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NOMENCLATURE

bounding coefficient in the Tchebyshev series for Xy
bounding coefficient in the Tchebyshev series for X,
the class of functions which are continuous on the region R.

the class of functions which are continuocus with continuous
first derivatives on the Region R.

spring rate which is function of x
spring rate

damping characteristic
damping characteristic

mass in spring-mass system

order of the Tchebyshev series

a region in (x,x,t) space

a region in (x,x,t) space

time

maximum time over which the problem is considered
initial wvelocity

dependent variable

first derivative of the dependent variable with respect
to time or dimensionless time.

second derivative of the dependent variable with respect
to time or dimensionless time

lower bound
maximum value of x on some interval
maximum value of X on some interval

minimum value of x on some interval
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min

minimum value of X on some interval

initial displacement

upper bound

linearity parameter in the spring-mass system
nonlinearity parameter in the spring-mass system
negative constant

maximum value of residual

minimum value of residual

positive comstant

nonlinearity parameter in the damper

t/T, nondimensional time

linearity parameter in the damper

1ii



INTRODUCTION

The solution of differential equations is an important activity in
the analysis of many engineering problems. There are many initial value
and boundary value problems for which exact solutions are either impossi-
ble or impracticable to obtain using existing methods. With the develop-
ment of high speed digital computers, attempts have been made to solve
difficult problems by approximate techniques. Many of these techniques
result in a good approximate solution; but unless the exact solution is
known, the error associated with the approximate solution can not be
precisely determined.

Error analysis, for the case of nonlinear differential equations is
difficult and sometimes impracticable. Error estimates are available for
some equations but no general conclusions concerning error analysis have
been formulated for nonlinear differential equations. This is particularly
unfortunate since uncertainty in approximate numerical solutions is usually
more critical for nonlinear than linear equations. Sometimes the error
analysis is more difficult and cumbersome than solving approximately the
differential equation itself. It has been stated that, "In fact, the
problem of error analysis in many instances overshadows the numerical
technique." [6]%*

In using most approximate methods, an attempt is made to obtain an
"approximate solution'" for the "exact problem", but the method used in this
report is to determine an "exact solution" to an "approximate problem."

In this work, an attempt has been made to obtain exact solutions to

* [ ] Numbers in brackets designate references at the end of report.



modified problems such that these solutions provide upper and lower bound-
ing functions for the original problems. Since upper and lower bounds
are obtained, further error analysis is unnecessary.

Bell [1] developed a new method for finding rigorous upper and lower
bounds to the solution of a wide class of second order ordinary differen-
tial equations with initial conditionms.

Specifically, he treated the following initial value problem.

X+ f (£,x,%x) =0 (1)
x(©0) = Xq (2)
x(0) = vy (3)

in some time interval I = [0,T], where f(t,x(t),x(t))is continuous and

% >0 for ter %)

The upper 'dots" indicate differentiation with respect to t.

He has formulated and proved a theorem for upper and lower bounds for
the displacement x(t) and the velocity x(t). The theorem is given in Appen-
dix A, Further, he also developed a numerical technique to find the bounding
function X, and % such that

% < x =% for tel (5)
and he applied this technique to a few problems.

The purpose of this work is to apply this technique to other problems
having linear or nonlinear governing differential equations. The problems
included in this report correspond to a nonlinear spring mass system with
a linear damper and a nonlinear spring mass system with a nonlinear damper.
The major objective of this work is to verify the method developed by Bell.

The work of Appl and Hung [2] involved finding bounds for the solutions

of a similar problem., The difference is that in contrast to equation (4) of



Bell's work, %i < 0 was used by Appl and Hung. The condition imposed by
equation (4) results in a more difficult problem because of the oscillatory
nature of solutionmns.

The bounding technique developed by Bell is applied to several prob-
lems which are obtained by changing parameters like spring coefficient,
damping coefficient, etc. The bounding solutions were obtained in closed

analytic form and, for the problems considered, ylelded good bounds.



Definition of the Problem

Consider a system composed of a mass, damper and spring as shown

in the diagram.

L
—MWW—p~
IMPACT ~
a(=5 -
dt L~
T L~
=¥ -
'-—v-X

Where,

f(x) is the spring rate which is a function of x.

d
g(-&%) is the damping characteristic which is a function of -g-:-z-
The differential equation of the motion of the mass is

2

m2—§- + g (%%D . %%- + f(x) - x=0 (6)
dt

with initial conditions

x(0) = %, (7)
dx
dac ) = Y% (8)

Dividing by m yields

d2

X dx dx _
P"l‘ G(E).E'FF(X) . x =20 (9)
dx
where G(_d_x_ _ 8 (:i—t?)
dae’ m (10)
Fx) = &) )

m



The following substitution was used to nondimensionalize the time

variable t

T | a2)

The following notation is used:

. dx _ dx

k= =T G (13)
2 2

b d’x _ T2 (d 12{ (14)
dt dt

The resulting equation is

P S G(%)-
T

H| Mo

+ F(x)x=20 (15)

with initial conditions

X, (16)

vo (17)

This 1s the governing differential equation for a nonlinear spring

x(0)

x(0)

mass system with damping.
The following functions were selected for F(x) and G (k)
F(x) = & + 8x° (18)
dx dx, 2
G (=) = fmci .
(dt) E{1+¢ (dt) } (19)
The differential equation then takes the form

x

dt2

+E {% + e(%)3}+ ax + BxS = 0 (20)

Equation (20) is the general governing differential equation for
problems worked in this report. The parameters ©, B, £ and & were

alloted different values and bounds were obtained.



Initial Conditions

Initial conditions were selected for impact loads. Impact was so
applied that initial displacement at time t = 0, was x5 and velocity vj.

In this work, we were particularly interested in analyzing the prob-
lems in the nonlinear range. So the initial magnitude of velocity was
selected such that the range of the problem was nonlinear.

It was found that if the initial velocity was too small, it was
difficult to plot thé displacement and compare with other wvalues obtain-
ed by changing parameters because the maximum displacement was too small.
Initial velocity Vg = 5.0 gave sufficiently large wvalues to plot and
compare with the other results. So the following values were selected

for initial conditioms.

x(0) xg = 0.0 (21)

v, = 5.0 (22)

x(0) 0



Method for Determining Upper and Lower
Bounds for the Displacement

In this work, the technique and program developed by Bell were used.
This program contains two function subroutines which had to be changed.
To illustrate the method, the following example is considered.

dx dx

~—= % = # ox +Bx3=0 (23)

The bounding differential equations are

dzxu dx 3
7 + £ i + axl + Bxl = Au (24)
dt
2
d xl dx1
3 _
d—2—+ Ea—{:—- +oax, +Bxu -Al (25)
t
with initial conditions
xu(O) = xl(O) =0 (26)
dxu dxl
T (0 = 3 (0) = 5.0 (27)
where A >0 (28)
u
amd p <0 29)

The following substitution was used to nondimensionlize the time

variable
t = by, (30)
& dx dx
*Tar - T V1)
3 2
d 2 4
w=LEs 1 _:2: (32)



This resulted in the bounding system

” 3 2 2 3_ .2
X, + T X, + T ax; + T Bxl = T Au (33)
¥, + €T x + 1% ox +T28x3=T2A (34)
1 1 u u 1
xu(O) = xl(O) = 0 (35)
xu(O) = xl(O) = 5.0 {36)

The bounding theorem used in this work involves the simultaneous

solution of the two coupled bounding differential equations. Because of

af
ax =

X {(t) - xl(T) to increase as t increases. Therefore it is required that

this and 0, there is inherent tendency for the difference
Au and Al be small for the bounding solution to remain close together
as T increases.

In theory Au and Al can be made arbitrarily small, and in the
lim;ting case, Au = Al = 0. However, in the algorithm Au and ﬂl must
be of sufficient initial magnitude so that the approximately obtained
analytic forms for x, and Xy when substituted into the bounding differ-
ential equations, still satisfy the hypothesis Au > 0 and Al < 0. The
technique developed by Bell utilizes the Runge-Kutta-Nystrom method for
numerical Integration of differential equations and uses shifted Tchebyshev
polynomials as approximate analytic forms for the points obtained by the
Runge-Kutta-Nystrom method.

Therefore, the initial choices for Au and Al depend on the degree of
precision of the Runge-Kutta-Nystrom integration method, curve fitting
procedureé and computer precision.

The curve fitting procedure used by Bell consisted of approximating

X, and x; by linear combinations of shifted Tchebyshev polynomials of the



first kind. 1In final form, X, and x, are expressed as

1
N+2 *
x, = I B,T (1) (37)
bl 15 1
N+2 %
= I B, T (1) (38)
LTy BT
*
Where Bui’ Bli are bounding coefficients and Ti are the Tchebyshev poly-
nomials,

The following tactic was used to obtain the bounding solutiomns.
First, the computer analysis was performed with Au = Al = 0, This was,
of course, equivalent to standard numerical integration and curve fitting,
since the bounding differential equations degenerated, under these con-
ditions, to the differential equation of interest. These identical
approximate solutions were substituted into the bounding differential

equations to check the signs of the equal residuals, Au and A The

1"
residuals displayed a variation with T. Since these residuals were equal
to each other and not identically zero, they could not both satisfy the
hypothesis of the bounding theorem. Specifically, they could not satisfy
the requirement Au > 0, Al < 0 for tel., However, the extent to which they
failed to satisfy this hypothesis served as a guide for determination of

trial values for Au and Al for a subsequent attempt at finding approximate

solutions which would satisfy the hypothesis of the theorem.
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Example Problems
I The case of the nonlinear spring mass system with linear damping.

(1) The case of

X+ Ex+0x + 8x =0 Tel, (39)
x(0) =0 (40)
x(0) = 5.0 (41)
o = 28 = 4n> (42)
T=1.3 (43)

was considered. For the various values of £, £ = 0.0, 1.0, 5.0, 10.0
bounds were obtained and bounding curves for the average value of x as a
function of 1 are presented in Figure 1.

0.0, are presented in Table 1. The maximum

L]

Bounds for the case £

spread in the bounds for £ 0.0, was 0.12528 x 10_4 which was about
0.00168% of the maximum of the absolute value of X,

Bounds were obtained for the case £ = 5.0 and the results, in the
form of the bounding coefficients, are presented in Table 2. The maximum

spread in the bounds for £ = 5.0, was 0.396 x 10-'8 which was about

0.8388 x 10-62 of the maximum of the absolute value of X, .

(11i) The case of

X+ Ex +ax + Bx3 =0 Tely (44)
x(0) =0 (45)
x(0) = 5.0 (46)
« =8 = 4’ (47)

T=1.3 (48)
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was considered. For the various values of £, £ = 0.0, 5.0, 10.0, bounds
were obtained and bounding curves for the average value of x as a function
of T are presented in Figure 2.

Bounds were obtained for the case £ = 1.0 and the results, in the
form of bounding coefficients, are presented in Table 3. The maximum
spread in the bounds for £ = 1.0, was 0.69838 x 10-5 which was about

0.00107833% of the maximum of the absolute value of xu.
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IT The case of the nonlinear spring mass system with nonlinear damping.

(1) The case of

R+ £ {x + €)1} + ox + gx0 = 0, el (49)
x(0) =0 _ (50)
x(0) = 5.0 (51)
o= 28 = 4n° (52)
T=1.3 (53)
e = 0.25 (54)

was considered. For the various values of §, £ = 0.0, 0.2, 1.0, 2.0, bounds
were obtained and bounding curves for the average value of x as a function
of Tt are presented in Figure 3.

Bounds were obtained for the case £ = 0.2 and the results, in the

form of bounding coeficients, are presented in Table 4.

]

Bounds for the case & 1.0, are presented in Table 5. The maximum

1.0, wag D,5LD1S x 10 which was abuut

spread in the bounds for £
0.01093%Z of the maximum of the absolute value of X,

(ii) The case of

X+E{x+ e(:i)3} + ox + Bx° = 0, tely (55)
x(0) = 0 (56)
x(0) = 5.0 (57)
=g = ig® (58)
T=1.3 (59)

e = 0.25 (60)

was considered. For the various values of &, £ = 0.0, 0.2, 1.0, 2.0, bounds
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were obtained and bounding curves for the average value of x as a function
of T are presented in Figure 4.

Bounds for the case £ = 0.2, are pfesented in Table 6. The maximum
spread in the bounds for £ = 0.2, was 0.25167 x 10_3 which was about
0.0390743% of the maximum of the absolute value of X -

Bounds were obtained for the case £ = 2.0 and the results, in the
form of bounding coefficients, are presented in Table 7.

(iii) The case of

T+ g {%- e(i)3} + ax + Bx3 =0 el (61)
x(0) =0 (62)
%(0) = 5.0 (63)
ow g = b (64)
T =1.3 (65)
e = 0.01 : (66)

was considered. For the various values of &, £ = 0.0, 1.0, 2.0, 5.0,
bounds were obtained and bounding curves for the average value of x as a
function of 1 are presented in Figure 5.

Bounds for the case £ = 2,0, are presented in Table 8. The maximum

spread in the bounds for £ = 2.0, was 0.59415 x 10-6 which was about

0.00009735%Z of the maximum of the absolute value of xu.
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CONCLUSIONS

This report uses a newly developed method for obtaining bounds to
the solution of a wide class of second order initial value problems, The
method has been applied to several problems of engineering interest.

The results obtained, using an IBM 360/50 computer with 16 place
arithmetic were good as shown by the maximum spread in the bounds. It
appears that the method can be used successfully for many engineering
analysis problems; the limitations being those of the theorem and the
accuracy of machine computations. An important feature of this methed is
the elimination of "Error Analysis".

Improved results for a nonlinear system can be obtained by increasing
the number of steps in the Runge-Kutta-Nystrom integration process and
the number of terms in the Tchebyshev polynomials. However, the com-
puter time and cost become a practical limitation in some cases. It is,
therefore, concluded that the use of a larger and faster computer is
essential for the success of this procedure when applied to nonlinear
problems.

The time required to complete a single case was approximately 11

minutes on the IBM 360/50 computer.
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APPENDIX A

This appendix contains the bounding theorem:

Theorem:
If:
x+ £ (t,x,%) =0 (67)
R b E(tx %) = 4 (68)
%+ (t,x,%) = A (69)
x(0) = x,(0) = x_(0) = %, (70)
%(0) = %,(0) = % (0) = v, (71)
where
tel = [0,T] (72)
feC'[R, ] (73)

where R1 is the Region and Cl[RI] is the class of continuous functions

with continuous first derivatives on Rl.

R, = {(x,x,t): xelx, ., % max?ls X€[Ey 400 %] max)? tel}, (74)
with
X) pip= min {xu,xl}, tel, (75)
X
X paxs DAX {xz}, tel, (76)
iu
il nin= B0 {i }s tel, (77)
1
X
; max= TAX [iu}, tel, (78)
1
and where
A, < 0 (79)
A > 0 _ (80)



then

and

of
Ix

e

for tel.

(81)

(82)

(83)

35
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APPENDIX B
This appendix contains a listing of a typical digital computer program
and 1t was used for the solution of
dzx
dt
with initial conditions x(0) = 0 and = (0) = 5.0.

dx dx, 3 3 _
+ £ {dt € (dt) } + ax + Bx =0
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ABSTRACT
A newly developed theorem and technique for finding upper and lower
bounds, applicable to the following class of initial value problems has
been applied to solve several problems of engineering interest.
x(t) + f(t,x,x) = 0
x(0) = x

0
x(0) = o
where f is continuous with continuous first derivatives and %ﬁ- > 0.

Bounding functions are obtained in analytic form. The technique is
systematic and appears to be well adapted to analysis using high speed
digital computers.

Example problems are solved for a linear and nonlinear spring mass

damper arrangement. Numerical results were obtained and tabulated.



