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ABSTRACT

In this paper a regularized spectral estimation formula and a regularized iterative
algorithm for band-limited extrapolation are presented. The ill-posedness of the
problem is taken into account. First a Fredholm equation is regularized. Then
it is transformed to a differential equation in the case where the time interval is
R. A fast algorithm to solve the differential equation by the finite differences is
given and a regularized spectral estimation formula is obtained. Then a regularized
iterative extrapolation algorithm is introduced and compared with the Papoulis
and Gerchberg algorithm. A time-frequency regularized extrapolation algorithm
is presented in the two-dimensional case. The Gibbs phenomenon is analyzed.
Then the time-frequency regularized extrapolation algorithm is applied to image

restoration and compared with other algorithms.
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GLOSSARY OF SYMBOLS
USED IN THIS PAPER

1. F: Fourier transform on any space; F(f) is also denoted f.
F~!: inverse Fourier transform; F~!(f)(t) := 5= F(—t) =: f(t).
. [=T,T]: The time interval.
. Supp F': the support of F', the closure of the complement of F~1(0).
. [—9,Q]: The band(=support) of Fourier transform.

. R: The set of real numbers.

2
3
4
b}
6. C: The set of complex numbers.
7. f(t): The time domain signal.

8. f(w): The frequency domain signal.

9. n: The noise function on any subset of R.

10. §: The bound of the error energy on any subset of R.
11. fs5(t): The noisy time domain signal on any subset of R.
12. a: The regularization parameter.

13. ©: The stabilizing functional.
14. M®: The smoothing functional.

15. F,(w): The regularized frequency domain signal.

16. fo(t): The regularized extrapolation.

17. fr(t): The exact time domain signal.

18. fr(t): The exact time domain signal restricted to [—7',7].
19. E(w): The exact frequency domain signal.

20. A: An operator from metric space D into metric space U.
21. Az=wu, z € D and u € U: The operator equation.
22. R(u,«a): The regularizing operator for the above operator equation.

23. d(9): The error of the regularized solution.
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24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.

F, j: The value of the regularized solution at wj.

Ffj,j: The value of numerical regularized solutions at w; with step size h.

1s: indicator function of subset S of R.

Pr: The operation of multiplying a function on R by 1i_r 1 or 1_7 7]x[-10, 1] -
Pq: The operation of multiplying a function on R by 1|_q o) or 1—q, 0,]x[~0s,02] -
A:= B and B =: A mean B is the definition of A.

(*,%): the inner product in a Hilbert space.

Discrepancy: py(Azq, us)-

R: the real part of a complex number.

$: the imaginary part of a complex number.

Coqa: {F € C[—Q,Q]|suppF C (—Q,Q)}.

C'a,b] : {F: F" € Cla,b|}.

W, Sobolev space.



Chapter 1

INTRODUCTION

The extrapolation of band-limited signals, or functions has been discussed in
many previous papers([1]-[10]). This procedure is widely used in many applied and
theoretical fields such as Fourier analysis, spectral estimation and image restoration.
The definition of band-limited functions is:

Definition: For a positive constant 2, a function f € L'(R) is said to be

Q-band-limited if f(w) =0 VYw € R\ [-Q,Q]. Here f is the Fourier transform of

—+00

flw) :==F(f)w) := f(t)e'dt, w e R (1)

We then have the inversion formula:

ft):=F ) = % /Q flw)e ™tdw, ae. t € R (2)

This integral is defined for all ¢ € C and furnishes an analytic extension of f to
C.
We consider the so-called band-limited extrapolation problem:
Assume that f : R — R is an Q-band-limited function and T is a positive
constant.
Given ft) for tel-T,T],
(3)
find f(t) for teR\[-T,T].
The fact, noted above, that f is effectively an entire function means that its
values on [—T,T] determine all its values. Hence, this problem is, in principle,

solvable.



From the knowledge of f only on [—T,7T] we cannot construct f, and so we
cannot use (2) to find the values of f in R\ [-7,7]. What we plan to do is to

solve the Fredholm integral equation

I ,
AF(t) == g /_Q F(w)e ™dw = f(t), t € [-T,T] (4)
for
FeCyg:={F e C[-Q,9Q]suppF C (—£,Q)}
given

feLr?:=L-TT).

We will want F' to be supported in [, Q] and F to lie in L?(R), so that we can
form F(t) = %F(—t) Equation (4) says that the function F', which lies in L*(R),

vy

satisfies

F(t)=f(t) forall te[-T,T].

Then F on the whole of R is our candidate to solve the original problem (3) of
recovering (extrapolating) f from knowledge only of f|i_77).
Note that A is a bounded linear operator from the max-norm into the L?-norm,

where

T
Plleya = s, 1P 1Al =4[ |roFap
The problem of solving (4) is ill-posed on the pair of spaces (Cyq, L?) ([11]-[13]),
as we show by an example in section 2.2, after the definition of “ill-posedness” is
given in section 2.1.

In 1974 and 1975, Papoulis and Gerchberg ([1], [2]) made a pioneering contri-
bution to this important problem. They designed the following iterative algorithm
for an 2-band-limited function f € L*(R) for which only f(t) for t € [-T,T] is

given .

Papoulis-Gerchberg algorithm:

fO = Prf.
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For [ =0,1,2,...,
fHY = Prf 4+ (I — Pr)FtPoF U,

where
Pr(f) = f 11, Pﬂ(f) = f 1_qq-

The convergence ||l — f||z2@w) — 0 is proven in [1] by Papoulis.

Here F designates the Fourier transformation in L*(R). Recall that L*(R) N
L*(R) is dense in L*(R) and that according to Plancherel’s theorem (see, for
example, [29)), f € L*(R) and ||f|[12 = —=||f||z> for every f € L'(R)N L*(R).
Consequently, the Fourier transformation on L!(R) can be uniquely extended to
a \/%—multiple of a bijective isometry (= unitary operator) of L?(R). We will

continue to designate it by F and . Instead of (1), the f € L*(R) satisfy

N—o0 N—oo

fw)=F(f)(w) = lim ]gN\f(w)) = lim /_N f(t)e™'dt, fora.e.w € R, (1),

since Pyf =1y - f € L'Y(R) N L*(R) and converge to f in the L?-norm.

In [8] the Papoulis-Gerchberg algorithm was generalized to signals in the wavelet
subspaces of L*(R). There are also many other extrapolation algorithms ([3]-
(7], [9]). In [3]-[6], iterative methods were presented. In [7] Sabri and Steenaart
presented an extrapolation process requiring only a single matrix operation, but
their proof was shown inadequate in [4]. However [4] gives an alternative proof using
Toeplitz equations and the solution can be stabilized by adding a small positive
constant to the diagonal terms of the coefficient matrix [4].

Most algorithms perform poorly when the observed data fs contain noise or

distortion:

f5(t) = f(t)+ns(t) te =TT (5)

where 7s(t) is the noise or distortion satisfying

[ st < 5 ©)

=T



The integral fTT Ins(t)|2dt is called the error energy.

Remark: The use of the word “energy” in this context is inspired by its meaning
in electrical circuitry. Our integral has similar properties. The circuitry situation
is the following:

If v(t) is the voltage at time ¢ measured across a resistor of resistance R (which
can always be normalized by proper choice of units to be 1), the instantaneous power

dissipated in the resistor at time ¢ is

P(t) =v(t)i(t) = i}g) =i*(t)R,

where i(t) is the current at ¢. The energy expended in the circuit is

E= / P(t)dt = / Ui;t)dt— / 2(t)Rdt.

To understand the difficulty which noise creates, we observe that theoretically

the 2-band-limited extrapolation problem is equivalent to the problem of solving

a Fredholm integral equation which is highly ill-posed (see definition 2.1).

In [11] the next theorem is asserted:

Theorem: Consider any pair of positive numbers ¢ and 8, with € < 6, and
any 2-band-limited function f: R — R and any fs satisfying (5) and (6). Let P
be any real number with |P| > T'. Then there exists an -band-limited function

U.p € C(R)N LYR) that satisfies

[ We.p = follzoo-r) < €,
but
[ p(P) — F(P)| >0

This theorem shows that small noise in the interval [T, 7] of the signal may
produce large errors outside the interval. Worse, the extrapolation does not exist

if 75 is not the restriction to the interval [—T,T] of a band-limited function.
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The author is unable to verify the proof in [11], but can offer an example of his
own as follows:

Let

_ n[l — cosQ(t —n)]
(t —n)?

Then f,(w) = €™ - nr - 1_og(w) (2 —|wl) and f, — 0 uniformly in [T, 7] as

Fult) - c L'(R) N L=(R).

n — 00.
But f.(n) =Q*n/2 — 0o as n — oo.
Therefore, given 0 < ¢ < 6, we can pick n so that 0?n/2 > 6 and so that

|fn(t)] < € for all t € [-T,T], and we can consider
N := fn, P :=n.

Then n € L°(R) N LY (R) is Q-bandlimited and satisfies |n(t)| < € for all t €
[—T,T)] and |n(P)| > 6.

Regularization methods were introduced to solve this ill-posed problem([13]).
There are many other papers where regularization methods have also been used([14]-
[17]).

One regularization method often used is to discretize the Fredholm integral
equation first. Then algebraic regularization is used for the resulting system of
linear equations. Chen [15] proposed a regularization method of this type for the

band-limited extrapolation problem and obtained the following estimate:

d* = 0(02) + O(a(4,)) + O /n*) + O(T? /n?)

in which d is the error of the regularized extrapolation, §2 is a bound for the error
energy, a(d,) is the regularizing parameter.

In this paper, we reverse the order of regularization and discretization. First,
in section III, we regularize equation (4) with a variational problem and obtain its

Euler equation, which is an integro-differential equation. Its direct discretization

5



will lead to an algorithm which requires O(n3) computational steps. In section IV,
we show that the Euler equation can be converted to a simple ordinary differential
equation, a standard discretization of which yields a fast algorithm for the problem
of computing the Fourier transform of the function sought. In section V, we obtain
a regularized Fourier transform formula. In section VI, we introduce a regularized
iterative extrapolation algorithm. In section VII, we present some numerical results
and compare them with the Papoulis-Gerchberg algorithm. Section VIII is a brief
conclusion. In the appendix we prove the main Theorems stated in section III, IV

and V.



Chapter 2

THE CONCEPTS OF
WELL-POSED AND ILL-POSED
PROBLEMS AND THE
REGULARIZATION METHOD

In this chapter we introduce the concept of ill-posed problems and regularization

methods. Much of this material is taken directly from [13].
2.1 The Definition of Ill-posed Problems

The concept of well-posed problems was introduced by Hadamard.

Here we borrow the following definition from [13]:

Definition 2.1: Assume A : D — U is a continuous operator, where D and U
are metric spaces with distances pp(*,*) and py(*, *), respectively. The problem
of determining a solution z in the space D from the “initial data” u in the space
U to the equation

Az =u

is said to be well-posed on the pair of metric spaces (D, U) in the sense of Hadamard
if the following three conditions are satisfied ([13] pp.7,8):

i) For every element u € U there exists a solution z in the space D; in other
words, the mapping A is surjective.

ii) The solution is unique; in other words, the mapping A is injective.

iii) The problem is stable in the spaces (D,U): Ve > 0,30 > 0, such that

pu(ur,us) < d = pp(z1,22) < €.
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In other words, the inverse mapping A~! is uniformly continuous.
Problems that violate any of the three conditions are said to be ll-posed.
Remark. It should be emphasized that the definition of an ill-posed problem
is with respect to a given pair of metric spaces (D, U); the same problem may be

well-posed in other metrics.
2.2 Examples of ill-posed problems

A typical example is the R-valued Fredholm integral equation of the first kind

with continuous kernel K on [, d] x [a, b] for which 25 exists and is also continuous:
b
Az(z) = / K(z,s)z(s)ds =u(z), c<z<d (%)

where z is the unknown function in a space D and u is a given function in a space
U. We will measure changes in the right-hand member of the equation with the

L?-norm defined by

s = e = [ o) = wa ()Pl

and measure changes in the solution in either the L?-norm, or the C'-norm defined
by

[|21 — 22||c := max |21(s) — 22(9)|.
s€la,b]

To see the ill-posedness of the problem, suppose z; satisfies (*) with u = u;. Note

that for any w e R, N € N
29(8) := z1(s) + Nsinws, s € [a, b
is then a solution of equation (*) with right-hand member
ug () = uy () + N/bK(:U,s) sinwsds, ¢ <z <d.

Then
d b
[ |N|{/ \/ K(z,s) sinwsds|?dz}"/2 — 0

8



as |w| — oo. This can be seen as follows:
According to the Riemann-Lebesgue Lemma, for each z¢ € [c, d], f; K(z9, s) sinwsds —
0 as |w| — oo.

So Ve > 0, IM (xo,€) > 0 such that
b
|/ K(xg, s)sinwsds| < €, whenever |w| > M(zo, €).
Since |K(x,s) — K(xg,s)| — 0 uniformly in s as z — x

b b b
|/ K(w,s)sinwsds—/ K($o,s)sinwsds|§/ |K(z,s) — K(xg,s)|ds — 0

uniformly in w as @ — xy. Consequently there exists d(zg,€) > 0 which is inde-

pendent of w such that
b
|/ K(z,s)sinwsds| < €, whenever |w| > M (xq,€) & x € (xg—5(xo, €), To+0 (0, €)).

Since {(z¢ — 6(xo,€),xo + 6(x0,€)) : ko € [c,d]} covers [c,d], there exist xy,...,x, €

¢, d] such that

n

(@i = 6(xi, €), 21+ (21,€)) D [, d].

=1

Let M(e) = maxy<ij<n, M(z;,€). Then
b
|/ K(z,s)sinwsds| <€, ¥V |w| > M(¢) and YV € [c,d].
However, as soon as |w| > 7/(b— a)

||z1 — 22]|c = max |21(s) — 2z2(s)| = max |N sinws| = |N|,
5€[a,b] s€la,b]

and
b
21 — 2|22 = INI{ / sin® wds} /2

b—a 1 . 1/2 b—a i
5 —%smw(b—a)cosw(b—l—a)] —>\N|(?)

=[Nl

as |w| — oo.

So this problem is ill-posed in each of the pairs (C, L?) and (L2, L?).

9



2.3 The concept of regularizing operator

For the equation
Az=u (6a)

suppose that the continuous operator A is such that its inverse A~! exists but is
not continuous on the set AD and AD #U.

In this case, the uniqueness condition is satisfied, but the existence condition
and stability condition are not satisfied, so this problem is ill-posed.

Remark. If D and U are each Banach spaces and A is linear, AD # U is a
consequence of the fact that A~! exists and is not continuous on the set AD; for
the Open Map Theorem says that a continuous linear bijection between Banach
spaces is necessarily bicontinuous.

Definition of regularizing operators (taken from [13], p.47):

Let D and U be metric spaces and A : D — U be an operator for which
problem (6a) may be ill-posed. Assume

AZE = Ug, (Gb)

where zp € D and ug € U. An operator R(u,«) defined for certain w and certain
a > 0 (see below) is called a regularizing operator for the equation Az = w in a
netghborhood of ug if

1) there exists a positive number 0; such that the element R(u,«) of D is

defined for every o > 0 and every u € U for which

pU(u7 UE) S 61

and
2) for every € > 0, there exists a positive number §(¢) < ¢; and for each positive

d < 6(€) a number «(d) > 0 such that
uelU & pu(u,ug) <0 < 0(e)

10



imply z,(u) := R(u,a(d)) satisfies
pp(za(u), zp) < e.

The procedure of finding a computable regularizing operator for the equation
Az = wu is called regularization of the problem. The numerical parameter « is
called the reqularization parameter.

Thus the problem of finding an approximate solution z such that z ~ zg reduces
to

i) finding regularizing operators,

ii) determining the regularization parameter o = «(9) as a function of ¢ such
that the condition 2) in the definition of regularizing operators is satisfied.

Remark. Of course
R(u, ) := zg, Yu € U, Va > 0.

is trivially a regularizing operator. But it is useless, as zg is the unknown being
sought; hence the italicized word “computable” used above.

The approximation z, = R(u, @) to the exact solution zg obtained by a method
of regularization is customarily called a regularized solution of (6b), although this is

an abuse of language, since no z, need be equal to the actual solution zg of (6b).
2.4 Methods of constructing regularizing operators

Definition of stabilizing functionals:

Assume A is continuous and 1-1. Let © denote a continuous nonnegative
functional defined on a subset D; of D that is everywhere dense in D. Suppose
that

i) zg € Dy

ii) Ve > 0, {z € Dy : O[z] <c} is a compact subset of D;.

O is then called a stabilizing functional or simply a stabilizer.

11



Note. It is called a stabilizer since we can obtain stable solutions with its help.
Suppose the right-hand member of equation (6a) u = us is known with an error
d; that is, py(us,ug) < 0.
Lemma 1 ([13], pp.51-53). Let Qs := {z : pu(Az,us) <6}, D15 := Qs N Dy.
Then there exists z5 € D 5 that minimizes ©[z] over z € Dy 5.
Let
O := inf Ol¢]

ze€Dy

and

My :={z € Dy :0[z] = O}.

Lemma 2 ([13], pp.55-56). If for each § > 0 there exists a z5 € My N D,
then zs approaches zg as 6 — 0.

For the case My N Dy s = ), we import the concept of quasi-monotonic func-
tionals.

Definition. The functional © is said to be quasi-monotonic if, for every element
20 € D1 \ My, every neighborhood of z; includes an element z; € D; such that
Olz1] < O[z).

Lemma 3 ([13], p.56). Let us, D;s5, © and M, be as in in Lemma 1, and
suppose My N Dy s = . The greatest lower bound of © on D, s is attained for an
element zs for which py(Azs, us) = 9.

Remark: We can use this lemma to solve the problem of minimizing the func-
tional ©, not just within the set D, 5, but within the set D; under the condition

that the minimizing element z being sought satisfies
pu(Az, us) = 9.

This is a conditional extremum problem. So we can solve it by the method of unde-

termined Lagrange multipliers; that is, for each a > 0 we minimize the functional

Mz, us] := p(Az, us) + aBlz]

12



over all z € D;.We will call Mz, us| a smoothing functional.

2.5 The construction of regularizing operators by minimiza-

tion of a smoothing functional

Theorem 2.1 ([13], p.63). Let A denote a continuous operator from D into
U, © a stabilizing functional on a dense subset Dy of D. For every element u € U,

and every a > 0, 3z,(u) € D; for which the functional
Me[z,4] = g3,(A%, ) + 0O
attains its greatest lower bound:

inf M%[z,u] = M[z4(u),ul.

zeDy
Remark. By this theorem, for every « > 0, an operator R;(x,«) is defined from

U to D; so that for each v € U the element
Zo(u) =: Ry(u, )

minimizes the function M®[z,u] over all z € D;. For notational simplicity, we will
use z, instead of z,(u). We plan to show that R;(*,«) is a regularizing operator
according to the definition in 2.3. So we use the same symbol z,(u) here as in the
definition in 2.3.

For any positive number 01, denote by 75, the class of functions that are non-
negative, nondecreasing and continuous on an interval [0, d,].

Theorem 2.2 ([13], p.65). Let zg denote a solution of equation (6a) with

right-hand member v = ug; that is,

Then, for any 4; > 0, € > 0 and any functions 3; and 3 in the class of Ty, , such
that (55(0) = 0 and §%/3,(8) < (2(d) for all sufficiently small § > 0, there exists a
positive number

do = 0o(€, B1, P2) < &

13



such that for v € U and § < §y the inequality py(u,ug) < 0 implies the inequality
pp(Za, 28) < €, where z, := Ry(u,«) for all « satisfying the inequalities
2

—— < a < B(3).

B1(9)

2.6 The choice of stabilizing functionals

Suppose that a dense subset ® of a metric space D admits a metric pp which
in general is different from the metric pp that D comes with. If for some zy € ¢
and every d > 0 the ball

{z€®: pa(z,20) < d}

is compact in D according to the original metric of D, then the function defined
by
Olz] i= pi(z,2), 2€®

is a stabilizing function; consequently Theorem 2.1 is valid for it. That is, for each

fixed u € U, there exists an element z, € ® minimizing the functional
MO[z,u] = p(Az,u) + a@[2

over z € ¢ ([13], p.68).

If the exact solution zp of (6a) belongs to the set ®, then by Theorem 2.1,
the operator Rj(u,«) which provides, for every o > 0 and u € U, an element z,
minimizing the functional M®[z,u] is a regularizing operator.

In [13] the following examples are offered:

Example 1. If D := Cla,b] with metric

pp(21, 22) 1= Sl[lp] |21(z) — 22(2)],
z€la,b

14



then we take ® := C''[a, ], the dense subspace of continuously differentiable real-
valued functions on the interval [a,b] with metric

pa(21,22) = sel[lpb}{lzl(l‘) — 2a(x)| + [21(z) — 25(2)[}-

By Arzela’s theorem, every ball {z € ® : pg(z, z0) < d} is pp-compact in Cla, b].
Example 2. D is still C|a,b] with the same metric as in Example 1. ® is the
Sobolev space W3'. The metric pg is defined by

b P
d'z
po (21, 22) 1= {/ qu(a:)(%fdx}l/z, zi=2 — 2,
a r=Q

where qo, q1,..., gp—1, ¢ are given positive continuous functions on [a, b] . These
functions are fixed for the sequel.

Here, for every p, the space W7 is a Hilbert space and any closed ball in it is
pp-compact in Cla, b]. Consequently, if we seek regularized solutions of (6a) in
the space W5, Theorem 2.1 and 2.2 are also valid for them. A stabilizing functional

18

O[] ::/ qu(x)(j;i)de (xx)

and p is called the order of the stabilizer ([13], p.70).

2.7 Application of the regularization method to the approx-

imate solution of integral equations of the first kind

Suppose that we are required to find a regularized solution of a Fredholm integral

equation of the first kind

(Az)(z) :—/ K(x,s)z(s)ds = u(x)

where ¢ < x < d, K(z,s) is continuous on [c,d] X [a,b], z € Cla,b] and u €

L?[c,d] =: U is given and a solution z in the space D := C|a,b] is sought.

15



Let us use the first-order stabilizer (**). Thus, we seek a regularized solution

2o € W3 [—, Q). Tt will minimize the functional

Mz, u /{/ K(z,s)z(s)ds — u(x }2d:c+oz/ {qo(s)z"(s) + qu(s )(%)2}(%

over z € W4. This minimizing z can be found by solving the Euler equation

corresponding to the functional M®[z,u] ([13], p.74): For all v € W3

/ab(—a{%[qms)%—% “/K” =t )) o

+Hagqu(s)2 (s)u(s)]q = 0,

which is a necessary condition for the minimizer. Here

K(s,1) /Ka, K (€, 1)de.

- / K (€, $)u(€)de

In this paper, we assume the values of the desired solution z of (6a) at both ends

and

of the interval [a,b] are known. That is,
z(a) = 71, 2(b) = 2

where z; and z; are known numbers. This restricts the generality of the solution
that we will ultimately find. In this case, since v 4+ u is supposed to be a solution

candidate as well as u, we also require

The preceding necessary condition now reads: for all such v € Wy

/ab (et n() ] - (o) }+/K“ = ) (s =01

From (1) holding for all v follows an equation which any minimizer z must satisfy
([13], p. 75):
b d dz .
K(s,t)2(t)dt — a{—lai(s) -] = qo(s)z(s)} = b(s), Vs € [a, b]. (1)
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Remark. If the solution of (1) is unique, and if a minimizer exists at all, then this
solution must be the minimizer. When the regularization method is used for the
extrapolation problem in chapter 3, we will prove the existence of the minimizer
and the uniqueness of the solution of (1).

In such a case this equation can be replaced with its finite-difference approx-
imation on a given grid in order to find a numerical solution. Here we take a
uniform grid with step h := I’_T“ The equation (1) is replaced with a system of

finite-difference equations of the form

o L _
_ﬁ{Qkalefl"'QI,kszrl_(Q1,k+Q1,k71)2k_h2QO,k2k}+Z Kiyzoh =b; 1 <k <n.

r=0
Here
Qe = q1(Sk), Qo = qo(sk), 2k = 2(sk), b = E(Sk)7
sg := kh + a,
and the K o 1= K (Sk,sr) are the coefficients in the quadrature formula used to

replace the integral in the equation with a finite sum.
Since the solution of the system of equations must satisfy the boundary condi-

tion, then, in the system we set
20 1= Z1, Zp ‘= Zo.

We obtain an (n—1)x (n—1) system of equations, which is easy to solve numerically
when the regularization method is used for the equation (4), since it is a system
of linear equations and the coefficient matrix is positive-definite. The proof will be

given in chapter III.
2.8 Determination of the regularization parameter

The regularization parameter o can be determined from the discrepancy, that
is, from

pu(Azq,us) =0
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under certain restrictions. Let us abbreviate
m(a) == M%[z,ul,

¢(a) = p2U(AZOé7u)7
P(a) = O|z4)-

Lemma 1 ([13], p.88). The functions m and ¢ are nondecreasing; 1 is a
non-increasing function.
Lemma 2 ([13], p.89). Let {a,} denote a positive sequence that converges to a

positive number «q. If the sequence {z,, } of minimizers in Theorem 2.1 converges,
limz,, =:Z,

then Z minimizes M*°[z, u] over z € Dy, where D; is the domain of the stabilizing
functional ©.
Lemma 3 ([13], p.91). The function m is continuous and nondecreasing.

Theorem ([13], p.91). For any v € U and every positive number
d < pu(Azo,u)

where

2 € {2:0[z] =69 = inf O[Y]},

YeDy

there exists an «(¢) such that

pu(Azas),u) = 0.
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Chapter 3

THE ILL-POSEDNESS OF
EXTRAPOLATION AND
REGULARIZED
EXTRAPOLATION

3.1 THE ILL-POSEDNESS OF THE PROBLEM

The problem of solving equation (4) on the pair of spaces (Cpq, L?) is ill-posed
since it violates conditions (i) and (iii) in definition 2.1:

i) The existence condition is not satisfied since it is possible that f € L? but
[ & ACyq. In fact, every f € L?[—T,T)\C[-T,T] is not in the range of A. That
is, the A in (4) is not surjective.

ii) It is easy to see that the problem satisfies ii);

iii) The stability condition is not satisfied. That is, A~ is not continuous.

This can be seen from the next example.

FEzample 3. For positive integers n define functions in Cyq by
F,(w) :=sinnw, F(w):=0 if |w|<Q:=m.
Then (see [p.1050 of [15] for details)
|AF, — AFH%Q[—T,T} — 0 (n — 00).

But for all n
||Fn - F||C'o,$z =1
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3.2 REGULARIZATION FOR EXTRAPOLATION

For the integral equation of the first type (4), we employ the smoothing func-

tional
M[F, fy] i= || AF— fy] 22+al F I3, ™)
where @ > 0, f5 € L*[-T,T], F € W} := Wi[-Q, Q], and
Q
1FIy = | (PGP + 1P )P
is the square of the Sobolev norm ([20]).
The regularized extrapolation to be found is the inverse Fourier transform of a
minimizer F, € W21 of the smoothing functional:

Ma[Fa,f(;]: inf MQ[F,f(;].

Fews

We will prove the existence and uniqueness of F,, in the Appendix and the following

result concerning the minimizer Fj:

In Theorem 3.2, we will prove F, converges uniformly on [—2, Q] to the true
frequency-domain signal f as § — 0 provided that a = a(d) is a suitably defined
function of §. Hence, the regularized extrapolation

fa(t) : ! / Fo(w)e ™dw =: AF,(t) (7a)

will converge uniformly to the true extrapolation f(¢) over ¢t € R, namely, to the
right-hand side of (2). Here is the reason: The functions f, do converge to a
function ¢g which agrees with f in [=7',7]. From the uniqueness of the (analytic!)

extrapolation (see page 3) it follows that g = f in R.
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Theorem 3.1. For a > 0, and f € L?[—T,T], there exists a function F, € W,
such that
1) M®[Fy, f] = infpeyy MO[F, f].
i) F” exists and F, satisfies the Euler equation ([19], pp.183-214): for all w €
(=6, 9)]

1 (2 sin(s —w)T

212 6 s—w

Fu(s)ds + a[Fa(w) — F'(w)] = % /_ f@ea ()

The proof is in the Appendix.
Suppose F € W}—Q, Q] satisfies the integral equation

AF(t) - ! / F(w)e ™dw = f(t) a. e te|[-T,T] (4)

= % L
Since F € L?[-Q,9Q] ¢ L'(R) N L*(R), the function F lies in L'(R) N C(R).
According to (4)" it satisfies

F(t)=f(t) a.e te[-T,T].

Therefore ' on the whole of R is our candidate to solve the original problem (p.3)
of recovering (extrapolating) f from knowledge only of f|_rm.

Let fg denote the function defined for all t € R by the left side of (4)". Thus
fe € L*(R)NC(R) and fg interpolates f|_r7 and fe=Fon [-Q,Q], fr =0
on R\ [-9,9)].

Theorem 3.2. Let {fs} C L*[—T,T] be such that

T
s — Fl 2 =/ £5(t) — folt)Pdt < 6.
-T

If we choose a = a(d) such that a(§) — 0 and 6%/(d) is bounded as 6 — 0, then

lim||Fa) = fellee =lim max |Fae)(w) = fp(w)] =0

where Fi5) is the solution of the Euler equation (7b) in which f is f5.
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The proof is in the Appendix.
From this theorem we can see that the solution of the Euler equation Fys)
approaches the exact solution E of (4) in Cpn as § — 0. We can also give an

error bound for the regularized extrapolation. We will use the notation

d(0) == ||Faw) — [Ellcoq

which the next theorem concerns:

Theorem 3.3. Under the conditions of theorem 3.2, we have
d(0)* = O(a(d)) + O(6?).

The proof is in the Appendix.
From this theorem 3.3 we have the next corollaries for f, defined in (7a).
Corollary 1.

sup [ fa) (1) — fe()]* = 0(6%) + O(a(9)).

—oo<t<+o00

Since F, and E are supported in [—$, ], using Parseval’s identity and (7a),
we have

Corollary 2.

+o00
/ Fato)(0) — fe(®)Pdt = = / o) e = O(8%) + O(a(6)).

From theorem 3.2 and theorem 3.3, we can conclude that the error of the regular-
ized solution depends on the regularization parameter «. Therefore it is important
to determine the parameter «. In general a should be small if ¢ is small. Here
we suggest an algorithm to choose the regularization parameter by solving ([13],
pp.87-93)

||AFa(6) - f5||%2[7T,T] =4

for (). This equation can be solved for a by using Newton’s method. Other

methods to choose the regularization parameter are discussed in [16] and [17].
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We can solve the Euler equation (7b) by the following finite-difference method:

1 - sin(s; — w)T h FP, —2F!+ F!,
o ED D e il [ ]

i — W
j=—n+1 J k

_ iﬂ /T f(t)eiwktdt7 k=-n+1,...n—1, (1)
-7

in which b :=Q/n, s; =w; :=jh, j = —n+1,...,n—1, and th, j=-n+1l,...,n—1
are the unknowns. We set I := F" := 0 to ensure the Q-band-limitedness.

Now we can prove the coefficient matrix is positive-definite. The coefficient

matrix is
1
C = Cl -+ al -+ h2H

where C = (W) , I the (2n — 1) by (2n — 1) identity matrix and

2 -1 0 0

-1 2 -1 0

H:=[-1,2-1] =
0 0 -1 2

in which all diagonal entries are 2, all super-diagonal entries are —1, all sub-

diagonal entries are —1 and all other entries are 0. Then for any real vector

2 (Z*TH*M ) Zn71>

sin(s; — wg)T
2TCz = E E —J ——— 2%

j=—n+1 k=—n+1

1 n—1 n—1 T 1 n—1 T 2
R [ e na =5 S | [ el 2o
—nt1k=—n+17 T j=—n+1 1Y T
and -

THz= Z (25— 2j-1)* + 22,0+ 2ny 2 0.
j=—n+1

The amount of computation time needed to solve the system of equations (1) is

of the order O(n?) ([21]). Hence, it will be useful to find a more effective algorithm
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for extrapolation.

3.3 A FAST ALGORITHM FOR COMPUTING FOURIER
TRANSFORMS

To find a fast algorithm to solve the Euler equation for computing Fourier

transforms, we first write the Euler equation in the form
A*AF, + a[F, — F] = A"f (7c)

where A* is the adjoint operator of A when A is the operator from L?*[—, Q] into
L*[-T,T)] in (4) Since

Q e
A AF, — 1 sin(s — w)T

212 | 6 s—w

I :
F,(s)ds and A*f = — / f(t)e™dt.
2 J_ o
Now we can see the uniqueness of the solution of (7¢) by
(A*AF + o[F — F"],F) = (AF,AF) + o(F, F) — a(F" F)

= (AF,AF) + a(F,F) + a(F', F') > 0, for F # 0 in Cy .

The operator in the right-hand side of equation (7c¢) is therefore positive, which
implies that the solution of Euler equation (7b) is unique. In the sequel A will in
fact be F~! from L?[—Q, Q] into L?[-T,T]. When T =00, A=F"1.

Lemma. If a linear transform S on a Hilbert space is surjective and isometric,
then S* = S~1.

In previous sections 7' < 400; now we consider the case T' = +oo. Then

V2r A =+/27F~! is surjective and isometric on L?*(R). By the lemma:
(V2rA)* = (V2rF 1)t
We can calculate

A* — (F—l)* — %F
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and

(A*) ™' =27F ! = 27 A.

Then for f € L*(R) N L'(R), the Euler equation (7c) can be transformed to the

following forms successively:
AF +a(A) N Fy,—F!=f
AF, +2raA(F, — F)=f
(1+27a) F,—2raF! = A~ f = F[f]. (7d)

We use the finite-difference method to solve this differential equation:

Fho —oFh 4 Fh o
(1+2ma)Fh —2ma -2 h‘;’f Wl — g = / f(t)e™itdt (8)
where h := Q/n, w; = jh (j = —n+1,..,n —1). Here we write F for the

J
solutions of the linear system (8), since they depend on «.
The coefficient matrix is a (2n — 1) by (2n — 1) symmetric matrix which is
tridiagonal with diagonal entries:
bj:=b=1+2ra+4ra/h? (j=-n+1,..,n—1),

sub-diagonal entries

a; :=a=—=2ra/h® (j=-n+1,.,n—1),
and super-diagonal entries

cji=c==2na/h? (j=-n+1,.,n-1).

Since o > 0, the matrix is strictly diagonally dominant. Hence, the system of

equations (8) can be solved with the Thomas algorithm ([21]):
1. u_py1 :=¢/b, uj :=c/(b—auj_q), j=-n+2,..,n—1.
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2. Yntl = g,nJrl/b, Y; = (g] — ayj,l)/(b — G/Ujfl), j = -—n-+ 2, e, = 1.
3. Kl v =yn, Flyi=yy—wFl i, j=n—2,.,—n+1.

The time of computation needed to solve the system of equations (8) is of the

order O(n) ([21]). We construct a piecewise-linear approximation to F,:

h h
F — Fy;

FMw) = Fij + a’th (W —wj), w€ [wj,wjt1], j=—n,...,n— 1.

Since there are errors in the discretizing process, we must also estimate the error
bound of this discretization.

By the Remark following the lemma in the appendix, if f(t), tf(¢), t2f(t) €
LY(R), the regularized solution F, € C*[—,€Q]. So by the Taylor formula

Fo(wjpr) — 2F5(w)) + Fo(wj_1)
h2

Fo(wj) = +O(h?).

With the formula above we will obtain an error estimation for the finite-difference
method (8). First the solution of Euler equation (7d) satisfies, for j = —n +
1,...n—1

Fa(wjs1) — 2Fa(w)) 4 Fa(wj-1)

(1+271a) F,(w;) 21 2

= g;+O(h?). (9)

Then we have the next theorem.

Theorem 3.4. We use the abbreviation F,; to denote F,(w;) and suppose
Fl=(F 0 Fl g Fl 1), Foi=(Fa i1, Famniay oo Fano1)

are the solutions of (8), (9) respectively. If f(t), tf(t), t>f(t) € L'(R), then

n—1
O(h?)
Z ’Fclej - a,j|2 =

Pt 1+ 2o + 25 A

where Apin 1= 2 + 2cos(m(2n — 1)/2n) is the minimal eigenvalue of the positive-

definite matrix H = [—1,2, —1] ([22]).
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The proof is in the Appendix.

We can construct a function f” which is called a regularized restoration by:

fa(t) = %/ Fhw)e ®dw = Z /%+1

Fh .
—O‘jﬂh (w— wj)] e “tdw

Wji+1 Fh '
o N LR T
Uy’
j=-n
n—1 h h Wj+1 , W h
1 Fa Fa j ; Witt Fa Fa
g 8 ([ BBl B B,
™ je—n wj wj
n—1 h h Wi41
1 | F'  —F
— _ Fh e_leJrlt . Fh ,6_“"jt a,j+ a,j —zwt
2mit £~ Fas ag® ) hti

Wi

1 anh _ Fh

a,j+1 ,j [ —iw; —iw;
- 2rt2 Z . h : (6 it —e ]t)’ teR.

Remark. The apparent singularity at ¢ = 0 in the last formula is only apparent,
since we have set F", := F":= 0 to ensure the Q-band-limitedness.
From theorem 3.4 we have the following corollaries.

Corollary 3.

max | — (7o), = 0@) + O(a(e?) + — ")
—nti<j<n—1' EJj 1+ 2o + Q’Ta)\mm
Corollary 4.
O(h?)
MYy = fe(t)]? = O(6%) + O(a(6?
7oos<lz‘£)+oo|fa() fE( )’ ( )+ (Oé( )) 1+27Ta+2wa)\mm

Using Parseval’s identity, we have, since F* and ?]; are supported in [—€, Q]
Corollary 5.

| ko - seoPae= 5 [ (i) - Te)Pas

oo

O(h?)

= O(%) + 0ald™) + Togre B
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3.4 A REGULARIZED FORMULA FOR SPECTRAL
ANALYSIS

By inverse Fourier transforming both sides of (7d), we obtain

> ft) wt
F,(w) = Wt —Q,Q]. 1
() /001+27ra—|—27rat26 wel ) (10)

For this formula, the convergence property and the error estimation in section III
are also true. In general, to guarantee the convergence property of the regularized
solution it is necessary for the exact solution to belong to a subset of the metric
space D which is compact in the topology of D([13], [18]). In this paper, we
solved the integral equation (4)" in the class W3, which resulted in f& being in
W) (since (4)" and Fourier Inversion imply f = F), which means E lies in a
compact subset of Cyq. Now in the next theorem we can prove the regularized
solutions F, converge to the exact solution without the condition E eWsy.

Theorem 3.5. The regularized solution (10) satisfies

-~ o
o) = fellcon = Ol-77) + v(@)

where

*© 2ra + 2mat?
= t)|dt.
wle) /_Oo 1+27ra+27rat2|fE( )

and

pla) -0 as a—0.

The proof is in the appendix.

3.5 REGULARIZED ITERATIVE EXTRAPOLATION AL-
GORITHM

Based on the regularized spectral estimation formula (10), we present the next

regularized Iterative Extrapolation Algorithm:

Prf(t)
O (#) .= T
Fo) 14 27 + 2mat?”
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For [ =0,1,2,...,

fl] (t) == Prf(t) n (I — Pr)F'PoF fl(¢)
14 27+ 2mat? 1+ 270+ 2nat?
where
t 9 t E _T, T
Prf(t) = T | |
0, te R\ [-T,T]
and

Pof(w) = flw), we[-9,9]
' 0, we R\ [~ Q]

3.6 EXPERIMENTAL RESULTS
In this section, we give some examples to show that the regularized iterative
extrapolation algorithm is more effective in controlling the Gibbs phenomena and

noise than the Papoulis-Gerchberg algorithm.

Suppose
int
fot) =20 teR.
it
Then fr € L*(R) and
_ 1, we[-1,1]
fe(w) =
0, we R\ [-1,1].
Ezample 1. Let [-T,T] = [~ /5,7/5], The numerical results concerning f

gotten by the Papoulis-Gerchberg algorithm and the regularized iterative extrapo-
lation algorithm for the iterations 1,2,3,4 are in fig.1 and fig.2. And o = 0.0001 in
the regularized iterative extrapolation algorithm.

Ezample 2. Suppose f;, (t) := fr(t) +ns,(t), t € [-T,T] = [-20,20], where
ns, (t) = (t/T)", t € [-T,T).

In this example, 75, is not the restriction to [—7, 7] of a band-limited function.

But

g 2 2. 2T
_T|n5n(t)| dt < 6; = i 1 — 0 (n — ).
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We choose n = 10 and o = 1/n3. The numerical results by the Papoulis-Gerchberg
algorithm for the iterations 1,2,3,4 are in fig.3, fig.4, fig.5, fig.6, fig.7. The numerical
results by the regularized iterative extrapolation algorithm for the iterations 1,2,3,4
are in fig.8, fig.9, fig.10, fig.11, fig.12.

Example 3. Suppose f5,(t) == fu(t) +ns,(t), t € [=T,T] = [-80,80], where

1 [Sin(n2 —t)r  sin(n®+t)w
S 2rt n?2—t n? 4+t

.

ns, (t) :

In this case

(A™'ns V(w) = cosn’w

so the stability condition is not satisfied, as the example in section II shows. How-

ever

r 2Tn*
/T |05, (8)dt < 07 := 2t — T2 — 0 (n — 00).

For n = 3, the numerical results of the Fourier transform and regularized Fourier

transform are in fig.13 and fig.14 (o = 0.1/n%).

3.7 CONCLUSION

Regularization is used to extrapolate band-limited signals in this paper. The
reason for using regularization is to get the Euler equation—a differential-integral
equation first——then a differential equation for the Fourier transform. A fast al-
gorithm to solve the differential equation is presented by using finite differences,
and a regularized Fourier transform formula is given by the differential equation.
A regularized iterative extrapolation algorithm is presented based on the regular-
ized Fourier transform formula. Moreover, the precondition E € Wy for using the

regularization method can be dispensed with, by theorem 3.5 in section 3.6.
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Chapter 4

THE APPLICATION OF
TWO-DIMENSIONAL
EXTRAPOLATION IN IMAGE
RESTORATION

In this chapter we extend the extrapolation model to the two-dimensional case

and then apply it in image processing.
4.1 The Model

Definition: For two positive 2, Q5 € R, a function f € L'(R?) is said to be
band-limited if f(wy, wy) = 0 V(w1 ws) € R2\[=Q, Q1] x [—Q, Q).

Here f is the Fourier transform of f:

F(f)(w17w2) = f(wlaWZ)
—+o0 “+o00
/ f ty, ta)e TRty by, (wy, wy) € R (11)
We then have the inversion formula:
F 71(f)(t1, t2) = f(t1, t2)

27‘(‘ / fwl CUQ Z(w1t1+w2t2)dw1dw2, a.ce. (tl, tg) € Rz. (12)
Q1 J -0

This integral is meaningful for all (¢;,¢5) € C* and furnishes an analytic extension
of f to C2.

We consider the so-called band-limited extrapolation problem:
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Assume that f : R? — C is a band-limited function and T}, T are two positive
constants.
Given  f(ti,t2) for  (t1,t2) € [-Th,Th] x [-13, T3],
(13)
find  f(t;,t2) for  (ty,t2) € RA\[-T1, T1] X [Ty, Ty].

We introduce the following regularized iterative extrapolation algorithm:

Prf(ti,ts)

Oty ty) == :
U (14 27+ 27at?) (1 + 27 + 2wat3)
For [ =0,1,2,...,
f[l+1] (t t ) - PTf(t17t2) (‘[ - PT)F_lngfm (t17t2)
DT 4 2ra 4 2madt?) (1 + 2ma + 2matd) | (14 2ma 4+ 2madt?) (1 + 2ra + 2matl)’
where
P f(t " ) L f(t>7 <t17t2) € [_T17T1] X [_T27T2]
T 1,02) -—
07 (t17t2) € R2\[_TI7TI] X [_T27T2]
and
. Aw,w,w,w € [0, Q] x [0, Q
Pof(wn,wn) = fwr,wa), (wi,w2) € [, ] x [0, (]

0, (wl,w2) S R2\[—Ql,Ql] X [—QQ,QQ].
Remark. In application to image restoration in R?\ [T}, T1|x[~Ts, T3], f(t1,t2)
will be the brightness of the image at the point (¢1,s).

4.2 Application of two-dimensional extrapolation in image

restoration

In this section we give an example of an application of two-dimensional extrap-
olation in image processing([28]). We compare the regularized extrapolation with
the Papoulis-Gerchberg (=PG) algorithm in this case.

We choose the image in figure 7. And we assume the image to be extrapolated
is figure 8. The known section is the square in which the cross is imbedded. We
can use extrapolation algorithms to compute the unknown part of the image that

is outside of the square.

32



The result of five iterations of the PG algorithm is in figure 9. The result of five
iterations of the regularized algorithm with a = 0.00000001 is in figure 10.

We can see many stripes in the image by the extrapolation algorithms. This is
due to the Gibbs phenomena.

The image signal is not exactly band-limited, it is only approximately band-
limited. But in computation we just use the part of the frequency domain in a
finite interval. This gives rise to the Gibbs phenomena in the time domain.

This can be seen from the next demonstration. Let

1, t €[—m, ]
0, t € R\[-7,7].

fQ(t) = i/ f( ) —zwtdw _ _/ / zwsdse zwtdw
/ / w(5—0) g s — l/ sin (s — t)ds‘
™) . s—1

where k£ > 0 is a constant integer. Then

F(t) =

Then

Let Q:=N, t.=m—

N’
km,  (=1)NF /7r sin Nsds
In(m N)_ T s —(m—y

km : km .
fN(ﬂ—k—W):l/ smudu_>1/ smud%
_ T ) U

N ™ 2N7+m U
as N — oo.

If we choose k= 1,2, ..., the values are different.
4.3. Time-Frequency Regularized Extrapolation Algorithm

In this section we introduce a generalized extrapolation model.
Assume f e L'n LZ(R) and fe LY(R).
Then f(t) = 5- f f e~ “tdw for a. e. t € R, thanks to the Inversion Theo-

rem.

33



Here f is not necessarily band-limited.
But Ve > 0, JQ > 0, such that
! /Q Flw)e =t + 2 fw)e “'d teR
= — w) w4+ — w)e w, a. e. :
21 J @ 27 Jiw>0

where

1 R . 1 .
or [ @ < o [ (el <
2T Jiw>0 27 Jiwp>a
This uses the hypothesis that f € L*(R).

Therefore f can be approximated in the maximum norm to any desired accuracy
by a band-limited function with a sufficiently long band width 2{2. However, Gibbs
phenomena may pollute the restored image even if we use the regularized algorithm
presented in Section II. To alleviate this drawback, we present a revised regularized
extrapolation. In the frequency domain we multiply the kernel by a factor similar

to that used in the time domain:

1
(1+ 2706 + 27Bw?) (1 + 273 + 27 fw3)’

where 8 > 0 is a regularization parameter like the earlier a.
First we define the weighted Fourier inverse formula

—i(wititwat2) g - (]

Flwy,ws)e wrdw

/ / L) Gt a.e. (ty, t,) € R%.
Qo

F3l ()t t2) = (1 + 278 + 27 w?) (1 + 2183 + 27 fw?)’

27r

Next we define the Time-Frequency regularized iterative extrapolation algo-

rithm:

Prf(ti,t2)
(1+ 27+ 2rat?)(1 + 2ra + 27at3)’

FOUty, 1) =
For 1 =0,1,2,...,

PTf(tl, tg) i (I - PT>F51PQFfm (tly t2)
(1427 + 27at?) (1 + 27 + 27at3) (1 + 2wa + 2wat?) (1 + 2ra + 2wat3)’

fli (t1,t2) :=

Since a similar multiplicative factor is involved in both Time and Frequency
domain, we call this the Time-Frequency Regularized Extrapolation algorithm.

This algorithm is based on the next theorem.
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Theorem 4.1. Assume fp € L' N L%, fge L',

fs = felle <,

1 [ f(w)e ™dw
fn,ﬁ(t) = o 2
21 J_q 14270 + 2nfw

where 3(0) — 0, B%LUS) —0,as 6§ — 0.
Then for each € > 0, there exists Q(e) > 0 and d(e) > 0 such that

||fﬂ(e),ﬂ - fEHC(foo, w0) < €

whenever

0<d<de)

The proof can be seen in the appendix.
4.4 EXPERIMENTAL RESULTS

In this section we use the Time-Frequency Regularized Extrapolation algo-
rithm. The result of j iterations of the algorithm with a = 0.00000001 and
B =0.00004/27, 7 =1,2,3,4,5 is in figures 11-15.

4.5. CONCLUSION

A two-dimensional band-limited extrapolation model is introduced in this chap-
ter. In considering its application in image-processing we presented a generalized
extrapolation model in which the signal is not necessarily band-limited. A time-
frequency regularized extrapolation algorithm is presented to control the Gibbs

phenomena.
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APPENDIX

Proof of Theorem 3.1: Since every M°[F, f] > 0, there exists

M, := inf M°[F, f].

Fewl
Here the spaces in section 2.4 are U := L*[-T,T|, D := Coq, Dy := W3[-Q, 9],
M*® is defined in (7), and f is a fixed function in U.
Let F,, denote a minimizing sequence for M specifically, one such that

1
M, < M®[F,,, f] < M, + —.
m

The inequality
(a+b)* < 2(a® +b?)

implies that

AFm_f AFm+p_f 2 AFm_f AFm—l—p_f 2
<
1= S < () S )
AF, — f AF,.,— f
< 2| =R+ | .

where A is defined in (7a).
Consequently we have, by the parallelogram law in Hilbert space and the definition

of M® in equation (7) in section 3.2

F,—F, Fn+Fy a «
al| =y = —all = iy + Sl Ealliy + Sl Fnsllfy
o Fm+Fm 1 o ]' @
= — M= f] 4+ MOy, f]+ 5 M [Fry, f]
Fyn + Fp, 1 1
+HA%—fH%z—§|\AFm—fH%2—§\|AFm+p—fH%2
1 1 1 1 1
< Mo+ 5 (Mo + —) + 5 (Mo + —) = — — 0 as m — oc.
2 m 2 m m

It follows from the completeness of the space W, that the sequence {F},} converges

in it. Let us define

F,:= lim F,,.

m—00
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Since A is continuous in L%-norm, M® is also (see eq (7)), and therefore

lim M®[F,,, f] = M®[F,, f].

Consequently we have
M*[F,, f] = M,
The uniqueness of the element F,, follows from the fact that M*[F, f] is a
nonnegative quadratic functional, and it cannot attain its least value at two distinct
elements. By a variational principle ([19], pp.183-214),

dM*[F + en]

L =0, vy € Wi [-9,9).

Then upon expanding M*[F' + en] using definition (7) and linearity, we find for the

real part of this derivative

o [ i 2 s

+a /Q F,(w)n(w)dw + oz/Q F! (w)n'(w)dw} = 0. (20)

If we choose 71 to be a real-valued function, this becomes

/Z [#/Z%ﬁﬂ )ds ——%/ f(#) “”dt} n(w)duw

+a/ RE,( dw—l—a/ RE () (w)dw = 0.

o /_ Z RE ()1 (w)de

:_/Z [L /Q sinGs =)o (s)d s——afe/ F(D)EtdE + aRF(w )] n(w)dw

212 J_q  s—w

Hence RF) exists in the weak sense. For the same reason SF) exists in the weak

So

sense. (We will prove that the derivative exists pointwise in the remark following

this proof.) Therefore F! exists in the weak sense and from (20) we can see that

R / o / e syas - o [ Tf(t)ei“tdt] 1(w)dut
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+a/gQWMWMw—a/ZE%wmmm&:0

Q —
The preceding equation must hold for all n € W} [—Q,Q]. Since W3[—Q,Q] is
dense in L*[—,Q)], it also holds for all n € L*[—,9Q]. Let us take for n the

function whose complex conjugate is

— 1 [%sin(s —w)T

USRS

T
Fo(s)ds — % /_ @)+ aF, (@) - aFl(w)

Note that this function does indeed lie in L?[—),2]. The preceding equation for
this 1 reads

/.

We thus see that F,, must satisfy the Euler equation (7b) for a.e. w.

2

1 [ sin(s —w)T I :
/ MFa(s)ds — 2—/ f)e“tdt + aF,(w) — aF"(w)| dw = 0.
_ ™) ¢

22 J_q  Ss—w

Remark. Here the derivatives are weak derivatives. So the Euler equation (7b)
is true almost everywhere in [—, Q]. We choose the solution to be the representa-
tive such that the Euler equation is satisfied pointwise in [—, Q]. To see that this
is possible we need next theorem

Theorem. If u € L'[—Q, Q)] is weakly differentiable on [—Q, Q] and the weak
derivative Du is continuous then there exists v* € C'[—Q, Q] such that v = v*

a.e..
Proof. Define

1

w(z) := ke =2 - 11_y yy(2), © € R,

where k is a constant such that [g w(z)de = 1.

Let wy(z) == yw(¥) and uy == u*xw,, v € R, h > 0.

Then D(up) = (Du)p,. In general Du, D(uy), (Du)y, are only distributions but
under the present hypthesis they are continuous functions and can consequently be

evaluated at points. Hence for any x,y € R

| D(un) (un) ()| = [(Dwn(x) = (Du)n(y)]-

(x) — D
/Rwh(z)[(Du)(x +2) — (Du)(y + 2)]dz| .
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So the family {D(uy) : h > 0} is equicontinuous, since Du is continuous.
On the other hand, D(uy) is also uniformly bounded.
By the Ascoli-Arzela Theorem D(up,) — v € C[—£,] as h — 0.

This implies uj, — v* € C'[—Q,Q] as h — 0, where v* is an anti-derivative of

However uj, — u € L'[—Q,Q] as h — 0.

Therefore u = v* € C'[—Q,Q], a. e. in [—Q, Q.

Note. Based on the theorem above, since F! is continuous, there exists F¥ €
C?*[—Q,Q] such that F* = F, ae. in [-Q,Q]. Then for F the Euler equation
(7b) is pointwise true. In the sequel we just take F, to be FX.

Proof of Theorem 3.2: Since F,, is the minimizer in Theorem 3.1 and E €
W) (see p.23)
a(O)||Fags)|[fyy < M [Faes)s fs] < M®[f, f5]

= [|Afg — fil[32 + a(O)||Fallfy < 0%+ a(8)l1 Tsl

where A = F~! from Cpq into L?[—T,T] according to (4)'. Hence dividing by
a(d),
||Fa(6)||124/; < 6% /a(d) + ||fE||?/[/21 < C < oo,

where C' is a constant independent of . The Sobolev imbedding theorem implies
that every sequence of the elements of the set {F, )} has a subsequence {Fys,)}
that converges to some element Fy € Cpq in the max norm([20]).
We now show Fj = E, thus proving that every convergent subsequence of
{Fa@)} converges to e
T

IR @) - fePae <3 [ (AR)@) ~ (AFs,)(0) e

=T -T

+3 [ (A6 )0 = f0Fdt +3 [ 13,00 = folo)ar

-T
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By the hypothesis of Theorem 3.2.

/ 1fsu(8) = felt)dt 0,

Since A is continuous from Cyq into L*[—T,T]

/ ((AF)(t) — (AFug,))(t)]*dt — 0.

-T
Also
T ——~
[ VAR (0 = fo (OF dt < M Fugsy, f.) < 62 + )| Tl
-T
Therefore
T
/ (AF)(®) — fo(t)[2dt = 0,
-T
whence

AFO — fE'

The invertibility of A implies that
FO - E
Proof of Theorem 3.3: Since fp € Wi and |]Fa(5)||‘24/21 < O, by the Sobolev

embedding theorem, F, ) and E belong to the same compact subset
Q
Wiy ={F € Coas [ (PWP +IF@)P)o < M)
)

of the space Cyq, where M is a finite constant. It follows from the continuity of

A" (=F) from AWy, into Coo ([13],p.29) that

d*(0) = [|Fags) = fllEyq < 1A wy 1A a) — fellz:

2,M
where
|AF, ) — fell72 < 2|AFae) — fsll72 + 2||fs — fellie

< 2MO[Fy, f5] + 26% < 2M°[fp, fi] + 20° < 2(68% + a(0)||ful3y) + 26%
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Hence

B(5) = 0(62) + O(a(9)).

In order to prove Theorem 3.4, we need a lemma.

Lemma. If f € L'(R), the regularized solution F, of (7d) lies in the set
C?*[—Q,Q] :=={F € Cyq : F” is continuous } .

Proof: Since every function in W, [—, Q] has an a.e. representative in C[—, Q]
we may suppose, as in the preceding Note, that F|, is continuous. F, is a solution
of (7d) and F[f] is continuous since f € L*(R). All other terms in (7d) except
for F! lie in the set C[—,2]. Therefore F is continuous, so F, lies in the set
C?*-Q, Q.

Remark. If f(t), tf(t), ?f(t) € L'(R), then F(f) € C*(R), and this implies
that the regularized solution F,, of (7d) lies in the set C*[—Q, Q] := {F € Cyq : F®W

is continuous }. This can be seen if we calculate derivatives twice in (7d):

(1+27wa)F! — 2raFW = [F(f)]" € C(R).

Proof of Theorem 3.4:

Since f(t), tf(t), t2f(t) € L*(R), the discussion preceding equation (9) shows
its validity.

From (8) and (9), we have

[(14 27a)] + QZLT—QO‘H](F;L —F,) =Q(h?)

where H is defined on p.25, Q(h?) := (O_,41(h?), ..., O,_1(h?)) in which O;(h?) is
a function that converges to 0 like h% for j = —n+1,....,n — 1.

Since H is positive-definite, H = SDS* where S is a unitary matrix and S*
is it conjugate transpose such that S*S = I, D = [A_41, Apt2, ooy Auca] (A >
0, j=—-n+1,—n+2,..,n—1).
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Hence

F'" — F, = S[(1+2ra)l + 2—D] LS*Q(h?).

Therefore .
> EL = Fyl?
Jj=—n+1

= QU)"SI(1+ 2m0) ] + 2 DS S[(1 4+ 2ma)] + 2 D)5 Q1)
— Q(R?)*S|(1 + 2ma)] + 2;LT—f‘D]Z‘S*Q(fﬂ)
= V[ + 2m0) + DIV (V = 5°Q(RY)

n—1

Vil* )
= Z (1 + 27+ 27roc)\ ) (V = (V,nJrl, an+27 ey anl) )
Jj=-n+l

n—1

1
< V|2
(1+27Toz+2mm1n>\) Z Vil

=—n+1
n—1
1
o O(h4)
(1 + 2mor + F2 min \)? Pt !

in which min \; = 2 4 2 cos(w(2n — 1)/2n)) ([22]).
Proof of Theorem 3.5:

o0 — o0 2
3 7 fs(t) — fet) . / 2o + 2mat -
@ = “rdt — t)e“'dt
0 (w) = fe(w) /Oo T ora s 2rap® e e e fo(t)e

= (10 - fetoPa e [~

+ 27+ 2mat?)
T 2na ) (a® +2)? 2ra 2a3 2

0 @mt )
Cal/42(1 4 21a)3/4 (W)'

Next
|| < QAKT(QW + 2wt )\fE(t)]dt+/ | fE(t)|dt.

|t[>T
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Now, given Ve > 0 3T = T'(¢) such that f|t‘>T |fe(t)|dt < €/2 and Ja(e) such that

a/ (27 + 27t?)| fe(t)|dt < €/2 whenever 0 < a < afe).
[t|<T
Therefore

|I5] < e whenever 0 < o < a(e).

Proof of Theorem 4.1: For for every t € R

o .
fop0)(8) = fe(t) = /_Q 1+ QWL]CE(—L:)%rﬁwQ

e_i‘”tdw—/ E(w)e‘i“tdw

— Q f&(w) - E(u)) it Q 27Tﬁ + 27rﬁw2 /\ iy

—1—/ E(w)e‘i”tdw =L+ 1)+ Is.
|w|>Q

]1/2

n<(f 1) = o)) / o

_o (14270 + 27 fw?)?

5 f°  dw Ly 8 T, 14278
SZWH[/_OO(aQanQ)Q] _27rﬁ(2a3) e 273 )

) (2m)1/4 o

- B142(1 + 2 B)3/4 - O(W)~
Next
LI<B | (21 + 21w fp(w)|dw.

|w|<

Now, given ¢ > 0, 3Q(e) such that
|I3] < €/3, when Q = Q(e)
and 30(e) such that
|I1] < €/3, |I5] < €/3 whenever 0 < d < §(e).
Therefore for each t € R

| face),5)(t) — fr(t)| < € whenever 0 < 0 < 6(e).
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Figure 1: The numerical results of f by the Papoulis-Gerchberg algorithm and

regularized iterative extrapolation for the iterations 1,2,3,4.
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Figure 2: The numerical results of f by the Papoulis-Gerchberg algorithm for the

iterations 1,2,3,4. (solid—exact solution, dashed—approximate solution)
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Figure 3: The extrapolation by the Papoulis-Gerchberg algorithm for the iteration

1,2,3,4. (solid—exact solution, dashed—approximate solution)
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Figure 4: The numerical results of f by regularized iterative extrapolation for the

iterations 1,2,3,4. (solid—exact solution, dashed—approximate solution)
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Figure 5: The extrapolation by regularized iterative extrapolation for the iteration

1,2,3,4. (solid—exact solution, dashed—approximate solution)
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Figure 6: The numerical results of f by Fourier transform and the regularized

spectral formula.(solid-exact solution, dashed—approximate solution)
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Figure 7: The original image

Figure 8: The image to be extrapolated
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Figure 10: The extrapolation by 5 iterations of the regularized algorithm

54



Figure 11: The extrapolation by 1 iteration of the T-F regularized algorithm

Figure 12: The extrapolation by 2 iterations of the T-F regularized algorithm
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Figure 14: The extrapolation by 4 iterations of the T-F regularized algorithm
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Figure 15: The extrapolation by 5 iterations of the T-F regularized algorithm
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