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Representation of solutions to Heimholtz’s equation
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It is proved that any potential of a single layer v is identically equal to a potential of a double layer
w in the bounded domain, ., and a necessary and sufficient condition for v=w in 2 = R>\ &,

the exterior domain, is given.

PACS numbers: 02.30.Jr

I. INTRODUCTION

Let Z CR? be a bounded domain with a smooth closed
boundary I” {an obstacle) and £2 = R*\ .Z be the exterior
domain. Let

Vo) = Lﬂx,t Jodt, wu)= JF%%—’Q#(: )dt,

=CXp(lk lx_y|),k>0, (1)
4ir|x — y|
n, is the exterior unit normal to I" at point . The following
questions are discussed in this paper: given a potential v (o),
can one find a potential w{x) such that v=w in Z? v=w in
2?

Since the potentials solve Helmholtz’s equation in &
and in £2, the above question is connected with the represen-
tation of solutions to Helmholtz’s equation. Some basic
properties of the potentials and some results on the represen-
tation of solutions to Helmholtz’s equation are given in Ref.
1. These questions are also of interest in the singularity and
eigenmode expansions methods.” Below, N(4) = { £ A f

= 0} denotes the nullity of a linear operator 4,
(u,0) = § ruv ds,Qo = [ gls,t)olt)dt,H* = W>4(I") is the
Sobolev space.

Il. RESULTS

Theorem 1: For any w(u) [v(0])], there exists a v(o) [w(x)]
such that v(o)=w(u) in &. The v(o) [w(k)] is uniquely de-
fined.

Theorem 2: A necessary and sufficient condition for a
v(o) to beidentically equal toaw(u)in 2is (v, v;) = 0, 1 <7,
where {v;} forms a basis of N(I + A ), A f={(9g(s,t)/
dn,) f(t)dt. A necessary and sufficient condition for a w{u) to
be identically equal to a v(0) in 2 is (u,0;) = 0,1<j<7, where
{o;] forms a basis of N (I — A ).

Corollary I: If a problem (V> + k)u =0in Z, k>0,
u™ = fis solvable, then the solution can be represented as
u = v(o) and also as u = w{u).

Ili. PROOFS
A. Auxiliary results
Let us denote by v+ , dv* /dn the limit values on I”

from the interior ( + ) and exterior ( — ) of a function and its
normal derivative. It is well known' that

:t ’
d =Aaia, wE =A,uq:,u’ )
on 2 2
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where the operator 4 is defined in Theorem 2, and 4 '

= - (3gls, t)/dn,) u(t )dt. Note that 4 * = 4 ', where the
star denotes the adjoint in operator H = L *(I") and the bar
denotes complex conjugation.

Lemma I: £ (V2 + kHu=0in£2,u=0,0r du"/
dn=0onT, k>0, and |x|(@u/d|x| — iku)—0 as |x|—x,
then ¥=0.

Lemma 2: Let the problem

+

T _ g (3)
dn

have 7 linearly independent solutions u;, 1<j<7". Then the

equation
A'u+p=0 (4)

has precisely 7’ linearly independent solutions u; = u;",
1<j<r, u; = w(y;). Let the problem

(V24 k) u=0in%, u*=0 (5)

have r linearly independent solutions ¢;, 1<j<r. Then the
equation

Aoc—o0=0 (6)

has precisely 7 linearly independent solutions o; = d¢ ;" /
on, ¢; = v(o;).

Lemma 3: If (5) has only the trivial solution, then
Q:H*—-H?*" is an isomorphism.

Lemma 4: If (5) has r linearly independent solutions,
then equation Qo = fiis solvable iff ( £,5;) = 0, 1<j<r.

Lemmas 1 and 2 are proved, e.g., in Ref. 1. Lemmas 3
and 4 are proved in the Appendix.

(V24 kJu=0 in 2,

B. Proof of Theorem 1

(i) Assume first that (*) problem (5) has only the trivial
(zero) solution. If v(o) = w(u) in &, then (2) implies that (**)
A’y — p = 2v(o). If w(u) is given, then the above equation is
an equation for o. This equation is uniquely solvable (by
Lemma 3) because of (*). If o is its solution, then the corre-
sponding v(o) satisfies (***Jv™ (o) = w™ (1) and, again by (*),
vio)=wu)in Z.Ifv(o)is given, then (**)is an equation for .
If this equation is solvable, then the corresponding wix) sat-
isfies (***), and, by (*), v(o)=w(u) in Z. It remains to be
proved that (**) is solvable for 4. By Fredholm’s alternative,
it is so if (v(a),v;) = 0, where v; are all linearly independent
solutions to the equation 4v — v = 0. [Notice that
A = (A’)*]. By Lemma 2, the functions v, =0;= d¢," /dn,
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vE (0;) =0 =v* (). Therefore

w*(o)v;) =(ow™ (¥;)) = 0. (Orf 0" (0)(dp ;* /In)ds = S
(Qv*/dn)p ;* ds = 0). Thus (**} is solvable. In the proof of
the solvability of (**), the assumption (*) was not used.

(i1} Assume now that (5) has > 0 linearly independent
solutions. If v(o) is given then w(u), where y solves (**), satis-
fies (***). Therefore w(u) = v(o) + Z;_,¢;¢;(x) in &, where
¢; = const. By Lemma 2, Eq. (6) has precisely r linearly inde-
pendent solutions.Thus the equations 4 *7 — 7 =0,

An—n=0 (7)
have precisely  linearly independent solutions. Let 7;,
1<j<r, be r such solutions of (7), w(»; ) be the corresponding
potentials. Then w(7;) = ¢, are r linearly independent solu-
tions to (5). Therefore v(o) = wiu — =/ _ ¢;n;). Thusifv(o) is
given, one can findap' = pu — 2/_, ¢;n; such that
w(')=vlo) in & . This y is uniquely defined by the require-
ment w(u')=v(o)in .

Consider now the case when w{u) is given and v(o) is to
be found such that w(u)=v(o) in . In this case (**} is an
equation for g of the type Qo = f=(4 'u — u)/2. By Lemma
4, this equation is solvable iff ( /,0;) = 0, where o;, 1<j<r
solve (6). One has (4 ' — u,0;) = (4,4 — I')o;) = 0. Thus
(**) is solvable for o. As above, the requirement w{u)=v(o) in
& defines o uniquely. Theorem 1 is proved.

C. Proof of Theorem 2

(i) Assume that (5) has only the trivial solution. Given
w(y), one can find the unique ¢ from the equation

w ) =(4"p+p)/2=v"(0). (8)
Because of Lemma 1, w(u)=wv{o) in £2. Suppose now that v{o)
is given. Then y is to be found from (8). If this equation is
solvable, then as above, wiu)=v(o) in 2. Equation (8) is solv-
able for y iff (v™(0),v;) = 0,1<j<r, where Av; + v; = 0. No-
ticethat AV, + ¥, = 0, v(v;)solve (3). If (3) has only the trivial
solution, then (8) is uniquely solvable for i, and v(o)}=w(x) in
£2. If (3) has 7’ linearly independent solutions, then (4) has ~
linearly independent solutions, and, by Fredholm’s alterna-
tive, the equation Av + v = 0 has #' linearly independent so-
lutions: v;, v(v;) solve (3), v(v;) = wly;) in Z. Therefore

(v (e)hv;) = (v~ (W) = (ow™ ;)

= (o™ ) = (o, A" — T)))

= —(o W ).
Thus (0,4;) = 0, 1<j<# is a necessary and sufficient condi-
tion for a potential v(o) to be identically equal to w(u) in £2 in
the case when (3) has #’ linearly independent solutions.

(ii) Assume that (5) has r linearly independent solutions.
Given w(u) one has to find ¢ from (8). By Lemma 4, (8) is
solvable for o'iff (4 ‘¢ + u,0,) = 0, 1j<r, ie. (u, (4 + I)o;)

=0, or (4,5,) = 0, 1<j<r, because 0; = A4g;. If v(o)is given,
the analysis does not depend on the assumption about the
number of the linearly independent solutions of (5} and is
given above in part (i). In the case when problem (5) [(3)] has a
nontrivial solution and w(u) [v(o)] is given, the density o(u) is
not uniquely defined. But the difference between two densi-
tiesoand & ( and f2) generates y=0in£2 (u=0in 2 )because
of Lemma 1.
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Proof of Corollary I: If the Dirichlet problem in Corol-
lary 1 is solvable, then its solution by Green’s formula is of
the form u(x) = v(o) + w(u). By Theorem 1, v{o) [w()] can be
substituted by w(i) [v(&)]). Thus u = wlu + @) = vio + o).

APPENDIX
A. Proof of Lemma 3

If problem (5) has only the trivial solution then

N(Q) = {0} and Qisinjective. The fact that Q:H? —H?* ! is
bounded follows from the known results about the smooth-
ness of solutions to Helmholtz’s equation. Indeed, if ceH?,
then

4
v e,

on

Here, the well-known trace theorem is used: ueH?(D)
—u*eH?~ 2(I"). It remains to be proved that Range Q
=R(Q) = H?*"'. Take any feH?. Solve the problem

VveH VYD), veH?* **D), vteHI*+!

(V2+ k=0 in £

ou” v N
E——f, lxl(alxi 1kv)——>0, |x|— 0. (A1)

The solution exists, is unique, and can be found as v(o) be-
cause problem (5) [and therefore Eq. (6)] has only the trivial
solution, and {*)40 — o = 2 f. Since 4 is a smoothing opera-
tor, o has the same smoothness as f; i.e., ceH?. Therefore
Qo = v~ eH?* ' Itis now easy toshow that R(Q) = H *'.
Take any heH?* ! and solve the exterior Dirichlet problem
with the data u~ = A. Calculate du— /dn= feH?. Find (the
unique) o from (*). By the uniqueness theorem (Lemma 1),
vo)=wuinf, Qo =v" =u" =h. Thus Q:H'—H** ' isa
linear, injective, surjective, and continuous mapping. From
the Banach theorem (about inverse operator) it follows that
Q ~“:H?"' - H7 is continuous. Lemma 3 is proved.

B. Proof of Lemma 4

If Qo = £, Qo = 0, then ( £,3) = (Q0,5;) = (0, 07}
= 0. This proves the necessity. The operator Q:H? —H?*'
is a Fredholm operator and ind Q = 0, ind Q =index Q
=dim N(Q) — dim N(Q*) = dim N(Q) — codim R(Q).
Therefore there are r = dim N (Q ) necessary and sufficient
conditions of the type (f,#;), .1 =0, 1<j<r, where (u,0),
is the inner product in H?. Suppose that the r conditions
(f2b;)o = 0 are necessary for feR(Q). Since H* CH % ¢>0,
and ||-||o<]|-||,, one has (£,5;)o = (fia;), . Let
L, =spanih,,...,h, ), M, =span(a,,...,a,). Then L, =M.
Indeed, suppose there exists a,,, €L, . Then the number of the
necessary conditions for f to belong to R(Q ) would be at least
r + 1, namely, (f£4;), =0, 1<j<7, and (fia,,), = 0. This
contradiction proves that L, = M, . Thus the conditions
{£:7;) =0, 1<j<r, where {0, }_, form a basis of N (Q), are
necessary and sufficient for feR(Q).
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C. Solution of the scattering problem via an
indetermined equation

Consider the problem
(V> +k%u=0 in £2, k>0,
u= = f, |x|(0u/3d|x| — iku}->0, |x|—>co. (A2)

The existence and uniqueness of the solution to this problem
were studied extensively and a complete analysis is given in
Ref. 1. It follows from the arguments in Sec. III that if (5) has
only the trivial solution, then (A2) is (uniquely) solvable by a
potential of the single layer 4 = v(c), while if (3) has only the
trivial solution then (A2) is (uniquely) solvable by a potential
of the double layer u = w{u). Since it is known' that (A2) is
(uniquely) solvable for any k>0, one sees from Green’s for-
mula that the representation (*)u = v{o) + w{u) holds for all
k>0. The aim of this Section is to give a short proof of the
existence of the solution to (A2) following Ref. 3, p. 98. The
ideain Ref. 3 is very elegant. Let us look for asolution to (A2)
of the form (*). Then

Qo+A'p+ul/2=f p+A'p+2Q0=2f (A3
This is an equation in H = L *(I" ) for the two unknown func-
tions # and o.

Lemma A 1?: Let A and B be compact operators on a
Hilbert space H, and N (I + A *)nN (B *) = {0}. Then the
equation (I + A4 Ju + Bo = fis solvable for any feH.

Let us postpone a proof of this lemma and show that Eq.
(A3)issolvable. In our case, B—2Q, A—A . Thus one should
check that N(I 4+ 4 '*)nN (Q *) = {0}. Assume that
oeN (I + A'*), 0#0, and consider v(o). By assumption,
7~ (0) = 0. Thus #{g)=0 in £2. On the other hand, 4 '* = 4
and o + 4o = 0 implies that 3v* /dn = 0. Since
(V> + k3o =0inD,0* = 3dv*/dn = 0, one concludes that
p=0in D. Thus from (2} it follows that o = 0. From Lemma
Al it now follows that Eq. (A3) is solvable for any feH.
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Proofof Lemma A I:Let T=I + A. Since A is compact,
R (T)isclosedanddim N (T *) = codim R(T} < . Itisclear
that a necessary and sufficient condition for the dense solv-
ability of the equation Ty + Bo = fis N (T *)nN (B *) = {0}.
The dense solvability means the solvability for all fin a dense
set of H. It remains to be proved that this condition is suffi-
cient for everywhere solvability (solvability for any feH ). Let
P be a projection onto R(T') in H. Then

Ty + PBo=Pf (A4)

(I-P)Bo =(I—P)f, (A5)
If (A5) is solvable then (A4) and

Tu+Bo=f (A6)

aresolvable. Indeed, let o solve (AS)and let Ty = P( f — Bo).
Since the right-hand side belongs to R(T'), this equation has a
solution u. The pair (1,0) solves (A6):
Tu+Bo=Pf—PBo+Bo=Pf+{I—P)f=f Letus
show that (A5) is everywhere solvable if N (T"*)"N (B *)
= {0}. This condition implies dense solvability of {A6) and
therefore dense solvability of the equivalent to (A 6), system
(A4), (AS5); in particular, dense solvability of (A5). But (A5)is
an equation in the finite-dimensional space (I — P )H. If such
an equation is densely solvable, then it is everywhere solv-
able. But then, as was shown above, Egs. (A4) and (A6) are
everywhere solvable. Lemma A1 is proved.

Remark. All we used in the proof are the following as-
sumptions: (i) R (T') is closed, and (ii) dim N (T*) < .
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