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Abstract

Investigations of pseudodifferential operators are useful in a variety of applications.
These include finding solutions or estimates of solutions to certain partial differential equa-
tions, studying boundedness properties of commutators and paraproducts, and obtaining
fractional Leibniz rules.

A pseudodifferential operator is given through integration involving the Fourier trans-
form of the arguments and a function called a symbol. Pseudodifferential operators were
first studied in the linear case and results were obtained to advance both the theory and ap-
plicability of these operators. More recently, significant progress has been made in the study
of bilinear, and more generally multilinear, pseudodifferential operators. Of special interest
are boundedness properties of bilinear pseudodifferential operators which have been exam-
ined in a variety of function spaces. Since determining factors in the boundedness of these
operators are connected to properties of the corresponding symbols, significant effort has
been directed at categorizing the symbols according to size and decay conditions as well as
at establishing the associated symbolic calculus. One such category, the bilinear Hormander
classes, plays a vital role in results concerning the boundedness of bilinear pseudodifferential
operators in the setting of Lebesgue spaces in particular.

The new results in this work focus on the study of bilinear pseudodifferential operators
with symbols in weighted Besov spaces of product type. Unlike the Hormander classes, sym-
bols in these Besov spaces are not required to possess infinitely many derivatives satisfying
size or decay conditions. Even without this much smoothness, boundedness properties on
Lebesgue spaces are obtained for bilinear operators with symbols in certain Besov spaces.
Important tools in the proofs of these new results include the demonstration of appropriate

estimates and the development of a symbolic calculus for some of the Besov spaces along



with duality arguments. In addition to the new boundedness results and as a byproduct of
studying operators with symbols in Besov spaces, it is possible to quantify the smoothness of
the symbols, in terms of the conditions that define the Hormander classes, that is sufficient

for boundedness of the operators in the context of Lebesgue spaces.
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Chapter 1

An Overview of Pseudodifferential

Operators

Over the last several decades, pseudodifferential operators have become an important field of
study within analysis. Much of the initial interest in these operators was due to a concurrent
enthusiasm for singular integral operators, for example, Calderén-Zygmund operators. For-
mally, an operator can be given as either a singular integral operator or a pseudodifferential
operator; however, as they are both integral operators, the absolute convergence of the in-
tegral does not always hold in both settings. Even in situations where both are well defined
operators, sometimes one form or the other is preferred, according to the goals of study.
While more recent work has emphasized the study of these operators as important subjects
in their own right, early development in the theories of pseudodifferential operators and sin-
gular integral operators was nurtured by the reciprocity between the two. To demonstrate
this more fully, the connections between pseudodifferential operators and Calderén-Zygmund
operators are presented at the end of Chapters 2 and 3 for the linear and bilinear cases,
respectively.

One of the settings where pseudodifferential operators are of particular importance is in

their applicability to partial differential equations. In fact, a linear differential operator is a



pseudodifferential operator though the class of pseudodifferential operators goes beyond the
class of linear differential operators to include a variety of other operators. Pseudodifferential
operators can sometimes be used to find solutions of certain differential equations; more
frequently, they are used to find estimates on the size of solutions through the boundedness
properties of the operator. The usefulness of pseudodifferential operators in the context of
partial differential equations is explored in greater detail in Chapter 2 where we discuss in
particular the topic of linear pseudodifferential operators.

A pseudodifferential operator is given through integration involving the Fourier transform
of the arguments and a function called a symbol. The characteristics of the symbol determine
to a large extent the behavior of the operator. In this work the boundedness properties of
pseudodifferential operators will be examined in two cases: first when the symbols belong to
what are known as the Hormander classes, and secondly when the conditions that define the
Hormander classes are relaxed to allow for symbols with less smoothness. While a variety
of options for rougher symbols exist, in this work, the symbols with less smoothness will for
the most part belong to weighted Besov spaces of product type or related classes.

Symbols that belong to the Hormander classes, either linear or bilinear, are smooth func-
tions whose derivatives satisfy specific size and decay properties depending on the particular
Hormander class under consideration. This type of symbol arises naturally when considering
pseudodifferential operators that can be realized as partial differential operators. In such a
case, there is a connection between what is called the order of the specific Hormander class
to which the symbol of the operator belongs and the degree of the differential operator, as
will be seen in Chapter 2. Furthermore, the Hormander classes have a variety of properties
that make them especially suited for the study of boundedness properties of the associated
pseudodifferential operators. Possibly one of the most useful features of the Hormander
classes is what is called symbolic calculus. The symbolic calculus provides the tools to
compute the symbols of the adjoints, the transposes, and the composition of operators with

symbols in the Hormander classes and also determines the Hormander classes to which they



belong.

In the linear case, mathematicians such as Fefferman, Hormander, Calderén, Coifman,
Meyer, Stein, Vaillancourt, and others were able to establish boundedness properties of
linear pseudodifferential operators on appropriate function spaces. Perhaps one of the most
critical results, in the sense that it is used so frequently in the proofs of other results,
is due to Hormander and was later improved by Calderén and Vaillancourt. Their work
establishes that operators with symbols in the Hérmander classes of order zero are bounded
on L?. Using this result along with a variety of tools that include the symbolic calculus of the
linear Hormander classes, other mathematicians were able to characterize the boundedness
properties of linear pseudodifferential operators with symbols in the Hormander classes on
the full scale of Lebesgue spaces and related function spaces.

In the process of proving boundedness, it can be demonstrated that the level of smooth-
ness required in the definitions of the Hormander classes is not actually needed. This led
many to consider the question of just how much smoothness of the symbol is sufficient in
order to prove continuity of the corresponding operator. In answering this question, many
alternatives were considered including the examination of symbols in functions spaces such
as Sobolev and Besov spaces that naturally relate to the Hérmander classes.

Chapters 3 and 4 contain the heart of this work which explores the boundedness proper-
ties of bilinear pseudodifferential operators. In Chapter 3, we present known results from a
variety of authors that provide background and motivation for the contributions of the au-
thor and Naibo presented in Chapter 4. Bilinear pseudodifferential operators are not simply
an analog of the linear version but rather are operators of considerable interest in their own
right. This is partially due to their usefulness not just in partial differential equations but
also in the study of fractional Leibniz rules, paraproducts, and the boundedness properties
of commutators where linear pseudodifferential operators are insufficient. More than that,
as will be demonstrated both in Chapters 3 and 4, bilinear pseudodifferential operators also

differ from their linear counterparts both in how they behave and in the techniques used



to prove the results that describe this behavior. In our discussion of the theory of bilin-
ear pseudodifferential operators, some attention will be given to both the similarities and
differences between the two cases.

The properties of the bilinear Hormander classes and boundedness of the correspond-
ing bilinear pseudodifferential operators have been studied by several authors including
Bényi and Torres [5, 6], Bényi, Maldonado, Naibo, and Torres [4], Michalowski, Rule, and
Staubach [28], Bényi, Bernicot, Maldonado, Naibo, and Torres [3], Miyachi and Tomita [30],
Naibo [34, 33|, Rodriguez-Lépez and Staubach [35], and references therein. Recently, ef-
forts in the setting of bilinear pseudodifferential operators with symbols in the Hérmander
classes have been directed at expanding current boundedness results to a greater number of
operators. This has been accomplished in two ways: first, by considering a broader array
of function spaces than Lebesgue spaces, and secondly, by obtaining results that include as
many of the Hormander classes as possible.

However, as with the linear case, the proofs for boundedness of bilinear pseudodifferential
operators with symbols in the bilinear Hormander classes do not require the level of smooth-
ness inherent in the definition of these symbols. Therefore a natural question is whether
boundedness for the operator can still be obtained even when the symbol is much rougher
in the sense of requiring fewer derivatives. Thus in the final chapter of this work we con-
sider recent results of the author and Naibo [21, 22] concerning boundedness of bilinear
pseudodifferential operators with symbols in weighted Besov spaces of product type. These
classes of symbols contain certain of the Hérmander classes as well as rougher symbols not
contained in the Hormander classes. In addition to obtaining boundedness properties for a
larger class of operators, as a byproduct of considering symbols in Besov spaces, it is possible
to quantify the level of smoothness of the symbols that is sufficient for boundedness of the
associated operator, an endeavor that had not been previously undertaken.

The techniques used in the proofs of the new results presented in Chapter 4 differ ac-

cording to the target space of the operators. In one instance, an important tool consists in



proving a statement on boundedness of operators with a symbol that satisfies a certain size
condition and whose Fourier transform is compactly supported, but whose derivatives do
not necessarily possess a decay restriction. In another instance, a symbolic calculus for cer-
tain Besov spaces is developed and used along with duality arguments and some additional
tools.

Much of the notation used in this work is defined at the moment of implementation;
however, some of the frequently used notation as well as some notation and definitions

standard in the setting of analysis are given in Appendix A.



Chapter 2

Linear Pseudodifferential Operators

2.1 Introduction

Though the study of bilinear pseudodifferential operators is the principal goal of this work,
a brief review of the theory of linear pseudodifferential operators will provide historical

context and occasional inspiration for the study of bilinear operators.

Definition 2.1.1. Let o(x,§) be a complex-valued, smooth function defined for z,£ € R™

called a symbol. The pseudodifferential operator associated to the symbol o is defined by

T, f(zx) := /n oz, &) f(6)e¥ e de,  f e S(R"), z € R, (2.1.1)

where f is the Fourier transform of f defined as in (A.3.1).

In the last century, continuing into this one, significant study has been done in both
the theory and applications of these operators. Part of the reason for this interest is due
to the fact that linear pseudodifferential operators occur naturally in the study of partial
differential equations. For example, consider the following linear partial differential operator
in R",

P=1-A, (2.1.2)



where [ is the identity operator and A is the Laplacian operator in R". Using the properties

of the Fourier transform, it follows that if u € S(R™) then
Pu(¢) = (1 +4n%¢f)a(¢), EER" (2.1.3)
Taking the inverse Fourier transform we obtain that
Pu(z) = / (14 47°|€)%) a(€) ™ 4dg, = € R™

That is, P = T,, with op(z,&) = 1 + 472|¢[* for z, £ € R"™. More generally, given a linear

partial differential operator of degree m € N,

L=) Cy(x)9, zeR", (2.1.4)
[y|<m
we have that
L=T,, with op(x,&) = Y C\(2)(2mi&)", w,{€R", (2.1.5)
[v|<m

In other words, linear partial differential operators are particular cases of pseudodifferential
operators. Going back to the example (2.1.2), suppose we are given a function f defined
in R™ and asked to find u such that Pu = f. Though there are a variety of techniques for

answering these kinds of questions, in this example, we could use (2.1.3) to get that

(1 +4m?gP)aE) = f(§), €eR™

Then multiplying both sides by (1 + 47%£]?)~' and using the inverse Fourier transform

formula yields

_ ; r 2miz-€ n
u(z) = /Rn 15 a2l f&e d¢, = eR" (2.1.6)



We then see that the solution u is given by 75, (f) where

) 1 1 .
op(x,&) = A 42D~ or@.d) z, & € R™

Therefore, in this particular example both P and its inverse are pseudodifferential operators
with symbols op and 1/0p, respectively. Note that the simplicity of obtaining the solution
(2.1.6) via the Fourier transform was facilitated by the fact that the linear operator P has
constant coefficients, which leads to the z-independent symbol op. Such a simple process is
not in general possible if the symbol oy, in (2.1.5) does depend on z or if it is z-independent
but vanishes for some £. However, while we may not be able to find the exact solution
w as in (2.1.6) for a general linear differential operator L as in (2.1.4), for certain elliptic
differential operators we can get close. Suppose L is an elliptic differential operator written
as a pseudodifferential operator 7;,. It is then possible to find an “approximate inverse”
Ts such that

15,1, + T, =1,,T5, + 1., =1, (2.1.7)

where I is the identity operator and T, for j = 1,2 is an error operator that is sufficiently
easy to control. The fact that such an “inverse” operator is available is based on the existence
of a symbolic calculus that will be explored in the next section.

Two other special examples of pseudodifferential operators include multipliers and point-
wise multiplication by the symbol. A pseudodifferential operator is a multiplier when its

—

symbol depends only on the variable &; more precisely, if o(x,§) = o(§) then T,(f) =
a(&) f (£). For instance, the operator P in (2.1.2) and its inverse are both multiplier op-
erators. More generally, any linear differential operator with constant coefficients and its
inverse (when it exists and under certain assumptions) are linear multipliers. Furthermore,
when o(x,€) = o(x), then it follows that T,(f) = o(z)f(z) and the operator is given by

pointwise multiplication by the symbol.

In Section 2.2 we will examine in greater detail the symbols of the operators, in partic-



ular those that belong to the linear Hormander classes. We first consider several specific
examples of these symbols and demonstrate how they relate to the corresponding operator
before discussing the properties of the symbol classes in general and especially the symbolic
calculus. In Section 2.3 we divide the study of operators with symbols in the Hormander
classes into two cases: the first when the order of the symbol is zero, and secondly the
more general case. This division allows us to clearly see the effect of the characteristics of
the symbol on the boundedness properties of the operator. In Section 2.4 we explore the
connections between linear pseudodifferential operators and Calderén-Zygmund singular in-
tegrals which, as was mentioned in Chapter 1, contributed to the evolution of the field. In
the final section of this chapter, Section 2.5, we delve slightly into the idea of loosening the
conditions that define the Hérmander classes and the corresponding effects on the operators.

This section provides a glimpse of the linear results that prompted the work of Chapter 4.

2.2 The Linear Hormander Classes

In (2.1.1), whether 7, f is well-defined for all f € S(R") depends on the properties of
the symbol o. Once sufficient conditions on ¢ are assumed so that the integral in (2.1.1)
converges for all f € S(R"), the primary goal is the study of boundedness properties of T,
in the setting of diverse function spaces. In this context we now introduce important classes

of symbols known as the Hormander classes.

2.2.1 Definition and examples

Definition 2.2.1. Let o(x,£) be a complex-valued, smooth function defined for z, { €
R”, m € R, and p, 6 € [0,1]. The symbol o is said to be in the linear Hormander class ST

if for all multi-indices «a, 8 € N,

Sup 050F o (, €)[(1 + [¢]) 0P < oo, (2.2.8)
x,EER™



The value m is called the order of the symbol.

The Hormander classes were introduced by Hormander in the 1960’s with the purpose
of studying solutions of certain partial differential operators; for details, we refer the reader
to [24, 25] and references therein. As an example of symbols in these classes, consider the

linear partial differential operator L introduced in Section 2.1 which has symbol

o(x,&) = Y Cy(x)(2mic)", =z, R,
[v|[<m
where m € Ny. It easily follows that if the coefficients C.(x) have bounded derivatives of
all orders, then o7 € ST}. Another straight-forward example is the multiplier (1 + |£ BES
defined for §£ € R" and m € R, which belongs to S77.

As a final example of the Hormander classes, suppose once again we are faced with the
problem of finding approximate inverses to partial differential operators as in (2.1.7) but
instead of considering just elliptic partial differential operators, we extend the problem to
studying parabolic partial differential operators, for instance, the operator corresponding to
the heat equation. In this context, we will work with symbols where the space and frequency
variables are in R""; x = (¢,2') with t € R and 2’ = (21, -+ ,1,) € R" will play the role of
the space variable, and £ = (7,¢') with 7 € R and & = (&, -+ ,§,) € R™ will play the role

of the frequency variable. Let H be the heat operator given by

Note that since H has constant coefficients, it can be thought of as a linear multiplier;
indeed, its symbol is independent of the space variable and is given by 2mir + 472|¢’|?.
However, this symbol vanishes at the origin. Then to solve the equation Hu = f for some

appropriate datum f we could try to find an approximate inverse H such that HH = I+ F

where E is some appropriately small error term. It turns out that the symbols arising in

10



Loréd =21 For

this process belong to Hormander classes of order 0 or —1 and with p = 3 5

instance, one could take H = T}, where the symbol A is the multiplier in R*** defined by

h(@,€) = h(€) = (2miT + 4m*|&'[*) "1 (€).

Here 1) is a smooth cut-off function that vanishes in a neighborhood of the origin and equals
1 for large (7,¢’). It can be shown that the symbol h belongs to the Hormander class 51_/12,0-
By a smooth change of variables, we can transform the underlying space and achieve a new
equation; this change of variables produces a corresponding symbol belonging to the class

5‘1_/1271 /2 Finally, we consider the symbols h; ; given by

hij(z, &) = hij(§) = &&h(E),  for 1 <4, 5 <n.

The symbols h;; belong to S?/ZO while with the change of variables from before we can

produce symbols that belong to the class SY J2.1/2-

2.2.2 Properties and symbolic calculus

We start by stating some properties of the Hormander classes which will prove useful.

° ;?7151 C ;);?62 for my < ma, 51 < (52 and P1 > P2.

o If 0 € S5 then 85‘8?0 € SZ@(S—HS\M—MB\' In other words, taking a derivative with respect
to any of the components in x, the space variable, increases the order of the symbol
by 9, while taking a derivative with respect to any of the components in the frequency

variable &, decreases the order of the symbol by p.

o If 0y € ST and 0y € S)7, the sum o1 + 0y lies in the Hérmander class S;;X(m“m)

P67
while we can show via the Leibniz rule that the product o095 is in the Hormander

mi-+mso
class S5

11



e Given o € S;’?(; and s1, s9 € Ny we define

= sup sup |9507o(x,€)|(1+ |¢)) 0l
|| <51z, EER™
|B]<s2

The topology induced by this family of norms turns S7 into a Fréchet space.

e Continuity from S(R") into S(R™) : We now prove that for every o € S5, T,, is a well-
defined operator that maps S(R™) into S(R™). If f € S(R™), since o(z, &) is bounded
by (14 [€))™ uniformly in 2 and f € S(R™), the integral defining T}, f(x) converges
absolutely for every z € R". Using that (1— Ag)Ve?™ ¢ = (1 + 4n?|z|*)Ve?™ ¢ for

N € Ny, we get

5./ (2)| =

| owoi@ema

(1_ Ag)NGZWix-f

[ ot i S

(1+ 4732lac|2>N /Rn“‘ 2¢) "o (x, ) f (€)™ dé'

1

S ol Z sup |270° f(z)]
~ 1 4 2 2\N 0,2N . .
(1+dn?[2]?) 1A= TR

for some M € Ny. Because o € S and f € S(R"), this last line is finite. We can
proceed similarly to obtain an analogous estimate for 0*7T,(f) for any o € Ny and

therefore T, is continuous from S(R") into S(R™).

e Schwartz kernel: If o € S, by the previous item and the Schwartz kernel theorem
(see Hormander [26, p. 129]) there exists a tempered distribution K € &'(R*") such

that
/ T (N@)g@)de = (K.f@g), f.g¢€ SR,

where (f®g)(z,y) = f(x)g(y) for z,y € R™ and (-, -) denotes the action of a tempered

distribution on functions of the Schwartz class. Moreover, it can be proved that

12



K(z,y) = k(z,z —y), where k(z,y) = F *(o(z,-))(y) and it holds that

T.1@) = | ol OFQE e = (F(olw, D) fla =) @ € R, € SR

The distribution K is called the distributional kernel of T.

Even though we have defined the Hormander classes for p,d € [0,1] we are mainly
interested in the theory for the cases 0 < § < p < 1. We refer the reader to Alvarez-

Hounie [1] for the cases § > p.

The symbolic calculus.

Finally, we consider the symbolic calculus of the Hormander classes, which is presented in

the following theorem first proved by Hormander in [24, Theorem 2.15, 2.7].
Theorem 2.2.2. Let 0 <6 < p <1 withd <1 and m € R.

(i) If o € S then the adjoint operator of T, is a pseudodifferential operator with symbol

in S5 More precisely, there exists o™ € SJs such that

/ Tl de = [ f@)Trg@de, fgeSE),

Moreover,

N\l .
(w6 = Y T oo @ d) + rule.6). N eN,

al
la|<N
m+(§—p)N
P06 )

where ry € S :

(i1) If oy € S;%l and o9 € S/Tg then the composition T,,T,, is a pseudodifferential operator
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with symbol o in S;"g*mz. Moreover

\~lal
U(IL‘,S) = Z %8?01(9375)8(;02(:&6) +TN(:E7€)’ N S N07

la| <N

Sm1+m2+(6—p)N

where ry € 0.6

We will not give a proof of this theorem here as the proof of its bilinear counterpart
will be presented in Chapter 3. The benefits of the symbolic calculus for pseudodifferential
operators are considerable. With respect to the first part of Theorem 2.2.2, the usefulness
often comes into play when attempting to prove boundedness of operators. For example,
suppose T, is bounded from a Banach space X into another Banach space Y for every
o € 5%, for some fixed m,p, 0 with 0 <4 < p < 1,0 <1and m € R. By the first item
in Theorem 2.2.2, the adjoint of T, is a pseudodifferential operator with symbol in S
and therefore the adjoint of 7, is also bounded from X into Y. By duality we then obtain
that T, is bounded from Y™ into X*, where Y* and X* are the dual spaces of Y and X,
respectively. The second item of Theorem 2.2.2 is equally valuable. The process described
in Section 2.1 of finding an “approximate inverse” for an elliptic differential operator L relies
on the smoothing properties of the asymptotic expansion of the symbol corresponding to
the composition of two pseudodifferential operators. For more details on the construction

of this inverse one can consult Stein [36, p.266].

2.3 Boundedness of Operators with Symbols in the

Linear Hormander Classes

The study of boundedness properties of linear pseudodifferential operators with symbols
in the Hormander classes is partly motivated by the need to obtain estimates of solutions

to certain elliptic equations Lu = f, where L is as in (2.1.4) and f is a given datum. It
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turns out that under appropriate assumptions, L = T,,, where o, belongs to a Hormander
class, and (2.1.7) holds with a symbol &, that also belongs to a Hérmander class. Roughly
speaking, since the operator T, is smooth, it follows that u ~ T5, f. Then boundedness
properties for 75, imply estimates for the solution u in terms of the datum f.

In this section we will present known results on boundedness of pseudodifferential oper-
ators with symbols in the Hormander classes. Although continuity properties can be con-
sidered for many different function spaces, including Sobolev, Lipschitz, and Hardy spaces,
we will concentrate the discussion on the boundedness of pseudodifferential operators in the
setting of Lebesgue spaces. As observed in Section 2.2, T, f is well-defined for f € S(R")
and o belonging to any of the Hérmander classes through the formula (2.1.1). Given two
quasi-Banach spaces X and Y that contain S(R") and such that S(R") is dense in X, we

will say that T, is bounded from X into Y if there exists a constant C, such that
1T flly < Collfllx VS € SR). (2.3.9)

Since S(R™) is dense in X, there is a unique extension of the operator to X, which we still

call T,,, such that (2.3.9) holds for all f € X.

2.3.1 L? boundedness of operators with symbols of order zero

One of the main results in the theory is the fact that symbols of order zero give rise to

bounded operators on L?(R"). This is precisely stated in the following theorem.

Theorem 2.3.1. Let 0 << p<lwithd <1. Ifo € 52,5 then T, is bounded from L?*(R™)
into L*(R™).

Theorem 2.3.1 was proved by Hormander in [24] for § < p. The result for § = p, which
implies the one by Hormander, was proved by Calderén and Vaillancourt in [10] and [11].

We refer the reader to these articles for a proof of Theorem 2.3.1. However, just to illustrate
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once more the usefulness of the symbolic calculus we will give a proof of Theorem 2.3.1 for

the class S7, following the work of Hérmander in [25].

Remark 2.3.2. We note that the class S?, is not included in the statement of Theorem 2.3.1.
It turns out that there exists o € S}, such that T, is not bounded from LP(R") into LP(R")

for any 1 < p < oo. This can be seen by construction of such a symbols; see for instance

[36, Proposition 2, p.272].

Before starting with the proof of Theorem 2.3.1 for the class S7,, we recall that (see

Section 2.2.2)

11w = [ ol QU= (F ol ) Sl =) (2310

where (-, -) denotes the action of a tempered distribution on functions in the Schwartz class.
The following lemma establishes decay properties of the kernel of T, when o € S7j. We

refer the reader to [36, p. 241] for its proof.

Lemma 2.3.3. If 0 € S7y then there exists k(x,z) € C®(R™ x (R"\{0})) such that
FYo(x,))(2) coincides with k for z # 0 and

1050%k(x, 2)| < Copnlz| ™ ™ 10N 240, 2 € R",

for all multi-indices o, f € Ny and all N > 0 such that n +m + |a| + N > 0.

Proof of Theorem 2.3.1 for the class Sf,o. The proof will proceed in three steps. Bounded-
ness from L?(R") into L?(R") will first be proved for operators with symbols in Sy~ which
is then implemented to show boundedness on L*(R") for operators with symbols in ST} for
any negative m. The final step will use this last result to prove boundedness from L?(R"™)

into L*(R") for any operator with symbol in S7,,.

Step 1. We will prove that if o € S;§~" then T, is bounded from L?(R") into L?(R"). Let
o € Sig~". Then o(z,-) € LY(R") and k(z, 2) := F (o(x,"))(2) = [gn o(x,§)e*™ =4 dE. By
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Lemma 2.3.3, if we consider o as a symbol of order zero (which we can do by the nesting

property Sig_l C SYy), then
|k(z,2)| < Cylz|™ N, z,2€R",2#0,N>0. (2.3.11)
Moreover, since o € S;g_l,
@2 < llolg [ (1+1€) " ds <00, 2,2 € R
This and (2.3.11) with N = n imply
k(z,2 —y)| S L+ ]z —y)™", z,y R
and therefore K (x,y) := k(z,z — y) satisfies

sup |K(z,y)|de < oo and  sup |K (z,y)|dy < co.
yER™ JRn zER™ JRn

Applying the Cauchy-Schwarz inequality with respect to the weight |K(x,-)],

2

T, f(@)? = || K(z,y)f(y)dy

R

< ([ i) ([ oisora)

< (s [ 1ctean) ([ ixGalsora).

Therefore

/Rn Tof(@)de < (sup / ) \K(wﬂdy) / K ()l )y de

rER™
< (sup / \K(x,y)\dy) (sup 1K<x,y>rdx) F(y) Py,
zeR” JRn yeRn JRn R
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from which the desired result follows.

Step 2. We prove that for any m < 0 and o € ST}, T5 is bounded from L*(R") into
L?(R™). By the nested properties of the Hormander classes, J,,.o ST = Usez S;é/zk; it
is then enough to prove this step for S;éﬂk with k& € Z. By Step 1, the result is true for
k sufficiently negative and therefore we can proceed by induction on k. Assuming that
operators with symbols in 57 é/ 2" are bounded on L*(R"), we will prove boundedness on

L2(Rn) for operators with symbols in Sié/2k+1

Let 0 € Sl_’é/QkH. By Theorem 2.2.2, the symbol of the composition T,+T, belongs to

Sy, é/ 2" and therefore

1o Iz = /Rn T f(x) To f (x) do = - f(@) T To f (@) da < || Il e 1T To fll 2 S 11172

where the induction hypothesis was used in the last inequality.

Step 3. We now prove boundedness on L*(R") for any operator with symbol in S7,. Let
o € S7y. We can easily check that for F' € C*(C), F(o) € S7,. We consider F' € C>(C)
such that F(z) = (1 + 2)"/2 for z € (0,00) and set A := sup, ccpn [o(2, )| The symbol
A? — Jo(z, &) is non-negative for all z, § € R™ and belongs to SY,. Then a(z,§) :=
F(A? —|o(x,£)?) is in S, as well. From Theorem 2.2.2

0" =0+r., and a* =a-+re,

where r,+ and r, are symbols in Si é, and the symbols of T,.T, and T,-T, are given,
respectively, by

00" +Toor and  aa”™ + rgq-,

where 7,5+ and 74, are symbols in S 5. Putting everything together, we conclude that the
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symbol of T,«T, + T,+T, is given by
0(F 4+ Tor) + Togr + (@ +Tgr) + Taqr = o>+ |al* +7r =1+ A% + 1,
where r is a symbol in 57, 5. Therefore
TyT, +TyT, =1+ AHI+T,,
where I is the identity operator and r € S7, é. Then

ITo fllze S INTof 72 + I Taf 7= = - f(@) T 15 f () d + . f(@) To-To f (x) dae
<Al e (Toe Ty + TorTa) fll 2 = £ 112 |1+ A% f + Tof ]

<l (U A F gz + C Nl z) ~ 1

where in the last inequality we have used the result of Step 2 applied to r. The desired

boundedness is then obtained. O

2.3.2 L” boundedness of operators with symbols of order m

In this section we briefly present the complete result in regards to LP boundedness properties

of operators with symbols in the Hormander classes.

Theorem 2.3.4. Let 0 < § < p<1,d<1land 1 < p < oo. T, is bounded from LP(R")

into LP(R") for every o € STs if and only if m < n(p —1)

1
2

1
p
The full statement of this theorem was the work of many authors. Boundedness on

1_1
P 2

LP(R™) for operators with symbols in S7% with m < n(p—1) was proved by Hirschman

23] and Wainger [41] for constant-coefficient symbols and by Hormander [24] for general

1_1
2

symbols. The fact that operators with symbols in S7% where m > n(p—1) 5 may fail to

be bounded on LP(R™) is due to a counterexample of Hardy-Littlewood-Hirschman-Wainger.
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Finally, boundedness for operators with symbols in S where m = n(p—1) ’% — %) is proved
by interpolation using the following key result corresponding to the endpoints p = 1 and
p = 00, proved for multipliers by Fefferman and Stein in [16] and for the general case by

Fefferman in [15]. See also Section 2.3.1 for the case m = 0.

Theorem 2.3.5. Let 0 < § < p < 1,0 < 1. Ifo € Szgpflw then T, is bounded from
L>(R™) into BMO(R™) and from the Hardy space H'(R") into L'(R").

We note that the index F(p — 1) in Theorem 2.3.5 is the value of n(p — 1)|% —1in

Theorem 2.3.4 when p = 1 or p = oco. It can be proved that operators with symbols in

gue=1)/

0,5 ? with p and § as in Theorem 2.3.4 are not necessarily bounded from L!'(R™) into

LY(R™) or from L=(R") into L>(R™). However, Theorem 2.3.5 is a good substitute for the
endpoint p = 1 and p = oo since H'(R") — L'(R") and L>*(R") — BMO(R™). We refer
the reader to the appendix for the definitions of H'(R™) and BMO(R™).

2.4 Connections to Calderon-Zygmund Theory

While the study of pseudodifferential operators is motivated partially because of its use-
fulness in the theory of partial differential equations, it is also important because of the
connections to singular integral operators and, in particular, to the Calderén-Zygmund the-
ory. When Calderén-Zygmund singular integrals were first studied, it became apparent
that an alternative approach would be to examine these operators on the frequency side
by means of the Fourier transform. With this idea in mind the implementation of pseudo-
differential operators became useful and their study necessary. Along with growing interest
in pseudodifferential operators, Calderén-Zygmund theory expanded to include a variety of
other ideas. See for instance the books [14, 17, 36].

In this section we give the definition of standard kernels and Calderén-Zygmund opera-

tors and present the size and decay properties possessed by the kernels of pseudodifferential
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operators with symbols in the Hormander classes. Finally we note some connections between

these two classes of operators.

Definition 2.4.1. A linear operator T is a Calderén-Zygmund operator if
(i) T is bounded on L*(R™);

(i) there exists a standard kernel K such that for f € C*(R") with compact support

Tf(x)= | K(x,y)f(y)dy, =z ¢supp(f), (2.4.12)

R”

where K is called a standard kernel if

|K(z,y)| S , Yo,y €RM, z#y,

|z —y|"

and there exists 6 > 0 such that

ly—2°
K (z,y) — K(z, 2)] f,m if |z —y[ > 2[y — 2],

and

|z — w]’

IK(x,y)—K(w,y)IS‘ if [z —y| > 2|z —wl.

T — y‘nJrJ
Though the definition of a Calderén-Zygmund operator requires that 7" be bounded on
L?(R™), an alternative but equivalent definition could instead require that the operator be

bounded on LP(R™) for some 1 < p < co. Indeed, the following theorem holds:

Theorem 2.4.2. [fT is a Calderdn-Zygmund operator, then T is bounded from LP(R™) into
LP(R™) for any 1 < p < oo, from H'(R™) into L*(R"™), and from L>(R™) into BMO(R™).

Estimates for the kernel of pseudodifferential operators with symbols in the Hormander

classes are given by the following result due to Alvarez and Hounie in [1].
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Theorem 2.4.3. Let 0 € S with 0 < p <1,0<0 <1, m € R, and let K(x,y) denote

the distributional kernel of the associated linear pseudodifferential operator T, defined by

K(z,y) == F(o(x,)(z —y).

(1) (Pseudo-local property.) The distribution K is smooth outside the diagonal. Moreover,

gwen o, 8 € Nj there exists Ny € Ny such that for each N > Ny,

sup |z — y|¥05 0, K (x, y)| < oo.
TF#Y
(i1) Suppose that o has compact support in & uniformly with respect to x. Then K is

smooth, and given o, B € Nj, N € Ny,

020y K (z,9)] S (L + o —y)™, Va,yeR™

(111) Suppose that m + M +n < 0 for some M € Ny. Then K is a bounded continuous

function with bounded continuous derivatives of order less than or equal to M.

(iv) Suppose that m + M +n =0 for some M € Ny. Then

|s;l‘leaﬁf?fK(m,y)ISIloglw—yll, Yo,y €R",  #y.
a+p|=

(v) Suppose that m + M +n > 0 for some M € Ny. Then

o 00T K (2, y)| S o —y| M Yy € R, 1 £y
a+B|l=M

We note that using items (i) and (v), we can prove that if o € ST with 0 < p <
1,0 <d < land m < (p—1)(n+ 1), then T, has a standard kernel. If in addition we

assume that m < n(p — 1) 119— where 0 < < p < 1lwithd <land1l < p < o0,

1
2

then by Theorem 2.3.4, the operator T, is bounded on L?(R") and is therefore a Calderén-

22



Zygmund operator. In particular, operators with symbols in the class S?’(; with 0 < < 1
are Calderon-Zygmund operators; by way of contrast, operators with symbols in S%l do
have standard kernels, but are not necessarily Calderén-Zygmund operators since they may
fail to be bounded on Lebesgue spaces (see Remark 2.3.2).

We note that due to Theorem 2.3.4 and Theorem 2.4.2 many of the Hérmander classes
give rise to operators that are not Calderén-Zygmund operators. In this sense Hormander
classes go beyond the Calderén-Zygmund theory and therefore the study of boundedness

properties of T, with o € S}; in the setting of Lebesgue spaces is legitimate.

2.5 Boundedness and the Smoothness of the Symbols

While the definition of symbols in the Hormander classes requires that symbols be infinitely
differentiable and satisfy (2.2.8) for all multi-indices o and 3, the proofs for the boundedness
of the corresponding operators do not actually require infinitely many derivatives be avail-
able. Often the proofs simply ask for N derivatives satisfying (2.2.8) for some sufficiently
large N. The exact value of N may be irrelevant to the proofs; nonetheless, knowing the
minimal regularity of a symbol sufficient for boundedness is an intriguing question in its own
right and turns out to be useful in the applications. Work done by many authors includ-
ing Coifman and Meyer [12], Cordes [13], Miyachi [29], Muramatu [32], Sugimoto [37, 38|,
Boulkhemair [8], and Tomita [39] have all contributed to this end.

For instance, in regards to the class Sg,, if (2.2.8) is satisfied for |al,|3] < [3] 41
(Cordes [13, Theorem Bj]) or for |a] < [4] + 1 and 8 € {0,1,2}" (Coifman-Meyer [12,
Corollary 3)), or for a, 8 € {0,1}" (Cordes [13], Coifman-Meyer [12, Theorem 3])), then the
corresponding pseudodifferential operator is bounded on L*(R™). The order [4] + 1 turns
out to be critical as counterexamples show (see Coifman-Meyer [12, p. 12|, Bourdaud-

Meyer [9]). Miyachi [29], Muramatu [32], and Sugimoto [37] improved these results by

considering fractional derivatives in terms of Besov spaces. Analogous results in connection
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to the classes g}, m < —n|§ — 1|, were obtained in relation to boundedness on LP(R™),

1 < p < oo, by Miyachi [29], Sugimoto [38] and Tomita [39] with symbols belonging to
certain Besov classes. As a consequence, operators with symbols in Sg, with m < —n]% — %|
are bounded on LP(R") if the Hérmander condition (2.2.8) is satisfied for multi-indices «
and 3 such that |o| < [min(3, )]+ 1 and 3] < [max(3, 2)] + 1, where [s] denotes integer

part of s € R.
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Chapter 3

Bilinear Operators with Symbols in

the Hormander Classes

3.1 Introduction

In this chapter we begin examining bilinear pseudodifferential operators; specifically, those
operators which have symbols that belong to the bilinear Hormander classes. To begin, we

have the following definition.

Definition 3.1.1. Let o(x,&,n) be a complex-valued, smooth function defined for z,£,n € R™
called a symbol. The bilinear pseudodifferential operator associated to the symbol o is

defined by

To(f 9)(x) = / o(w, &) f(Oame™™ M dedn,  fge SR, xeR".  (3.11)

R2n

Appropriate assumptions on o will be assumed so that the integral in (3.1.1) converges
absolutely for all f,g € S(R™). Boundedness properties as well as applications of bilinear
pseudodifferential operators will depend on the characteristics of their symbols. Before

considering the properties of o in greater detail, we present a few simple examples that

25



come from specific symbols.

e If o is independent of ¢ and 7 so that o(z,&,n) = o(x), then
T5(f,9)(x) = o(x)f(x)g(x), =eR"
e If ¢ is z-independent so that o(x,&,n) = o(§,n), then

T.(f,9)(x) = / o (6, m) FE)am)e =€ ag dy, € RY,

R2n

in which case the bilinear operator is called a bilinear multiplier in analogy to the
linear case where the operator corresponds with multiplication by the symbol on the

Fourier side.

o If o(x,&,m) = b(x)(2mi€)*(2min)?, where «, B € N2, then

T,(f,9)(x) = b(z) 9 f(2)0°g(x), =€ R"

In the next section, we define the bilinear Hormander classes, present their properties,
and establish the symbolic calculus. The symbolic calculus is useful in proving boundedness
properties of the corresponding bilinear pseudodifferential operators which we consider in
Section 3.3 first on Lebesgue spaces and then on Hardy spaces and BMO. We will examine
several interesting cases that are unique to symbols of order zero and then complete the
picture with symbols of any order m. In the final section of Chapter 3, we briefly explore
the connections between bilinear pseudodifferential operators and the bilinear Calderén-

Zygmund theory.
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3.2 The Bilinear Hormander Classes

As in the linear case, one possible way of classifying symbols is by their size and decay
properties. In this section, we define the bilinear Hormander classes and present several of

their useful properties.

Definition 3.2.1. Let o(x,&,n) be a complex-valued, smooth function defined for x,&,n €
R™ m € R, and p, 6 € [0,1]. The symbol o is said to be in the bilinear Hérmander class

BS}s if for all multi-indices «, 3,7 € N,

sup 0202000 (, &, m)|(€, )~ Ol IBHRD < o (3.2.2)
z,&,neR™

where (£,n) := 1+ |£| + |n|. The value m is called the order of the symbol.

We examine now a few of the basic properties of the bilinear Hormander symbols. Most
of these are straightforward applications of the definition and are analogous to those of their

linear counterparts.

e The bilinear Hormander classes are nested in the following way:

o If my < mgy then BS;%1 C BSZ?;.

« If py < py then BS;’;,(; OB ;’;5.

o If 0y € BS)} and 0y € BS]} then 01 + 03 € BSZ?X(ml’mQ) and o109 € BS;'E*mQ.

o If 0 € BS)s and «, 3,7 € Nj, then 8?8?830 € BSZ?(;ra'a'_p("BH"y'); that is, taking
a derivative with respect to any of the components of = increases the order of the
symbol by 4, while taking a derivative with respect to any component of the frequency

variables & or 1 decreases the order of the symbol by p.

o [t follows as in the linear case that if ¢ is in any of the Hormander classes then T,

is continuous from S(R") x S(R") into S(R™). Moreover, a version of the Schwartz
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kernel theorem gives that there exists K € S&’(R3") such that

/ T, (9@ hla)de = (Khe f@g), f.g.h € SR,

where (h® f® g)(z,y,2) = h(x)f(y)g(2) for z,y,z € R™ and (-, -) denotes the action
of a tempered distribution on functions of the Schwartz class. It can be proved that

K(z,y,z) = k(x,x —y,z — z), where k(z,y,z) = F *(o(z,-,-))(y, z) and it holds that

T,(f. 9)(x) = / o, €,m) F(©)d(n)= € de dn

R2n

= (F Ho(z,, )y 2), flx —y)g(z — 2)),

for z € R" and f,g € S(R™). The distribution K is called the distributional kernel of

the operator T,.

Given s, so € Ny and ¢ € BSZ% we define

lolly, o, = swp o sup 10207070 (x, &, m)|[(&, m) - OlereUBTERD, (3.2.3)
Q|81 x,5,Mn n
‘6'7"7‘§52

The family of norms {||o|, ,, }s.s,en, makes BSTs into a Fréchet space. Note that the
notation for these norms does not explicitly show the indices m, p and J; the values

of these parameters will be clear from the context.

Interestingly enough, while the definition of the Hérmander classes requires that (3.2.2)

be satisfied for derivatives of all orders, this level of smoothness in the symbol is often

unnecessary to prove boundedness properties of the corresponding operator. When this is

the case, all that is required is that ||o][,, ., < oo for some s1, s; € Ny sufficiently large. The

exact number of derivatives satisfying (3.2.2) that is sufficient for boundedness is part of

the topic discussed in Chapter 4.
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3.2.1 Symbolic calculus

In this section we present the symbolic calculus for the bilinear Hormander classes. This
symbolic calculus provides information about the symbols of the transposes of T, when
o belongs to a bilinear Hormander class. Because the operator is bilinear, there are two

transposes 17! and T3 of T, to be considered. These operators satisfy

| T @) i = [ Tho)@ f@)de= [ TAED@ @ g€ SE)

n

In the special case that the symbol o does not depend on the space variable x, it easily
follows that 7! and T* have symbols o(—¢ — n,7) and (¢, —¢ — 1), respectively.

Bényi, Maldonado, Naibo, and Torres proved in [4] that the bilinear Hormander classes
are closed under transpositions in general; they also developed the asymptotic expansions

for the corresponding symbols of the transposes. More precisely,
Theorem 3.2.2. Let me R, 0<6<p<1,0<1,ando € B ;”5
(i) For j=1,2, T =T,.;, where c* € B s

(ii) For N € N and § < p, o*' and o** satisfy

la
o= 3 O g o(e,~¢ .)€ B0

la|<N

and

2 (2mi )|a| aqa m+(5—p)N
o C%N o020y (0(2,&, ~€ —m)) € BS,;

By way of contrast with the results in Theorem 3.2.2, the classes BSR1 are not men-
tioned in this theorem because they are not closed under transposition. The proof of this
statement will follow as a corollary to the boundedness properties discussed in Section 3.3
(See Remark 3.3.1). A proof for part (i) of Theorem 3.2.2 will be given following the work

of Bényi et al.; for a proof for part (ii) see their result in [4, Theorem 2].
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Proof of Theorem 3.2.2, part(i). We will prove the result for symbols with compact support.
Since the estimates obtained will be independent of the support of the symbol, a limiting
argument can be used to get the result for general symbols. We restrict our attention to
the first transpose as the argument is completely analogous for the second transpose.
Fixm e Rand 0 <0 < p <1withd < 1;let 0 € BSTs and f,g € S(R"). Using Fubini’s

theorem and an appropriate change of variables we obtain

(T (hg), f) = (T (f.9), ) = / T,(f, 9)(x) hz) da

n

= [ o & Oamh(a)em g dy do

= [ | otn € npmatienee e ayacay) fia) d

Setting 7(y, &, n) := o(y, =& — n,n) we then have

Ty (h,9)(x) = / 7y &mh(y)g(n)e T dy de dn,
Rsn
and it easily follows that 7 € BS); since o € BSJ;, that s,

050707 (y. &, m)| < (€, mymr e le B, (3.2.4)

By an appropriate change of variables and Fubini’s Theorem we can rewrite the operator

T so that its symbol is given by
a(z,&,n) :/ (x4 y,z+&n)e Y dy dz. (3.2.5)
R2n
We then must show that a € BS]’s. By (3.2.4) and since

%0 0alw.&m) = | OO T(x 4y, 2+ Em)e T dydz,
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it is enough to work with o = g =~ = 0.

Fixing £, € R™ and setting A := (£, n), we will prove that

Ia(x,f,n)lz/ T4y, z+&n)e ™V dydz| S A
RQn

with a constant independent of the support of 0. To that end, we will divide the integral

over z € R™ into three regions depending on the size of |z| by defining the sets

0 6

A A A

N

Then

ns= [ [ooe [ [ [ [omnrne

so that we need to prove |[;| < A™ for j =1,2,3.
Before proceeding to the estimates on the I;’s we present some preliminary calculations.
For [y € N with 2y > n and since e ™Y = (1 + 472 A% |y[?)~o(1 + A% (— A,))le 2=,

integration by parts gives

a(xz,&,n) = /2 q(x,y, 2, €,m)e Y dy dz
R n

where

A+ AP (= A))er(z -y, 2+ &)
9(1’72% 275777) - (1 + 47T2A25|y|2)l0 )

Next we proceed to estimate (— A,)'q for [ € Ny. Note that

(— ay)'q= Z Ca0,q(7,y,2,€,m) (3.2.6)

|| =21
ajeven

= D D Capd (L +4m APy 0)05 (1 + A (= 12))°7(x +y. 2 + & m)).

la|=21 B<a
a; even
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We will get a bound by a power of A on the § derivatives of the first factor and the a —
derivatives of the second factor, in each term of the sum. For the g derivatives of the first

factor, we have that
|07 (1 + 4m> A% |y[*)710)| < Cy, A1+ Ay [?) 70, (3.2.7)

For the second factor we consider P, = {y = (71, - -,7) : Vi is even and |y| = 2j,j =
0, 1lo} and get

(L+ A% (= a)or(@ 4y, 2+ &m) = D CAT(@ +y,2+&m).

YR,
Using that 7 € BS7, it follows that
a—3 20 l
|0y (L+ A (= 8.)" 7(x +y,2 +&n))l
< Z Coap A (1 + |2 + €] + |n|)mrolal=1Bh—rhl, (3.2.8)

e,

Putting (3.2.6), (3.2.7), and (3.2.8) together we get

(= 8)'al S (329)
1+ AR 3 ST Catg AT ST g AT+ |2 4 €] + )80l 150,
ch‘;%il BLa YEP,

As a final step before estimating each of the three integrals I; we note that
1 3

and

T+ lz+&+n <A+ |z <3|z, z€Qs. (3.2.11)
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For I, we use the estimate (3.2.9) with [ = 0. The inequalities from (3.2.10) and the fact

that 6 — p < 0 give for z € Q,

lal < (14 AP[ylP)0 Y7 AL+ |2+ €]+ )1

veF,

< (1 +A26|y|2)—lo Z CWAm+(6—P)|”/| 5 (1+A26|y|2)_loAm‘

vePR,

Therefore, since 2y > n,

1
] <A™ — dydz~ A™.
LS /Ql/y<1+A%|y|2>lo ydz

For I,, integration by parts gives

—2miz- 1 —2miz-
/Q<x7y7'27§777)6 ? ydy: Z|2l0 /q(xayv'Z?an)(_ Ay)loe ? ydy
Y

Y

1 )
_ / (= 8,)%(q(2,, 2 €, m))e 27"V dy.

EEC

Using (3.2.9) with [ = [y, (3.2.10), and § — p < 0 we get, for z € Qy,

(= ay)°q] < (14 AZ|y]?)~P Z anmoAélﬁl Z Oy o5 A1 A +3l= 18Dl

|a|=2lp BLa YEP,
«; even
0 =1 5 5—
<(1 + A2 ‘y’2) 0 Z anﬁlo Z C’yaﬂAm+ la|+(6—p) 1|
|a|=2lp BLa 'yGPlO
o even

m—+2lpd
< A ’
= [+ APy

Since 2ly > n, it follows that

|I | < Am+2[05 dy dz < Am+2l0676n |Z|72lo dz ~ A™
’ |Z|2lO (1 + A20|y[2)! ~ 51> 42 '
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For I3 we will choose [ € N as necessary later. Again, integration by parts gives

—2miz- 1 —9miz-
/q(:v,y,z,&n)e Y dy = W/Q(x,y,z,f,n)(— Ay)le TV dy
Yy

Y

1 —2miz-
- W\/<_ Ay>l(q($ay>za§7/’7))e 2 ydy
Yy

Using (3.2.9) and (3.2.11), and defining m, = max(0,m), we get, for z € Qg

(= 8,)'q]
S+ AT 37D Cag A D7 Crag AT [z €] + [y =20on
Jol2 pse
S+ A% 3 S Cugty 3 Gl 18D | rsctal=150)
O\{O_él;i]lﬂ B<a YEPR,

< (1+A25|y|2)_l0|Z|m++6(2l+2lo).
Then

1
1S [ [ Ay
Q3 1% Yy

N/ ‘Z’m++2l06+21(671) dz/(l—i—A%\yP)lo dy
l2|>4 Y

~ Afén |Z’m++2105+21(671) dz.

A
‘Z|Z§

Since 0 < § < 1 we can choose | € N sufficiently large so that
my +200+20(0—1) < —n and —dn+my+2lpd+20(0 — 1) +n < m.

Finally,

|13| 5 A—5n+m++2l06+2l(5—1)+n < A™
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Remark 3.2.3. Tt is important to recognize just how valuable this theorem is. We will see
symbolic calculus referenced often in the next section; in such a situation, we mean an
application of Theorem 3.2.2. As a concrete example of how the symbolic calculus is used
in the bilinear setting, fix m e R, 0 < § < p < with § < 1, 1 < py, p2,p < oo and suppose
that T, is bounded from LP*(R") x LP2(R") into LP(R™) for all o € BS). By Theorem 3.2.2
both T,«1 and T2 are also bounded from LP'(R") x LP*(R") into LP(R") for all o € BS};.
We can then use duality to infer that T}, is bounded from LP (R") x LP2(R") into L1 (R")
and from LP'(R") x L (R") into LP2(R") for all o € BS7s. Finally, we can interpolate to

get boundedness of T, for all o € BS]s, from L*(R") x LP(R") into L¢(R™) for any a, b,

¢ such that the point (,1,1) is in the convex hull of the points (=, =, 1) (L L

1
=) and
b’ p1’p2’p p”pz’p’l)

(&1, 1)

3.3 Boundedness of Operators with Symbols in the Bi-
linear Hormander Classes

We next consider the important question of boundedness on Lebesgue spaces for bilinear
pseudodifferential operators with symbols in the bilinear Hormander classes. Continuity
properties of these operators in the context of other function spaces such as Besov and
Triebel-Lizorkin spaces, Hardy spaces, and BMO can also be found in the literature; see for
instance Bényi [2], Miyachi-Tomita [30], Naibo [33, 34] and references therein. However, we
will mostly restrict our attention in this section to the results for Lebesgue spaces by first
considering the case when the symbols are of order zero and then broadening our perspective
to symbols of any order. For completeness, a brief account of boundedness results in the
context of Hardy spaces and BMO is included at the end of this section.

As discussed in Section 3.2, T, is continuous from S(R™) x S(R™) into S(R") for any
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symbol ¢ in a Hérmander class. Given quasi-Banach spaces X, Y and Z that contain S(R")
and such that S(R™) is dense in X and Y, we will say that 7, is bounded from X x Y into

Z if there exists a constant C, such that

IT5(f:9)llz < Collflix llglly s Vg € SIRY). (3.3.12)

Since S(R") is dense in X and Y, there is a unique extension of the operator to X x Y,

which we still call T}, such that (3.3.12) holds for all f € X and g € Y.

3.3.1 Symbols of order zero and Lebesgue spaces

The discussion of boundedness on Lebesgue spaces of bilinear pseudodifferential operators
with symbols in the Hormander classes commences quite naturally with operators whose
corresponding symbols are of order zero. In fact, we begin similarly to the way the theory
itself developed. In this section we will see that the classes BSY ; and BS) 5 for 0 < 6 < 1 and
0 < p < 1 contain symbols that produce unbounded operators in the setting of Lebesgue
spaces. In constast, every operator with symbol in BS%, 0 <9 < 1, is bounded from
LP1(R™) x LP2(R") into LP(R™) for any 1 < pi,ps < 0o and 1 < p < oo with pil + p% = %;
these classes are discussed in Section 3.3.2.

Bilinear Hérmander classes of order zero showcase both similarities and differences with
their linear counterparts. On the one hand, the class S?,l, like BSgl, contains some symbols
whose associated operators are not bounded on Lebesgue spaces. Moreover both the linear
classes S7 5 and the bilinear classes BSY s with 0 < § < 1 are connected to the linear and
bilinear Calderén-Zygmund theories, respectively; and for 0 < § < 1 the corresponding op-
erators are bounded on Lebesgue spaces. On the other hand, as was stated in Theorem 2.3.1,
the operators with symbols in 575, 0 < < p < 1, are bounded from L*(R") into L*(R"),

while Theorem 3.3.2 below states that it is possible to have operators with symbols in BSS’ 5

that are unbounded on Lebesgue spaces.
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The class BS? .

In [5], Bényi and Torres, mirroring work done in the linear case, proved that there are
symbols in B SO for which the corresponding pseudodifferential operators are not bounded
from LP'(R™) x LP*(R™) into LP(R™) for any 1 < p;,ps < oo and 3 < p < oo with - +p—2 = ]l).
The specific example below is given in the case when n = 1 but can be generalized to other
dimensions.

Let 1/ € S(R) be such that supp(¢) C {€ € R: 27Y2 < |¢| < 212} and ¢(¢) = 1 for
2714 < |¢] < 2Y/% and define

S eI (€2 4 ) ), (3.3.13)

J=1

o(x,&,n) :

Because the support of the function 9 (277 (€2 4+72)1/2) is contained in {(€,7) € R? : 2771/2 <
(€2 + n?)Y/? < 2771/2) " at most one term in the sum (3.3.13) is nonzero for each (&,7). This
allows one to easily verify that o € BSY .

We now consider f € S(R) such that f is real-valued and supported in [¢| < 1/2 and set

N

fule) = 3 Ser e gy

j=10

Then, using that o(z, £, 1) = e 2™ in the support of f(¢& — 29)f(n), it follows that

T ) = [ ot e 6 S Liig o) fpican

j= 10
_ Z /]R;2 2miz-(E— 27) 2mix- nf(g ) f(n)dérdn
10
Jj= N 1
- (23w sex
=10

where the last equality is due to Plancherel’s identity. By the orthogonality of the functions
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f(- = 29) for j > 10, we have that

N
1 1
= 11 < Nl = (Z ]—> 1713 S 112

=10

Therefore

N g
175 (fs Ol = (Z ;) 1£1172 2 og N || fvllp2 11l 2

j=10
and thus T, cannot be bounded from L*(R) x L*(R) into L'(R).

This example together with the Calderon-Zygmund theory discussed in Section 3.4 proves
that T, is not bounded from LP*(R™) x LP2(R™) into LP(R™) for any 1 < p1,ps < oo and

%<p<oowithpi1~l—pi2:}—1).

Remark 3.3.1. Though the class BSRl produces some operators that are unbounded on
Lebesgue spaces, Grafakos and Torres obtained in [20] conditions to guarantee boundedness.
They proved that if o € BS? | and T;" and T;* have symbols in BS?, then T, is bounded

from LP*(R™) x LP2(R") into LP(R") for 1 < py, pp» < oo satisfying pil + piz = As a

1
.
consequence, the Hormander class BS?, is not closed under transposition as was mentioned

in Section 3.2.1.

We add that boundedness properties for symbols in B 5971 in the context of Besov, Lips-
chitz, and Triebel-Lizorkin spaces have been obatined in Bényi [2] and Naibo [33] (see also

references therein).

The classes BSS’é for0<d<p<l.

As mentioned, the class BSR1 is not the only class that produces unbounded operators on
Lebesgue spaces. In this section we show that the Hormander classes of order zero BS;),&,
with 0 < 0 <1 and 0 < p < 1, also contain symbols that give rise to operators that are

unbounded in this setting, as proven by Bényi, Bernicot, et al. in [3].
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Theorem 3.3.2. For0<6<1,0<p<1, and 1 < p,p1,p2 < oo where pil + p% = i, there

exists 0 € BS) 5, such that T, is not bounded from LP*(R") x LP*(R"™) into LP(R™).

The structure of the proof of Theorem 3.3.2 is as follows: first, we prove that there
are r-independent symbols in BSS’O that give rise to unbounded operators, implementing a
result by Bényi and Torres in [6]. Then we prove by contradiction that B 5275 also produces
unbounded operators for every p and ¢ under consideration using a scaling argument and

Lemma 3.3.3 below as did Bényi, Bernicot, et al. in [3].

Lemma 3.3.3. Let 0 < p < 00,1 < p1,ps < 00,1 <d,p <1 and suppose T, is bounded
from LPY(R™) x LP*(R") into LP(R") for all o € BS]'s. Then there exist 51,85 € No such
that

151 < el

51,52
for all o € BST.

Proof of Theorem 3.3.2. As mentioned, we first consider the class BS&O and then BS&J in
the general case.

(a) The class BS(,. If p; # 2 we consider a symbol o in BS, of the form o(z,£,1) =
01(§) such that oy is not a multiplier in LP*(R™). Then T,, is not bounded from LP*(R™) x
LP2(R™) into LP(R™). The proof when py # 2 is analogous.

Consider then p; = py = 2. Suppose by contradiction that every z-independent symbol
in BSy, defines a bounded operator from L*(R") x L*(R") into L'(R"), and consider an
z-independent symbol ¢ in BS&O of the form o(&,n) = 7(—€ — n). By duality, then T
maps L>°(R") x L*(R") into L?(R"). By the symbolic calculus (Theorem 3.2.2), the symbol
of T;' belongs to BSY, and is given by ¢*'(§,n) = (=& — n,1) = 7(£). It then follows
that every operator with a symbol in BS&O that depends only on ¢ (think of 7), defines a
bounded bilinear operator from L?(R™)x L*(R") into L!(R") and from L>(R")x L?(R") into
L*(R™). By interpolation these operators would then be bounded from LP!'(R") x L*(R")

into L?P/(2+P1) for any 2 < p; < oo, which contradicts our first case when p; # 2.
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(b) The class BS°

s> general case. Having established that some operators with

symbols in B 5870 are unbounded on Lebesgue spaces we now consider more general symbols
of order zero. Fix 6, p, p1, p2 and p as in the hypothesis. Suppose, by way of contradiction,
that T, is bounded from LP'(R") x L”2(R") into LP(R") for all ¢ € BS) ;. Consider an

z-independent symbol o € BS& s and, for multi-indices 5 and v, set

Cp(0) 1= sup 020 (&, m)| (€, myr I,

§&me

For A > 0 define 0,(&,n) := o(A,An), {,n € R". Then, for all multi-indices 3,7 and

0 < A< 1, we have

10707 x(&,m)| = N7 o (AE, )|

< )\(l—p)(lﬂ\ﬂv\)cﬁw(g)(&n>—p(\6l+|v|)’

so that
Cp (o) < AIZPUBHERD G, (o). (3.3.14)

Let f,g € S(R") and define fy-1(z) := f(5) and gy (z) := g(5) for z € R”. It easily

follows that
T5(f, 9)(x) = T, (a1, ga-1) (Az).
By Lemma 3.3.3 there exist s € Ny such that
[To, Il S sup Cpy(0n),

1Bl,1vI<s

with the implicit constant independent of ¢ and A. The above along with the fact that
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+ - = i and (3.3.14) allow to obtain

1, 1
p1 D2

1T (£ 9l 2o = 1 Tos (Frmt, 92-1) Ao = A7 1T (S5 9500 o

SAT < sup Cm(ax)> =1l o lga=11l o

1BL1v1<s

_E+L+L
= AT ( sup Cm(m)) [f1zor 91l £ro

1Bl1v1<s

S ( sup A(l"’)('“”')cﬂ,v(a)) 1Al ov gl 2z

1Bl1v1<s

and letting A — 0, it follows that

IT5(f: 9o < Coo(0) [[fll o 19l ra s fr 9 € S(RY). (3.3.15)

However, (3.3.15) cannot be true since it contradicts the fact that there are symbols in BS,
that give rise to unbounded operators. Indeed, take an x-independent symbol o in BS&O
such that 7}, is not bounded from LP*(R™) x LP?(R") into LP(R™) and let ¢ be an infinitely
differentiable function in R*"* supported in |(£,7)] < 2 and equal to one on [(£,n)| < 1. For
each € > 0, set 0°(&, 1) = @(e&, en)a(&,n). Then o¢ € BS) 5(R™) and Co () < Cop(o) for

all € > 0. If (3.3.15) were true we would have

||Taﬁ(fa g)HLP < CO,O(U) HfHLPl ||g||LP2

for all f,g € S(R™) and for all ¢ > 0. But then as ¢ — 0, T,<(f,9) — T,(f,g) pointwise.

This fact, together with Fatou’s Lemma implies

IT5(f, Dl e < Coo() [[ £l or 191l o2

for all f,g € S(R™), which is a contradiction. O
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3.3.2 Symbols of order m and Lebesgue spaces

With the results that we have established for symbols of order zero, we next turn our
attention to symbols of order m. We first observe that since the Hormander classes of order
zero are contained in the Hormander classes of positive order, in view of the results of
Section 3.3.1, the question of boundedness in Lebesgue spaces for operators with symbols
in BS; is only interesting when m < 0 and 0 <4 < p <1 or when m € R, p =1 and
0<d<1.

Given 1 < pi,ps < 00 and 3 < p < oo such that 2}1+1}2:1—17,set

framgprop)

11 1 1
m(p1,p2,p) =n(p—1) ( maxq =, —, —,1 — —
) i=nlp 1) (max {3 1

111 ne=1) | rp

n(p—1)
n(p—1)(1— %) v Pl

1

(0,0) (3,0) (1,0) 71

Figure 3.1: Visualization of m(py1,ps, p), -+ = pil + p%, 1 <py,py <00

1
p
The value m(py, p2, p) plays an important role in the theory and the specific value de-

pending on p; and py is given in Figure 3.1. We will see that operators with symbols in BS7

with m < m(py, pa, p) are bounded from LP'(R™) x LP2(R") into LP(R™). Furthermore, if
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1 < p,p1,p2 < 0o then operators with symbols of order m > m(py, p2, p) are not necessarily
bounded from LP*(R™) x LP?(R") into LP(R™). Because of this, when 1 < pq,ps,p < 00, we
call m(py,pe, p) a critical order for boundedness from LP*(R™) x LP2(R") into LP(R™). The
statements of these results are made precise in Theorems 3.3.4 and 3.3.5.

The following theorem states sufficient conditions for boundedness in terms of the order

of the Hormander classes.

Theorem 3.3.4. Let 0 < § < p <1, < 1,1 < py, py < o0, and % < p < oo such that

le + p% = ]%. If m < m(py,p2, p) there exist s1,s2 € Ny such that

1T (fs o S Mo llsy o 1A Lo 19l e

forall f, g € S(R") and all 0 € BS).

Theorem 3.3.4 as it now stands is the product of several authors. A partial result in
the spirit of Theorem 3.3.4 was proved by Michalowski, Rule, and Staubach in [28], which
includes the boundedness from L?(R") x L?(R") into L'(R") for operators with symbols in
the classes of order m < m(2,2, p). The statement for boundedness in the case when p > 1
comes from the work of Bényi, Bernicot, et al. in [3]; while the case for p < 1 relies on the
work of Rodriguez-Lépez and Staubach in [35].

The following result by Miyachi and Tomita [30] complements Theorem 3.3.4 in that
it includes necessary conditions in terms of the order m for the operators with symbols in
BSJs to be bounded when 1 < p, p1,ps < 0o. Moreover, Theorem 3.3.5 also indicates that
for p = 0 = 0, m = m(p1,pe,0) is also sufficient for boundedness from LP*(R"™) x LP?>(R")
into LP(R™).

1

; with the ranges of p1, p2 and p as indicated below.

Theorem 3.3.5. Assume + + L+ =
p1 P2

(i) Let 1 < pi, p2, p < 00 and 0 < p < 1. If every operator T, with o € BS}', is bounded

from LP*(R™) x LP2(R™) into LP(R™), then m < m(p1,p2, p).

43



(i) Let 1 < pi, p» < 00 and 1 < p < oo. Buvery operator T, with o € BSyY, is bounded
from LPr(R™) x LP2(R"™) into LP(R™) if and only if m < m(py, ps,0).

Remark 3.3.6. The result of Miyachi and Tomita in [30] in regards to item (ii) of Theorem
3.3.5 is broader in the sense that it also includes indices pq, po and p below. However, their
result when any of the indices p;, po and p are less than or equal to one is a statement about
the boundedness of bilinear pseudodifferential operators on Hardy spaces. We postpone to
Section 3.3.3 precise statements of these facts along with other results corresponding to the

situation p; = py = p = 0o due to Bényi, Bernicot, et al. in [3] and Naibo in [34].

The rest of this section is devoted to the proof of Theorem 3.3.4 for the case p > 1
though we note that the proof for boundedness for p < 1 is similar in spirit to the proof of
Michalowski et al. [28] that we present for p; = py = 2. We refer the reader to [30] for a

proof of Theorem 3.3.5.

The proof of Theorem 3.3.4 for p > 1.

Before proceeding to the proof of Theorem 3.3.4, we first state two intermediary results and
a definition. We start with a lemma which will prove useful in obtaining boundedness from

L>*(R™) x L*(R") into L>*(R™) and is from the work of Bényi, Bernicot, et al. in [3].
Lemma 3.3.7. Let m e R, 0<§,p<1,0 € BSZ} and s € Ny with s even and s > 2n.

(i) If 0 < R <1 and supp(c) C {(z,&,n) : ||+ |n] < R} then
175 (f, )l e S B ol 11l o 9l s frg € LZ(RT).
(i) If R 21 and supp(o) C {(z,&,n) : R<[§]+ In| < AR} then

1T (£, )l e S B o llg o 1 f e gl s £r9 € LF(RY).
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Sometimes, as is the case in the proof of Theorem 3.3.4, we fix one of the functions f
or g and treat the bilinear operator as a linear one. In such a situation, Lemma 3.3.9 from
28] will be useful. Here we consider a variation of the linear Hérmander classes S}, which

we will denote LPS;”.

Definition 3.3.8. Let 1 < p < oo,m € R,and 0 < p < 1. A symbol ¢ : R®» x R* — C

belongs to the class LPS" if for every a € N,

sup (1+ [¢)) 7" |-, €)]] , < oo
£eRn

With this definition we can now state the following:

Lemma 3.3.9. Let 0 < p < 1, 1 < p < oo, 1 <p; <00 and?2 < py < oo such that

Ll Ll gndm< 2=l here L + L = 1. Then there exists | € Ny such that
p1 p2 p Po p2 V2

ITo ()l e S sup sup (L+ [€)) ™| 0ga (- ) Ly 11l or -

la|<l E€R™
for all f € S(R*) and all 0 € LP*S}.

With these lemmas in mind, we are ready to prove the case p > 1 of Theorem 3.3.4. For
p1 = pa = 2 we follow the work of Michalowski et al. [28], while the remainder of the details

come from Bényi, Bernicot, et al. [3].

Proof of Theorem 3.3.4. First, we begin with the case p = p; = ps = oo which corresponds
to the point (0,0) in Figure 3.1. Next we treat the boundedness from L?(R") x L?(R") into
L'(R™) corresponding to the point (1/2,1/2). Once these two cases are established, we will
then use symbolic calculus, duality and complex interpolation to complete the proof of the
theorem for the range 1 < p < oo.

For p = p; = pa = oo we have that m(py,pa,p) = n(p —1). Let m < n(p—1),0 <
d <p<1,6<1and {¢,}jen, be a Littlewood-Paley partition of unity as in (A.3.3) with

45



N =2n and £, n € R". We decompose the symbol o(z,&,n) as
o(x,&n) Zaj x,&,n), (3.3.16)

where 0j (37, ga 77) = O'(.CC, fa 77)"% (57 77)
From Lemma 3.3.7 with R = 2/ and s € Ny with s > 2n we get that

||T0'j (fag HLOO 5 2j(m+n (1=¢) ||O||0,s ||f||L°° ”gHLOO

S 2 ol Nl Ngllp s frg € SRY).

Therefore

o0

ITo(f, )l e < DN T, (F 9]

7=0

Sl > 2= £] o llgll g
j=0

Sllollos 11z gl fr9 € SRY),

where we have used that m < n(p — 1) proving this case.
We next prove boundedness when p; = py = 2. Since m(2,2,p) = §(p — 1), we then
consider symbols o € BSJ with m < 5(p —1). Once again we use a partition of unity

{¢k }r>0 as in (A.3.3), but with N = n, and decompose the symbol as

o(x,&,n) Z oix(z.&m), (3.3.17)

7,k=0

with o, x(x,&,n) = o(z,£,1m)e;(§)er(n). Considering the bilinear operator with symbol o,
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we have, for f,g € S(R"),

To(f,9)(x) = ]LwlOzk(x,f,W)f(f)ﬁ(ﬁ)eZ““*“*">d§(1n
= / i ( / ) ok, &,m)9(n) 62’”'”%7) f(€) ePmiméde. (3.3.18)

We set S; (g 2,€) := [gn 05k(x, & 1)G(n) €™ 1dn, which is a linear pseudodifferential oper-
ator for each fixed £ with symbol o x(x, &, n) as a function of x and n. We also consider, for
each fixed g € S(R™), the linear pseudodifferential operator with symbol S;x(g;z, &), this
is,

Ty (N@) = [ Sty Of@<de, e S®).

We now analyze the symbols o;; according to the relation between j and k. First, we
consider the case when j < k and let (£,7) be in the support of ;. If j = k = 0 then both
€] < 1and |n| <1, and if j = 0 but k£ > 0 then [£| < 1 while |n| ~ 2%; for the remaining
values of the indices j and k we have that 2/ ~ |¢] < || ~ 2. Fixing € > 0 sufficiently

small, we conclude that

|a§a?a”7yo—jvk(xv 67 "7)‘ < Caﬁ’,y(Qj + Qk)m+5\a|—p(|5|+w)

< Cvaw&ﬂygj(ﬂh*6*M6|)Qk(ﬂ”L'z*GJﬂSIOéI*,DI'YI)7 z,&,m e R,

for mq1,ms < 0 such that m; + mo = m + 2¢. Note that the above inequality tells that
85 ojk(x,&,n) belongs to the Hormander class 573 as a function of z and 7 and for each ¢
fixed. Since my < 0, linear operators with symbols in the class S;?; are bounded on L? (see
Theorem 2.3.1) and therefore,

|025,utg:-0)|| , < 2m-e-09 =k g

L2
so that S;x(g;-,-) € L>S)". Therefore an application of Lemma 3.3.9 with the assumption
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my < 5(p — 1) yields

I Ts, (£ 9]0 S 277275 £l Mgl o (3.3.19)

For the terms such that £ < j, we can repeat the same argument reversing the roles of £ and
1. Putting these two arguments together and summing in 7 and k& we obtain boundedness
from L*(R") x L*(R") into L'(R") provided m < %(p — 1).

We next use the boundedness just proved corresponding to the points (0,0) and (%, %)
in Figure 3.1 along with symbolic calculus, duality, and interpolation to complete the proof
of the theorem in the case 1 < p < oo.

The mapping property from L*(R") x L>®(R™) into L*(R™) for every operator with
symbol in BS]'; where m < n(p — 1) and part of the reasoning from Remark 3.2.3, based

on duality and the symbolic calculus of the bilinear Hérmander classes, give:

(a) T, is bounded from L*(R") x L*(R") into L>*(R") for all o € BS}; with m < n(p—1),
(b) T5 is bounded from L'(R™) x L>*(R") into L'(R") for all o € BS]s with m < n(p— 1),
(c) Ty is bounded from L®(R") x L'(R") into L'(R") for all o € BSJs with m < n(p—1).

Similarly, the boundedness from L*(R") x L?(R") into L'(R™) for every operator with symbol

in BS); where m < @ implies:

(d) T5 is bounded from L*(R™) x L*(R") into L'(R") for all o € BS); with m < (p b,
(e) Ty is bounded from L>(R") x L*(R") into L*(R") for all ¢ € BS}s with m < Mo
(f) T, is bounded from L*(R") x L>(R") into L*(R") for all o € BS}s with m < n(pQ—l).

Summarizing, we have so far proved the result for m < m(p,ps, p) with p; and py corre-
sponding to the points (0,0), (1,0), (0,1), (3,0), (0,3), and (3, 3) in Figure 3.1.
The boundedness from L®(R") x LP2(R") into LP*(R") for all o € BS]s with m <

1) in

m(o0o,pa, p) and 2 < py < oo, which corresponds to the segment from (0,0) to (0,3

Figure 3.1, is achieved by looking at the operator T,(f, g) as a trilinear operator of o, f and
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¢ and using trilinear complex interpolation. Indeed, this follows from [7, Theorem 4.4.1]
and the facts that if 6 € (0,1), m = (1 — 6)my + my and 2 = =0 4 %, where my, my € R

1

and 1 < r;ry,ry < 00, the complex interpolation method gives

(L(R"), L(R"))g = L"(R") and  (BSJ5, BS;3)e = BS,s.
The first fact is well known (see for instance [7, Theorem 5.1.1]) while the second fact,
for which an appropriate norm is assumed, corresponds to [3, Lemma 2.7]. An analogous

reasoning applies to the segments from (0, 3) to (0,1), from (0,1) to (3,

'3 ), from (% %) to

1 1
2 27

(1,0), from (1,0) to (3,0) and from (3,0) to (0,0).

Finally, we use bilinear complex interpolation to get the result for p; and p, such that
(pil, piQ) is in the interior of one of the four smaller triangular regions in Figure 3.1, taking
into account that m(py, pa, p) is constant along horizontal segments in region I, m(py, p2, p)
is constant along vertical segments in region I1, m(py,ps,p) is constant along diagonal
segments in region 11, and m(py, pe, p) is constant in region IV.

]

To finish the proof of Theorem 3.3.4 we now include the proofs of Lemma 3.3.7 and
Lemma 3.3.9.

Proof of Lemma 3.3.7. We make use of the distributional kernel K (z,y, z) with K (z,y, 2) =

k(x,2 —y,x — z) and k(z,y, z) = F *(o(z,-,-))(y,z). Then

T,(f,9)(x) = | K(z,y,2)f(y)g(z)dydz, ze€R"

R2n

For part (i), it is enough to show that for s € N with s even and s > 2n

sup / \k(z,y,2)|dydz < R* ||o]|,., - (3.3.20)
R2n ’

zeR™
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Let s = 2t with t € Ny and ¢ > n. By assumption, ¢ is smooth with compact support in &

and 7 so that

(144775, 2)) Ko 2) = [ ol gm)(1= o = o) (70T )dg dy
RQn
:/10—%—Awwu@mwm“ﬁmwwn (3.3.21)
RZTL

Since 0 € BS)s, (1= A¢ — a,)'o(2,6,n)| < oo, (&m™ for x,§,n € R". Because

we are integrating over the domain [£| + |n| < R and by hypothesis R < 1 we use that

(€m = L+ ¢+ |nl) ~ 1 to get

t n n
(1+ 47y, ) k(9. 2)] < oo, / dedn ~ |lolly, B2, @y, € R".
[El+nI<R

From this calculation we conclude that

R ||o |y,

(1 +4m|(y, 2) )"

k(2 9,2)| S z,y,2 €ER",

so that (3.3.20) follows since ¢t > n, proving part (i).
For part (ii) we again use the distributional kernel form of the operator T, and note that

it is enough to show that if s = 2t with ¢ > n and ¢t € Ny then

sup / k(z,y, 2)| dydz < R™™00) o], - (3.3.22)
R2n ’

r€eR™

We first split the integral as follows:

/ \k(x,y, 2)| dy dz = / |k(z,y, 2)| dydz + / |k(z,y, 2)| dydz =: I + .
R2n

lyl+]z|<R=P ly|+|z|= R~

In order to estimate I;, we use the Cauchy-Schwarz inequality, Plancherel’s identity and the
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fact that R > 1 to get

12 < R / k(z,y, =) dy d

ly[+|z|<R~*P

< g / o, €, m)|2de diy

El+[nl~R

Sholli B2 [ (1l + e
€|+ nl~R

S ol B3 B2 — ||} R0,

For the second integral I, we first multiply and divide by (27|(y, 2)|)?* and then use the

Cauchy-Schwarz inequality, that ¢ > n, the equality

(2r[(y, 2))" k(@ y, 2) = Fo (= b¢ = &) (o (x5 ))) (Y, 2),

Plancherel’s identity, and that R > 1 to get the estimate:

1
Bs| | groamedds| | [ lenwo) ey P
’ (27| (y, 2)[)*
yl+|z[=R=° yl+lz=R=r
srem [ ag - ) ol g mPdsdn
€| +Inl~R
Shol B2 [ el + ) dn
El+[nl~R
< o2, B0 R2nmpen) — g2 Rt
Finally the estimates for I; and I, yield (3.3.22) completing the proof of part (ii). O

For the proof of Lemma 3.3.9 we use the following well-known result (see for instance

[17, Theorem 2.1.10]).
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Proposition 3.3.10. Suppose that ¢ : R™ — [0, 00) is integrable, non-increasing, and radial

and, for f € L, (R"), consider the Hardy-Littlewood mazimal function

loc

M(f)(z) = sup (|—;| [ ) dy) zeR,

reB

where the supremum is taken over all Euclidean balls B in R™ containing x. Then

oW f @z —y)ldy <ol M(f)(z), =eR™
R”l
Proof of Lemma 3.3.9. Given [ € N, let

2—jpn/p’27 |y| < Q—jp;
7i(y) =
Q—J'ﬂ(71/17’2—1)|y|17 |y| ~ 97JP

Then for [ sufficiently large we have that

L
( 73 )| dy) P
R?’L

(3.3.23)

For a Littlewood-Paley partition of unity in R", {¢;};en, we let 0;(x, &) := o(x, £)p;(§)

and study the operators T, . Setting K;(z,y) := F '(0;(x,-))(y) we have

5, f(x)] =

[ Kiwnsta =) i

1

P o o I T R AR

< ([ it mre i) ( [ e dy>

S Q2 (] 0oy (x, €) P d > fa—y)*
- |cv|zs12 </R‘ o et </R 7;i(y) Y

1

5 Z 2_j(np/p’2—|a\p) </Rn ‘agto.](x7§)’p/2d§> Py (,]\4(.}6.1)/2)(‘7/’))g )

o<
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where we have used Holder’s inequality, the Hausdorff-Young inequality, Proposition 3.3.10
and (3.3.23). If p > 1, the use of Hélder’s inequality, the boundedness of the Hardy-

Littlewood maximal function, Minkowski’s inequality and the fact that o € LP2S7" yield

|7, & D 27reeieartol) ( / ) ( / |a§aj<x,£>\p’zdg)”'2 (M) da:)
laf<t R

< Y 2l (/ (/ \8?0j(x,€)!p2d€>2dx) 1Flle  (3.3.25)
o<t R AJRT

A
P P

72
. /7a (0% p2
< S gritmelrlels) /R</R |a£gj(aj,§)|p2dx> ds | Nfll e
| B

al<l

1\)\"“

< 2 mmrlem /e sup sup (1+ (€)1 |02 0 (4 )| Loy 111 1o
la|<l E€R™

D) e obtain

Summing in j and using that m <
2

1T (Nlle < DT, (Dl S \STESQIREO + 1N M| 0g o (- | oy 11l o -
i=0 o=

If p =1, then p), = p; and therefore we cannot use the boundedness of the Hardy-
Littlewood maximal function in (3.3.25). Instead, we take the L'(R™) norm of the inequality

in (3.3.24) and apply Holder’s inequality to get

/ T, f()| da <) 279te/remlol) ( / ( |a?aj<x,g>|p’zdg)2dx)
R?‘L ]R?‘L R‘IL

o<t
p1 o
dyd:c)

(L1
< 3 g-itwlri—ial) </R (/R \agaj(x,gﬂp’zdg) o

|| <l

flx—y)
7i(y)

1

dl’) HfHLP1 )

3

where in the last line we have used (3.3.23). We then proceed as in the case p > 1. O

93



3.3.3 Boundedness on Hardy spaces and BMO

In this section we briefly describe results on boundedness of operators in the case when p; =
p2 = p = oo and the symbols are in the class BS]s with critical order m = m(oo, 00, p) =

n(p—1), and when p; <1 or ps < 1 and the symbols belong to various Hérmander classes.

The case p; = ps = p = oo for the critical order m(oco,00,p) =n(p —1).

The theorems in Section 3.3.2 state, in particular, that operators with symbols in BS7's are
bounded from L>(R") x L*(R™) into L>(R") if m < n(p — 1), but may fail to be bounded
from L>(R"™) x L*(R") into L>*(R") if m > n(p—1). When m = n(p—1) it is expected that
boundedness from L>®(R™) x L*(R") into L>(R") fails for some symbols in Bngf ~ while
it is conjectured that boundedness from L>®(R™) x L>*(R") into BMO(R") holds for every
operator with symbol in this critical class. We recall that the space BMO(R™), defined in
the appendix, contains the space L*(R™). The conjecture was proved for 0 < p < % and

d = 0 by Bényi, Bernicot, et al. in [3], for 6 = p = 0 by Miyachi and Tomita in [30] and for
0<d<p< % by Naibo in [34]. More precisely,

Theorem 3.3.11. I[f0 < <p< % then there exist s1, ss € Ny such that

IT5(F Dl srio S Nl o 11 Lo 19l oo

for all f,g € S(R") and all o € BS,¢~Y.

We note that Theorem 3.3.11 is a bilinear counterpart of the result by C. Fefferman [15]

stated in Theorem 2.3.5.

The case of indices p; and p, below 1.

To this point, we have only considered boundedness results on Lebesgue spaces for indices

1 < p1,p2 < 0o0. Miyachi and Tomita explored in [30] the cases when p; or py are smaller
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than 1, which we proceed to present. Define the index m(py, pa, p) as

~ 1 1 1 11 1
m(pl,pQ,p) :In(p—l) (max{gj— 1 __5})’

pp’ T pp
where pil + piz = %. It can be easily seen that m(p1, pa2, p) = m(p1, p2, p) when p > 1; however

when p < 1 it holds that m(py,p2,p) > m(p1,p2, p) with equality only when p; = ps.

In order to get this improvement in the index, Miyachi and Tomita considered the Hardy
spaces h?(R™) and HY(R™) for 0 < ¢ < 1 rather than Lebesgue spaces. Hardy spaces can
be defined for any 0 < ¢ < oo and we refer the reader to the appendix for their definitions.

The following relations are well-known (see for instance the books [18, 36]):

h?(R"™) = HY(R") = LYR"), for 1 < ¢ < o0, (3.3.26)
HYR"™) c h1(R"), for 0 < ¢ < oo,

HY(R") ¢ LY(R™),

with continuity in norms. We also consider the Banach space bmo(R") (see appendix for a

definition) which satisfies L>(R™) C bmo(R™) C BMO(R™) with continuous inclusions. Let

)
hI(RY)  if0<q<1,

XIUR™) := ¢ LYRY)  if 1 < q < oo,

Kbmo(R”) if ¢ = 0.

We are now ready to state the continuity properties of bilinear pseudodifferential oper-

ators in this setting, due to Miyachi and Tomita [30]:

Theorem 3.3.12. Let m € R and 0 < pq, pa, p < 00 satisfy pil + L=

1
D2 p’
(i) Every operator T, with o € BSgy is bounded from XP(R") x XP2(R") into XP(R") if

and Only me S m(p17p270)'
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(ii) For 0 < p <1, if every operator T, with o € BS}', is bounded from HP*(R™) x HP?(R")
into LP(R™) (with LP(R™) replaced by BMO(R™) if py = po = p = o0) then m <

ﬁl(plap% p)

Note that, in view of (3.3.26), the above theorem covers the results of Theorem 3.3.5.

3.4 Connections to Bilinear Calderéon-Zygmund The-
ory

In this section we mention the connection between bilinear pseudodifferential operators with
symbols in the bilinear Hormander classes and the bilinear Calderén-Zygmund theory.

In order to describe a bilinear Calderén-Zygmund operator, it is first necessary to con-
sider bilinear Calderén-Zygmund (CZ) kernels. Denote by A the diagonal of R™ x R™ x R,
that is, A = {(z,z,x) : x € R"}.

Definition 3.4.1. A bilinear Calderén-Zygmund kernel is a locally integrable function K (x, y, 2)

defined on (R" x R™ x R™)\ A that satisfies the size estimate

1

K(z,y,2)| < (3.4.27
R P Ea e N T )
for all (z,y,2) € R*\ A and the following regularity conditions for some ¢ > 0:
. |z — [
K(x,y,z) — K(z,y,2)| < 3.4.28
e T Ea e Ea T R
whenever |z — Z| < 1 max(|z — 2, |z — y]),
K (2.9.2) ~ K(2.5.2)] £ ] (3.4.20)

(lz =yl + [z = 2] + |y — z[)*
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whenever |y — | < 3 max(|z — y|, |y — z|), and finally

[z = Z[°

|K(z,y,2) = K(2,9,2)| S
(lz =yl + |z = z[ + |y — z[)>r+e

(3.4.30)

whenever |z — Z| < 1 max(|z — 2|, [y — z]).
The typical example of a bilinear CZ kernel is a kernel K that in addition to the size

estimate (3.4.27) satisfies

1
o=yl 1o — 2l +ly - 2

IVK(%?/,Z)IS(

’)2n+1’

where V denotes the gradient in R3".

We are now ready to define a Calderén-Zygmund operator.

Definition 3.4.2. An operator T is a bilinear Calderén-Zygmund operator if

(i) there exists a bilinear Calderén-Zygmund kernel K such that

T(f,g9)(x) = K(z,y,2)f(y)g(z) dy dz

RQn
for f,g € C*°(R"™) with compact support and = ¢ supp(f) Nsupp(g);
(ii) T is bounded from L?*(R™) x L?(R") into L'(R™).

Condition (ii) in the definition specifically requires that the operator 7" be bounded from
L?(R") x L*(R") into L'(R"); however, L*(R") x L?*(R") and L'(R™) could be replaced
with LP1(R™) x LP2(R™) and LP(R™), respectively, for some 1 < p;,ps,p < oo such that
pil + p% = %. This is a consequence of Theorem 3.4.3 which states that Calderén-Zygmund

operators are bounded on a variety of spaces.

Theorem 3.4.3. Let T be a bilinear Calderon-Zygmund operator. If 1 < py,py < 00 and

L

1 71
5 <p<oo, wzthp—l+p2

= %, then T satisfies the following statements.
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(1) If 1 < p1,pa then T can be extended to a bounded operator from LP'(R™) x LP2(R™) into
LP(R™) where LP*(R™) or LP?(R™) should be replaced by L°(R™) if p1 = 00 or ps = 00,

respectively.

(1)) If pr = 1 or po = 1, then T can be extended to a bounded operator from LP*(R™) x
LP2(R™) into LP>°(R™) where LP*(R™) or LP*(R™) should be replaced by L°(R™) if

P1 = 00 0T py = 00, respectively.

(i1i) T can be extended to a bounded operator from L>*(R™) x L*(R"™) into BMO.

Not all of the proven results concerning boundedness of Calderén-Zygmund operators
are listed here. A more thorough exposition is given by Grafakos and Torres [20].

As was mentioned in Section 3.2, bilinear pseudodifferential operators have an associated
distributional kernel on the space domain. The following size and decay estimates for the
kernels of pseudodifferential operators with symbols in the bilinear Hérmander classes is due
to Bényi, et al. in [4].

Theorem 3.4.4. Let 0 € BS)%,0 < p < 1,0 <6 < 1,m € R. Denote by K(z,y,2)
the distributional kernel of the associated bilinear pseudodifferential operator T,, this is

K(z,y,2) = F Yo(z,,))(x —y,x — 2) for z,y,z € R", and set
S(Q?,y,Z):’l’—y’+’l’—2|+|y—$|, 55721726Rn-
(i) Given «, 8,y € N§, there ezists Ny € Ny such that for each N > Ny,

sup S(x,y,z)N\agagazK(x,y,z)] < 00.
(z,y,2):5(z,y,2)>0
(i1) Suppose that o has compact support in (&,m) uniformly in x. Then K is smooth, and
giwven a, B,y € N" and Ny € N, there exists C' > 0 such that for all x,y,z € R™ with
S(z,y,2) >0
|3§858;K(x, y,2)| < C(1+ S(x,y,z))~ M.
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(111) Suppose that m + M + 2n < 0 for some M € Ny. Then K is a bounded continuous

function with bounded continuous derivatives of order < M.

(iv) Suppose that m + M + 2n = 0 for some M € Ny. Then there exists a constant C' > 0
such that for all z,y, z, € R™ with S(z,y,z) >0,

sup 00000 K (x,y, 2)| < C|log|S(x,y,2)|l.
lat+B+y|=M

(v) Suppose that m+ M +2n > 0 for some M € Ny. Then, given «, 5,y € Ni}, there exists

a positive constant C' such that for all x,y, z, € R™ with S(x,y,z) > 0,

sup  [000P01 K (x,y, 2)| < CS(,y, z)"(mFMF2/p,
la+-B4~|=M

(vi) Suppose that m + € +2n > 0 for some € € (0,1). Then there exists a positive constant

C' such that for all x,y, z,u € R™ with S(x,y,z) > 0 and |u|] < S(z,y, 2),

|K<I,y,2)—K(I+U,y72)|+|K($,y,Z) —K(x,y+u,z)|

+ K (z,y,2) — K(z,y,2 +u)| < Clu|S(x,y, z)”tmHer2n/r,

All constants in the above inequalities depend linearly on ||o||,, ., for some si, sy € No.

While not all bilinear pseudodifferential operators with symbols in the bilinear Hormander
classes are Calderén-Zygmund operators, we can now prove that some are by applying The-
orem 3.4.4 and Theorem 3.3.4. The content of Theorem 3.4.5 and its proof come from Bényi,

Bernicot, et al. in [3].

Theorem 3.4.5. Let 0 < § < p <1 with § < 1 and p > 0, and set m., := 2n(p — 1). If

o€ BS;’}(S and m < me, then T, is a bilinear Calderon-Zygmund operator.
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Proof of Theorem 3.4.5. To prove that the operators T, described in the hypothesis are
Calderén-Zygmund operators we need to prove that the associated distributional kernel,
say K(z,v, z), satisfies both the size and regularity conditions required of a CZ kernel and
that the operator is bounded on at least one triple of Lebesgue spaces. Let o € BSJ with
m < me,. Them BS); C BSTs* and from Theorem 3.4.4 part (v) applied to BS%*, the

kernel K (z,y, z) of T, satisfies

1
lz —y|+ v — 2]+ |y — 2|

K(z,y,2)| < e
K (z,y,2)] ( )

It is enough to prove the regularity conditions for m such that 2n(p—1)—t < m < 2n(p—1) =
m.. for some sufficiently small positive ¢. Using this range of m we can find € € (0,1) such

that

2
m+2n—{—e>0andw:2n+e.
p

Part (vi) of Theorem 3.4.4 yields

|K(2,y,2) = K(z +u,y,2)| + [K(z,y,2) = K(z,y + u, 2)]

|ul

+|K($,y,2)—K(ZL‘,y,Z+U)| 5
(lo =yl +]o—2[+]y—=

|)2n+67

where |u] < |z —y|+ |z — 2| + |y — z|.
Finally, since m < m., < n(p —1)/2, Theorem 3.3.4 with p = 1 and p; = ps = 2 states
that T, is bounded from L?*(R") x L*(R") into L'(R").

Therefore, T, is a bilinear Calderén-Zygmund operator.
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Chapter 4

Bilinear Operators with Symbols in

Besov Spaces

4.1 Introduction

When examining the proofs of the boundedness properties for bilinear pseudodifferential
operators with symbols in the Hormander classes, it becomes apparent that the symbols
possess more smoothness than is actually required by the proof. In this chapter we examine
the effect of relaxing condition (3.2.2) in the definition of the Hormander classes. We
will prove boundedness properties in the setting of Lebesgue spaces for bilinear operators
associated to symbols in various Besov spaces of product type and quantify the smoothness
of the symbols that is sufficient for boundedness. Furthermore, since the Besov spaces to be
studied strictly contain the bilinear Hormander classes BSg|, for m € R, a connection will
be drawn between the new theorems presented in this chapter and the results of Chapter 3.
The techniques employed in our treatment of operators with symbols in the Besov spaces
will be different from those used for the Hérmander classes. For instance, taking derivatives
of the symbols in order to perform integration by parts is no longer allowed for symbols

in the Besov classes since the symbols are rough. Important tools in the proofs of these
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new results include the demonstration of appropriate estimates and the development of a
symbolic calculus for some of the Besov classes along with duality arguments. The results
of this chapter appear in Herbert-Naibo [21, 22].

In Section 4.2 we define weighted Besov spaces of product type and explore the con-
nections between these spaces and the Hormander classes BSgy. In Section 4.3 we present
new results concerning boundedness properties of bilinear pseudodifferential operators with
symbols in the Besov classes. As a byproduct, we are able to quantify the smoothness of the
symbols that is sufficient for boundedness in terms of the norms that define the Hormander
classes; these ideas are discussed in Section 4.4. Sections 4.5 and 4.6 contain the details of
the proofs of the new results stated in Section 4.3, and in the final section of Chapter 4 we

present a summary of the results in this chapter.

4.2 Weighted Besov Spaces of Product Type and Re-

lated Classes

In this section we define the classes of symbols of interest to us, we mention some of their

properties, and we establish their connection with the Hormander classes.
Let w and wy be functions defined in R which satisfy the following conditions:
wy € S(RY),  supp(wy) C {€ € RV : [¢] < 2},
we SRY), supp(w) C {£¢eRY L <¢] <2}, (4.2.1)
wi(§) = w(27*), k€N, Y wi(¢) =1, (RN
k=0
This is, {wg }ren, is a Littlewood-Paley partition of unity in RY. Given &, n € R"™ we set

(&,m) =1+ €|+ |n| as in Chapter 3. In the following definitions, the Fourier transform and

inverse Fourier transform as well as the L” norm are taken in R*". Form € R, 0 < r, ¢ < oo,
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and s € RUR3 UR?", we define the Besov spaces BS™(R3") as follows:

$7q
. Given s € R and functions wo and w satisfying (4.2.1) with N = 3n, B5"(R*") denotes

the space of complex-valued functions o(x,&,n), z,&,n € R™, such that

o]

Bom = (Z (2% ||, m) ™ FH (wid) | Lr)q> < 00,
keNo

with the corresponding modification for ¢ = co. Note that when m = 0, this agrees with

the usual definition of Besov spaces in R".

. Given s = (s1,89,53) € R® and functions wy and w satisfying (4.2.1) with N = n,
Bﬁ;;”(]R?’") denotes the space of complex-valued functions o(x,&,n), z,&,n € R™, such

that

Q-

= | 2 @ e o)

keN}

o] o) <

where for k = (ki, ko, k3), wi(z,£,1) 1= w, (x)wg, (§)wi, (1), and with the corresponding

modification for ¢ = oo.

. Given s = (s1,...,83,) € R* and functions wy and w satisfying (4.2.1) with N = 1,

Bj;;”(R:ﬂ”) denotes the space of complex-valued functions o(x, &, n), x, &, n € R™, such that

Q|

lollgem == D (2°*|[{&m) "F " (wyo))|

keN3™

LT)q < 0,

where for k = (ky,...,k3n), © = (x1,...,2,), £ = (&1,...,&), and 1 = (N1,..., M),
wi(z,8,m) = Wiy (1) - W, (T0) Wi,y (€1) ++ + Wy, (§0) Wiy (M) + + + Wiy, (M), With the cor-

responding modification for ¢ = oo.

It can be proved that, for all s, m,r, q as in the definitions above, the space B&™(R3") is

S
7.9

independent of the choice of wy and w satisfying (4.2.1) and is contained in &’(R?"), that it
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is a quasi-Banach space (Banach space if 1 < r, ¢ < o0), that it contains S(R3"), and that
S(R?") is dense if 0 < 7, ¢ < co. We refer the reader to Sugimoto [37], where a variety of

Besov spaces of product type are defined and many of their properties are presented.

We next define classes of symbols that are closely connected with both B®™(R3*") and

T’q
the Hormander classes BS(. Given s € Nf where k =3 or k = 3n and m € R, a complex-
valued functions o(z,&,n), r,&,n € R™, belongs to C2,(R3") if it satisfies one of the following

conditions.

. If s = (81,82,83) S Ng

20000 € C(R™) for a, 8,7 € Ny, Ja| < s1, || < 85, [7] < 55, and

ol == sup  sup 920700 (x, & m)(€n) " < oo, (4.2.2)
|a|<s1 z,§,nER”
|B]<s2,|v|<s3
. If s = (51,"' 75311) ENgn:

a;alf"7an>a§°‘"+““’“2”)a7§a2n+lv"‘v“3n>o € C(R*") for a; € Ny, a; < 55,7 =1,...,3n, and

ol = sup  sup o oG g 8 (o, € m)|(€,m) " < oe.
a;j<s; x,&ncR™
j:i...,]?m
(4.2.3)

We note that [[o||,, ., = |0/ ;1,520 for any s1, s2 € Ng and where |||, , is asin (3.2.3)

with p =0 = 0.
The following chain of continuous proper inclusions shows the connection between the

classes introduced in this section and the bilinear Hormander classes:
BSyy S CEFHRY™) © BI(RP) S CEI(R™), (4.2.4)

where s has positive components, [s] denotes the vector of the same dimension as s and
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components given by the integer parts of the components of s, and adding 1 to a vector
means adding 1 to each component of the vector.

The first inclusion in (4.2.4) is straightforward and the rest of the inclusions are a conse-
quence of the following proposition, which will be useful in the proof of some of our results
(see [37, Theorems 1.3.2, 1.3.5, and 1.3.9 and Corollary 1.3.1] for a proof). Given two vec-
tors s and § of the same dimension, the notation s > 5 (s > 3, etc) used below is meant

component-wise.

Proposition 4.2.1. (a) Let 0 < r < 00, s and 5 be vectors of real numbers of the same

dimension (dimension 1, 3 or 3n), and m,m € R. Then following continuous inclusions

hold:

(i) B (R®) € BIT(R®), if 0 < ¢ < G < 00 and m < 1n;

(1) B (R*) C Bf:g”(R?’"), if 0 < q,§ < o0 and s < s component-wise;
(ii) C;(R*) & BM(R™), if 0 < ¢ < 00, 0 < § < s component-wise and s has

components in N;

(w) BYI(R*) C C;,(R*), if s has components in Ny.

(b) If 1 <r,;7<o00,0<q,q<o0,s,§ are vectors of the same dimension (dimension 1, 3,
or 3n) with positive components, and m € R, then By"(R*") = Bf”g”(]Rg‘") if and only

ifr=7,qg=¢q and s = 8.

(c) Let 1 <r<oo,0<qg<oo,meER, s= (s, ,83,) ER™ 5, >0, k=1,...,3n,
§=(S14 4 Sn,Snr1+ -+ Son,Sons1 + o+ S30) and 5 = sy + -+ -+ 83,. Then the

following continuous inclusions hold:

By (R™) S By (R™) & By (R™).
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4.3 Boundedness Properties of Bilinear Operators with
Symbols in B3 (RY")

In this section we present two of the main results of Chapter 4. We start by recalling the
index m(p1, p2, p) introduced in Section 3.3.2 for the particular case p = 0, 1 < p, py,p2 < 00

1 1 1
and = + = = =;
pP1 +p2 p

1 1 1 1
m<p17p270>:_nmaX{—,—’—71__}.
2'p1 po D

1
p2
(0,1) (1,1)
_n
P2
(0,3)
_n
2
n
(1 -1 T
n( p) p1 1
(0.0) (3:0) (1,0 ”
Figure 4.1: Visualization of m(p1, ps,0), % = p% + pig, 1 <p1,p2,p < .

Definition 4.3.1. Given 1 < p < oo, s(p) will denote the number min(3, ) + 2max(3, %),

or the 3-dimensional vector (min(g, %), max(3, ), max(3, 7)), or the 3n-dimensional vector
(S1,...,83,) where sy =--- =5, = min(%, %) and s,41 =+ = 83, = max(%, %) It will be

clear from the context which of these definitions of s(p) is being used in each case.

The first theorem we state addresses boundedness for operators with symbols in the

classes ngj;(R?m) in the setting of Lebesgue spaces with indices larger than or equal to 2.
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This range of indices corresponds to the triangle with vertices (0,0), (0,3) and (3,0) in

Figure 4.1.

Theorem 4.3.2 (Herbert-Naibo [21]). Let 2 < p,p1,pe < 00 be related by % = p% + piz,
m < m(p1,p2,0), s(p) be as in Definition 4.3.1 and s be a vector of the same dimension as

s(p). The following statements hold true:

(a) If0 < q <1 ands > s(p), then

ITo(f; > S ol

B 11l or 119l oz s

for all f,g € S(R*) and all o € B (R*").

(b) If 1 < q<oo ands > s(p), then

ITo(f; > S ol

gz 1l o 19l e

for all f,g € S(R*) and all o € B (R*").

One of the main tools for the proof of Theorem 4.3.2 is a new result concerning bounded-
ness of operators with symbols in the classes CO (R*") whose Fourier transform is compactly
supported. The statement of this result, its proof, and the proof of Theorem 4.3.2 are

presented in Section 4.5.

The next result presented in this chapter refers to boundedness properties from LP* (R™) x

LP2(R™) into L'(R™) of bilinear operators with x-independent symbols in the Besov classes.

Theorem 4.3.3 (Herbert-Naibo [22]). Let 1 < py,p2 < oo be such that pil + piQ =1,
m < m(p1,p2,0), s(1) be as in Definition 4.3.1 and s be a vector of the same dimension as

s(1). The following statements hold true:
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(a) If0<q <1 ands > s(1), then

IT5(f; 9l S llo]

g | 1o 19l 2

for all f,g € S(R™) and all z-independent symbols o in BS™(R3™).

s,m
00,9

(b) If 1 < q<oo ands > s(1), then

1T () e S llollpgm 1Al o gl 2oa

for all f,g € S(R™) and all z-independent symbols o in BS™(R3™).

OO?q

The proof of Theorem 4.3.3 is based on a new result regarding a symbolic calculus for
the Besov classes of z-independent symbols and on the use of Theorem 4.3.2. The statement
of this new result, its proof, and the proof of Theorem 4.3.3 are presented in Section 4.6.
Additional results concerning the minimal smoothness conditions for bilinear multipliers in
terms of Sobolev regularity were proven by Grafakos, Miyachi, and Tomita [19], Miyachi

and Tomita [31], and references therein.

4.4 An Upper Bound on the Number of Derivatives

As a consequence of Theorems 4.3.2 and 4.3.3 we obtain two corollaries for the bilinear
Hormander classes BSg,, where m is below the critical order. These corollaries give esti-

mates for the number of derivatives of the symbols needed to exist and satisfy

sup  [02070) o (w, &, )€, m) ™" < oo, (4.4.5)
z,£,neER™

in order for the corresponding pseudodifferential operator to be bounded on Lebesgue spaces.
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We first note that by (4.2.4), we have, in particular, that
B, G CLOMI(RY) C B0 (R, (.46)

where s(p) is as in Definition 4.3.1. The inclusions in (4.4.6) and part (a) of Theorem 4.3.2
for ¢ = 1 imply:

Corollary 4.4.1 (Herbert-Naibo [21]). Let 2 < p, p1, po < oo be related by Il) = pil + piz,

m < m(p1,p2,0) and s(p) be as in Definition 4.3.1. Then

1T5(f; ) o < llo]

clrsl(p)Hl HfHLpl HgHLP2

for all f,g € S(R™) and all o € CEPIT(R3),
In addition, (4.4.6) along with part (a) of Theorem 4.3.3 for ¢ = 1 give:

Corollary 4.4.2 (Herbert-Naibo [22]). Let 1 < py,ps < o0 be such that pil + p% =1,

m < m(p1,p2,0) and s(1) be as in Definition 4.3.1. Then

IT(f: 9l < llel

clsl+1 11 zex g1l 2

for all f,g € S(R™) and all z-independent symbols o in C,[fl(l)Hl(Ri‘”).

Remark 4.4.3. Taking into account the value of [s(p)] + 1 as a vector in R, R? and R3"

respectively, we remark that o € C5® ™ (R3") means that in Corollary 4.4.1, since p > 2,

sup sup 0507 o (x, &, ), m) " < o0 (4.4.7)
ot <[n(1+5)]+1 ZEmER?
or
sup sup |8§‘8§830(:€,§, m&,n)™™ < 0o (4.4.8)
ol <[Z]+1 w€neR
1Bl 1vI<[5]+1
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or

swp  sup [020000(x, &, (. m) " < oo, (4.4.9)
a,B,7€{0,1}™ 2,§,nER™

while in Corollary 4.4.2, since the symbols do not depend on z and p = 1, we have

sup  sup |970)a(&,n)[(&m) " < oo (4.4.10)
|B41< (Gl +1 EnER

or

sup  sup |8§8,70(§,7})\<£,n>’m < 00 (4.4.11)
1Bl,]7|<n+1 & neRn

or

sup  sup 9790 (&, m)|(&,m) ™™ < oo (4.4.12)
B:v€{0,2}™ &neR™

Remark 4.4.4. Consider the symbol

o(x,&n)=(1+ |x\2)_%6_2“”'56_2””'”6_|g|2e_|"|2, x,&,neR 0<p<oo.

Elementary computations show that o € C,(;l’[;])(R‘g”) for all 57 € Nand for all m € R, where

Cf,fl’[%])(]R?’”) is defined as Cr(il’[%]’[%])(]l%?’”) but requiring |3+ 7| < [2] instead of |5}, |7| < 2]
(see (4.2.2)). Since ||T,(f,g)|l, = oo for all f,g € S(R™), then T, is not bounded from
LP(R™) x LP*(R™) into LP(R™), regardless of the values of p; and po. At least in the case
p = 2, this raises the question as to whether the condition (4.4.8) can be changed so that
|8+ | < [5] + 1 rather than |3, |y| < [5] + 1 is required. This example also hints to the
fact that at least [%] + 1 derivatives with respect to the frequency variables are needed for

boundedness in the case 0 < p < 2 and m < m(py, p2,0).
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4.5 Proof of Theorem 4.3.2

As mentioned in Section 4.3, a useful tool in the proof of Theorem 4.3.2 is the boundedness
properties for operators with symbols in the subclass of C (R*") whose Fourier transforms
have compact support. We present the statement of this result as Theorem 4.5.1 in Section
4.5.1. In Section 4.5.2 a crucial estimate to obtain Theorem 4.5.1 is proved. Finally all
the pieces are put together in Section 4.5.3, where the proofs of Theorems 4.5.1 and 4.3.2,

respectively, are presented.

4.5.1 Symbols in C° (R*") with compactly supported Fourier trans-

forms

We consider the class of symbols C° (R3") whose Fourier transforms have compact support.

More precisely, let o(z,&,7n), z, £, n € R", be a complex-valued function satisfying

3n
supp(d) C H[—Tj,rj] (4.5.13)
j=1
for some 1 <r; <oo,j=1,...,3n, and
lollco = sup |o(z,&n)|(§,m) " < oo. (4.5.14)
z,§,neER"

Theorem 4.5.1 (Herbert-Naibo [21]). Let 2 < p, p1,p2 < 0o be related by % = pil + L and

p2’

let o(x,&,m), z, &, n € R, be a complex-valued function satisfying (4.5.13) and (4.5.14) for

some 1 <r; <oo,j=1,...,3n, and some m < m(py,p2,0), respectively. Then

B =

ITo(fs 9 o S llollcg, (ra- )7 (Fnsa - 730) 2 Ll o 19 e (4.5.15)

forall f,g € S(R™), and with the implicit constant independent of o andr; forj=1,--- ,2n.
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A version of Theorem 4.5.1 in the linear case was first proved by Boulkhemair [8] for L?

boundedness and extended by Tomita [39] for LP boundedness.

Remark 4.5.2. Let o satisfy (4.5.13) and (4.5.14) for some 1 < r; < o0, j = 1,...,3n, and

some m € R. The computations below show that o € BY|(R*") for any s = (s1,...,53,) €

R3" with positive components and that
ol S 7t v Nl

Indeed, if o satisfies (4.5.13) and (4.5.14), using the notation in the definition of B}}(R*")

for s € R® given in Section 4.2 we have

o]

g = > 2R em T F wd)| e = DL 2 (e T F T (wid)| e

kENG™ kENZ™
kj<[logy(r;)]+1

in view of the supports of w;, and . Now,

(& m) ™ F Y weo) (, &, m)| = [, m) "™ (W, x o) (2, €,m)|

= ‘<£7T]>_m/ wk’(y7avb)a(w—y7€_aan_b) dydadb
R3n

< ol (€m) ™ / (g, @, )| (€ — a.n — b)™ dy da db

R3n

Sl [l bl (@.0)"™ dydady

where we have used that (£,n) < (€ —a,n — b){a,b) for m < 0 and that ({,n)~' < (£ —
a,n —b)~{a,b) for m > 0. Finally we note that the last integral is bounded by a constant

independent of & € N§™ and conclude that

loll gsm S Yoo 2ol ~ it s lolles,

keNg™
kj<[logy(r;)]+1
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where we have used that s; > 0 for j = 1,...,3n. In particular, if ¢ is as in the statement of

Theorem 4.5.1 then o € B;(f l)’m(RS"), where s(p) is the 3n-dimensional vector in Definition

4.3.1, and

RS

1
1ol sy S (7= 7n) ¥ (g = - 730)2 [l g, -

4.5.2 A crucial estimate

We start with some definitions followed by the statement and proof of Theorem 4.5.3 which
constitutes an essential ingredient in our proof of Theorem 4.5.1.

For f,g,h,, 1,0 in the Schwarz class S(R™) define:

V(f,g,h)(y,a,b) ::/ e2m(y'$+a'£+b'n)f(f)g(n)e%m'(&”)ﬁ(x) dx d€ dn

R3n

_ / () (o + a)g(a + ) do

W(f. g, h, o, 0,0)(x,&n) = / e 2mileyteatnd) o () (a)0(b)V (f, g, h) (y, a, b) dy da db.

R3n

We note that V(f,g,h) and W(f, g, h,,1,0) belong to S(R**) for any f,g,h,,1,0 €
S(R™).

Theorem 4.5.3 (Herbert-Naibo [21]). Let 2 < p, p1, pa < 00 be related by i =141 and

P2

m < m(py,p2,0). Then

L€ W(s. g0 6)(o, &l dodeds (4.5.16)

S > 1%l 0%61 2107l o LN s N9l e 1]

a767’ye{0717273}n

for all functions f,g,h,,0 € S(R") and ¢ of the form ¢(x) = [[;_, ¢;(x;), where x =
(1,...,2,) and p; € S(R) forj=1,...,n.
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The proof of Theorem 4.5.1 through the use of Theorem 4.5.3 is inspired by ideas in
Hwang-Lee [27], also used in Tomita [39], in the linear case. Due to the bilinear setting, the
proof of Theorem 4.5.3 requires new ideas.

The following lemma will be useful; see Bergh-Lofstrom [7, p. 17].

Lemma 4.5.4. Let 2 <r < oo and r' < q < r. There exists a positive constant C,, such

that .
([ i@ bac) <oyl

Proof of Theorem 4.5.3. Fix f,g,h,p,1¥,0 € S(R"); we will write W(z,{,n) instead of
W(f,g,h,¢,10,0)(x,&n). We note that all changes in the order of integration in the follow-
ing steps are justified in view of the smoothness and decay of the integrands. Using that

h(t) = Jgn 2" h(7) dr and making the change of variables a+t — a and b+t — b, we get

e~ 2miEyHEatn ) o (1)1 (a)0(b) (/

= / e 2miley &=t (=) o (4 )ah(a — )G (b — t)e%it'(y’f);L(T)f(a)g(b) drdtdydadb.
R5n

Wiz, & n) = / e YR (t) f(t +a)g(t + b) dt> dydadb

R3n

n

Denoting A, (t) := ¥(a +t)0(b+ t), the integral in ¢ can be written as
[ e — 0606 — ) de = Aual + -+ y 7).

Incorporating this into the formula for W and making the change of variable {+n+y—7 — v,

it follows that

W(z,&n) = / e 2@t ) (VA (¢ 4oy 4y — 7)A(7) f(a)g(b) drdydadb

R4n

_ / 6*27”'(‘”'(757””)*5'“”'1’);L(T)f(a)g(b) (/ e T o(y 47— £ — n)@(y) dy) drdadb.
R3n

n

1
We have ¢;(y; + 17, — & —nj) = pi(1; — & —nj) + y; fo g0§ )(Sjyj +7; — & — n;) ds; where
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<p§-1) denotes the first derivative of ¢;. Therefore, defining

jk :{j:(]h7]71)6{177n}n.]l7é]l~lfl7éiv.]1<<]k7]k+1<<.7n}

for k =0,...,n, it follows that
PSR & O Y (P
ply+r——n)=]]lei(m—-&-n)+y soj (8595 + 7 — & — n;) ds;
j=1 0

= Z <H P T]l - — My ) ( H yjz/ (p]l szyjl + Tj — gjz - njz) dsjz) )
n I=k+1

with the products H?:l and []; ., being interpreted as 1. We then obtain that

W(z.&n) = Y Wez.6m),

where for k =0,...,n and;’:(jl,...,jn)ejk,

W, =(x,&n) = /]RB e 2mi@ (=Emnt ) atnb) (1) () g (b) Sy 5w, 7,€,m,a,b) drdadb,

S m&nab)i= [ e r - € )by &) An() o,
k
Spkj(T —&— 77) = H Pj (sz - éjl - 7791)7 (900’3-(7' —-&— 77) = 1)7

q)k] Y, 7, &, 77 H y]l/ ijl szyjz + T = fjl - njz) dsjz
l=k+1

(1)
= Yjry1r " " Yijn / H ¥y (Sjlyjl + T — gjl - njz) dsjk+1 T dsjm
U L A

With q)n,f = 1.

It is then enough to prove the inequality (4.5.16) for each W, - We will distinguish
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between the cases k =n and k € {0,...,n —1}.

Case k = n. Here j = (1,...,n) and therefore

an(l’, 57 77) = /3 6_27ri($'(_5_77+7')+§'a+77'b);L(T)f(a)g(b) Sn,;(x7 T, 67 m,a, b) drdadb
R3n

= / ¢ il (et (1) f(a) g (b) / e 2V (r — & — 1) A (y) dy drdadb

R3n

n

= [ e i) fa)g(b) ol — € ~ 1) Aup(~a) drdad,
R3n

Using that A,p(—2z) := ¢(a — x)0(b — x) and defining F,(a) := f(a)¥(a — x), G4(b) :=
g(0)0(b — z), and H,(7) := h(r)p(z — 7),

Wn,j‘(x, E,n) = e2mie-(&tn) (/ e_QWix'TiL(T)gp(T —&—n) dT)

X ( / ) e f(a)ep(a — x) da) ( / ) e 2™t g (b)0(b — ) db)

— p2miz(&+m) ( / ) 6—2“”'72(7)90(7 —&—n) dT) Fo(&) Ga(n)

_ p2miw(6+) (/n W) F (e 2 (- — € — n))(7) dT) F.(§) Gz(n)

—

_ ( [ hmemr gt ) df) Fo(e) Galn) = (€ + ) Foe) Cal).

Applying Hoélder’s inequality with respect to (£,7) and Plancherel’s identity, we obtain

€W, sta ol dodedn = [ (€. m" L6 +n) Fo(©) G| dodedy (4517

R3n

< [1Ed Gl ([ (€nnitt + nPacan) o

Using inequality (4.5.17) we now consider the cases p < oo and p = oo separately. First, for
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p < 0o, Holder’s inequality in « then gives

[t ste. gl dads (15.18)

< ([ 1ma e a) || §n>2mlH(€+n)|2d§dn)

/

(/ HFHizdx) (/ IG, H’i%dx H £n2mlH(£+n)!dfdn)

(With obvious changes if p; = 0o or po = 00). Recalling that F,(a) = f(a)(a — x) and

1

/

Lp

that p; > 2, it follows that

( / T daz) U BRI < IRy (IR = 1Al [l (4519
Similarly,
1
P2
( [ el d:c> < llglL o 101122 (4.5.20)
(Again, with obvious changes if p; = 0o or ps = 00). We now look at the factor

2

H </R (& m)*"[Ha( + ﬁ)\2d§dn)

/

Lr

n (4.5.18). Recall that m < m(py,p2,0) = —n(1 — l) then m = —n(1 — l) — ¢, for some
e >0.Set my := —% — ¢ and my 1= —5(1 — ) then m; < —2, my < 0 (since p > 2), and
m1+ms = m. The change of variable n — 1n—¢ and the fact that <£, n—&)2m < (€)Fm(p)2m2

imply

=
=

([ mmiaie+ wPagan) = ([ €9 I0Pdsdn)’

< (/n<€>2ml df)é (/n<n>2m2!Hm(?7)!2dn> 2
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Note that the integral in £ is finite; moreover, by Lemma 4.5.4

i) = ([ oD mea)’
(L A )

SN Hell o = |RC)@(2 = )|

which implies

S Al 1911 o - (4.5.21)

/

H (/Rzn (€)™ | Ha(€ + 77)|2d§d77)

Lp

By (4.5.18), (4.5.19), (4.5.20), and (4.5.21), we obtain

/RS (& my™ W, 52, € m)| dedédn S N2 0 2 1@l o 11 on N9l gon Ml - (4.5.22)

Next, we consider the case when p = p; = ps = oo for which we will also prove (4.5.22).

Again (4.5.17) gives

[t s g mldads (45.23)

2

< sup (|| Fell 2 |Gell 12)
xER™

‘(4 @mVWHA§+mF%mO

2n

The treatment of H (fon (€, mY* ™ HL (€ + n)|2d§dn)%

1
<1l gl |9 , |

</R (&)™ [H(§ + n)legdn)

L2 L2

Ll

_in (4.5.23) is slightly different re-
L

garding the selection of m; and ms below when compared to the case 2 < p < co. Since
m(o0,00,0) = —n and m < m(oo,00,0), we have m = —n — € for some € > 0. Set m; =

my := —%—5. The change of variable n — n—¢ and the fact that (§,n—&)*™ < (£)*™ (n)*™
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imply

1 1

< ([ termae)" ([ weimooran)

NI

(/R (&) [ Ha(& + m)lPdg dn)

The integral in £ is finite and
! !
([ mteoiran)” = ([ w=isoiran)

S Hel| o S MHHll 2 = [[RC) 202 =)0

which implies

H (/]R%(f,n)mmx(i +n)|?d¢ dn) : . (4.5.24)

Lt

We then obtain

et gmldasan < [[d] 4

o 1P Ll gl 1Pl (4:5.25)

proving inequality (4.5.22) for p = p; = p; = oo and thus completing the case k = n.
Case k € {0,...,n—1}. Fixk € {0,....n— 1} and j = (j1,...,jn) € Ji. With-
out loss of generality we can assume that 5; = [ for [ = 1,...,n. Note first that since

(QWi)nfkykﬂka - ynZa\b(W = f(atk+1 T atnAa,b(t))(y) then

Sp;(x,7,6,m,a,b) == (2mi)* " / eV AT = & =) F Oy - 01 Aap (1)) ()

n

X / H 901(1)(3lyl+7'l —& —m)dsgyq .. ds, dy.
0.1]"% 2

Now, defining €, > € R" as the vector with components equal to 1 at positions [, [ =
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k+1,...,n, and 0 otherwise, we have,

F O+ O, Aap)(y) = / e 0y, O, (Y + 1)0(b + 1)) dt

_ / et SO O+ HIO(b + 1) dt.

a1+a2:é’k’f

Using the fact that

(=) (1= )e >t = et T[(1+ dn%y

7j=1

and integration by parts, we obtain

F<atk+1 T atnA%b)(y)

Cal?o@ —2miy: a1 Qg
- Z H L1+ 4m2y?) /ne i yt(l_afl)'”(l_at%)(at Y(a+1)0720(b+1))dt.
j

a1 +as= 5 -

We now note that

(1-082)---(1-07) Z IR

YEH

where Hy := {7y € R" : v has d entries equal to 2 and all others equal to 0}, and therefore

(1=05) (1= 07)(0" v (a +1)oF*0(b + 1))

- Zn:<—1>d > G0 (a+ 0)0(b + 1))
d= YEHq

=D (DTY D G0 (a+ 1)(0°R0) (b + ).

d=0 YEH Y1 t+72=Y
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This leads to

F Oty = O Aap) ()

= Z Z Z Z H a11aj_“/:l;2yj> /Rn o 2miyt (8a1+71w)(a+t)(8a2+729)(b+t) dt.

a1tas= ek - d=0 vEHq y1+72="

Then S, ;(x, 7,€,m,a,b) is a finite linear combination of terms of the form

e—27rzz-y

we [ (1+ 47y5)

« / e 72 (9 NY) (0 + £)(9°2T260) (b + t) dt

Sk},;,l(a’;7 7—’ 57 TI, a, b) = ng;";(T _ 5 o ’)”)

/ (Szyz +7—& —m)dsky ... ds, dy
[0,1]7 =% 1= k+1

and it is enough to analyze

Wiga(r.6,m) = /R et (r) £ (a)g(b) Sy (v, 7, €, a,b) drdadb.

Now,

Sk,j,l(xv T, 57 mna, b) = ngJ-(T - g - 77) /n (aa1+'y1¢) (a + t) (aa2+’y29> (b + t)Ql(w7 i, 57 77) dt

where

727rzz+t)y
t —&—m)d ... dsy dy.
Qu(z,t,7,8,m) : /n/[owkH 1+ 4n%y° HSO (st + 70— & —m) dsp4a Sn @Y

yJ I=k+1

Using that

(1 . 8@/1)2 . (1 . ayn)Qe—Qm’(x-i-t).y _ e—27ri(x+t)~y H(l + 27Ti(tj + ZL‘]‘))Q

j=1
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and integration by parts give

, 727T1,:L‘+t
Qi(z,t,7.&n) = - 1(1+27rzt+$3 /nél

1 E)Szz —&—m
x (H( +9,,)* (W)) (H(1+ayl) (90 ( ?i:zm?y; n)))

=1 I=k+1

X dSgy1...ds,dy

e —27T’L(:l‘+t H
H? 1(1+2mt +z;)) /"/01 (H lyl)
( H Z 901 (s +1—& — 7]1) Hz(g;)) dsgiq ... ds,dy,

I=k+1 j=1

where H; € L'(R) for l =1,...,n and gogj) denotes the jth derivative of ;. Then we have

that S, =, (z,7,§,1,a,b) is a finite linear combination of terms of the form

Sk, 7 61 a,0) =y 5(r = €= 1) / (0T)(a + (@O (b + 1)Qa (7, &, m) dt

where

1 ‘
Q2 (gj’ t7 T, 57 77) = ' / / e—?m(z’-ﬁ-t).yH(y)
Hj:1(1 +2mi(t; + 25))? Jrn [0,1]n—F

X ( H @l(jl)(szyz +7n =& — nl)3{1_1> dsgy1 ... ds,dy,

I=k+1

with H(y) := Hi(y1) ... Hu(y,) € L*(R™) and j; equal to 1, 2, or 3. It is then enough to

analyze

ijg(x,é,n) = /3 6_27”“'(_5_"+T)+£'“+’7'b)H(T)f(a)g(b) Skj’z(x,T,ﬁ,n,a,b) drdadb.
R n

Setting Fi o, (@) == f(a)(0* ) (a+t) and Gt g, ~, (D) == g(b)(0**7720)(b+1), the integrals

82



in @ and b in W, -, are given by

L —

/ e~2mEa £ () (94 (a + t) da / =2 (5) (32 20) (b + 1) db = F, 0y 11 (€)Grapms (0)-

n

For the integral in 7 we have

/ e IETh(T) @y (T — & ) (H o (s + 1 — & —m)si ™ 1) dr
R

l=k+1
Z/ h(-+z)(7 901”( T—§—n) (H SOZJZ) (s + 70— & — m)sy i 1) dr
R I=k+1
:/ h(r +2)F (S% a (H o (s + 1 — & —m)s] 1>> e
R™ I=k+1
R I=k+1
- »F 1( xskyk>(€+77)7

where S := (Sk41, -5 5n)s Uk = (Ykt1,---,Yn), and

Hy 5, 5 (1) := /_2(7' + ) F~ <90k] ( H go(jl jl 1)) (7) e 2 X1 ST

l=k+1

It then follows that

27rwc £+n) —2mi(z+t)-y H(y)
Wigale,6m) / / (1 + 2rilt; 2
R2n J[0,1]n—k H] (L 27i(ty + x5))

X Ft,Otl,’n (5)Gt,042,72 (77)]:_1 (Hx,§k,§k) (5 + 77) dsk:-i—l s dsn dydt

Multiplying by (£,7)™ on both sides of the last equality, integrating with respect to z,
&, n after taking modulus, and applying the Cauchy-Schwarz inequality in ¢ and 1 and
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Plancherel’s identity, we have

[t gl dednds < [
R37’L

Fa G «a
’H(y)‘/ || t, 1771”2” t, 2,72”[,2 (4526)
R3n [071]71716

[ (X + [t +a50%)

1

2
X (/ (€, 77)2m|.7-—_1 (Hes,50) €+ 77)|2 dfdn) dSgi1 ... ds,dydtdz. (4.5.27)
R2n

At this point we divide the case k € {0,...,n — 1} into the two possibilities 2 < p < oo and

p = o0. For 2 < p < oo, we now apply Holder’s inequality with respect to x and ¢ to get

/Rgn (€& m™| Wiie (z,&,m)| dédndx

1

p 1

S |H(y)|/ / ||Ft;Lal,'Yl||L2 |’Gt7a2»72”€/2 dtdl’ !
R" o=k \Jr2e \ [T (1 + [t + a4]?)2

/ ol

</ (Juon (&> F " (Hasy) (€ + m)|? dédln)
RQH

dxdt dSgy1 ... ds, dy
[T (1|t +2,02)2 h

<[ |5 ( [ 1Pl Gl dt) (45.28)
R~ [0,1]""“ Rn

, 1
P p’

. / ( / <5,n>2m1f-1<Hx,sk,yk><5+n>\2dsczn) dv|  dsier... ds,dy,
n RQn

where we have used that p and p’ are both larger than 1. The factor in (4.5.28) given by

1 1
(fR" | Frarm e |Grasqellre dt) ? is handled in the same way as (fR" | F]% 2 | Gall” d:p) P in

the case k£ = n and satisfies

P — —
( R A dt) < T a1 o [ fll o 9l - (4:5.20)
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For the other factor, we proceed as in the case k = n using Lemma 4.5.4 to get

1

/
28 p’
2

[ ([ en™ i s €+ mpdein)  do w0

o 11 o
Jj=k+1

S ([ He O drde)” <

/

Lp

Putting (4.5.28), (4.5.29), and (4.5.30) together and using that s; € [0,1] and H € L'(R"),

we get
[ (6™ W (o) dedds (4.5.31)
]Rn
< oo al|0o2 20| e | Zz TT ol A1z gl oo 1211 -
Jj=k+1 )74

Finally, we consider the case p = p; = py = oo for k € {0,...,n — 1}. From (4.5.26) we

get

et & mldgdnde S sup (1Pl [Grscall) [ 1HG) (4532)

" / </ (/ (& 77>2m’}—71(Hx’§k7§k)(€ + 7})|2dfd77> ) dl’) dsgi1...dsydy.
[0,1]7—* n \Jg2n

For the supremum in ¢ we have

—_—
Ox2+720

a/\
a1+71
wHLZ ‘

Sup (IFarn 2 1Gragasllz2) S ) o Il llgll e (4.5.33)

while for the other factor, we proceed as in the case k = n corresponding to p = p; = ps = 00
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and get

1
/ ( / <€ﬂ7>2m|f1(Hz,s,yk)(€+77)!2d£dn> da (4.5.3)
< / Hygy g (Mldrde < [0 || TT o
R2n j=k+1 Ll

Putting (4.5.32), (4.5.33), and (4.5.34) together and using that s; € [0,1] and H € L'(R"™),

we get

[ (en™ W, g ain)de dnda (4.5.35)
R3n
< |awmy|| |, |79, |57 TT @) 170l sl 1Al
j=k+1 iz

Recalling the ranges of the number of derivatives used, (4.5.22) along with (4.5.31) and
(4.5.25) along with (4.5.35) lead to (4.5.16) for 2 < p < oo and p = 0o, respectively. O

4.5.3 The completion of the proof

We first note that if the components of s are positive, the action of o € B, as a tempered

distribution is given by

(0, F) = /Rgn o(x,&,m) F(x,&,n)dvdédy, for all F € S(R™).
This implies that

/Rsn o(x,&,m) F(az,g,n) drdédn = (6,F), forall F € S(R),

with an analogous formula when the Fourier transform is replaced by the inverse Fourier

transform.
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Proof of Theorem 4.5.1. Let o(x,&,n), z, £, n € R", satisfy (4.5.13) and (4.5.14). Consider
(@) =TTy @ (2) we) =TT @ (52 ) and 0(@) = [T, © (52 ), o = (21, 2),

where @, ¥ and © are functions in S(R) supported in [—2,2] and identically equal to 1 in

[—1,1]. Then, for f,g,h € S(R"), in view of the definitions of V" and W and the support of

o, we have

/ To(f: 9)(x)h() dow = /R ol &) [(©ame ™ R () dadgdn

(0, V(f.9,h))
=0, (p@v@OV(f g,h))

- /RS" U(ZL’, ga n)W(f797 h; @, 'QZ}, 9)(27, 5, 77) dl‘dfd?’]’

where (¢ ® ¥ ® 0)(y, a,b) := o(y)(a)d(b). Theorem 4.5.3 then implies

Slolley [ (€ IW(.0uh0,0.0)(o,6 )| dodd

| Tr 9@ do

Slolles D 10°ll10%6112010 @l s 1o Ngllzoe 11 -

a:Bv’YE{O:luQ’S}n

A simple computation shows that

— 1 — 1 vy 1
107l S (ri--ra)?s 1002 S (Faga - r20)?, 107002 S (ronsn - 730)2,
where we have used that r; > 1, j =1,...,3n, and therefore (4.5.15) follows. ]

Next we use Theorem 4.5.1 to prove Theorem 4.3.2.

Proof of Theorem 4.3.2. In view of Proposition 4.2.1, it is enough to prove part (a) for
s(p) = (s1,-++,83,) where s = -+ = s, = % and S,41 = ... = S3, = % Consider

{w;tjen, as in (4.2.1) with N = 1 and for k = (k1,...,ks,) € R set wi(x,&,n) =
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wkl (xl) e wkn (xn)wk'rHJ (fl) e wk2n (é-n)wk2n+1 (?71) e wk?m (T]n) Then for f7 g? h e S(Rn)7

/R T (f g @)hle) dr = / olr, &) Qi) VR(r) dedéy

= (5. V(f.9.h))
= (> w6, V(f,9,h))
keN3™
keN3™
= 3 [ o) &A@ IR dodedy
kengn /R
— T, (f.9)(w)h(x) dxdgdn,
keZNg” /R”

where oy (z,&,n) == F Hwd)(x,&,n). It then follows that

1T (Dl S D 1T (9o

keNn

We note that oy, satisfies (4.5.13), since supp(dy) C [[7[—2"+1, 28+ and (4.5.14) since

o€ B;(f f’m(R:)’"). Theorem 4.5.1 implies

1T (£ D)l S D 20 llowlleo 11l llgll e = llo]

keN3™

B;(ﬁ)’m HfHLm HgHLPZ :

4.6 Proof of Theorem 4.3.3

In Section 4.6.1 we state and prove a new result in regards to a symbolic calculus for classes

of z-independent symbols belonging to Besov spaces of product type, which we then use in
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Section 4.6.2 to proof Theorem 4.3.3.

4.6.1 A symbolic calculus for classes of r-independent symbols in
Besov spaces of product type

We start with a remark about the norm of z-independent symbols belonging to the Besov
classes introduced in Section 4.2. Let w and wy be as in (4.2.1) with N = n. If o is an

z-independent symbol in B (R*") and s = (s1, 52, 53) € R?, it easily follows that

||0||B;gj; ~ Z (25%||<& m) " F~H (wi6))|

keNZ

Dt (4.6.36)

where 5 = (89, 53), Wi(£,1) = Wi, (&) wi, (n) for k = (kg, k3) € N2, F~! and " denote inverse
Fourier transform and Fourier transform in R?", respectively, and the L™ norm is taken in
R2?". An analogous remark corresponds to the case when s € R3",

We now state our result regarding a symbolic calculus for such symbols.
Theorem 4.6.1 (Herbert-Naibo [22]). Let m € R, 2 < r < oo, and suppose that o is an
x-independent symbol. Then

s € BEImE) = 0,0 € B (RS,

00,1

where s(1) and s(r) have the same dimension (3 or 3n) and are given as in Definition 4.3.1.

Moreover

lo]

. < s(1).m = .6.
Bié?}’m ~ ||J| B*Oc(ii» ) J ]-7 27 (4' 6 37)

with the implicit constant independent of o.

The following lemma will be useful in the proof of Theorem 4.6.1. We state it in R?*"?

because it is convenient for our setting, but more general versions also hold (compare with
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Sugimoto [37] or Triebel [40, p. 25-28]). Let d = (dy,- -+ ,da,) € R*". Given &, € R™ set
(& mya—r == ((dy &, -+ d 1), (dtym, -+, doymy))- If B is a function defined in R?® denote
Sa(h) (Y1, -+ y2n) = h(diyr, - -+ danyon) and Sg-1(R)(y1, -+, y2n) 1= h(dflyh T adgnlyzn)-

Lemma 4.6.2. Let 1 < r < oo and t € R. Then for every continuous function g(&,n)
defined for &,m € R™ such that ||(§,n)'gll,. < oo and every M € S(R*"),

& my F Mg, < || F M| 1€ gl (4.6.38)
and, more generally,
6 mi Pt 0ag) < |6 mlihFtaa| e il (4.6.39)
for any d € R?". In particular, if d = (dy, - ,doy) and di > 1 fori=1,--- ,2n,
1€ m) F Mg, <& F 1 sa(M)]|,. ([ m)'ell,. - (4.6.40)

Proof of Lemma 4.6.2. We have (u +y,v + 2)t < (u,v)!{y, 2)* for all u,v,y,z € R". Then

(€ ma FH(MG)(Em)] S / (a, b)5LL [N (@, D)[(€ = a,n = b)ly-1]g(€ — a,n = b)| dadb,

R2n

from where (4.6.39) follows by Minkowski’s integral inequality. For (4.6.40), apply (4.6.39)
with M replaced by Sy(M) and g replaced by Sy-1(g) and note that (¢, n)‘j_l < (&, )" since
d;>1fore=1,---,2n.

]

Proof of Theorem 4.6.1. We will prove the result for o*!, with the result for ¢*? following
in an analogous way. Fix m € R and let o be an z-independent symbols in B;gg’m(R?’"). It
easily follows that o*'(£,n) = o(—¢ — n, 7).

Consider first the case when s(1), s(r) € R?® and note that s(1) = (%,n,n) and s(r) =
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(%, 5,%5). Let w and wy be radial functions that satisfy (4.2.1) for N = n. In view of (4.6.36)

we have to prove that

> 20k (6 o) S Y 2 ) E o) (4641

keNZ keNZ

where wi(€,m) = wy, (§)wr,(n) for k = (ki, k) € NZ, F~! and " denote inverse Fourier
transform and Fourier transform in R?", respectively, and the L> norm is taken in R?".
Given k = (k1, k2) € N and noting that a/\*l(a, b) = 6(—a,b — a), a change of variables

gives
FH o ) (&, m) = F ! (wi, (a)wy (b — a)d (@, b)) (— — Em).
Since (€,n) ~ (£ +n,n), it then follows that
[ mF )|~ 16 mF e (@wn (b - 6@, b))]| o (46.42)
We will divide the summation in (ki, ky) € N2 according to the following regions:

R=N?* Ry ={(k,0):k >3}, Ro=1{(0,ky):ky>3},

RB - {(0’ 0)7 (07 1)7 (07 2)’ (17 0)> (27 0)}

Define w(a) = Yr__,w(27'a) for a € R™ and observe that @;(a) := @(27a) =
Zj_] ,wi(a) =1 for 2772 < |a| < 2742 and j > 2. Define w;(a) := 7" 7 w(a) for j = 0,1
and a € R"; then w;(a) =1 for |a] < 2772 and j = 0, 1. For (ky,k2) € N3 and a,b € R" set
Bier sy (@, 0) := wi, (@)Wp, (D).
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Summation in region R: Consider the following subregions

Ra={(ki,ks) € N> ky —ky > 2}, Rp={(ki,ks) € N?: ky — ky < —2},

Re = {(ki,ks) € N?: =2 < ky — ky < 2}.

We first estimate the summation in region Ry. If (k1, k2) € Ra,
supp(w, (a)wy, (b — a)) C {(a,b) : 27" < |a| <287 and 12871 < |y < 22M+1y
and therefore wy, (a)wg, (b — a) = Wy, (a)wg, (b — a)wg, (@)W, (b). Then (4.6.42) implies

M -

|(€m=F 7w

e E i, (@, (b — @) F(F 10,
By (4.6.40) in Lemma 4.6.2 it follows that,

1€, m) ™" F e, (a)wiy (b — a) F(F~ (A ) &) (a; b)] [

< [{€ ™ F o, (2" a)wiy (2% (b — a)]| 1 1€, m) " F (i 1))

1o -

Therefore
> 28 e ) )
(k1,k2)ERA b
oo k1—-3
$ 30 3 A i m et =l 160 F )
=4 ko=1

An elementary computation shows that for 1 < ky < ky — 3,

||<§,n>|m|]:_1[tb(2k2_k1a)w(b — a)]HLl <1,
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which implies that
k1—3
> 2R (e ) (2R M a)w(® — )], S 2 < 2,

ko=1

We have therefore obtain

> 250 (e F e S 3 2O ) F )

k€ER A ki1=4

(4.6.43)

We now look at the summation in the region Rp. Note that if (kq, ks) € Rp, then
supp (wg, (a)wg, (b —a)) C {(a,b) : k-1 < la| < 2F+1 and %2k2_1§|b| < %2k2+1}.

For 1 < ky < ko — 3 we have wy, (a)wg, (b — a) = wy, (b — a)y, (b)wg, (a)wy, (b), and (4.6.42)

implies
[temFwa)|| _ ~ (146 m) ™" F (b — )i () F (F (it y9))(a,B)] | . -
By (4.6.40) in Lemma 4.6.2 it is enough to prove that
[, F (w0, (20 — @), (2%)) |, < 2304

for 1 < k; < ky — 3, ko > 4, which follows immediately since the L! norm appearing above

is independent of k; and ky. As a consequence we obtain

oo ko—3

Z o(%.5)k H<£,n>fm]:fl(wk0*1 < Z Z on(ki+ks) H &, 77 er k1 kz)&)

k€eRp =4 k1=1

(4.6.44)
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For (ki,ks) € Re it follows that
supp(wy, (a)wg, (b — a)) C {(a,b) : 2871 <|a| < 2 and |b| < 10 - 2%},

Set Xk, 1= Z;“# w; for ki € N; since xy, (b) = 1 for all b in the set {b: [b| < 10-2"} then

ki1+4

Wiy (CL wkz b - CL Z wk2 Xk1 (b)wkl (a)wj<b>

From this and (4.6.42) it follows that for k; € N,

k1+2
Z 9% (ki+k2)
ko=max(0,k1—2)
ki+4 k1+2
SO D 2ERIE )T F w0 — a)xi (0)F (F (wie,»0)) (a,0)]] -

J=0 ko=max(0,k1—2)

‘(&W_m]: (W(ky ko) O ”)H

LOO

By (4.6.40) in Lemma 4.6.2 the desired inequality will be implied by

k1+2
> 2R e I F g, (25 (b — a))x, (25D) ) 0 S 200D
ko=max(0,k1—2)
for 0 < j < k; + 4. The L' norms are bounded by a constant independent of k; and ks and
therefore the above inequality follows from the fact that 27% < 27(k1+3) for j > 0. We have

therefore obtained that

oo ki+4
(%2,2) —-m * n(ki1+j —-m —1 o
> 2EDH (e F oo )| S 30 D0 2 (g ) w0 e
kERc k=1 j=0
(4.6.45)
Summation in region R;: In view of (4.6.42), we have to estimate
> 25 |6 T F T (wiy (a)wo(b — a)6(a, b)) .. - (4.6.46)
1=3
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For k; > 3 it holds that
supp (wy, (a)wo(b — a)) € {(a,b) : 217 < |a| < 281+ and 2F1725|p| < 2M17+2)

and therefore

Wi, (a’)wo(b - CL) = wo(b - a)wkl (b>wk1 (a)wkl (b)

It easily follows that

250 ||(&, )™ F = wo (b — a)i, (0)]]],, < 22,

and reasoning as above we obtain

Z 2 H § ,',} —m]: (wko.*l - 5 Z 2n(k1+k1) “<§7n>_mf_1<h(k1,k1)6>
k€ERy k1=3

|-

(4.6.47)

Summation in region R,: In this case we have to estimate, again by (4.6.42),

S 28 [[(6,n) " F (wola)wny (b — )50, )]
ka=3

For ky > 3 it holds that
supp(wo(a)wy, (b — a)) C {(a,b) : |a| <2 and 2F2725|p| < 2F212}

and therefore

wo(a’)wk2 (b - CL) = ka(b - a)wl@ <b>w0(a)u~)k2 (b)

The estimate

~Y

2842 || &, m) ™ oy (2% (b — @), (220)] 1 S 27,
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follows from the fact that the L' norm is independent of ks. As a consequence, it follows
that

|

POEEEN (SURCACTD] B DL A [ AR UNT)

kE€ER> ko=3

(4.6.48)

|1 -

Summation in region Rj3: We first observe that for (ki, k2) € R3
supp (wi, (a)wr, (b —a)) C {(a,b) : |a] <8 and [b] < 16}.

Therefore, for (ki, ko) in region Ry it follows that

1o

(4.6.49)

2 4
PDEEE (RS AU DI DE Ll (XA Sty

k€ER3 k1=0 ko=0

Inequalities (4.6.43), (4.6.44), (4.6.45), (4.6.47), (4.6.48) and (4.6.49) then lead to the
desired estimate (4.6.41).

We now briefly describe the proof when s(1), s(r) € R3". Note that s(1) has its first n
components equal to % and the rest of them equal to 1, while s(r) has its first n components
equal to % and the rest of them equal to % Let w and wy be radial functions that satisfy

(4.2.1) for N = 1. Reasoning as in the previous case, it is enough to prove that

ST btk

(K1, ,k‘gn)ENg"

(€)™ F o)

LOO

5 Z 2k1+“‘+k'2n H<€’n>—m‘/—_~—1(wk&)“[/m ’

(K1, kan) ENG™

where for k = (ki, -+, kan) we have wy(§,7) = wi, (§1) -+ W, (§) W, (M) ++ + Wiy, (M), F 1

and " denote inverse Fourier transform and Fourier transform in R?", respectively, and the
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L*> norm is taken in R?". For such k, we have

| t&m = o)

e T e (@)wse, (b= )o@, B)| . (46.50)

where wg, (a) = wg, (a1) - - - wy, (an) and wg, (x) = wy,,,, (b1) - - - Wy, (by). The process is now
similar to the case previously treated but much heavier in notation and the result follows
by dividing the summation in (ki,--- , ko,) € NZ" based on the regions R, Ry, Ry and Ry

for each pair (kj, knj), 7 =1,--- ,n. =

4.6.2 The completion of the proof
We now have all the tools needed to complete the proof of Theorem 4.3.3.

Proof of Theorem 4.3.3. By the inclusion properties indicated in Proposition 4.2.1, it is

s(1),m

enough to work with the classes B ]

(R3") where m < m(p1, p2,0) and s(1) is in R3".

Let o € Bigf’m(RS"). If 1 < p < 2then (55, .-) is in the line segment joining (1,0)

and (3, %) in Figure 4.1 and m(py,p2,0) = — o Since 2 < py < oo, Theorem 4.6.1 implies
that o*! € Bi”’f)’m(R?’”). Note that (;,.-) is in the segment joining (0,0) with (0,3) of

oo’ D)

Figure 4.1 and m(oo, p2,0) = —p% = —2 = m(py,p2,0). By Theorem 4.3.2, it follows that

1

T, is bounded from L*(R™) x LP?(R"™) into LP?(R"™) and

||TO‘*1 (f7 g)HLPQ S, Hg*l‘

Bcsx()zjlz),m HfHLoo ||g||LP2 .

Duality then gives that T, is bounded from LP*(R™) x LP*(R") into L'(R") and, in view of
(4.6.37),

0_*1

||Ta(f7 g)HLl 5 |

B2 £l por 191l pos S HUHB;(HM £l zor 11l o

as desired.
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If2 < p; < cothen (5, --) is in the line segment joining (0, 1) and (3, 3) and m(p1, p»,0) =
—p%. We can then proceed in a similar way as above, with ¢*? instead of o*!, to conclude
that T, is bounded from LP*(R™) x LP2(R") into L'(R™) with the operator norm controlled

by [lol gsaym O

4.7 Conclusions

In this section, we present a brief summary of the conclusions of Chapter 4 and consider
possible directions and methods for extending these results.

Let 1 < p, p1, pe < 0o satisty pil—l—pi2 = i and assume m < m(py, pa,0). For 0 < ¢ <1 we
consider s > s(p) while for 1 < ¢ < co we set s > s(p), where s(p) is as in Definition 4.3.1.
With these indices, we obtained boundedness from LP*(R™) x L?(R™) into LP(R™) for bilinear

pseudodifferential operators with symbols in various classes. In particular,

(a) For 2 < p,p1,ps < o0, T, is bounded from LP*(R™) x LP2(R") into LP(R"™) for all
o € B (R™),

(b) For 2 < p,p1,p2 < o0, T, is bounded from LP*(R"™) x LP*(R"™) into LP(R™) for all

o € CY (R*") such that supp(é) is compact,

and

(c) For p = 1, T, is bounded from LP'(R") x LP2(R") into L'(R") for all z-independent
o € B3(R?™).

We note that in the above mentioned cases the index m(p, ps, 0) is optimal for the classes
B2 (R®) in the sense that if m > m(py, pa, 0) there are symbols in B3 (R*") for which the
corresponding operators are not bounded from LP'(R™) x LP2(R") into LP(R™). This follows
from the fact that BSf, C B (R*") along with the results of Chapter 3 corresponding to
BSy.
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As a byproduct of the results stated in items (a), (b), and (c), we obtained an upper
bound (in terms of s(p)) on the number of derivatives of the symbol satisfying (4.4.5) that is
sufficient for boundedness of the corresponding operator in the setting of Lebesgue spaces,
improving in this sense results related to BSf,. An open question along these lines is
whether s(p) is sharp; that is, if ¢ < s(p) and m < m(py, p2,0), are there symbols in BY™ for
which the corresponding operators are not bounded from LP'(R"™) x LP?(R™) into LP(R™)?
As was mentioned in Remark 4.4.4, it seems likely that an improvement could be made at
least in certain cases by considering a slight modification in the definition of the classes of
symbols involved.

Finally, in order to prove the result corresponding to item (c), we developed a symbolic
calculus for Besov classes of z-independent symbols. In view of items (a) and (c), bound-
edness corresponding to 1 < p < 2 remains open for the case of x-independent symbols.
It is possible that an argument based on complex interpolation of the Besov classes of -
independent symbols along with the use of trilinear complex interpolation of operators could
be used to prove boundedness for the associated operators in the range 1 < p < 2. In addi-
tion, an open question is whether a similar symbolic calculus holds for general Besov classes,
which could potentially lead to extending the results of item (a) to the range 1 < p < 2.
These and many other questions about the boundedness of bilinear pseudodifferential opera-
tors for various types of symbols and various functions spaces provide intriguing possibilities

for the future.
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Appendix A

A Glossary of Selected Notation and

Definitions

A.1 Frequently Used Notation

e N is the set of non-negative integers.

e The symbol < is used in place of < C where C' is a positive constant that may depend
on some parameters but not on the functions or symbols involved in the inequality.
Similarly, x ~ y means c;y < x < cyy for some positive constants ¢; and ¢, that are

uniform in x and y.

° f and F(f) are used interchangeably to denote the Fourier transform of a tempered
distribution f. Analogously, ~and F~! denote the inverse Fourier transform operator.
For the definition of the Fourier transform and its inverse, see (A.3.1) and (A.3.2) in

Section A.3.

e If X is a Banach (quasi-Banach) space then ||-||; denotes the norm (quasi-norm) in

X.
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For z € R", |z| stands for the usual Euclidean norm; while for a multi-index a =

(ozl’... ,an)ENg, |a| =+ oy
For v = (x1,--- ,2,) € R" and @ = (ay, -+ ,0p) € Nj, 9 := 951052 - - - 92 and
x% = x(fl x%n

Given £,n € R", (£,n) := 1+ [£| + |n|. The notation (-,-) for arguments other than
vectors in a Euclidean space always refers to the action of a tempered distribution on

functions in the Schwartz class.

s and BS7; are the linear and bilinear Hormander classes, respectively (see Defini-

tions 2.2.1 and 3.2.1).
B is a weighted Besov space of product type (see Section 4.2).

For Banach or quasi-Banach spaces X and Y, X C Y means X is a subset of Y;
X ; Y means X is a proper subset of Y. Such inclusions are said to be continuous if

llzlly S |lz)y for all z € X.

Function Spaces

Continuous and differentiable functions. The space C(R™) denotes the set of continuous

complex-valued functions on R™. For k € N or k = oo we define C*(R") := {f : R" — C :

0%f € C(R") for |a| < k}. The notation S(R™) is used for the Schwartz class in R”", this is

the space of infinitely differentiable complex-valued functions on R™ which decrease rapidly

at infinity. The space of tempered distributions is denoted by S’'(R").

Lebesgue spaces. For 0 < p < oo we denote by LP(R™) the space of measurable functions

f for which

1/p
= ([ @ ar) < oo
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For p = oo, L*(R") is the space of all essentially bounded measurable functions, that is,

those f satisfying
| fll oo :=1Inf {C' > 0:|f(x)] < C for almost every z} < oo.

As usual two functions in LP(R") are equal if they coincide everywhere except possibly in a
set of zero Lebesgue measure. For 1 < p < oo, the space LP(R") is a Banach space (a Hilbert
space when p = 2) with the norm |- ||,; while for 0 < p < 1, L?(R") is a quasi-Banach
space with the quasi norm |- ||, .

The conjugate exponent of p is denoted by p’, where %—1—1% — 1. For 1 < p < oo, L (R")
is the dual space for LP(R™).

The notation L2°(R™) is used for the subspace of functions in L*>°(R™) which have compact

1

loe(R™) is composed of all locally integrable functions in R™.

support. The space L

Hardy spaces. Let 0 < p < oo and consider ¢ € S(R") such that [;, ¢(x)dz # 0. The
Hardy space HP(R™) consists of all f € §’'(R™) such that

1l =

< 00,
Lr

sup ¢y * f|
t>0

where ¢(z) := t "¢(x/t). The local Hardy spaces h?(R™) consist of all f € S'(R") such
that
1 llpe ==

< OQ.

sup [¢ * f|
0<t<1 Lp

Neither HP(R™) nor h?(R™) depend on the choice of the test function ¢. It is clear that
HP(R™) < h?(R™) for 0 < p < oo and it can be proved that H?(R™) = h?(R") = LP(R"™) for
1 < p < oo and that H'(R") — LY(R"™).

The space of functions with bounded mean oscillation. For f € L] (R") and a cube

Q CR", set fg = ﬁ fQ f(y) dy. The space BMO(R") is defined as the class of functions
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f € Ll _(R") such that

loc

1
I£lsa0 = sup o7 /Q F@) — fol dy < 0.

The space bmo(R") consists of all f € L (R") such that

loc

1 1
£ oo @1‘151 ’Q‘/Q\f(y) fol y+|21|1£1 |Q|/Q!f(y)! y < 00

It follows that L>°(R™) C bmo(R") C BMO(R"). Moreover, the dual spaces of H'(R") and
h*(R™) are, respectively, BMO(R™) and bmo(R™).

A.3 Miscellaneous Definitions

The Fourier transform and the inverse Fourier transform. If f € L'(R") the Fourier

transform of f and the inverse Fourier transform of f are given, respectively, by

f(é) = 5 fx)e 2™ dy, (A.3.1)
and
f&) = . f(z)e*™ ¢ da. (A.3.2)

If F € 8'(R") then F is the tempered distribution defined by (F', f) := (F, f) for f € S(R™),
where, as was mentioned in Section A.1, (-,-) is used to denote the action of a tempered
distribution on the functions of the Schwartz class. Similarly, (F, f) := (F, f) for f € S(R™).

The notations F and F~! are used interchangeably with "~ and ~, respectively.

Boundedness of linear and bilinear operators. Let X, Y and Z be quasi-Banach
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spaces. We say that a linear operator 71" is bounded from X into Y if
ITflly S Il forall f € X.

A bilinear operator T' is bounded from X x Y into Z if

IT(F DNz S 1 Flx llglly forall fe X, geY.

Littlewood-Paley partition of unity. Let ¢ and ¢, be functions defined in RY which

satisfy the following conditions:

po € S(RY), supp(po) C {€ € RY : [¢] < 2},

p € S(RY), supp(p) C {§ €RY : 5 < [¢] <2}, (A.3.3)

or(€) = (277 keN, D p(e) =1, eRY.
k=0

The system {pp tren, is called a Littlewood-Paley partition of unity in RY. An example
of such system is produced if ¢q is as above, ¢y = 1 in the set {& € RV : |¢] < 1}, and
©(€) == @o(§) — po(2€) for £ € R™.

A visual example of functions ¢y and ;. for dimension N = 1 is given in the following

figure:
¥0
-2 2
/L et /\
_2k+1 _21\771 2]@71 2k7+1

Figure A.1: Ezxample of the system {¢y}r>o for N = 1.
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