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CHAPTER T
INTRODUCTION

In an effort to find solutions to the growing energy shortage, a
team of professors and students at Kansas State University began study-
ing the possibility of building some kind of wind rotor to utilize wind
for the generation of electrical energy. The study began in the fall
of 1974 and culminated in the summer of 1975 with therbuilding of a
prototype Savonius [1] wind rotor. In this design the wind vanes turn
about a vertical axis, unlike a conventional windmill which turns about
a horizontal axis (see Fig. 1).

When the rotor was being designed the decision was made to build
the prototype with bearing supports only at the bottom as opposed to
bearing supports at both the top and bottom. One reason for making
it this way is that the latter method needs an external framework which
may cause undesirable flow disturbances. Secondly, the curved shape
of the rotor vanes, plus the fact they are fastened to end plates re-
sults in inherent stiffness. Thus, the support atthe top may not be
needed at all.

After the prototype was assembled it was discovered that the shaft
used was too small. Tirst of all, small horizontal forces applied at
the top of the rotor were found to cause noticeable deflections. These
deflections were virtually caused by bending of the shaft. Also,

the fundamental transverse frequency of the assembly (about 125 cpm)



SAVONIUS WIND ROTOR

Figure 1



was much lower than anticipated. Therefore, the prototype had to be
supported at the top. lHowever, a machiné with support only at the bot-
tom was still considered feasible since a stiffer shaft would remedy
the above problems.

The purpose of this work is to arrive at a proper shaft diameter
for the prototype supported at the bottom only. It is also desired
to develop a computer program of such flexibility that shaft diameters
for rotors of various sizes and shapes could be determined.

The design criteria considered here are stress due to high winds,
and vibration problems. First, shaft stress will be estimated, then
a minimum size shaft will be determined so as to ensure no permanent
deformation. Next; vibration, which turns out to be a more serious

problem, is discussed in much more detail.



CHAPTIR II
DESCRIPTION OF THE WIND ROTOR

Before proceeding with the analysis of the shaft design, the over-
all dimensions and thicknesses of the materials used in the rotor as-
sembly will be presented. The various components of the machine are
identified in Fig. 2.

The two rotor vanes are made of 14 gauge steel sheet and have the
cross-sectional shape shown in Fig. 2a and 3. The rotor height is 10
feet. For additioﬁal stiffness a % inch thick external rib is welded
to the center of each vane. End flanges are also welded to the vanes.
These flanges are made of % inch steel plate and are bolted to the
lower support assembly and upper end plate.

The upper end plate is a disc 6 feet in diameter made of 16 gauge
steel sheet. Attached to it is a eircular rim made of % x 1 inch flat
bar stock.

The main part of the lower support is a central box type structure
of 11 gauge steel sheet. This structure supports the vanes and is
attached to the shaft. The prototype shaft has a diameter of 2.4 inches.

The base is a framewor£ 7 feet square and 32 inches high. A stan-
dard 2 - 7/16 inch diameter self aligning flange type ball bearing is
mounted at the top of the base and a 1 - % inch diameter bearing of

the same type is located at the bottom of the base.
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X Y
0.0 0.0
1.0 5.2
2.0 8.1
4.0 11.8
6.0 14.2
B.0 15.8
10.0 17.0
12.0 17.8
14.0 18.2
16.0 18.5
18.0 18.5
20.0 18.4
22,0 18.0
24.0 17.4
26.0 16.7
28.0 16.0
30.0 14.9
32.0 13: 7
34.0 12.3
36.0 110
38.0 9.2
40.0 7.5
42.0 5.7
44.0 3.6
46.0 1.4

Vane Profile

Table 1



CHAPTER III
THE SHAFT STRESS DUE TO HIGH WINDS

In this section the maximum shaft stress due to high winds is
approximated. The analysis is thought to be somewhat conservative.
To begin with, it is customary to express the total drag D on an

object as

D=Cp- A {1i)

where CD is the dr;g coefficient, p the fluid dénsity, v the fluid
velocity, and A the projected area to the fluid flow [2].

To get some idea of the total force on the prototype rotor the
largest possible projected area of the vanes (see Fig. 2a) is used
in the above equation. Also, the value of CD ig estimated to be 2.0
which is the drag coefficient for flat plates [2].

The maximum stresses in the shaft can now be found using the value
of D for the load on the rotor vanes. The associated shear and bend-
ing moment diagrams are shown in Fig. 4 where D/L is the distributed

load on the vanes. It follows from the figure that the maximum prin-

cipal shear and bending stresses in the shaft are respectfully
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where r is the shaft radius. It turns out that T is small when compared
to gl’ so therefore, the maximum stress in the shaft is essentially Ul
the maximum principle bending stress.

Considering an arbitrary wind speed of 100 m.p.h., the stress in

the 2.4 inch prototype shaft turns out to be

omax = 135,453 1b./in.2

which is clearly above the elastic limit of 50,000 lb.fin.z‘for the
shaft. In determining the proper shaft size needed it is wise to intro-
duce a safety factor, especially since it is not known how good the
approximated value of stress is. If a factor 1.5 is used the design

criterion becomes

(=3
omax < L = 33,333 1. /407 )

which requires that the rotor shaft be about 3.85 inches in diameter.
The relationship between shaft diameter and approximate maximum stress
is shown in Fig. 5.

By the same analysis as above the stress in the rotor vanes is
approximated to be 2034 1b./in.2 which 1s well below the elastic limit.
However,'a special note should be made that buckling of the rotor vanes
has not been considered in this thesis. This should also be considered

in the design of the vanes.
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Shaft
Diameter (in.)

Max.

Stress (lb./in.z)

1.00
2.00
2.40
3.00
3.75
3.80
3.85
4.00
5.00
6.00

7.00

1,872,501
234,063
135,453

69,352
35,508
34,125
32,813
29,258
14,980

8,669

5,459

Approximate Shaft Stress

Table 2
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CHAPTER IV
THE PROBLEM OF VIBRATIONS

Vibration is of great concern in the design of any rotating
machinery. 1If the RPM of a machine reaches what is called a critical
gpeed a condition of resonance will exdst, That is the amplitude of
vibration will greatly increase and a machine such as.the wind rotof
will tend to shake itself apart.

In rotating machinery the effect of unbalance acts like a wvariable
forcing function. Consider a disk of mass m on a shaft running at con-

stant angular speed { as shown in Fig. 6. Let the center

>0}
bl

Rotating Disk

Figurce 6

13
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of gravity of the disk be at a radial distance e (eccentricity) from
the center of the shaft. .Obviously, there will be a centrifugal force

on the shaft of
2 2 . 2 "
F=mle=mle coslit i + mG e sinflit j. (5)

This force will normally tend to cause a whirling type of motion with
the same frequency as that of the shaft rotation. However, according
to Den Hartog [3] bearing effects may cause shafts to have slightly
different stiffnesses in one direction than another. For example, if
the rotating shaft in Fig. 6 has one value of stiffness in the x-direc-

"ryesonate" in

tion and another in the y-direction, the system will
the X and ¥-directions at different shaft speeds. The path of the
vibrations will be nearly transverse and the frequency will be the same
as the shaft RPM [3]. 1In the case of the wind rotor the unbalance will
act as a forcing function with the same frequency as the shaft rotation.

Another "exciting" force on the rotor is the wind itself. To
ugderstand this, iﬁagine the rotor vanes at some position with respect
to the wind load. As the rotor turns, the configuration it presents to
the wind changes and thus the force of the wind changes correspondingly.
Because there are two symmetric vanes it can be seen that for every re-
volution of the shaft the same vane configuration will be presented to
the wind twice. Thus, the variable force by the wind will have a fre-
queﬁcy of twice the rotor RPM. Therefore, if the rotor is spinning
at one-half the value of a natural whirl or natural transverse frequency
the system will begin resonating.

The logical procedure is to determine the proper shaft size that

will ensure that the natural whirl and transverse frequencles are out

of the range (above) of the frequencies of the forcing functions.
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To determine what the maximum "exciting" frequencies are the
maximum rotor RPM must be determined. According to Savonius [1]
the maximum possible ratio of vane-tip speed to wind velocity is ap-
proximately 1.7. 1If the rotor is allowed to run at winds of up to,
say, 50 mph the resﬁlting maximum rotor or shaft speed for the proto-
type (vane-tip diameter of 69 inches) is 414 cpm. The forcing function
due to unbalance will, therefore, have a maximum frequency of 414 cpm,

while the one due to wind will be 828 cpm.



CHAPTER V
THE TRANSVERSE FUNDAMENTAL FREQUENCY EQUATION

To make the development of the frequency equation more easily
understood, first consider the simple case of a thin disk connected
to a shaft. This system, shown in Fig. 7, is assumed to be in simple
harmonic motion. Before beginning the analysis it should be noted
that the mass of the shaft as well as rotational and gravitationmal
effects are neglected. 2

WL
3t2

>

e}
\N_Jf
o

y -md’y
at2
(a) (b)

Thin Disk in Harmonic Motion

Figure 7

When the disk is accelerating in the positive y and 8 directions,

as in the case in Fig. 7b, a force and moment of

F m(Bzy/BtzJ (6)

It

M= 1(s70/0t2) (7)

16
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acting at the center of gravity are required to account for the acceler-
ation. Since there are no outside forces, the force and moment on the
disk are exerted by the shaft at the connecting point. The force and
moment on the disk are of course acting in the same direction as the
accelerations. The.force and moment by the disc on the shaft will be
equal and opposite.

Now consider the case of the wind rotor in simple harmonic motion
shown in Fig. 8. Again, the mass of the shaft, and rotational, and
gravitational effects are neglected. Also, the rotor is considered
rigid. For further simplicity the rotor is assumed to consist of
three éarts. They are:

1. The 1owerlsuppart with mass Mb and rotational inertia about

its diameter of Ib (The lower support is considered to be
a thin disk.); k¥
2. The rotor vanes with mass Mv, rotational inertia Iv about
its center of gravity, and length L;
3. The upper end plate with mass Mt and rotational inertia
about its diameter of It.

First consider the lower support separately from the rest of the
rotor as shown in Fig. 8b. From the previous discussion the force on
it alone would be

Mb[azy/atz]
and the moment
1b (3 20/0t%).

Now the center of gravity of the rotor vanes is undergoing a linear

acceleration of

32y/3t2 + (L/2) 826/8t2.
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Rotor in Harmonic Motion

Figure 8
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So a force of
2 2 2 2
My (3 ylot” + (L/2)70/3t")
and a moment of
- 2 2
Iv(3 08/at")
applied at the center of gravity would account for its acceleration.
Since the vanes are assumed to be rigid the force at the center of
gravity can be replaced by a force and moment at the shaft connection
point. It follows that the force and moment exerted by the shaft (at

the point of comnection) required for the vane acceleration is, re-

spectfﬁlly
Mv[azyfatz + (L/Z)BZB/BtZJ
and
Iv(?ze/atz) +'MV(L/2)(82y/8t2 + (sz)aze/atz).

For the upper end plate the force and moment required at its cen-

ter of gravity would be, respectfully
me(32ysoe? + ) 9%0/0¢%)
and
1e(3%/3¢t%).

The force and moment by the shaft for the upper end plate will be,

respectfully
ue (0%y/0e? + (L) 9%0/0¢%)
and

e %0/0t%) +me () PPype? + ) vPese?).
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By superposition the total force Fs and moment Ms by the shaft is
Fs = Mb(22y/ot?) + mv(o%y/oc? + (L/2)8%0/0t%) + me(0%y/0e?2 + ()o2e/8c?) (8)

and

2
3
Ms = (Ib + Iv + 1£)320/8t2 + My(L/2) (32y/0t2 + Ww/2)— )+
de

Me (L) (2%y/0c% + (@a’esoc’). (9)

These are shown in Fig. 8c. The force and moment on the shaft will,
of course, be equal and opposite.

We are now ready to discuss the elastic properties of the shaft
at the connecting point to the rotor. These are described by three
influence coefficignts:

611 is the deflection y at the rotor connection point from

a 1 1b. force.

612 is the angle © at the rotor connection point from a 1 1b.
force.

612 is also the deflection y at the connecting point from a
1 in.-1b. moment.

622 is the angle 6 at the connecting point from a 1 in.-1b.

moment.

These influence coefficients, determined in Appendix A, are

8y, = (3 - 20? + b2e)/(3ED), (10)
51, = (38% = 42b + b2)/(6ET), a1)
8y = (32 - 2b)/(3E1). ' (12)

Here, & is the length of the shaft, b the distance between the bearing
supports, E the modulus of elasticity for the shaft material, and I the

area moment of inertia of the shaft.
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The shaft equations can now be written as

y - 611(—FS) ¥ 612(—Ms) (13)
and
8 = 8 ,(-F ) + &, (M) (14)

where -FS and —MS are the force and moment on the shaft by the rotor

which were just determined. By rearranging terms the equations can be

written

y = -8, (b + My + He)d’y/ot” - 5, L0w/2 + ue)dPe/at®  (1s)

2
26, LO/2 + Me)a%y/ot” = 6 (Tb + Iv + Tt + 0tv/2 + m)n2)22
12 13 312
and
TR 2 .2
8 = ~612(Mb + Mv Mt)a y/ot" - 612L(Mv/2 + Mt)a“e/at (16)
2, 8% 32
=6, (Ib + Iv + It + (Mv/2 + ME)L) = - 6., LQv/2 + Mt) &L
22 02 22 5p?

Next assume solutions for the shaft equation to be of the following

form:
y (x,t) = y(x)F(t) = y(A sin(wt-)) (17)
3y (x,t)/3x N 0(x,t) = 0(x)F(t) = e(A sin(ut-§)). (18)

Small angles only are considered above while A and the phase angle
are unknown constants and w is the natural frequency. By substitution

of the above expressions into equations (15) and (16) and by letting

B =Mb + Mv + Mt
C = L(Mv/2 + Mt)
D=1b+ Iv + It + (Mv/2 + Mt)L2
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the equations become

. 2 2
y = (Gll B + 6120)w y + (6110 + dlzD)m 0 (19)
and
8 = (5..B + 6..C)uly + (5..C + 6..D)u’s (20)
12 gyt ¥ 12 gt N

' Next for each of the two above equations let

E=6,B+8,C
F=6,C+ élzn
G = 8,,B + 8,,C
H = §,C+8,,D.

Now find the ratio y/¢ for each of equations (19) and (20) then equate
the results. This can be done because the two ratios are equal since
they are written for the same instant in time and point in space. So

the final equation becomes
4 2
(FG - EH)w + (E + H)w™ - 1 = 0. (21)

Solving this equation for the case of the prototype the natural
frequency is calculated to be 135 epm. In view of the assumptions made
this agrees quite well with the experimentally determined value of 125
cpm. Values for the masses and moments of inertia are given in Appen-
dix B (see Figs. 2 and 9 for lengths).

A special note should be made of the fact that when the prototype
was bullt, the shaft was intended to be securely fastened at the bottom
of the lower support. However, there turned out to be quite a bit of
"play" at thiec point. So, the effective length of the shaft is actually

42 inches rather than 34.5 inches (see Fig. 9).



,-‘ 42" —b" 23
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32"
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— B e

Lower Support And Shaft
Figure 9

Fig. 10 shows the effect that varying the shaft diameter has on
the natural frequency. It is assumed that any future wind rotors will
be securely fastened at the bottom of the lower support, so ounly the
case of the 34.5 inch shaft is considered here. (note that although
the. associated computer program treats the lower support by itself as
a thin disk, the height of the lower support is not neglected when the
positions of the vanes and upper end plate relative to the shaft are
considered.)

Now, remembering that the wind will tend to excite the rotor with
a frequency of twice the shaft speed; it follows that the desired natural
frequency of the system should be at least twice that of the maximum
shaft RPM. This will ensure that a condition of '"transverse resonance"
will never be reached. If the maximum shaft speed is 414 RPM (corres-

. ponding to a 50 mph wind) the natural frequency of the rotor should be
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Shaft Natural Transverse

Diameter (in.) Frequency (cpm)
0.50 8
1.00 30
2.00 120
2.40 172
3.00 270
3.15 421
4,00 480
5.00 748
6.00 1079

Natural Frequencies

Table 3
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828 cpm. From TFig. 10 it can be seen that a shaft dlameter of 5.25
inches is needed, This value for the shaft size is the minimum re-
quirement for the transverse frequency criterion. (It should be pointed
out that the effect of damping on the natural frequency has been neg-

lected.)



CHAPTER VI
THE WHIRL EQUATION

The equation relating possible whirl frequencies to s.haft spead
will first be determined then its significance will be discussed. The
same basic type of approach used in finding the natural transverse
frequency will be employed in developing the equation for whirl. In
this analysis the mass of the shaft aqd gravitational effects are neg-
lected. Also,‘the'rotor is assumed to be rigid.

First of all, consider the centrifugal forces on a thin disk in
whirl with whirl speed w and shaft deflection 8. This case is shown

in Fig. 11 where the deflection is greatly exaggerated.

J

4/ s

(a) (b)
Centrifugal Forces On A Disk In Whirl

Figure 11

27
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In Fig. 11b we see that the centrifugal force of a mass element dm
is mzrldm directed away from point A. This force can be resolved into
two components, mzddm vertically down and wzrdm directed away from the
disk or shaft center C. The forces mzédm for the various mass elcments
add together to a single force mmzﬁ (where m is the total mass of the
disk) acting downward at point C. The forces wzrdm all radiate from

the center of the disk C and their influence becomes clear from Fig. 12,

as follows.

SHAFT

Centrifugal Moment Effect

Figure 12

The y-component of the force wzrdm is mzydm. The moment arm of this
elemental force is yf, where 6 is the (small) angle of the disk with
respect to the vertical. Thus, the moment of a small particle dm

being wzyzﬁdm, the total moment M of the centrifugal forces is
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M= mzﬁfyzdm = wzﬂld (22)

" where Id is the mass moment of inertia of the disk about one of its
diameters [3]. The moment acts in the counterclockwise direction for
the disk shown. That is, it tends to straighten the shaft.

Now consider the case of the rotor in whirl shown in Fig. 13.
Noting the deflection configuration in Fig. 13b and that the downward
centrifugal force 1s directly proportional to the deflection; the cen-
trifugal forces on the rotor can be reduced to the point forces shown
in Fig. 13c. The force

Mvmzy

acting at L/2, is written in compliance with the rectangular area in

13b while the force

) MvmzLB
acting at (2/3)L is for the triangular area. The centrifugal moments

shown in 13d are

2
(Ib + Is + It)fw
where mzeIs is the sum of the moments of the infinitesimal wvane elements.

The value of Is is

Is = pLI (23)

AA
where L is the vane height, p their density, and IAA the area mdment of
inertia of the vanes.

Since the rotor is assumed to be rigid an equivaleﬂt force and
moment can be written at the point of the shaft connection. This is

the force and moment on the shaft from the centrifugal effects (see

Fig. 13e). The expressions for these are
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(a)

(b) i uﬂ% g+ 16
2 — -...I 2
Mbu y .3 : Mt w” (y+L6)
v
’ |
¥
(c) b\
| e
Mvwzy %MvmzLG
d i
(d) % ~ szIt
2 2
w 91b w OdIs
1l
Fe
(e) Mc

Centrifugal FEffect On The Rotor Tn Whirl

Figure 13
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Fc = (Mb + Mv + Ht)wzy + (Mv/2 + Mt)Lw28 (24)

and

2 2

Me = (Mv(L/2) + MeL)aZy + ((1/3)mvi2 + men? - b - Iv - It)ue.  (25)

Next, consider the gyroscopic effects of a thin disk on the end
of a rotating and whirling shaft. Assume the deflected shaft and disk
in Fig. 14 to be spinning and whirling with angular speeds 2 and w

respectfully. Not only does the disk spin about its perpendicular axis,

Whirling And Rotating Disk

Figure 14

but it also rotates about its diameter with angular speed Wy e which
1s equal to wsinf. The angular momentum vectors for the disk are
shown in Fig. 15 where Ip is the mass polar moment of inertia of the
disk, and Id is the mass moment of inertia of the disk about one of

its diameters. 1In the position of the disk indicated (directly below

the k-axis), the vectors will be in the 1 - k plane. Both Q and w
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are assumed to be in the counterclockwise sense, so the

Idwsin®

Iph
Angular Momentum Vectors
Figure 15
angular momentum vector H is
= x . : 2 "
- B = (ldusinfcos® - IpQsin6)i + (Idwsin"& + Ipficosd)k. (26)
The time rate of change of the angular momentum is
2 2 . . . =
dH/dt = (Idw sinbtcos® - Ipfiwsink) j (27)

0. For small angles the expression becomes

where di/dt = wj and dk/dt
—_ 2 .
dH/dt = (Ide” - IpRu)&j. (28)

Now, a moment having the suame magritude and sense as the change in

angular momentum is required to produce it [4]. This moment comes from
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the shaft, and by action and reaction the moment by the disk on the
shaft is equal and opposite. The moment on the shaft by the disk is,

thus,

2
(Ipw - Tdw )8

Gyroscopic Moment On The Shaft

Figure 16

M, = (Ipw - Tdw?)e, (29)

as shown in Figure 16. In extending this analysis to the wind rotor
the values of Ip and Td will be different, but the expression for the
moment on the shaft will remain the same. 7Ip simply becomes the sum
of the polar moments of the various parts (Ipb + Ipv + Ipt) and Id
is evaluated at the shaft connection by use of the parallel axis theorem
(Ib + Iv + It + MvL2/4 + Mth).

We are now ready to write the shaft equations taking into account
the_centrigugal and gyroscopic effects. The influence coefficients,
determined in Appendix A, are again used. Letting

A=Mb + Mv + Mt

B = (Mv/2 + Mt)L
C = Mv (L/2) + MtL
D= (1/3) WL? + MtL - Tb - Is - Tt
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the equations are
2 2 2 2 2
y = éll(Aw y + Bw 8) + 612(0w y + Duw 0+ IpQwe- Id0w™ ), - (30)
and
2 2 2 2 2
8 = Glz(Aw v + Bw 8) + 622(Cw y + Dw'0 + Iphwd- Idow™), (31)

where Ip 1s the polar moment of inertia for the rotor and Id is the
moment of inertia of the rotor about the shaft connection. The same
procedure of finding the ratio y/6 for each relation and equating the
" two 1s again used, as it was in the previous chapter. The two ratios
are equal, of course, since they represent the same point in space at

the same instant in time. The resulting equation is
4 3 2
(F*H-EJu + (6H-EKo + (J+Euw +Ko-1=0, (32)

where

E=6_A+ §,,C

11 12
F = GllB + dlZD = Glzld
G = 5lZIpQ
H = 612A + 622C
J = 5123 + 622D = Gzzld
K = 6221pﬂ.

The equation is then solved by an iterative type procedure.

In Fig. 17 the whirl frequency is plotted against the shaft speed.
From this figure it follows that there are four distinct possible whirl
frequencies for each shaft speed. Equation (32) and Fig. 17 do not
indicate that the rotor must whirl at every shaft speed, but if it does
whirl it must do so with one of four frequencies corresponding to that

shaft speed. According to Den Hartog [3] various frequency ratios w/Q
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for thin disks have been observed. It 1is not fully understood why some
machines whirl at certain »/Q ratios while others whirl at different
values of ®/Q, However, it appears that an "exciting" force of some
kind is required to start the machine whirling. For instance, unbalance
will act as a forcing function with a frequency of the shaft RPM. From
this it seems logical that most machines will exhibit (at'a certain cri-
tical RPM) a whirl to shaft speed ratio of w/f = 1., This is exactly

the case for almost all machines [3].

For the wind rotor the wind itself acts as a foreing function with
twice the frequency of the‘rotation. It is not conclusive, but it
appears quite probable that this will cause the rotor to whirl with the
ratio m/Q.= 2. This turns out to be a more critical design factor than
unbalance (@/f = 1) since the shaft should be désigned such that the
w/Q ratio must be always larger than 2 rather than 1 (see Fig. 18). The
shaft size needed is just over 6 inches. This insures that the ratio
w/Q = 2 is not attained within the range of the operating speeds. The
relationship between shaft size and eritical whirl frequency is shown in

Fig; 19 for both wind and unbalance as an exciting force,

/
w/i =2/ _’/
¥ il
/ / wl o= 1
/
/ /
- /7
. / /
= /7
o,
) / Ve
Z 5~
= 7
!y

SHAFT SPEUD @

Whirl Ratios

Figure 18
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Shaft Critical Whirl Frequency (c.p.m.)
Diameter (in.) wf = 2 w/Q =1
0.50 4 7
1.00 12 24
2.00 45 93
2.40 65 133
3.00 102 208
4.00 181 371
5.00 282 577
6.00 406 829
7.00 553 1130

Critical Whirl Frequencies

Table 4
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CHAPTER VII
SUMMARY

In designing the shaft for the prototype Savonius wind rotor sup-
aorted at the bottom, three design problems were considered. They were:
shaft stress, the natural transverse frequency, and the critical whirl
‘requency. Of the three, the critical whirl frequency turns out to be
‘he most severe problem, requiring a minimum shaft diamefer of just over
t inches. This is a much larger shaft size than was anticipated when
‘his work was begun. For rotors of the size discussed it appears that
.t may be best to support them at both top and bottom. For smaller rotors
‘his analysis, together with the computer program in Appendix D, should

e helpful in deciding on the appropriate shaft size.
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Clebsch's method for beam deflection is used in calculating the
influence coefficients for the shaft [5]. The equation of moment is
written using unit step functions then integrated to find the deflec-

tion and angle equations.

]

EIY"(x) = M(x) = Rlx u(x-0) - Rz(x—b)u(x—b)

EIY' () = (Ryx*/2)u(x-0) - (R,(x-b)*/2)ulx-b) + ¢,

.3 3
EIY(x) = (R;x"/6)u(x-0) - [Rz(x-b) /6)u(x-b) + ¢ x+ ¢,
The boundary conditions are
EIY(0) = 0, and EIY(b) = O,

From this it follows that c, equals 0, and c, equals -Rlbz/é. The

2 1

equations for deflection and slope become

Y = (Rx/6)utx-0) - (R, (x-b)*/6) utx-b)-R b’x/6) /I,
and
6 R Y'(x) = ((R1x2/2)u(x-0) - (Rz(x—b)2/2]u(x—b)—Rle/GJ/EI_



Now applying a 1 lb.-force downward at the end of the shaft
evaluating the deflection and slope also at the end of the shaft

give us two influence coefficients. For the 1 1b.-force, R, and

1

become (&-b)/b and %/b respectfully. So two of the coefficients

1-1b 3 i 5
y(&) = (&7 = 2b&” + B7L)/3EI = &, .,

and

1-1b 9 9
8() = (327 - 4&b + b7)/6EL = 612.

Now apply a 1 in.-1b. moment clockwise at the end of the shaft.

the deflection and slope equations Rl

Thus the coefficients are

1in-1b , 5
y(2) = (32" - 42b + b7)/6EL,

which is the same as 612, and

1 in-1b

8(2) = (3L - 2b)/3EI = 522.

43

and

will

are

For

and R, are both equal to 1/b.
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The masses of the various wind rotor components are determined
by use of the equation
m = pV,
where p and V stand for density and volume, respectfully. The value
of p used for all components is 0.284 lb/in3.
The calculations of the masses are shown below. When appropriate

the moment of inertia calculations are also shown.

Upper End Plate

m = (0.284)(m)(36)2(0.0598) y THICKNESS = 0.0598"
&= 691 1B
Ix = Iy = lz;mr2 2
36”
= %(69.1) (36)2
= 22,404 1b—inZ
2 RIM = &' » 1"

]

Iz = (2)(22,404) = 44,807 1b~in

Circular Rim (Upper End Plate)

m= (0.284) (M) ((36.25)% - (36)%) = 16.1 1b

(rz4 - r14) ((36.25)% - (36)%)

Ix = Iy = 'm A () (16.1) — 3

: (ry = w°) ((36.25)° — (36)°)
2

It

10,506 1b~in

Iz = (2)(10,506) = 21,012 lb~in’

Wind Vanes and Vane Flanges

These values are determined by the computer program by numerical

integration. The equations used are shown on the following page.

ds

dx
46" l
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9 2% 46 d 2 4
m = Jdm = 2phzfds = 2phzf(dx” + dy“)? = 2phzf (1 + (ﬁ) ) dx
0
2 L dy. 24!
Ix(area) = fy dA = 2hf y(x) [l + (EEJ }5dx
0
z
= 46 2 %
Ix(mass) = I(y2 + zz)dm = 2ph fz f (y(x)2 + 22)(1 + (gﬁ) ) dxdz
-z 0
2
1 3
= 2pzlx(area) + Ephz s
.A.EL,y
ds
4IRS :
dx N
. h
. 11.5 "
;y(area) = szdA = 2h I X2 (l + (3102)5 dx
~34.5 ®
b 2 dy, 2y}
or Iy(area) = 2h f (x - 34.5) [l + (aiﬁ ){i dx
‘ 0
2. 2 5 M6 2 2 dy. 2\
Iy(mass) = f(x + z7)dm = 2ph f f [(x-34.5) + z )(1 + (Eij ) dxdz
—E 0
2
= 2pz ly(area) + %phZSS
2 2 5 A6 2 2 dy, 2%
Iz(mass) = f(x + vy} dm = 2ph f j ((x—3&.5) + y(x) 1+ (wzj dxdz
sw B dx’

2

ZQz[Ix(area) + Iy(area)]

I
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Values for the vanes and flanges are listed below.

2 End Plate 2 External Ribs
2 Vanes Flanges (center of wvanes)
h (in.) 0.0747 4.0 2.0
z (in.) 120.0 0.25 0.25
Taageay ™) 1,605 85,944 42,972
Tyfares) {dn™) 3,746 200,589 100, 295
Ix(mass) (lb-in®) 435,570 6,103 3,052
Ty(uass) (1B=4n") 508,594 14,243 7,122
mass (1b.) 317.4 35.6 17.7
s {(in.) oy 62.3 ; 62.3 62.3

Note that the prototype rotor was constructed with two end plate
flanges at the upper end plate and four at the top of the lower sup-

port.

Lower Support

The calculation of mass of each component is shown below.

1 - Two Filler Plates (0.0598" Thickness) dx

3 .3 _ 2 - 171

1
x +y =71
2 2 2 ,;></—Wf‘1r\\\ 16
= 16% = 36 N

1 !‘*

=1 32.25 ( {0,0)

X S
36”
32.25 - |
area = 2f (v-16)dx ' :
-32.25 | 1
32.25 .
= 4f ((36% - x%)* - 16)d
0
o2 32.25
= r(X36% - k2% ¢ 380 gyt x L
= r(5(36° - + 2 sin ~ 3g - 16x )O
= 1846 in”

= (.284)(.0598) (1846) = 31.3 1b
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2 - Formed Steel Plate (0.1196" Thickness)

3”

Break 90° &

gﬂ ;/*450 j;\_ — _-—+”«—

T__ = e
|
32"
o
o
Break 900—/7

area =w(36)2-— 1846 + (2)(63) (1%) + (4)(%)(6%)2 + (2)(6.5)(50)

= 3149 in?

m = (0.284)(0.1196) (3149) = 100.1 1b

3 mn 3"
3 - Four 32 32 x 7 4 Steel Sheets (0.1196" Thickness)

m = (4)(0.284)(0.1196)(32.09375)(7.75) = 33.8 1b

4 - Four Slanted Supports (0.1196" Thickness)

l r4-~——m—18"——-———-—*-

2”




area = (4) ((2)(18) + (%) (6)(18)) = 360 in”

m = (0.284)(0.1196)(360) = 12.2 1b

5 - 18" Diameter Circular Plate (%" Thickness)

m = (0.284) () {(m)(9)?) = 36.1 1b

6 - Bottom Circular Plate (%' Thilckness)

n

Hole
2.4375" diam.

=]
i

(0.284) C9) (m) ((8)% - (2.4375)%) ()

6.5 1b

7 = Channel Iron

2' " thickness

—

(0.284) (21) (36) ((2) G + (2) () ?)

B
1

40.2 1b

3||
8 - Two 32 32 x 15" Steel Sheets (0.1196" Thickness)

m= (2)(0.284)(0.1196)(32.09375)(15) = 32.7 1b

3 11
9 - 32 32 x 20" Steel Sheet (0.1196" Thickness)

m = (0.284)(0.1196) ((32.09375)(20) - %n(2.4)%) = 21.7 1b

50
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7.5" of Shaft (2.4" diameter)

m = (0.284)(7.5)Cs) (1) (2.4)% = 9.6 1b

Lower Support Im = 324.2 1b

The values of the moments of inertia of the lower support are roughly
estimated to be 1% times that of a thin disk with the same mass. That

is,

Ix = Iy = (l.5)(%mr2}

and

Iz = 2Ix = 21y
where r is 36 inches, Justification for approximating these values
is that the final results are not very dependent on their accuracy.
For instance, it was found that varying these values by as much as 50%

resulted in less than 2% change in the critical shaft speeds.
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It 1s assumed that the user has a basic knowledge of Fortran pro-
gramming techniques.

First of all, the steps within the program will be briefly pre~
sented, then the required input and corresponding output will be dis-

cussed. The program itself can be divided into three steps.

=X

The first step fits the vane profile to é 3rd, 4th, or 5th order
polynomial equation. This is done by using the method of least squares
in which the degree of the polynomial is determined by comparison of
the rms error. The purpose of this step is to allow easy analysis of
any reasonable vane profile.

Next, using the polynomial equation just determined, the computet
performs numerical integrations to determine the masses, lengths, and
moments of inertia of the rotor vanes and flanges (see Appendix B).

The third part consists of the equations for stress, transverse
natural frequency, and critical whirl frequency. Iteration is used
to find the critical whirl frequency.

The input symbols are as follows:

1. NDATA - The number of vane (x,y) coordinate points to be considered
fitting the vane profile to an equation. It can be any
integer number from 5 through 99.

2. XC - The x-coordinates used in finding the vane profile equation

(in inches).



10.
11.
12.
13.
14.
15.
le.
17.
18.
19.

20.

54

YC - The y-coordinates used in finding the vane equation (in inches).

CASE ~ Enter 1 to specify that the rotor 1is securely fastened at
the bottom of the lower support. A 2 entered indicates that
it is not.

DIAMS - Shaft Diameter In inches

E - Shaft Modulus of Elasticify in psi

L - Length of the Shaft in inches from the bottom bearing to the

bottom of the lower support
B - Distance between the two bearings in inches

HLSUPP -~ Thickness of the lower support in inches

LX - in inches (see drawing)

CVANE - The largest y-coordinate of the vane in inches (see drawing)
DIAMR - in inches (see drawing)

H - vane thickness in inches

DENS - vane density in lb/in3

LV - vane height in inches

NFT - number of end flanges on the upper end plate

NFB - number of end flanges on the lower support

DENSF - flange density in lb/in3

FW -~ flange width in inches

FTH - flange thickness in inches
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21. NFVS - number of flanges on the vanes

22. DENSFV - flange density in lb/in3

23, FWVS - flange width in inches

24, FTHVS - flange thickness in inches

25. MT - Mass of the upper end plate (excluding flanges) in 1b

26. MB ~ Mass of the lower support (excluding flanges) in 1b

27. IDT - mass moment of inertia of the upper end plate (excluding
flanges) in lb—in2

28. IPT - polar mass moment of inertia of the upper end plate (ex-
cluding flanges) in lb—in2

29, 1IDB - mass moment of inertia of the lower support (excluding
flanges) in lb-—in2

30, TIPB - ﬁolar mass moment of inertia of the lower support (excluding
flanges) in lb—-in2

31. VELW - maximum wind velocity (in mph) considered in determining

stress
32, USEWV - maximum wind velocity (in mph) at which the rotor is allowed
to operate
33. WL - the desired lower bound (in rad/sec) for a listing of possible
whirl speeds due to unbalance

34. WF - the desired upper bound (in rad/sec)

35. DW - the desired increments in going from WL to WF

OUTPUT SYMBOLS

LENGTH - vane length
C - largest y-coordinate determined from the vane equation

KX - the x-coordinate corresponding to C



56

MVS -~ Vane mass plus the mass of the flanges on the middle of the vanes
IYM -~ moment of inertia of the vanes only

IXM ~ moment of inertia of the vanes only

IPTOT - Total polar moment of inertia of the rotor

FMT - mass of the flanges on the upper end plate

FMB - mass of the flanges on the lower support

FMVS - mass of the flanges on the vanes

TFIY - sum of the flange mass moment of inertia about the y-axis

fFIX - sum of the flange mass moment of inertia about the x-axis

The rest of the output is self-explanatory.
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ILLEGIBLE
DOCUMENT

THE FOLLOWING
DOCUMENT(S) IS OF
POOR LEGIBILITY IN

THE ORIGINAL

THIS IS THE BEST
COPY AVAILABLE
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151

17¢
LES
ecc

4C1
4CC

900
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yTIME={,10)

SUBRILTINT SFCTORINCATA ) XCo YO CASEYCTAMS By Ly 1y FLSUPP 4L X, CVANE,
XITAMR g H g HENS LV pME Ty NF3yDENSF 3w g FTRGINFYS yUENSFY  FuVS g FTHVYS T g M,
XIOTQIFT LR 128y VELW LS50 AV Wl yWF,CW)

DCUDLE PHECISTUN Af9 ) o XCLO9% ) o YO LI g X3 Y 3 P 1 A2 AT 4 84 3 AL, AL, SUMEX
XAy IYA G IRy Ty TAVE g LENGTH LUy Ly LAVE p IXMp TYN G ID G CENS LV 3346 [, MVS MT,
XMA G LX g [P Wl g DN e Wr Db L g ALL s ALZ o AZ2 o NULLaNUZ2 3 d g Sy AM A, CM D TAMS, LD
Xy [OT [P IPT fTONG PV WOIFF o WLIFFL™TLT ,ICYSUN, 1OSUM

INTEGENR CASE

AVMS5=1C.E C9

HN=2

N=h+]

[FINLCQLEIGC TG 47

R¥MSI=FMS

DC UG 12=1,N

NI 166 1=1,N

SU4=39.,0

DC L70 [1=1,NCATA

SUM=XCITLk=>{+12)#SLM

ALL2, T1=5UM

CONTIMUE

Nl=N+1

DC 400 k=Ll N

SLMé=3.0

6C 401 I1=1,NCATA

SUM=YC(TL)"XC (L1 )= <{L)eSUN
ALTaMN1)=5UM

DC 200 J=1+N
NDIv=AlJJd)

§=l.0/DIV

DC 291 k=J4yN1
Al e )=A{JK)*S

LC 202 I=1l4N

IF(I-J) 203,202,2C3

ALJ==-A(1,J)

DC 2G4 K=JyNL

A{TK)=201 KN ¢ATJ*A(J+K)

CCNTIMNUE

CUNTIANLE

A4=C.C

A5=0.,C

AL=A(14NL)

A2=A02,N1)

A3=A13,N1)

IFIN.EC.3) GO TO SCC

J\'i-’-.'\(’l.Nll

FFINCEQWA) GO TO SCO

AS=A(5,N1)

CONTINUE

RNMS=0.C

N 85C [1=1)KCATA

X=XC({I1)

Y=ALex e A25 (X2 d2 ) #2323 [ XEdF 14 AL [ X*34 J#AGI{XT5)

AMS=RMS L (Y=YCLTI LI 2 2) /NEATA

TF(RMSLELRMSIGO TC 151

N=N-1

D 41C I2=1,N

D 466G [=14M

SUN=(0.0

2 41C 11=1,NCATA
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470 SUM=XCLTILI#=*(1+12)+5UH

GhES
410

411

429

441

4413

444

442
44

450

11

ALL2, 1)=5UM

COMTIMUE

NL=N¢1

BC 420 I=1,N

SLF=0.0

DC 411 11=1,NDATA
SUMSYCLITI*XCELIL) = { ) +SUM
AT 1Y =SUM

LN 440 J=1,N

DIiv=a{J,J}

S=1.0/01V

0O 441 K=J,N1

A{JK)=ALJ KIS

DC 44¢ [=1,AN 5

ITFEE-J) 443,442,443
ALJ==A01,J)

C0 444 K=J,Nl

ALT R)I=ALT,KY+ATJIHALI, KDY
CCATINMNLE

CONTINUE

A4=0.C

QE=O|C R

Al=A{1,N])

:12='5(21Nl)

A2=A(24N1)

IF(NLECL3) GO TO 911
Ad=A14,71)

IFINLEQ.4) GO TO 411
AS=A[54N1)

CCNTINLE

RM5=0,0

DC 45C [1l=1,HNLCATA

X=XClI1}

Y= ALEXEA2A [ XER2 ) +A3 (X233 ) 4A42 [ XX P4 )L ASH{ X%35)
RME=RMSH{LY-YCLI1))==2) /NCATA
LENCTF=C,

LL=0.

[xA=0,

TL=0.

ILY=0

L¥A=Q.

I[=0Q

NDIy=10CQ

DX=LX/FLOATINDIV)

COCNTIMUE

f=1+1

X=1*DX

YAl X e A2 [ XA 2 4230 {XENB Y+ 248 [ X334 1+ A4 (X¥25)
DYCEX=AL#2¥ A2 X+ 32AIX (X0 k2 )44 ¥A4 (XX ET)+5EASH { X4X4)
LEUsSOET{1a v (LYIEX2E2))

JRY=( LU X-DIAMRA2, ) w2 s HY H{SQPT (Ll e (LYCEX®:%2) })
IR=((YA%2)0p)e(SAAT (L +(DYOIDX2*2)))
Tyave=(ILY+IRY)}/ 2.0
LAVE=(LL+LR]}/2.
TAVE=(IL+IR)/2.D
LENGTF=LFNGTHMLAVE=CX
FYA=1YAtIYAVEYDX
TxA=1xA+AVETDX

[Ly=1kY

59
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11
117
L18
119

Lz
121
122
122
124
125
126
127
128
129
124
121
122
123
134
125
13¢
137
128
129
140
141
142
143
144
L45
146

L47

148

1¢5
1€¢
167
1¢8
1¢5
11C
111

309

21

3(1
362
3C3

334
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LL=LR

IL=1(R

IFIL.LELARTVICO TC 11

PRINTICE yVELW

FORMAT L' LY, *MAX. WIND VELUCITY CONSIOERED (STATIC CASE) =',F6.1,"
XMPHU)

PRINTZ1,C[ANS

FORMAT (*CY, "SHAFT CTIAMETER =',Fé.3," INCHES?')

G=.C02237L% 2, (VELW¥S280./3600,)13%2/2,=01ANMR/LZ2.ELV/12,
SMS=(CHL/3+CoL Y/ (2,50 -0} /13, 1415G2854 0T ANER /4 V¥4, /03,
SMRS=(Q3L Q2L v/ 2. -Q¥R)20TAMS/ 2. /0214159265440 1AME#2¥4/044)
VMS=Q A2, LENGBTRYE)

VHBES=QW LY/ 2 . CVANE/LLXAY2.)

PRINT201,S5MES

PRINTZ(02,Vi4BS

PRINT303,5MS

PRINT204,VVNS

FORMATEY ", *MAX, PRINCIPAL BERDING STRESS (SHAFT) =',EL6.7," PSI'}
FOUEMAT(Y ', 'MAX,. ERINCIPAL BEADING STHESS (VANES) =',E1l6.74' PSI*)
FCRMAT(Y *,'%MAX. FRINCIPAL SHEAR STRESS (SEAFT)} =',El6.T¢"' PST*)
FCRMAT (Y *,'MAX. PRINCIPAL SKHEAR STRESS [VANES) =',ELl&.74' PSI')
X=0.

J=C

CX=2,%CX

CCNTINUE

X=JXD X+ X

DYCOX=2L#+2%A22X 43 %A% (X*¥%2 ) +4 4243 (XA XT)+5FAEE(XA24)

ERTS! .

IF(CYCCX.GEL.O0IGD 1C 33

XX=X=-0x/72

Y=ALEXXRA22 (XHRe 2o AR XX EEI ) 4 AAF (X X224 ) ASH{XX¥25)

c=Y

TXN=25 TXA/L2 W45 [ENS/32, 240728 % LV/ L2, 4CENSHL1T728./32.25F712 4%(LY
XA12. 027376, %LENGTEF/ 12,

IYM=2 S IYA/ L2 o543 0ENS/ 32,281 7283 V/ 124 hCENS*LT2E, /32, 2FHAL2.8(L YV
X123 #5230, "LENGTE/ 12, ‘
FI=sFW*FTEACENSF
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ABSTRACT

The energy shortage facing this nation has caused a great deal of
concern to all portions of society. Tapping unused sources of power
such as the wind has become a major goal of many scientists and en-
gineers. At Kansas State University a vertical axis wind rotor was
built to produce energy from the wind, The shaft design of this rotor,
supported at the bottom only, was studied in this thesis.

In designing the shaft three problems were considered. The first
was stress due to high winds. To begin with, the maximum possible wind
velocity was arbitrarily picked to be 100 mph. Next, the drag force on
the rotor wvanes waé approximated to be the same as the force on a flat
plate with the same projected area. From this the stress in thelshaft
was calculated, and, hence, the minimum shaft size ensuring no permanent
deformation could be chosen.

The second problem considered was the possibility of the rotor
exhibiting '"transverse resonance" within the range of the operating
speed. First, the maximum possible shaft speed was found, then the
eﬁuation for the natural frequency was derived. Considering the wind
as the crucial "forcing function," the minimum shaft size could then
be specified to ensure that resonance would not be reached.

The third problem considered was the possibility that the rotor
might reach a "critical whirl" speed. To arrive at a proper shaft
size to ensure that this would not happen, the equation for possible

whirl frequencies was determined. Again the wind was assumed to be



the crucial "foreing function."

Of the three design problems whirl turned out to be the most cri-
tical, requiring a shaft diameter of just over 6 inches for the K-
State wind rotor. This was much larger than was anticipated and so,
1t appears that it may be best to support rotors of this size at the
top as well as the bottom. However, for smaller vertical-axis wind
machines this analysis and the computer program developed should be

helpful in deciding on the proper shaft size.



