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ABSTRACT


 The term retrospective power describes methods for estimating the true power of a test 

after data have been collected.  These methods have been recommended by some authors 

when null hypothesis of a test cannot be rejected.  This report uses simulations to study power 

as a construct of an observed effect, variance, sample size, and set level of significance under 

the balanced one-way analysis of variance model for normally distributed populations with 

constant variance. 


 Retrospective power, as a construct of sample data, is not recommended when the null 

hypothesis of a test cannot be rejected.  When the p-value of the test is large, estimates for true 

power tend to fall below the 0.80 level and width-minimized confidence limits for true power tend 

to be wide.
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1 Introduction


 For many researchers, failing to reject the null hypothesis of statistical test is 

disconcerting.  In some cases, the research design is questioned: was the study powerful 

enough to detect a meaningful effect?  While valid statistical methods exist for calculating power 

before data have been collected, determining power retrospectively is seen in the literature as 

controversial.  Here we explore power, as described in Thomas (1997), as a construct of sample 

data using the balanced one-way ANOVA model.  Section 2 discusses methods for calculating 

prospective power; methods for estimating retrospective power; and concerns associated with 

estimating retrospective power.  Section 3 outlines the balanced one-way ANOVA model; a 

method for estimating power using the observed effect, variance, sample size, and set 

significance level; and a method for constructing a minimal (1 - α )100% confidence interval for 

true power.  In addition, Section 3 contains conditions for simulations and implementation 

methods used for simulations.  Section 4 summarizes the simulation results, displaying the 

location of true power, median estimated power, average estimated power, average p-value of 

tests and average confidence limits produced from the simulations.  Section 4 also discusses 

the effect of population conditions on power calculations.  Flow charts, code, and complete 

output are given in appendices A-D.  By examining power after data have been collected and 

statistical tests have been performed, the perspective shifts from calculating power to estimating 

power.
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2 Literature Review


 Calculating the power of a statistical test before data have been collected, denoted 

prospective power, is generally regarded by statisticians as a good practice for obtaining 

conclusive results (American Statistical Association 1999).  Power calculations are useful in 

determining adequate sample sizes for an up coming study (Lenth 2001).  The power of a 

statistical test can be computed using a set significance level, sample size, effect, and variance 

(Lenth 2001; Gerard et al. 1998).  Lenth (2001) provides a list of discussion-techniques for 

eliciting meaningful effect and variance values for a potential study.  Power for t-tests, multiple 

regression, one-way anova, and other common statistical methods can be computed using the 

SAS procedure POWER (SAS Institute Inc. 2004b).  Power for linear models with fixed class 

effects and contrast statements can be calculated using the SAS procedure GLMPOWER (SAS 

Institute Inc. 2004a).  For many researchers, prospective power calculations are within reach.


 Calculating the power of a statistical test after data have been collected, i.e. 

retrospective power, is less accepted by many statisticians as compared to prospective power 

(Hoenig and Heisey 2001; Thomas 1997; Yuan and Maxwell 2005).  Retrospective power has 

been proposed for interpreting results when the null hypothesis cannot be rejected (Taylor and 

Muller 1995; Hogarty and Kromrey 2001) and for determining the sample size needed for the 

observed data to show statistically significant results (Steidl et al. 1997; Thomas 1997).  Some 

popular methods for calculating retrospective power included: an observed sample size and 

given significance level where effect and variance come from literature (Yuan and Maxwell 

2005); an observed effect, observed sample size, and given significance level (Yuan and 

Maxwell 2005) where variance comes from literature; an observed variance, observed sample 

size, and given significance level (Thomas 1997; Yuan and Maxwell 2005; Steidl et al. 1997) 

where effect comes from literature; and an observed effect, an observed sample size, an 
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observed variance, and given significance level (Gerard et al. 1998; Thomas 1997; Hoenig and 

Heisey 2001).  Of these four methods only the last method is reviewed here.


 Calculating retrospective power using an observed effect, an observed variance, an 

observed sample size, and given significance level has been shown to produce biased 

estimates when using an observed noncentrality parameter (Gerard et al. 1998).  Thomas 

(1997) suggests adjusting the observed noncentrality parameter as shown in Wright and 

OʼBrien (1988) and Johnson et al. (1995) to remove the bias in calculating power.  The adjusted 

observed noncentrality parameter can produce negative values, which are typically set to zero 

(Gerard et al. 1998).  A median estimator for the noncentrality parameter has been proposed by 

Taylor and Muller (1996) as a means for correcting the retrospective power calculation.  The 

median estimator for the noncentrality parameter under-estimates half the time and over-

estimates half the time.  Here, the adjusted observed noncentrality parameter is explored.


 Concerns about using retrospective power procedures to represent true power exist in 

the literature.  Zumbo and Hubley (1998) provide a Bayesian argument against retrospective 

power as a logical representative for true power.  Hoening and Heisey (2001) note that 

retrospective power obtain through observed values is redundant with the p-value of the test. 


 Due to the bias associated with retrospective power, confidence intervals for effect have 

been proposed in lieu of retrospective power analyses when the null hypothesis cannot be 

rejected (Gerard et al. 1998; Thomas 1997; Steidl et al. 1997).


 In this paper, we examine the method presented in Thomas (1997) for estimating the 

power of a test in the context of the balanced one-way ANOVA model.
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3 Methods

3.1 Model


 To investigate post-hoc power, the balanced one-way analysis of variance model is 

considered.  The following briefly reviews this model and the usual analysis as described in 

Kuehl (2000) and Milliken and Johnson (2009).  The means model for this situation is

yij = µi + εij , with εij ʼs i.i.d N 0,σ 2( )  for i = 1,..., p, j = 1,...,n . (1.1)

Here yij  represents the observed value of the jth  observation from the ith  treatment group 

and µi  denotes the population mean of the ith  treatment group.  The term εij  represents the 

random error associated with the jth  observation from the ith  treatment group.  The errors are 

assumed independent and identically distributed from a normal population with mean 0  and 

variance σ 2 .


 The null and alternative hypotheses are that of no difference and that of some difference 

among the p population means, respectively:  

H0 :µ1 = ... = µp

Ha :  at least two µi's not equal
(1.2)

When the sample means are not “too different” from each other we deem the data consistent 

with the null hypothesis of equal means.  We do not conclude that the population means are all 

the same but acknowledge that sample means as too similar to be called different.  When at 

least two sample means exist which “strongly” differ we favor the alternative hypothesis and 

conclude that not all of the population means are equal to one another.   


 Two estimates of variance are used to measure the amount of evidence against the null 

hypothesis.  The first estimate of variance is based only on the assumptions of the model.  The 

second estimate of variance is based on the assumptions of the model and the assumption that 
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the null hypothesis is true.  Of these two estimates of variance, the second estimate has a larger 

expected mean square than the first estimate when the null hypothesis is false.  


 The mean square for error is the first estimate of σ 2  and is calculated by taking the 

average of the sample variances s1
2 , s2

2 , ..., sp
2 :

MSE =
s1
2 + s2

2 + ...+ sp
2

p
(1.3)

=
 

1
p n −1( ) yij − yii( )2

j=1

n

∑
i=1

p

∑

=
 

1
p n −1( ) yij

2 − n yii
2

i=1

p

∑
j=1

n

∑
i=1

p

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= 1
p n −1( ) yij

2 − nY TY
j=1

n

∑
i=1

p

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

=
SSE
DFE

,

where 
 

yii =
1
n

yij
j=1

n

∑ , 
 
Y T = y1i , y2i

,..., ypi
⎡⎣ ⎤⎦ , SSE is the error sum of squares, and DFE is the 

error degrees of freedom.  Under the assumptions of the model,

DFE( ) MSE( )
σ 2 ~ χ DFE( )

2 (1.4)

 and
E MSE( ) = σ 2 . (1.5)

The mean square for treatments (MST ) is the second estimate of σ 2  and is calculated as the 

sample variance of the sample means 
 
y1i , 

 
y2i

, ..., 
 
ypi

.  That is,
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MST =
 

n
p −1

yii − yii( )2
i=1

p

∑ (1.6)

=
 

n
p −1

y 2ii
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ii

⎧
⎨
⎩

⎫
⎬
⎭

=
 

1
p −1

y2ii
ni=1

p

∑ −
y2

ii

np
⎧
⎨
⎩

⎫
⎬
⎭

= 1
p −1

nY TY −
n
p
Y T J( )2⎧

⎨
⎩

⎫
⎬
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where 
 

yii = yij
j=1

n

∑ , 
 

y
ii
= yij

j=1

n

∑
i=1

p

∑ , JT = 1,1,...,1[ ] , SST is the treatment sum of squares, and 

DFT is the treatment degrees of freedom.  Under the assumptions of the model and the 

assumption that the null hypothesis is true

DFT( ) MST( )
σ 2 ~ χ DFT( )

2 (1.7)

and

E MST( ) = σ 2 . (1.8)

Under the assumptions of the model and the assumption that the null hypothesis is not true

DFT( ) MST( )
σ 2 ~ χ DFT ,λ( )

2 (1.9)

and

 

E MST( ) = σ 2 +
n
p −1

µi − µ
i( )2

i=1

p

∑ , (1.10)

where

 

λ =
n
σ 2 µi − µ

i( )2
i=1

p

∑ (1.11)

denotes the noncentrality parameter.  
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 Under the assumptions of the model and assumption that the null hypothesis is true,

DFT( ) MST( ) /σ 2⎡⎣ ⎤⎦ / DFT
DFE( ) MSE( ) /σ 2⎡⎣ ⎤⎦ / DFE

~ FDFT ,DFE( ) , (1.12)

where (1.7) and (1.9) are independently distributed χ 2  random variables.  Under the 

assumptions of the model and the assumption that the alternative hypothesis is true, 

DFT( ) MST( ) /σ 2⎡⎣ ⎤⎦ / DFT
DFE( ) MSE( ) /σ 2⎡⎣ ⎤⎦ / DFE

~ FDFT ,DFE ,λ( ) . (1.13)


 The observed F -statistic for the test is calculated as the ratio of the mean square for 

treatments over the mean square for error.  This statistic is used to measure the amount of 

evidence in the sample data against the null hypothesis,

F =
MST
MSE

=
DFT( ) MST( ) /σ 2⎡⎣ ⎤⎦ / DFT
DFE( ) MSE( ) /σ 2⎡⎣ ⎤⎦ / DFE

(1.14)

Given the assumptions of the means model and the assumption that the null hypothesis is true, 

the mean square for error should be of similar size to the mean square for treatments, 

practically speaking.  However, given the null hypothesis is false, the mean square for error 

should be smaller than the mean square for treatments.  An uncommonly large F-statistic leads 

to the conclusion that not all population means are equal.  The p-value of the test gives the 

probability of obtaining an F-statistic greater than or equal to the one observed. The more 

evidence in the sample data against the null hypothesis of equal means the smaller the p-value.
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3.2 Estimated Power


 Power is estimated using the observed effect and the observed sampling variance.  Let 

the cumulative distribution function of the noncentral F -distribution be denoted as

F(DFT ,DFE,λ) . (2.1)

The power of the F -test is defined as

power = 1− F Fcrit | DFT ,DFE,λ( ) , (2.2)

where Fcrit  is the 100 ⋅ 1−α( )  percentile from a central F -distribution with numerator degrees 

of freedom DFT , denominator degrees of freedom DFE , level of significance α , and 

noncentrality parameter λ  (Thomas 1997).  A positively-biased estimate for the power of an F -

test is

 
power = 1− F Fcrit | DFT ,DFE, λ̂( ) (2.3)

where λ̂ = SST /MSE  (Thomas 1997).  The estimated noncentrality parameter can be adjusted 

to remove the upward bias.  Therefore, an unbiased estimate of power (Wright and OʼBrien 

1988, and Johnson et al. 1995, cited in Thomas 1997) is

 
power

adj = 1− F Fcrit | DFT ,DFE, λ̂adj( ) (2.4)

where λ̂adj  is the adjusted estimated noncentrality parameter and is computed as

λ̂adj = [λ̂ ⋅ (DFE − 2) / DFE]− DFT . (2.5)

Note that for λ̂ ⋅ (DFE − 2) / DFE  less than DFT , λ̂adj  can be negative.  
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 Upper and lower confidence limits for the true power are therefore 

 
power

U = 1− F Fcrit | DFT ,DFE, λ̂U( ) (2.6)

and

 
power

L = 1− F Fcrit | DFT ,DFE, λ̂L( ), (2.7)

where λ̂U  and λ̂L  satisfy F Fobs | DFT ,DFE, λ̂U( ) = αU  and F Fobs | DFT ,DFE, λ̂L( ) = 1−α L  in 

which αU  is the upper tail probability and α L  lower tail probability (Thomas 1997).  The upper 

and lower tail probabilities  αU  and α L  are those which define the 100 ⋅ (1−αU −α L )  percent 

confidence interval for true power.

3.3 Confidence Interval Optimization


 Confidence limits for true power were minimized to explore retrospective power under a 

“best” case scenario.  Confidence limits set under α L = αU = α / 2  are not generally optimal (i.e. 

narrowest confidence interval) because of the skewed nature of the noncentral F -distribution.  

Setting upper and lower probabilities equal may under-represent, or over-represent, true power.


 For a user-specified level of significance α , we consider the 100 1−α( )% confidence 

interval for true power, where 

α = α L +αU .  (3.1)

We denote the inverse cumulative distribution function of the noncentral F -distribution by

F−1 α c ,DFT ,DFE, λ̂adj( ) , (3.2)
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where α c  is a lower tail probability, DFT  the numerator degrees of freedom, DFE  the 

denominator degrees of freedom, and λ̂adj  the noncentrality parameter.  We denote the quantile 

associated with α L  as 

FL = F
−1 α L ,DFT ,DFE, λ̂adj( ) , (3.3)

and the quantile associated with αU  as 

FU = F−1 1−αU ,DFT ,DFE, λ̂adj( ) . (3.4)


 The width of the 100 1−α( )% confidence interval for true power is minimized by finding 

the distance between the lower and upper quantiles such that

W = FU − FL (3.5)

is minimized.  Note, for fixed α  we have the constraint that α = α L +αU  (3.1) which gives

αU = α −α L . (3.6)

As such, we wish to find the value of α L  which minimize the distance 

W (α L ) = F
−1 1−α +α L ,DFT ,DFE, λ̂adj( ) − F−1 α L ,DFT ,DFE, λ̂adj( ) , (3.7)

for

α L ∈ 0,α( ) . (3.8)


 A method for finding α L  such that W (x)  is minimal is by the Golden Section Search 

(GSS) as described in Press et al. (2007).  For a unimodal function W (x)  defined for x ∈ a,b[ ] , 

the Golden Section Search method seeks to bracket the value k  in a,b[ ]  such that 

W (k) <W (x)  for all other x ∈ a,b[ ] .  The value k  is considered found when brackets are 
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reached whose distance is within a user-specified tolerance level.  The GSS procedure is 

named for its use of the mathematical constant

ϕ =
−1+ 5
2

≈ 0.618034 . (3.9)

The ends points a  and b  are used to construct two new possible bracket points.  We calculate 

the first new point, which we call c , by 

c = a +ϕ b − a( ) , (3.10)

and the second new point, which we call d , by

d = a +ϕ 2 (b − a) . (3.11)

These new points are then evaluated with the function W (x)  such that

u =W (c) (3.12)

and

v =W (d) . (3.13)

One of two cases may arise:

(1) u > v

(2) u ≤ v

For the first case (Figure 3.1.a) the value k  must be in [a,c]  since the function W x( )  is 

unimodal.  The interval [a,c]  will then have width c − a = ϕ b − a( )  (3.10).  For the second case 

(Figure 3.1.b) the value k  must be in d,b[ ], again since the function W (x)  is unimodal.  Using 

the equation d = a +ϕ 2 (b − a)  (3.11) and the fact that ϕ 2 = 1−ϕ , it can be shown that 

b − d = ϕ(b − a) .  Therefore,
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Figure 3.1.a: Update Bracket Interval for Minimand for v less than u

Figure 3.1.b: Update Bracket Interval for Minimand for v greater than u
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c − a = b − d , (3.14)

that is, the interval width for case (1) equals the interval width for case (2).  That is, we get a 

consistent reduction factor.  Additionally, 

ϕ =
ϕ 2 b − a( )
ϕ b − a( ) =

d − a
b − d

(3.15)

and

ϕ = −1+ 1
ϕ
= −1+

ϕ b − a( )
ϕ 2 b − a( ) = −

d − a
d − a

+
ϕ b − a( )
d − a

=
−(d − a) +ϕ b − a( )

d − a
=
c − d
d − a

(3.16)

so that

c − d
d − a

=
d − a
b − d

(3.16)

that is, using ϕ  to pick c  and d  maintains the spacing among points as the brackets are 

updated.  Therefore, we only need to calculate one new point and make one new function 

evaluation per interval reduction.
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3.4 Parameter Settings


 Based on the balanced one-way ANOVA model, true power and estimated power were 

obtained for a range of population conditions and simulation outcomes, respectively, for three 

sizes of number of treatments, p = 2, 3, and 4.


 The two-treatment class has a single symmetric mean arrangement.  The three-

treatment class has one symmetric mean arrangement and one asymmetric mean arrangement.  

The four-treatment class has two symmetric mean arrangements and one asymmetric mean 

arrangement.  For each mean arrangement a range of population standard deviations and 

sample sizes are considered.  These population conditions are summarized in Table 3.1.  Table 

3.1 also includes under each mean arrangement the sum of squared differences between 

population means and their grand population mean which is the numerator of the noncentrality 

parameter λ  (1.10).  These values were chosen so that treatment populations should be 

discernibly different at a 95% empirical interval when the population standard deviation is 

“small” and/or sample size is “large,” and indiscernibly different when the population standard 

deviation is “large” and/or sample size is “small.”
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Table 3.1: Summary of Parameter Settings for SimulationsTable 3.1: Summary of Parameter Settings for SimulationsTable 3.1: Summary of Parameter Settings for Simulations

Case Mean = µi µi − µ•( )∑ 2

Two-Sample Symmetric 30, 40 50.0000

Three-Sample Symmetric 30, 35, 40 50.0000

Three-Sample Asymmetric 30, 40, 40 66.6667

Four-Sample Symmetric A 30, 35, 35, 40 50.0000

Four-Sample Symmetric B 30, 30, 40, 40 100.0000

Four-Sample Asymmetric 30, 40, 40, 40 75.0000

Standard Deviation = σ 2.5 to 10.0 by 0.5 and 20.0

Sample Size = n 5 to 14 by 1 and 15 to 50 by 5

Significance Level = α 0.05
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3.5 Iteration


 For each combination of mean arrangement, population standard deviation, and sample 

size, 100 simulations were produced.  Each simulation produced p random samples where p 

denotes the number of treatment populations.  The p samples were produced to have equal 

samples size n .  Each random sample was produced from a random seed value, an integer 

between 1 and 1,000,000,000, obtained through the website www.random.org.  Random 

samples were constructed to reflect a normally distributed population with mean µi  and equal 

population standard deviation where i = 1,..., p .  Note that random samples were initially 

generated in part by the SAS® software function RANNOR.  RANNOR was seen to produce 

dependent samples when called multiple times within the IML procedure.  Therefore, RANNOR 

was encapsulated in a macro which resulted in independent random number generation. 


 For each simulation, the following calculations were made from the generated data.  An 

ANOVA table was calculated as outlined in 3.1.1.  True power and estimated power were 

calculated as outlined in 3.1.2.  Confidence limits for true power were calculated and optimized 

as outlined in 3.1.2 and 3.1.3, respectively.  Tolerance for bracket intervals in 3.1.3 was set to 

1E-4 as suggested by the procedure FMINBND in MATLAB (2009) and the package OPTIMIZE 

in R (R Development Core Team 2009).


 Several problems were noted with the SAS software function PROBF which was 

recommended by Thomas (1997) for calculating power (SAS Institute Inc. 2006a).  First, the 

SAS function PROBF reports an invalid argument when the supplied noncentrality parameter is 

large with respect to numerator degrees of freedom, denominator degrees of freedom, and F 

critical value.  This problem is noted by OʼBrien (1988).  Taylor and Muller (1996) suggest 

setting the noncentrality large enough such that PROBF evaluates to zero or one where 
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appropriate.  The SAS software function CDF (SAS Institute Inc. 2006b) offers some relief to the 

PROBF issue though invalid arguments can still be had for extreme parameter values.  


 Second, PROBF reports an error when the supplied noncentrality parameter is negative.  

Gerard et al. (1998) suggest setting the noncentrality parameter to zero.  For some random 

random seed values the data produced result with a negative adjusted estimated noncentrality 

parameter.  The negative value occurs in some instances when adjusting the estimated 

noncentrality parameter (2.5), as noted previously.  


 Finally, FNONCT reports an error when either of the probabilities 1−α L  or αU  are 

greater than the probability associated with the observed F  statistic from a central F -

distribution with degrees of freedom DFT and DFE.  Thomas (1997) suggests setting the 

noncentrality parameter equal to zero.  In this case the error associated with FNONCT is noted 

in the SAS software documentation.


 For each combination of mean arrangement, population standard deviation, and sample 

size, calculations for the 100 simulations are averaged.  Notable averages include average 

estimated power and average upper and lower confidence limits about true power.  The median 

for estimated power was also determined.  Missing values were deleted.


 The SAS program (Version 9.1.3) used can be found in Appendix B.  Flow charts for the 

SAS program can be found in Appendix A (arranged through OmniGraffle Pro® version 5).  This 

document was processed using the iWork ʼ09® application Pages.  Mathematical expression 

were set using MathType® version 6.
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4 Results


 Output for simulation summaries is plotted as power versus sample size for population 

standard deviations 2.5 to 10.0 by 0.5 and 20.0.  Power ranges from 0.0 to 1.0 and sample size 

ranges from 5 to 14 by 1 and 15 to 50 by 5.  The average p-value of the test is presented in 

each plot.  The complete display of simulation plots can be found in Appendix C.  In the Results, 

four plots are presented from each treatment class for each treatment mean arrangement, 

power plotted against sample size, where sample size ranges from 1 to 35 at population 

standard deviations of 2.5, 5.0, 10.0, and 20.0.  A maximum sample size of 35 is presented 

since power approached 1.0 for sample sizes over 35 for the simulation configuration used 

here.  Population standard deviations 2.5 and 20.0 represent two extreme cases for variability 

while population standard deviations 5.0 and 10.0 represent two medium cases for variability.  

Plots for each treatment arrangement appear as a moving-window like landscape from a moving 

vehicle.
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4.1 Two-Sample Symmetric Case


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.1.a, 4.1.b, 4.1.c, and 4.1.d, respectively.  The p-value for the test 

decreases as the sample size increases, such that the null hypothesis can be rejected when 

n ≥ 5 , n ≥ 6 , n ≥ 14 , and n > 35  for respective values of σ = 2.5 , σ = 5.0 , σ = 10.0 , and 

σ = 20.0 .  True power is always between the average lower and upper confidence limits for true 

power.  Power and confidence limits are higher and closer together at larger sample sizes, as 

expected.  For σ = 2.5 , true power is very close to the average upper limit.  For σ = 5.0 , true 

power is closer to the average upper limit than the lower limit for n < 30 ; is half-way between 

the average upper and lower limits when both limits and true power approach 1.0 for n ≥ 30 .  

For σ = 10.0 , true power starts (at n = 5 ) around the average lower limit, and is located half-

way between average confidence limits at n = 9 .  For n > 9 , true power is closer to the average 

upper limit than the average lower limit.  When σ = 20.0 , true power is located near the 

average lower limit (for n = 5 ), and obtains an approximate location half-way between average 

limits for n = 30 .  True power exhibits an increasing positive trend toward the average upper 

limit for each plot, though the incline of the curve decreases for larger values of σ .


 Power curves appear generally ordered as,

The general ordering of power curves is strictly seen for σ  of 2.5 and 5.0.  For σ = 10.0 , 

average estimated power starts (at n = 5 ) above median estimated power but adopts the 

general ordering for sample sizes 10 and greater.  When σ  equals 20.0, average estimated 

power starts (at n = 5 ) above true power, and median estimated power starts below true power.  

Average estimated power appears (for σ = 20.0 ) below true power at sample sizes 13 and 

greater, and below median estimated power at sample sizes 35 and greater.  For samples sizes 

greater than 35, the general ordering appears to hold for any value of σ  presented here.
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powertrue > powermed > power avg . (4.1)
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4.2 Three-Sample Symmetric Case


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.2.a, 4.2.b, 4.2.c, and 4.2.d, respectively.  Similarly to the two-

sample case, the p-value for the test decreases as the sample size increases, such that the null 

hypothesis can be rejected when n ≥ 5 , n ≥ 8 , n ≥ 16 , and n > 35  for values of σ = 2.5 , 

σ = 5.0 , σ = 10.0 , and σ = 20.0 , respectively.  True power is always contained within the 

average limits.  As with the two-sample case, power and confidence limits tend to be higher and 

closer together for larger sample sizes.  True power is very close to the average upper limit for 

σ = 2.5 .  For σ = 5.0 , true power is located near the upper average limit and is approximately 

half-way between the average limits for n ≥ 35 .  When σ = 10.0 , true power is close to the 

average lower limit (at n = 5 ), and is approximately half-way between the confidence limits at 

n = 12 .  For σ = 20.0 , true power is nearer to the average lower limit than the average upper 

limit for sample sizes up to 30, but for n = 35 true power is approximately half-way between the 

confidence limits.  At all values σ  considered here, true power tend toward the average upper 

limit.


 As with the two-sample case, the general ordering (4.1) tends to hold.  The general 

ordering of power is seen for σ  = 2.5 and 5.0.  For σ = 10.0 , average estimated power starts 

(at n = 5 ) above the median estimated power, but takes on the general ordering at sample 

sizes 13 and greater.  For σ = 20.0 , true power begins (at n = 5 ) below average estimated 

power, and above median estimated power.  Average estimated power (for σ = 20.0 ) is below 

true power at sample sizes 30 and greater, and below median estimated power at sample sizes 

greater than 35.  The general position of power curves (4.1) tends to hold when samples sizes 

are large.
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4.3 Three-Sample Asymmetric Case


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.3.a, 4.3.b, 4.3.c, and 4.3.d, respectively.  Again, the p-value for 

the test decreases as the sample size increases, such that the null hypothesis can be rejected 

when n ≥ 5 , n ≥ 6 , n ≥ 14 , and n > 35  for respective values of σ = 2.5 , σ = 5.0 , σ = 10.0 , 

and σ = 20.0 .  True power is between the average upper and lower limits for all values of the 

population standard deviation considered here.  As with the previous cases, power and 

confidence limits are higher and closer together for larger sample sizes.  For σ = 2.5 , true 

power is indistinguishable from the average upper limit.  For σ = 5.0 , true power is closer to the 

average upper limit than the average lower limit, and true power is approximately half-way 

between the average upper and lower limits when both limits approach 1.0 ( n ≥ 30 ).  For 

σ = 10.0 , the average upper and lower limits are centered around true power for n = 9 .  When 

σ = 20.0 , true power is located near the average lower limit (for n = 5 ), and is approximately 

half-way between the average upper and lower limits at n = 30 .  As with previous cases, true 

power shows an upward trend toward the average upper limit for larger sample sizes.


 As with prior cases, the general ordering of true power, median estimated power, and 

average estimated power (4.1) tends to hold.  For σ  = 2.5 and 5.0, the general ordering of 

power curves can be seen in Figure 4.3.a.  For σ = 10.0 , average estimated power starts (at 

n = 5 ) above the median estimated power, but adopts the general ordering for sample sizes 

larger than 10.  When σ = 20.0 , average estimated power starts (at n = 5 ) above true power, 

and median estimated power starts (at n = 5 ) below true power.  Average estimated power 

appears below true power for sample sizes 15 and greater, and below median estimated power 

for sample sizes greater than 35.  As with the previous cases, the general order of the power 

curves (4.1) is maintained for large sample sizes.  
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4.4 Four-Sample Symmetric Case A


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.4.a, 4.4.b, 4.4.c, and 4.4.d, respectively.  For larger sample 

sizes, the p-value for the test decreases such that the null hypothesis can be rejected when 

n ≥ 5 , n ≥ 8 , n ≥ 17 , and n > 35  for respective values of σ = 2.5 , σ = 5.0 , σ = 10.0 , and 

σ = 20.0 .  True power, as seen in previous cases, is always between the average upper and 

lower limits for true power.  Further, true power and average confidence limits tend toward 1.0 

for large sample sizes.  For σ = 2.5 , true power is identical with the average upper confidence 

limit.  For σ = 5.0 , average confidence limits center are symmetric about true power when both 

limits equal 1.0.  For σ = 10.0 , average upper and lower confidence limits are centered around 

true power when n = 14 .  For σ = 20.0 , true power is close to the average lower limit.  True 

power displays a positive increasing trend toward the average upper limit, where the steepness 

of the curve reduces for larger values ofσ .


 The general order of the power curves (4.1) again tends to occur.  The typical ordering 

always occurs for σ  = 2.5 and 5.0.  For σ = 10.0 , median estimated power starts (at n = 5 ) 

below the median estimated power, but maintains the typical ordering at sample sizes 14 and 

greater.  For  σ = 20.0 and n = 5 , power curves are ordered as average estimated power, true 

power, and median estimated power.  The average estimated power (for σ = 20.0 ) appears 

below true power at sample sizes 15 and greater, and below median estimated power at sample 

sizes larger than 35.  As with previous cases, the typical order of power curves (4.1) is seen for 

larger sample sizes.
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4.5 Four-Sample Symmetric Case B


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.5.a, 4.5.b, 4.5.c, and 4.5.d, respectively.  As the sample size 

increases, the p-value for the test decreases such that the null hypothesis can be rejected when 

n ≥ 5 , n ≥ 5 , n ≥ 10 , and n > 35  for σ = 2.5 , σ = 5.0 , σ = 10.0 , and σ = 20.0 , respectively.  

As with previous cases, average lower and upper confidence limits always contain true power.  

True power and confidence limits become narrower and approach 1.0 for larger sample sizes.  

For σ = 2.5 , true power is identical to the average upper limit.  For σ = 5.0 , true power is just 

below the average upper limit and is centered between average limits when both limits 

approach 1.0.  For σ = 10.0 , true power begins (at n = 5 ) around the average lower limit, and 

centers between the average confidence limits for n = 8 .  When σ = 20.0 , average confidence 

limits are symmetric around true power for n = 25 .  As with prior cases, true power has an 

increasing positive trend toward the average upper limit for each plot.  Notably, the rate of 

increase of the true power curve decreases for larger values of σ .


 As seen previously, average estimated power, median estimated power, and true power 

are consistently between the lower and upper confidence limits for true power.  Power curves 

have the typical order (4.1) as in previous cases.  The usual ordering of power is seen for σ  = 

2.5 and 5.0.  For σ = 10.0 , average estimated power starts (at n = 5 ) above the median 

estimated power, yet takes on the general ordering at sample sizes 10 and greater.  For 

σ = 20.0 , true power is below average estimated power and above median estimated power for 

n = 5 .  Further, for σ = 20.0 , average estimated power appears below true power at sample 

sizes 13 and greater, and below median estimated power at sample sizes 30 and greater.  As 

seen earlier, the general ordering (4.1) holds for large sample sizes.
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4.6 Four-Sample Asymmetric Case


 Plots for population standard deviations 2.5, 5.0, 10.0, and 20.0 with a maximum sample 

size of 35 are seen in Figure 4.6.a, 4.6.b, 4.6.c, and 4.6.d, respectively.  The p-value for the test 

decreases as the sample size increases, as expected, such that the null hypothesis can be 

rejected when n ≥ 5 , n ≥ 6 , n ≥ 14 , and n > 35  for respective values of σ = 2.5 , σ = 5.0 , 

σ = 10.0 , and σ = 20.0 .  True power lies between the average lower and upper limits for all 

values of σ .  As seen in prior cases, true power and average confidence limits are higher and 

closer together for large sample sizes.  For σ = 2.5 , true power is indistinct from the average 

upper limit.  For σ = 5.0 , true power is close to the average upper limit and is approximately 

very close (at power approximately 1.0) with the average upper limit at n = 10 .  For σ = 10.0 , 

average confidence limits are equally spaced about true power when n = 9 .  When σ = 20.0 , 

average upper and lower limits are centered around true power for n = 30 .  As usual, true 

power shows an increasing upward trend toward the average upper confidence limit for each 

plot.  Notably, the incline of the curve for true power climbs with less rapidity for larger values of 

σ .


 The power curves are hold the usual ordering (4.1) as seen previously.  The general 

ranking of power curves (4.1) is exemplified for σ = 2.5  and 5.0.  For σ = 10.0 , average 

estimated power starts (at n = 5 ) above the median estimated power but takes on the general 

ordering at sample sizes 9 and greater.  For σ = 20.0 , average estimated power starts above 

true power, while median estimated power starts below true power.  Average estimated power 

(for σ = 20.0 ) appears below true power at sample sizes 20 and greater, and below median 

estimated power at sample sizes greater than 35.  When sample sizes are large, the power 

curves follows the general ordering (4.1).
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4.7 Symmetric Cases


 For symmetric treatment arrangements, confidence limits for the two-sample case, 

three-sample case, and four-sample case A do not appear substantially different.  As an 

exception, confidence limits for the four-sample case B are narrower than the other symmetric 

cases.  Average lower and upper confidence limit widths are ordered, from least to greatest, as 

four-sample case B, four-sample case A, three-sample case, and two-sample case.  Average 

lower and upper confidence limits always contain true power.  


 For all symmetric cases, true power shows a positive increasing trend toward the 

average upper limit.  For σ  = 2.5 and 5.0, all symmetric cases show true power near the 

average upper limit.  For σ = 10.0 , true power starts (at n = 5 ) close to the average lower limit, 

reaches a half-way distance between average limits for n = 5 to 15 , and then proceeds toward 

the average upper limit.  For σ = 20.0 , true power is generally close to the average lower limit 

for all symmetric cases, though the two-sample case and four-sample case B reach a half-way 

distance between average limits at n = 30  and n = 25 , respectively.  

4.8 Asymmetric Cases


 For the two asymmetric cases, confidence interval widths are noticeably different from 

one another.  The four-sample case has narrower average lower and upper confidence limits for 

true power than the three-sample case.  True power is always between the average lower and 

upper confidence limits.


 For both asymmetric cases, true power exhibits an upward trend toward the average 

upper limit.  For σ  = 2.5 and 5.0, true power is never half-way between the average upper and 

lower limits.  For σ = 10.0 , true power starts (at n = 5 ) around the average lower limit, reaches 

the half-way distance between average limits around n = 8 to 9 , and then moves closer to the 
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average upper limit.  For σ = 20.0 , true power is close to the average lower limit, but reaches 

the half-way distance between average limits around n = 30 to 35 .

4.9 Symmetric Cases versus Asymmetric Cases


 In both symmetric and asymmetric cases, true power is always between the average 

lower and upper limits.  Generally, symmetric cases appear to have wider average confidence 

limits than the asymmetric cases, with the exception of the four-sample case B, which has the 

narrowest confidence limits among all cases considered.  Symmetric and asymmetric cases 

both show that true power is closer to the average upper limit than the lower limit for large 

sample sizes.  In terms of average limit widths, cases are ordered from least to greatest as 

follows: four-sample case B, four-sample asymmetric case, three-sample asymmetric case, 

four-sample case A, three-sample symmetric case, then the two-sample case.


 Both symmetric cases and asymmetric cases have power curves typically ordered, from 

highest to lowest, as true power, median estimated power, then average estimated power.  The 

typically ordering of power curves is seen for σ  = 2.5 and 5.0.  For σ = 10.0 , average 

estimated power starts (at n = 5 ) above median estimated power, but crosses below median 

estimated power for samples sizes between 10 to 15.  For σ = 20.0 , average estimated power 

is above true power, and median estimated power is below true power.  Further (for σ = 20.0 ), 

average estimated power drops below true power, then proceeds below median estimated 

power as sample sizes increase.  All power curves are within the average lower and upper 

limits.
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5 Conclusion


 Simulations were constructed for a range of population conditions under the balanced 

one-way ANOVA model.  Each simulation case was iterated 100 times and plots for average 

estimated power, median estimated power, true power, average lower 95% limit, and average 

upper 95% limit were produced.  An average p-value for F-tests was also plotted for each 

simulation setup.  


 When the population standard deviation was small (from σ = 2.5 to 5.0 ), confidence 

limits for true power were wider for small sample sizes and narrower for medium-to-large 

sample sizes.  Under all sample sizes considered here, average limits contained true power.  

Notably, true power was never half-way between the average upper and lower confidence limits 

except when sample sizes were large and both limits were very close to 1.0.  Additionally, true 

power was always close to the average upper limit and above the average estimate for power.  

When significant differences exist among the population treatment means, the average p-value 

is small, true power is large, and the average retrospective estimate for power provides a higher 

lower limit for true power than the average lower limit.  


 When the population standard deviation was large (from σ = 10.0 to 20.0 ), average 

confidence limits for true power were generally wide for small and large sample sizes.  True 

power was contained within the average limits: close to the average lower limit for small sample 

sizes and progressive toward the average upper limit for large sample sizes.  In all cases, the 

average estimate for power was present above true power (when sample sizes were small) and 

below true power (when sample sizes were large).  When the null hypothesis of equal 

population means was difficult to reject, i.e. when the p-value of the test was large, true power 

was low and confidence limits for true power were wide.


 When the null hypothesis cannot be rejected, the test performed is seen as under 

powered.  The results here show that true power is hard to determine retrospectively as laid out 
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in Thomas (1997) when the null hypothesis cannot be rejected, since the average 95% 

confidence limits were wide and the average estimate for power fails to act as a lower bound for 

true power under all values of σ .  


 The presence of nonsignificant results can lead researchers to question the power of 

their test.  When power has not been calculated a priori, researchers may see retrospective 

methods as a viable technique for “figuring out what power was.”  As an example of Thomasʼ 

technique to calculate power post hoc, two possible consulting situations are described below.  

Each uses an observed F-statistic, numerator and denominator degrees of freedom, and the 

desired level of significance.  The p-value of the test is also provided.


 For the first example, consider an observed F-statistic of 1.5 with 1 numerator degree of 

freedom and 40 denominator degrees of freedom with a p-value of 0.2278.  An estimate for true 

power is 

 
power = 1− F 4.085 |1,40,0.425( ) = 0.0975 ,

where F0.05,1,40 = 4.085  is the upper tail critical value from a central F-distribution with 1 

numerator degree of freedom and 40 denominator degrees of freedom, and 

λ̂adj = 1.5( ) 1( ) 40 − 2( )( ) / 40 −1 = 0.425  is the adjusted estimated noncentrality parameter.  The 

minimized 95% confidence limits for true power are 

 
power

L = 1− F 4.085 |1,40,0.00000( ) = 0.05  and

 
power

U = 1− F 4.085 |1,40,  8.2801704( ) = 0.8017 ,

where the estimated lower and upper noncentrality parameters λ̂L = 0.000000  and 

λ̂U = 8.2801704  are determined by the lower and upper tail probabilities α L = 0.000048  and 
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αU = 0.049952  through use of the Golden Section Search method (Section 3.3).  Using the 

estimate for power, a researcher would conclude that the test was under powered since this 

estimated value is below 0.8 (Cohen 1988).  Notably, using the point estimate to represent true 

power is uninformative since the confidence limits have true power anywhere from 0.05 to 

0.8017.  The confidence interval here is similar to the confidence limits in Figure 4.1.d for the 

symmetric two population mean arrangement with σ = 20.0  at a sample size of 22.  Figure 

4.1.d likens the clientsʼ observations to an extreme case where discerning treatment groups as 

different is difficult.


 For the second example, consider an observed F-statistic of 4.05 with 1 numerator 

degree of freedom and 40 denominator degrees of freedom with a p-value of 0.0509.  Power is 

estimated as

 
power = 1− F 4.085 |1,40,2.8475( ) = 0.3773 ,

where F0.05,1,40 = 4.085  is the upper tail critical value from a central F-distribution with 1 

numerator degree of freedom and 40 denominator degrees of freedom, and

λ̂adj = 4.05( ) 1( ) 40 − 2( )( ) / 40 −1 = 2.8475  is the adjusted estimated noncentrality parameter.  

Through the Golden Section Search (Section 3.3), the minimized lower and upper tail 

probabilities are found to be α L = 0.000048  and αU = 0.049952  which yield lower and upper 

estimated noncentrality parameters λ̂L = 0.000000  and λ̂U = 13.59003 .  The estimated 95% 

lower and upper confidence limits for true power are given by

 
power

L = 1− F 4.085 |1,40,0.00000( ) = 0.05  and

 
power

U = 1− F 4.085 |1,40,13.59003( ) = 0.9491 .
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Using the estimate for power, a researcher would conclude that the test was under-powered 

since this estimated value is below 0.8 (Cohen 1988).  Notably, using the point estimate to 

represent true power is uninformative since the confidence limits have true power anywhere 

from 0.05 to 0.9491.  The confidence interval here is similar to the confidence limits in Figure 

4.1.d for the two-sample symmetric case with σ = 20.0  at a sample size of 8.  Figure 4.5.c 

likens the clients observations to the a case where discerning treatment groups as different is 

difficult.


 When determining the power of a test post hoc, power is not calculated but estimated.  

For researchers looking to resolve power after observations have been collected, confidence 

limits for true power can help quantify the uncertainty inherent in a post hoc power calculation.  

Examples 1 and 2, along with the plots in the results section, show a high degree of variability 

when the null hypothesis cannot be rejected.  Hence, researchers are recommended to 

incorporate power analyses in the planning stages of their studies, as opposed to waiting until 

data have been collected.
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