Im g} (¢) and Re go(t)
grow with the same (logarithmic) rate as t — £I. Hence, we can replace the conditions
(5.6) with the approximate conditions

iil

HMZ

N
(6.11) D ai(En) =
k=1

Equations (6.7) constitute the last two equations of the system.

Solving the systems of linear algebraic equations (6.5)—(6.7) and (6.7), (6.10),
(6.11) allows us to obtain the approximate solutions of the contact problem for the
frictionless and the adhesive cases correspondingly.

7. Numerical results. The computations presented in this section are made
for the elastic semiplane with the shear modulus ¢ = 70GPa and the Poisson ratio
v = 0.33 (corresponds to aluminum alloy), the surface tension parameters vo = 1 =
Y9 = 7, and the size of the contact area [ = 1.

The convergence results are demonstrated in Figure 2 for the adhesive contact
with a different number of terms in the Taylor series approximations (6.2), (6.10),
(6.11). The stamp has a straight profile which corresponds to the functions go(x) =
g3(x) = 0. Other parameters of the problem are v = 0.01 and Y = 1MN. Here the
solid lines correspond to N = 120, the dashed lines correspond to N = 100, and the
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Fic. 3. The stresses and the derivatives of the displacements on the boundary of the semiplane
for the straight, the slanted, or the parabolic stamp in the frictionless contact with the semiplane.

dashed-dotted lines correspond to N = 80. It can be seen that reasonable accuracy
is obtained already for N = 80. To ensure the accuracy of the results for all future
computations in this paper, the parameter N is taken to be N = 300.

The stresses and the derivatives of the displacements for the frictionless contact
are plotted in Figure 3 for three different shapes of the stamp profile: straight (Figure
3(a),(b)), slanted (Figure 3(c),(d)), and parabolic (Figure 3(e),(f)). The graphs are
plotted for the semiplane with elastic parameters p = 70GPa and v = 0.33 and the
surface tension coefficient v = 0.1. The straight stamp corresponds to the function
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g2(t) = 0, the slanted stamp to the function g(¢) = 0.1, and the parabolic stamp to
the function go(t) = 0.1¢. The graphs in Figure 3(a),(c),(e) show the normal and the
shear stresses on the boundary of the semiplane. The solid lines denote the normal
stress 092, and the dashed lines denote the stress o12. Similarly, the graphs in Figure
3(b),(d),(f) show the derivatives of the displacements, where the solid lines denote the
derivative of the displacement us 1, and the dashed lines denote the derivative of the
displacement u; ;. The vertical force Y acting on the stamp is equal to ¥ = 1MN in
all cases. Similar graphs for the adhesive case are presented in Figure 4. The notation
and the mechanical and the geometric parameters are the same as those in Figure 3.
It is assumed that the function gs3(¢) = 0 in all of the cases.

The influence of the surface tension parameter v on the normal stresses o922 and
the derivatives of the displacements u; 1 is presented in Figure 5 for frictionless contact
of the straight stamp with the semiplane. The shear stresses 012 and the derivatives
of the displacements us ; in the case of the frictionless contact are completely defined
by the boundary conditions (3.10). The graphs are plotted for the following values
of the surface tension parameter v: v = 0.001 (dotted line), v = 0.01 (dashed-
dotted line), v = 0.1 (dashed line), and the classical contact problem with no surface
tension present (y = 0) [10]. It appears that the stresses and the derivatives of
the displacements change little with the change of the surface tension parameter -y,
except for the areas near the end-points of the stamp, where the surface tension plays
a significant role, as expected. Similar graphs for the stresses o9 and o1o for the
case of adhesive contact of the straight stamp with the semiplane are presented in
Figure 6. The derivatives of the displacements u; 1 and us 1 are given in this case by
the boundary conditions (5.1). Observe also that the values of the stresses and the
derivatives of the displacements in the presence of the surface tension do not approach
the values for the classical problem as v — 0. This phenomenon has been noticed
previously for the problem of an interface crack [25].

The influence of the surface tension parameter « on the stresses os2 in the case of
frictionless contact of the slanted stamp with the semiplane is presented in Figure 7.
The boundary of the stamp is given by the function g»(t) = 0.1. The computations
are made for the same values of the surface tension parameter « as in Figure 5.

The shape of the boundary of the semiplane is presented in Figure 8 for the
straight g2(t) = 0 (Figure 8(a)) and the parabolic go(t) = 0.1¢ (Figure 8(b)) stamp in
the frictionless (solid lines) or the adhesive (dashed lines) contact with the semiplane
for different values of the total force Y acting on the stamp.

Finally, the size effects of the surface tension on the solution of the contact prob-
lems are presented in Figure 9, which shows the values of the normalized tensile stress
loa2/Y on the boundary of the straight stamp for different values of the half-width of
the stamp [. The dashed-dotted line corresponds to [ = 1, the dashed line to [ = 0.5,
and the dotted line to I = 0.1. The solid line corresponds to the solution of the
classical problem with no surface tension present, which is size-independent. Figure
9(a) corresponds to the frictionless contact and Figure 9(b) to the adhesive contact.
Thus, surface tension brings a length scale into the contact problems and can account
for the observed size-dependency of nanoindentation experiments. The results are
obtained for p = 70GPa, v = 0.33, and v = 0.1. Surface effects of Gurtin-Murdoch
surface elasticity in contact problems have been observed recently in [14], [24].
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(b) 0.03 :

Fic. 4. The stresses and the derivatives of the displacements on the boundary of the semiplane
for the straight, the slanted, and the parabolic stamp in the adhesive contact with the semiplane.

8. Conclusions. In this paper, two problems of the frictionless and the adhe-
sive contact of the rigid stamp with the elastic isotropic semiplane have been solved
under the assumption that the curvature-dependent surface tension is acting on the
boundaries between different materials. The considered surface tension model has
been applied previously to the examples of the interface and the noninterface brittle
fracture in the studies [16], [17], [25], [26].
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F1G. 5. The stresses 022 and the derivatives of the displacements ui,1 for the straight stamp in
the frictionless contact with the semiplane for different values of the surface tension parameter .
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Fic. 6. The stresses o022, 012 for the straight stamp in the adhesive contact with the semiplane
for different values of the surface tension parameter .
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Fic. 7. The stresses o22 for the slanted stamp in the frictionless contact with the semiplane
for different values of the surface tension parameter .
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(b)

Fic. 8. The shape of the boundary of the semiplane in the frictionless and the adhesive contact
with the rigid stamp for different values of the force Y applied to the stamp.
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F1G. 9. The normalized stress loaa/Y on the boundary of the straight stamp in the frictionless
and the adhesive contact with the semiplane for different values of the half-width of the stamp .

It has been shown here that, similarly to the fracture problems, introduction
of the surface tension on the boundary of the semiplane leads to elimination of the
integrable power singularities of the order 1/2 at the ends of the contact zone. Weaker
logarithmic type singularities may still be present. This fact results in significantly
different behavior of the material at the end-points of the contact zone compared to the
classical case with no surface tension present on the boundary of the semiplane. In the
classical case, provided that the vertical force Y is large enough, the solutions predict
that the material will wrap around the “corner” where the stamp surface becomes
vertical. In other words, the material of the semiplane separates from the surface
of the punch making the angle 7/2 with the real axis. This nonphysical behavior is
not present if the curvature-dependent surface tension is taken into account on the
boundary of the semiplane. In fact, the material always separates from the stamp at
the end-points of the contact zone with a tangent line parallel to the z-axis.

Introduction of the surface mechanics makes the solutions of the contact problems
size-dependent. This effect has been observed previously in nanoindentation exper-
iments, and it has been shown that it cannot be accounted for by only using bulk
theories. Thus, taking into account the surface tension on the boundaries between
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different materials in the contact problems resolves some of the contradictions of linear
elasticity.

An important application of the solutions produced here includes the possibility of
obtaining surface tension parameters by comparing the presented theoretical results
to the nanoindentation experiments. The values of these parameters can be used
after that to solve practically important problems such as, for instance, the problem
of fracture propagation.

Finally, development of more general surface tension/surface energy models ap-
plicable to various problems of solid mechanics remains an important and challenging
practical problem. Satisfactory solution of this problem will necessarily involve a
combination of results obtained from physical experiments, ab initio (first principle)
computations [18], and mathematical modeling.

Appendix A. Properties of the kernels Kj;(t), j = 1,2,3,4. Let us inves-
tigate the properties of the kernels K;(t), j = 1,2,3,4, defined by (3.20). Consider
first the function K7 (t). Observe that this function is an inverse Fourier mapping of
the function 1/{(|s| — a)? + b®} which belongs to both functional spaces L?(R) and
L'(R), and hence is continuous and belongs to the space L?(R) [1]. Next, consider
the difference

Ky (t) — K1 (t2)] = 2

/°° (cos 2msty — cos 2msta)ds
o (s —a)? + b2

< 4/00 |sins(t1 — ta)|| sinws(ty + t2)|ds
~ ) (s —a)? + b2 '

By applying the inequalities |sinz| < |z|*, 0 < A < 1, and |sinz| < 1 to the last
expression, obtain
Al K Ki(ty) <4 N 0<A<1
(A1) K - K] < e -l [ s 0<as
Observe that the integral [~ s*ds/{(s — a)? + b®} exists for all 0 < A < 1 and does
not depend on the points t1, 2. Hence, from the inequality (A.1), it follows that
the function K;(¢) is Holder continuous on the whole real axis with any exponent A,
0 < A < 1. Observe that it can be shown using a similar procedure that the kernel
K>(t) also belongs to L?(R) and is Holder continuous on the whole real axis with any
exponent A, 0 < A < 1. It can be easily shown that Holder continuity, together with
absolute square integrability, implies that K;(t) — 0, K2(t) — 0 as t — *o0.

Next, notice that the functions K3(t) and Ky(t) belong to the space L?(R) as
inverse Fourier mappings of the functions from the space L?(R). At the same time,

these functions may not necessarily be continuous. For instance, consider the kernel
Kg (t)

> (s+ a)sin2n(s + a)tds
Ks(t) =2
3(t) / 52 + b2

—a

(A.2) B 2/0 ssin27(s + a)tds

> ssin2mwstd
2 2 + 2 cos 27Tat/ Som Emetas
s

0 S2+b2

—a

4 2sin2 t/oo scos 2mstds 9 /°° sin 2w stds
sin2ma _— —_——
0 82+b2 0 (S—a)2+b2

= 211 (t) + 2I5(t) cos 2mat + 2I3(t) sin 2mat + 2aly(t).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/14/16 to 129.130.37.160. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A RIGID STAMP INDENTATION INTO A SEMIPLANE 639

Observe that the integral I1(t) is a continuously differentiable function on the real
line R with a bounded derivative and hence is a Lipschitz continuous function. The
integral I5(t) can be computed explicitly [3],

% ssin2mstds ooy
Ig(t) :‘/O W = 56 4 Slgnt7

and is a continuously differentiable function on the intervals (—oo, 0) and (0, co0) with
a bounded derivative. Hence, it is Lipschitz continuous on these intervals.
Consider the third integral I5(t) [3],
°° scos2mstds 1

(A.3)  Is(t) =/ — o "~ 3 {e—Q’Tbit‘Ei(zwbuD + eQ”bit‘Ei(—zﬂan} :
0

Here Ei(z) denotes the exponential integral function [3],

oo —t o k
Ei(x):—/ ert:'y+log|x|+Zﬁ, x #0,
k=1 ’

where v is the Euler constant, v = 0.57721..., and
Ei'(z) = e* /.

Hence, the integral I5(¢) has a logarithmic singularity at ¢ = 0 and is continuous
at all other points. Also, differentiating the right-hand side of the equality (A.3) by

t, obtain
d * scos2mstds *° sin 2wstds
— 2 7 2loglt]| ) = 2nbPsignt —_—
dt </0 2+ b2 Og") i SIgn/O RN

where the right-hand side is a continuous bounded function. Thus, the function
I5(t) — 2log|t| is a Lipschitz continuous function.

Finally, using the same procedure as for the function K;(t), obtain that the
integral I4(t) is a Holder continuous function on R with any exponent A, 0 < A < 1.

Hence, combining everything together, it can be deduced that K3(t) is a Holder
continuous function on the intervals (—oo,0) and (0,00) with any exponent A, 0 <
A < 1. At the point ¢t = 0 this function has a jump discontinuity.

In a similar way, consider the function K4(t),

*® (s 4+ a)cos2m(s + a)tds
K4(t):2/( )S2+l§2 )

—a

0 o
scos2m(s + a)tds : ssin 27stds
(A4) =2 /_a 52 n b2 — 2sin 27rat/0 W

+ 2cos2mat /°° s cos 2mstds 5 /°° cos 2mstds
s 52 + b2 0 (s—a)?+0?
= 2J1(t) — 2I5(t) sin 2mat + 213(t) cos 2mat + 2aJ4(t),
where the functions Ji(¢) and J4(t) have the same properties as the functions I (¢)
and I4(t). Hence, it can be concluded that the kernel K,(¢) is a Holder continuous
function on the intervals (—oo,0) and (0,00) with any exponent A, 0 < A < 1. At

the point ¢ = 0 this function has a logarithmic discontinuity. For the same reasons as
previously, K3(t) — 0, K4(t) — 0 as t — oo.
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