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1. INTRODUCTION

The traveling salesman problem (how to visit M cities, passing
through each city only once and returning to the point of origin in the
shortest distance possible) was first proposed by Hassler and Whitney
(Flood, [16]) at a Princeton seminar in 1934. However, until recently,
its resolution has been chiefly an academic exercise due to the time
involved in solving traveling salesman (TS) problems and the lack of
economic pressure to cut costs and hence travel distance. Lately, the
problem has become more relevant as energy shortages and economic factors
have caused fuel, cost, and time savings to be of more importance. Also,
the advent of high speed computers has made the solution of TS problems
more practical. In view of the increasing relevance of the traveling
salesman problem, this paper is oriented toward investigating the business
and technical benefits/costs inherent in the solution of a real-world TS

problem and the development of a specialized technique to solve it.

Problem Description

As any milk delivery system would be a TS problem, the routing of a
milk delivery truck for the Foremost Dairy of Topeka, Kansas, was chosen
for consideration. The route being driven was to be compared to the
shortest route. If the route being driven was not the shortest, then
the good and bad points of switching to the shortest route were con-

sidered.



The route used by the truck under consideration consisted of twelve
stops. The truck left the dairy at 1) Topeka, went to 2) Auburn, on to
3) Carbondale, then to 4) Overbrook, on to 5) Michigan Valley and then
to 6) Pomona. Leaving Pomona, the truck then stopped at 7) Green Acres,
then 8) Vassar-Hedgewood Acres, then to 9) Osage City, then 10) Burlingame,
then 11) Scranton, and finally back to 1) Topeka--a total of 116.5 miles.
In terms of city numbers used in solving the problem, the route could be
stated as 1-2-3-4-5-6-7-8-9-10-11-1.

Consideration of alternative routes, in hopes of finding one shorter,
consisted of examining county maps, selecting routes linking the various
cities, and then recording the mileage (cost) of taking a given road (1ink)
in going between two cities. The choice of possible city links was
constrained in that only paved roads were allowed [except for the gravel
road then being used between 5) Michigan Valley and 6) Pomona] as milk
spillage problems were known to result from the use of non-paved roads.
Certain obviously bad Tinks, such as going from a city on one side of
the existing route around all the other cities to get to a distant one,

were eliminated by visual observation.
Cost-Link Matrix Development

A convenient way to depict the possible routings and associated
costs is via a cost-link matrix. This was done for the TS problem at
hand and is shown in Table 1. Entries in the cost-link matrix represent

the cost, expressed in miles, associated with completing a 1ink from one
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Table 1

Cost-Link Matrix for the Eleven-City Milk Route

(Miles between Cities)

J - é—— To City ——>
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city to another. Each row represents departure from city i and each
column represents arfiva] at city j, with the value located at the
corresponding position in the matrix representing the cost (miles) as-
sociated with traveling between the two cities. For this problem, the
distance from c¢ity i to city j equals the distance from city j to city

i. This would not necessarily always be the case due to limitations such
as bridge clearances, one-way streets, etc.

The diagonal of the matrix {as one would not go from a city to
itself) and any other position in the matrix which has not been assigned
a finite numeric value implies that there is no direct link from the city
represented by that row to the city represented by that column without
passing through another city in the problem. Thus, the cost assigned to
these links is infinity to preclude them from ever occurring. However,
in the casé of cities such as Pomona, where backtracking (using the same
road twice) occurs, the route may need to pass through a previously
visited city simply because that city lies on the shortest route from
one city to another city which has not previously been visited. This is
accomplished by selecting the next city (C) on the road past the city
that must be backtracked through (B). The link representing travel from
the first city (A) through (B) and on to (C) is then allowed by placing
the appropriate distance in the cost T1ink matrix at the intersection of
row A and column C. Even with these backtrack lines included, the size
" of this problem is considerably smaller than the hypothetical case of

all Tinks between all cities being valid.



Many solution techniques exist to solve this particular problem and
indeed the general traveling salesman problem. The various approaches

will be reviewed in the next section.



I1. LITERATURE SEARCH

The proposed approaches to solving the traveling salesman problem are
many, and they have had varied degrees of success. According to Bellmore
and Nemhauser [6], the approaches fall jnto three basic categorie§:

1) Tour to tour improvement, all of which are approximations of the exact
answer; 2) Tour building; and 3) Subtour elimination, both of which contain
exact algorithms and approximate heuristics. These categorical divisions
will be used herein to describe the various approaches. When solution
times are given for a certain size problem, an attempt is made to cite

the computer used when that information was available. Even so, direct
comparison is difficult because times on the same type of computer will "~
vary with the environment, the model, the number of jobhs in the systemAwhen
a problem was run, the amount of fast core, and the total amount of main
core storage. However, for rough comparisons, it can safely be said

that the IBM 7000 series is at least fifteen times slower than the IBM

360 series. The 360 series, in turn, is at least five times slower than

the 370 series.
Tour to Tour Improvement

Algorithms of this type use tours formed combinatorially and try to
jmprove on a given tour length by interchanging Tinks in completed tours
or by analyzing a given partial tour to form the best completion of it.

A1l algorithms written to date, using a tour to tour improvement approach,



have yielded approximate answers.

One method {discussed by Richmond [31]) which amounts to computer
simulation, is to have a computer consider some number of possible random
solutions picked via a random number generator. Then, the mean and
standard deviation of each solution's total route distance is found and
the probability that another lower solution exists is determined along
with an estimate of how much lower the solution would be. This next
lower solution is then found and so on until the estimated gain repre-
sented by an estimated lower solution is exceeded by the estimated cost
of finding that lower solution.

Another approach, originally developed by Croes [11], is a systematic
way of judging which links in an initial tour, should be interchanged with
others. It is based on the assumption that Tinks occurring in many good
tours should occur in the optimal tour. This method shows promise in
some of the improved versions. An improvement by Lin [26] has solved a
forty-eight-city problem in sixty-three seconds although the author is
unable to prove the solution to be optimal. A further improvement by
Christofides and Eilon [8] consists of subdividing the problem into
sub-areas and then replacing links in the initial tour for each sub-area,
finally reconnecting them to form a completed tour. Christofides and
Eilon have solved problems up to 500 cities in size in 152 seconds,

yielding approximate solutions.
Tour Building

Approaches of this type start with a portion of a tour and add



links, based on various selection rules, to achieve a completed tour.
In certain algorithms, if the completed tour is not optimal or within a
certain range of optimality, tour generation starts again.

Dynamic Programming

Tour building algorithms of this sort work by eliminating permuta-
tions by comparing them and picking the shortest via solving recursive
equations. The biggest drawback is that the various partial solutions
generated in the process must all be stored--using over 32K bytes for a
thirteen-city problem. Conway, Maxwell and Miller [10] report that the
storage requirements more than double as the size increases. Lin [26]
reports using dynamic programming to solve a thirteen-city problem in
1.75 seconds. Bellmore and Nemhauser [6] report the solution of a thirteen-
city problem in .28 seconds. Held and Karp [22] have also used it in their
spanning-tree algorithm to solve a twenty-five-city problem; however,
they recommend coupling dynamic programming with some sort of branch
and bound system to increase efficiency. As assignment problems would
be solved with dynamic programming, portions of the tree (see next
section) could be eliminated.

Branch and Bound

In algorithms of this type, the possible cities available to visit,
given M cities have been visited, form a tree with the branches rep-
resenting choices of visiting a certain city from another. Algorithms

" of this sort trace through the tree while calculating feasible bounds

(1imits) on the optimal route. The tracing of a given branch terminates



when the distance along it exceeds the lowest upper bound thus far
calculated. One such procedure by Little [27] has solved (on an IBM 7090)
one hundred 30 city TS problems in a mean time of 58.5 seconds and five
40 city problems in a mean time of 8.37 minutes., Little notes a time
increase of roughly ten times for every ten city increase in problem size.

Another branch and bound tour building technique by Svestha and
Huckfeldt [33], although designed for M-salesman TS problems, has been
used to solve a 1-salesman, sixty-city problem in eighty seconds.

Heuristics

In addition to the above exact approaches, there are many heuristic
tour building methods. ATlthough these do not always yield the optimal
solution (or the solution can not be proven optimal), any answer better
than an existing one has potential benefits.

One such approach, by Barachet [4], considers city links that appear
to be obviously good. These are taken in groups 1,2,3...n at a time
until a complete tour is picked. By applying geometric rules (such as
the finding that the optimal tour does not cross itself) along the way
and always selecting the next 1ink such that the group distance is mini-
mized, a near optimal solution is hopefully found.

Another geometric approach, by Nicholson [29], solves TS problems
by forcing the tour to go through the cities such that it forms their
boundary with no tours crossing. The cities are picked on the basis of
being thé next closest city that meets the above criterion. Tours within

one percent of optimality have been found with this method, although ac-
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curacy will tend to vary with the spatial distribution of the cities.

A heuristic by Conway, Maxwell, and Miller [10] also use the closest
unvisited city as a rule, but without the geometric rules. This technique
has been applied to twenty-city problems, yielding solutions that average
within 26% of optimality. Rotation of the starting city among all cities
increases the computational time by a factor of n, but increases accuracy
in a twenty-city problem to within eighteen percent of optimality.

Yet another heuristic by Karg and Thompson [25] works by picking two
cities, then inserting another between them so that the 3-1ink tour length
is minimal. Then a fourth city is picked and so on until every city is in
the tour. As a tour is completed, the probability of a shorter tour
existing is calculated and, if high enough, a different pair of starting
cities is selected and the procedure repeated until the answer is as close
to optimal as desired. Utilizing this method, a fifty-seven-city problem
was solved to within thirty miles of the optimal tour in seventeen minutes,
on a Bendix G-20 computer.

Finally, a heuristic approach by Webb [35] using five sequential
algorithms has solved 2500 city problems to within twenty-five percent

of the assignment solution (lower bound) in 140 seconds.

Subtour Elimination

The published, accessible algorithms for subtour elimination consist
- of approaches based on solving assignment problems and modifying solutions

based on subtour constraints, and techniques based on integer programming.
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Those involving integer programming use subtour constraints to reject tour
links that would cause subtours to be formed, whereas the assignment problem
based algorithms incorporate subtour constrainfs to reject completed
solutions containing subtours. (For a more complete explanation of sub-
tours, see the Methods section.)

Assignment Problem Approach

A published example of an algorithm based on solving successive
assignment problems while considering subtour constraints is the one by
Bellmore and Malone [6]. They break the cities into subsets and then
proceed to solve assignment problems involving the cities in each subset.
The best solution to a subproblem is kept (one with no subtours) along
with the subproblems with subtour solutions. The‘subprob1ems with sub-
tours are further divided and assignment problems solved for these sub-
subproblems. In this manner, at least one feasible solution is eliminated
with every solution of subproblems, so the problem must eventually converge.
Bellmore and Malone report solving exactly a 182 city random-asymmetric TS
problem in sixty minutes on an IBM 360-65 computer. Symmetric problems
reportedly take longer. Also, they predict that if a problem had no
feasible solution that their algorithm would take an excessive time to
find this out.

Integer Programming

There are two basic approaches to integer programming. One I will
deem the constraint addition approach, and the other using branch and

bound methods. Dantzig, Fulkerson, and Johnson [12,13] are credited with
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the solution of one of the earliest, and the largest to date, integer
programming problem. They solved exactly a forty-two-city problem using
linear programming (in seventy hours by hand) by stopping every few
iterations and considering subtour constraints to eliminate any subtours
or fractional answers and then continuing to the next iteration. This
was repeated until the only feasible tour remaining was also the shortest.
Martin, as reported by Bellmore and Nemhauser [6], has solved the same
problem in under five minutes on an IBM 7094. He started with forty-two
subtour constraints and then added more as needed.

Balas [3] can be credited with first applying branch and bound or
"implicit enumeration" procedures to integer programming. His method
aligns the 20 possible 0 - 1 variable values, usiﬁg binary expansion for
values that could take on larger values, in a tree and then searches it,
jmplicitly eliminating certain branches. This is done by assigning those
variables whose value is known either as 0 or as 1 and then trying the other
variables both as 0 and as 1 in separate problems--which constitutes the
branching. The bounding of the variables is done by taking the sum of
the costs of those variables known to be 1 and those being tested as 1.
Once an upper bound is set, many combinations exceeding the bound can be
implicitly eliminated. This continues down the tree until a terminal
point is reached, at which time an answer to the problem or the fact_thét
it has no answer can be.determined. Balas notes that the fewer the number
of feasible answers a problem has, the longer the tree search would take,

as less could be implicitly searched by rejecting feasible solutions and
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their associated infeasible ones. The largest problem he reports solving,
by hand, is one of fifteen variables and twelve constraints (non TS).

Freeman [17] reports using a modification of Balas's algorithm to
solve problems of from fourteen variables and four constraints to twenty
variables and six constraints in times ranging from two seconds to seven
minutes on an IBM 7090.

Another modification of Balas's algorithm was tested in 1967, on an
IBM 7094, by Fleischman [15]. He used it to solve various types of integer
programming problems, including two TS problems. The TS problems, one 2
six-city problem (thirty-five variables, thirty-one constraints) and the
other a seven-city problem (forty-eight variables, forty-three constraints)
were solved in .86 minutes and 5.75 minutes (13,790 iterations) respec-
tively.

Geoffrion [19], in 1968, developed another algorithm based on Balas's
methods, using an imbedded linear program to speed up the branch and
bound searches. After solving various sized problems with it, he noted
that computation time did not increase exponentia11y with problem size,
as had been the case with other approaches, but that the increase was
that of a low order polynomial. He reports solving a problem with
seventy-four variables and thirty-seven constraints in slightly over ten
minutes on an IBM 7044.

In view of the possible potential of this last approach to the TS
problem, and the ready availability of Geoffrion's algorithm, RIP 30C
[18], it was decided to attempt to solve the milk route problem using
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this algorithm. (For a better expiénation of how RIP 30C works, see -
[30].) It was hoped that reasonable times could be achieved on the
eleven-city milk route problem (ninety-eight variables, ninety-six con-
straints) through the use of an IBM 370-158, which is many times faster
and has a larger main core storage than the older IBM 7044 used by

Geoffrion.
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111. METHODS

Before RIP 30C could be applied to the milk route TS problem, the
problem had to be expressed as a series of equations amenable to binary
integer programming. The basic model is similar to that of an assignment

problem. The model can be expressed as follows [28]:

(1) min %l] %z1cijxij where C..= for i=1,2,...11

Subject to:

(2) %i]xij = ] for j = 1,2,...11 (arrival)

(3) ;I Xij =1 for 1 = 1,2,...11 (departure)
j—}xij _ {): ;ihgiﬁgsl is visited from city j

Integer Program Model Explanation

This model is a shorthand form for the following: (1) the total of
the costs Cij (in this case miles) for each link xij completed (with
xij=] representing travel from city i to city j) should be the minimal
amount possible subject to (2) and (3) above; (2) the sum of each column
in the cost-1link matrix should be equal to 1; and (3) the sum of each row
in the cost-1ink matrix should be equal to 1. By limiting the sum of
the rows and columns to 1, (2) and (3) insure that each city is entered

and departed only once. For eXamp1e, if the 1ink from city 1 to city 2
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is picked, the variable representing that link, "12, taken on the value
1, which represehts a decision to use that link. The 1, in turn, keeps
any other 1ink representing travel from city 1 to a city other than city
2 from being picked because, if both were picked, two variables in the
same row would equal 1 and cause the sum of the variables for the row to
exceed one. Conversely, this would work for columns and prevent the de-
parture from a given city to more than one city.

Sometimes the solution to a TS problem and the corresponding assign-
ment are the same. However, as the ndmber of cities in a problem increases,
the probability of the assignment problem solution being a complete tour
decreases, [5]. Because the assignment solution often contains subtours
(a route containing less than all the cities in a problem), they must be
kept from occurring via constraining equations. For example, for a five-
city problem, the routes 1-4-1 and 2-3-5-2 would meet the requirements of
(2) and (3) above but would not form a complete tour through all the cities
as is required in a TS problem solution. (See Figure 1.)

One way to eliminate the subtours is by introducing a series of
equations that, in essence, block each particular subtour. For example,

a subtour from city 1 to city 2 and back to city 1 could be blocked by

the equation X, + X57 < 1. In order for this equation not to be violated,
both Xlz and xz] can not have the value 1. Thus, if the link from city

1 to city 2 is used, the 1ink from city 2 back to city 1 can not be used,
and vice versa. This system of blocking subtours would result in 2"']-1

[6] total problem constraints, which is a sizable number for even a fairly
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Figure 1

Subtour Example

g%m 4

City 1

City 3

City 5

City 2

Subtours: 1-4-1 and 2-3-5-2

Complieted Tour

City 4 City 3
City 1

City 5

City 2

Tour: 1-2-3-5-4-1
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small problem.

A shorter way of representing these subtour constraints, as shown
by Wagner [34], is to introduce a series of equations of the following
form:

(4) uj - Uy + nxij <n-1 for ;

2y3yuwsi
il

where uj and u; are non-negative varijables,

and n = the number of cities in the problem.

For an example of how this set of equations works to constrain subtours,
consider the subtour: City 4 to city 5 to city 6 to city 4 in the ex-
ample. This would be represented by the variables X45 = X56 = X64 =1.
The associated subtour constraints are: Ug - ug + 11X,¢ <10
Ug = Ug + 11X < 10

= up + 11X, < 10,

Us = Us

Adding these inequalities, one obtains the composite constraint:
(u4 - Ug tug - ug toug - u4) + 11(X45 * Xgp t X64) < 30. This further
reduces to: 11(X45 + Xgg + X64) <30, If Xpp = XSE = Xgaq = 1 occurred,
the left hand side of the constraint would equal 33 and the constraint
would be violated. Thus, the n - 1 equations represented by (4) above
combine to e!iminate the subtours.

The complete formulation of model equations (2), (3), and (4) requires
n2 - n + 2 linear constraints [34]. For an eleven-city problem with all
links between cities available for consideration, this computes to 112

constraints. However, the nature of RIP 30C required that an additional

twenty-two constraints be formulated. RIP 30C requires all constraints
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to be of the form g(x) > 0 or g(x) > 0 and hence the equalities in (2)
and (3) above had to be reb]aced by two inequa]itieﬁ, thus replacing the
eleven coluﬁn and eleven row constraints with twenty-two column and
twenty-two row constraints. Total éonstraints therefore, for an eleven-
city problem with all links usable, would number 134.

The number of variables necessary to represent a TS problem can be

2 ¢ n -1, [38]. This totals to 131 for an

computed by the formula n
eleven-city problem with all links between cities being considered for
traverse. O0f this, eleven variables can be eliminated since they repre-
sent a trip from a city to itself (xij where i = j). For RIP 30C, the

i
expansion so that only 0 - 1 variables exist. While the uy need not be

u, and uj variables in the subtour constraints are subjected to a binary

integer, no harm is done if they are restricted as such. Specifically,
since the bounds on the variable u are
0 <u< n, where g <n _<_2k;

then each feasible value of u can be expressed uniquely as

k.
u= I Zzy.

1
i=0
where the Y; variables are restricted to be either zero or 1, [23]. For
an eleven-city problem with all 1inks usable, this would amount to four
¥; variables in each of the ten subtour constraints (thus forty in all)
for a total of 150 0 - 1 variables. In the particular eleven-city
problem at hand, the missing links between cities allowed the removal of

constraints and variables that would have been associated with those links.
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Thus, fhe eleven-city milk route problem can be expressed with ninety-

eight variables in ninety-éix constraints.
Problem Solution Attempt

An attempt was made to solve the eleven-city milk route problem
employing RIP 30C on an IBM 370/158 computer. No solution was found in
twenty minutes of computation time. Subsequent application of RIP 30C
to problems of smaller size (i.e. four to eight cities) was attempted.

To facilitate adaptation of RIP 30C to the TS problem, a special program
was developed which would generate the constraints, for any problem from
four to twenty-five cities in size, in a form suitab]e for input to RIP
30C. (See appendix A.)

A time versus size curve, made by plotting known size vefsus solution
time points and then extrapolating from these, is shown in Figure 2.
According to Figure 2, the computation time for an eleven-city problem is
well over 100,000 seconds. According to Little, Murty, Sweeney, and Karel
[27], the standard deviation of solution times for various problems of a
~given size should increase as the problem size inc}eases. The-minimum
possible time for a given problem size could be less than the curve shows
as integer programming is notorious for rapidly converging on some problems
and taking much Tonger on others, [6]. However, assuming minimal growth,
the time for solution of an eleven-city problem is estimated at over three

hours of computation time.



Figure 2

RIP 30C City Size Versus Computation Time*
(Logarithmic Plot)
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An Alternative Approach

In view of the large amount of estimated time in comparison to the
problem size, an attempt was made to develop an algorithm designed
specifically for traveling salesman problems, in hopes of lowering the
solution time into the realm of practicality.

In examining the literature, it was noticed that several sources
stated that explicit enumeration of the possible routes was generally
impossible because of the large number of possible solutions. In fact,
according to Arnoff and Sengupta [2], a twenty-city TS problem on a
computer considering 1 tour every microsecond (1/1,000,000 of a second)
would take 38,000 years to solve. However, an adaptation of explicit
enumeration that only looks at the portion of the routes that differ from
a previously generated route, as all possible routes were examined, might
allow the solution of small problems in a reasonable amount of time. This
would be similar to a procedure discussed by Wells [36], only faster due
to savings from only considering the distance associated with links that
change from route to route.

The generation of routes in a specific order by changing portions
of a previous route falls into the broad category of combinatorial pro-
gramming. A model for the TS problem, when approached from this perspec-

.tive, differs from the model given previously for use with RIP 30C. Lin
[26] expresses a combinatorial model as follows:

Given cost matrix D = (dij) where d is the cost of
~going from city i to city j, 1,j=1,2,...n
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Find a permutation P = (i1,12,...in) of integers 1 thru n

that minimizes the quantity d,
iz * i, * 4,

CITDIS Development

In hopes that time savings would allow solution of a problem at
least as large as the eleven-city milk route problem, an algorithm
(CITDIS) has been developed. (See appendix B.) It does generate all
possible routes in some cases, however, certain shortcuts were incor-
porated to reduce the number that must be examined in most problems.

The following steps are taken by the algorithm in arriving at the
shortest route. For purposes of clarity, the effects of each step on a
six-city sample problem are reviewed.

1) CITDIS generates one route at a time in a manner not unlike an
odometer. For example, the first route generated in the six-city problem
is equal to (1)-2-3-4-5-6-(1), where the numbers stand for cities. (See
Figure 3.) The 1 on each end of the route is not generated as this remains
constant for every route since each route starts and ends with city 1.

The next route is generated by adding one to the next to the last number
of the previous route (yielding (1)-2-3-4-6-6-(1)) and then checking it
versus all the preceding numbers to see that it equals none of them.

This insures that no city is visited twice on the route. Next, the Tast
number in the route previously generated is given the value of 2 (yielding
(1)-2-3-4-6-2-(1)) and 15 incremented until it too is not equal in value

to any other number in the route: At this point, the next route would
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Routes in the Order of Generation for a Six-City Problem

Figure 3.

Column

12345

12345

12345

#

*reverse of a previously generated route
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be completely generated. (Equal to (1)-2-3-4-6-5-(1).) This process is
repeated until the value of the second number from the right (-6- in the
second route) is equal to the number of cities in the problem, at which
point the next number to the left is incremented one, and the first and
second number from the right are lowered to 2, one at a time, and incre-
mented until they do not equal any of the other numbers or themselves.
(This would yield the third route of 2-3-5-4-6.) This process continues
to the left until all the routes have been generated. See Figure 3,
which shows the routes in the order in which they would be generated for
a six-city problem.

According to Hall and Knuth [21], it is faster to generate routes

by interchanging adjoining city numbers. For example, a four-city problem

would have its routes generated as follows: (1)-2-3-4-(1)
(1)-2-4-3-(1)
(1)-4-2-3-(1)
(1)-4-3-2-(1)
(1)-3-4-2-(1)
(1)-3~2-4-(1)
However, the time savings from not recalculating distances for any of the

route except the portion that changes would not be nearly as great as in
the pattern generation used by CITDIS, simply because a given pattern
would repeat fewer times than with CITDIS's method.

2) After each route is generated, it is first checked to see if it
is a reverse of a previously generated route. (For example, (1)-4-3-2-(1)
is the reverse of (1)-2-3-4-{1). See Figure 3.) This is because the
algorithm is designed for the usual case where c;.: = Ciqr (If this is not

iJ Ji
true, the algorithm can be adjusted by removing the statements that check
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for the reverse routes.) Reverse routes are found by checking if the
number of the last city in the route is less than the number of the first
city. If this is so, then the route must be the reverse of another since
the routes are generated in order and all those starting with a smaller
number than the route at hand will already have been generated. (See the
starred routes in Figure 3--they are reverse routes.)

As one may note from observing Figure 3, the last group of routes,
all those starting with 6 (for a six-city problem), are reverses of
previously generated routes. This has been found to hold true in general
and because of this, the algorithm has been adjusted to not generate this
last group of reverse routes as they are already knoﬁn to be reverses.
Thus, the route generation is reduced by 1/n-1 (1/5 in this case). In
addition, checking for reverses reduces the generated routes whose distance
must be computed (the non-reverse routes) from (n-1)! to (n-1)!/2 {or sixty
in the six-city case).

3) As one can also note by examining Figure 3, the way the routes
are generated causes a pattern to develop in the repetition of city numbers
within the routes. For example, in Figure 3, the first city number (column
1) repeats in groups of twenty-four, the next (column 2} in groups of six,
the next (column 3) in groups of two, and the last two columns (columns
4 and 5) do not repeat. This was found to hold true in general with the
number of times a given city occurs in a route position before changing

"being given by

= the number of times the route position
to the right of position re repeats

Y t = Fe where r

s-1 s 5=1
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(starting with the third position to
the right as the initial rs)

and t 2,3,...n-2

s
s

column index

While various portions of the routes remain constant for a number
of repetitions, so would the distance associated with those portions.

Thus, if one kept track of where in the repetitive patterns the route
generation was, it would only be necessary to calculate the distance on
the portion of the routes that did change and add this to the portion that
did not change to achieve the tocal route distance with fewer computations.
CITDIS does just that in that the distance for each link of the route that
changes is added one 1ink at a time to the portion that does not change.
For example, consider route 74 in Figure 3. Since the distance for the
portion of route 74 containing links 1-5-2 would already have been de-
termined for route 73, the distance is not recalculated for this part of
the route, but only the rest of the route that does differ from route 73.
(2-3-6-4-1) (One may note that city 3 is in the same column position in
both routes, and should not its distance from city 2 stay the same and
‘thus not have to be recalculated? The distance does stay the same, but
it takes more computation to keep track of the pattern position of a
column whose city numbers only repeat twice than it does to recalculate
the distance.)

4) As each link, comprising a route's distance, is added, the
shoftest distance to that point is compared to the shortest distance

found thus far for a complete route: 1f the distance at that point (the
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addition of a given 1ink) exceeds the shortest distance found so far for

a total route, then the whole route obviously exceeds the shortest distance
found so far, as no negative distances are allowed. If this occurs, the
route under consideration is rejected along with all other routes in the
same pattern group having the same links up to that point.

For example, consider the routes for a six-city problem, shown in
Figure 3. Suppose that route number 73's distance was being checked. If
the distance of the first link, 1-5 (not shown in Figure 3 as links on
front and back of pattern to city 1 are obvious), exceeded the distance of
the shortest total route found thus far, then the following twenty-three
routes would be skipped. This is because they would have to also exceed
the distance of the shortest total route thus far found as they all contain
1ink 1-5 which has been shown to be longer. Other routes, not in the
next twenty-three routes, also contain the 1ink 1-5, but they are not
immediately rejected because exactly where they will occur is not pre-
dictable (with computational efficiency).

If the route causing the distance to be too large was one position
to the right in route 73 (1ink 5-2, columns 1 and 2--links with city 1
are not shown in Figure 3), then only five other routes would be skipped
as six is the number of times the 1ink combination 1-5-2 is repeated for
a problem of that size.

Should the 1ink being added not cause the route to that point to
exceed the shortest route thus far found (the distance of which is

initially set to 9999.0 miles, although a lower figure can be input if
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an upper bound on the problem is known), then the next link is added.

The total distance with theé next 1ink's distance added is then tested.
This sequence is repeated until the route is either rejected, based on

its total distance or a portion thereof, or else its distance is as short
or shorter than the best distance for a route found previously. If it is
shorter, a record of the 1inks in the route(s) that up until then was the
shortest is erased and the new shortest route links are stored along with
its distance. This distance becomes the new standard for comparison
against which all subsequent routes are checked to see if they are shorter,
If the route presently being considered is equal in distance to the previous
shortest route(s), then the 1inks are stored without erasing those of the
previous shortest route(s). Thus, if a problem hés more than one best
(shortest) route, the algorithm will give them all as answers.

5} If, in the adding of distances associated with links in a given
route, a 1ink with a distance of infinity is encountered, it indicates
that there is no Tlink between the cities associated with that Tink. As
in step 4) above, CITDIS then skips all routes in the same repetitive
pattern with the same link in the same position. (In practice, zeros
are used to represent the distance of infinity to the algorithm.) As
each link is added, a no-link condition is tested for at the same time
the total distance to that point (see the previous step) is checked.

Given the way CITDIS functions, solutions can be found quicker if
the cities were renumbered with the city having the fewest 1inks with

other cities being given the number 1 and the city with the most Tinks
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. being given the number n. This is because the city with the fewest Tinks
to it, if numbered 1 will be encountered first, and thus cause many other
routes to be deleted due to the effect of no-links on the route patterns.
Fewer of the routes generated at first will turn out to be reverses of
previous routes. (Examination of Figure 3 will confirm this.} Because of
this, if a no-link is encountered early in the route generating, many
routes can be deleted that would not otherwise have been (due to being
found to be a reverse of another route).

The CITDIS algorithm was tested on various sized problems. The solution
times (for a FORTRAN IV version}, the resultant time versus size curve,
and the RIP 30C times for the same problems (where applicable) are shown
in Figure 4. It can be seen that the CITDIS algorithm is several times
faster than the RIP 30C algorithm. This was expected, for although RIP
30C examines the solutions implicitly, the number of @ - 1 combinations
that must be examined ejther implicitly or explicitly are 2r, where r is
the number of variables. The CITDIS algorithm, although it examines
routes more explicitly, must examine only {n-1)!/2 routes. For the milk
route problem, this amounts to 298 ( 1030) solutions for RIP 30C versus
1,814,000 ( 10°) that CITDIS must consider.
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Figure 4

CITDIS City Size Versus Computation Time*
' (Logarithmic Plot)
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IV. RESULTS

CITDIS found the shortest route to be 107.5 miles in length. This
compares favorably with the current route of 116.5 miles. The two routes,
the one now and the shortest possible, are listed in Table 2.

The nine-mile (7.7%) savings represented by the shorter route may
not seem to be of major importance, yet this represents a savings of
approximately 468 gallons of gasoline per year (assuming a five day WEek
and six miles per gallon of gas). This amounts to about $234 per year
(at $:50 per gallon) plus savings in 0il and vehicle wear. These are
the savings from applying the traveling salesman analysis to only one
truck route. Consider the savings if this was multiplied by the twenty
plus routes the dairy has or if we look at a larger application such as
the bus routing problem solved approximately by Angel, Noonan, and
Winston, [1].

The 2300 or so less miles driven per year, should the shorter route
be implemented, would allow the truck driver to possibly include more
cities in his route. If similiar savings could be gleaned on other
routes, it would most likely allow consolidation of milk routes and thus
the use of fewer trucks. For example, a city (Lyndon), was selected for
" hypothetical inclusion in the eleven-city route.

‘The problem was solved via CITDIS to yield the inclusion of the
Lyndon stop between the Vassar-Hedgewood Acres stop and the Osage City

stop to achieve the shortest possible route of 111.5 miles which is five
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Comparison of Original and Shortest Route

Original Route*

])] Topeka
{(17.5mi.)
2)  Auburn
(16.5mi.)
3) Carbondale
(9.5mi.)
4) Overbrook
(8.0mi.)
5) Michigan Valley
(9.0mi.)
6) Pomona
(7.5mi.)
7) Green Acres
(3.0mi.)
8) Vassar-Hedgewood Acres
(10.5mj.)
9) Osage City
(9.0mi.)
10)  Burlingame
(7.0mi.)
11)  Scranton 9
(19.0mi.)
1) Topeka

116.5 miles

* Citjes are in the order they occur on the routes.

 them is given in parentheses.

1)
2)
5)
6)
7)
1)
10)
9)
8)
4)
3)
1)

Shortest Route*

Topeka
(17.5mi.)
Auburn
{(11.0mi.)
Burlingame
(9.0mi.)
Osage City
(10.5mi.)
Vassar-Hedgewood Acres
(3.0mi.)
Green Acres
(7.5mi.)
Pomona
(9.0mi.)
Michigan Valley
(8.0mi.)
Overbrook
(10.0mi.)
Scranton
(5.5mi.)
Carbondale
(16.5mi.)
Topeka

107.5 miles

Mileage between

]These numbers are the ones standing for the city in the cost-Tink matrix

(see Table 1).

2This 1ink is not included in the cost-link matrix as cities on either
side of Scranton preclude going directly from Scranton to Topeka from

being on the shortest route.
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miles shorter than the original eleven-city route. (See Table 3 for the
associated cost-link matrix.) In the same manner, CITDIS or similiar
algorithms could be used to determine which of several cities to add

to the route, or which city to delete and what to replace it with, and

S0 On.
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Table 3
Cost-Link Matrix for the Twelve-City Milk Route
(Miles Between Cities)

&—— To City ——>

0"‘(1':5131;31"‘5 (2) (7) (1) (5) (10) (12) (4) (9) (11) (3) (6) (8)
Numberixfz 3 4 5 6 7 8 9 10 1M 12

(2) 1| = 17,5 =« 11.0 = o o « 13.5 = ®

(7) 2] =« o 45 » © ®© o o o 7.5 3.0,
(1) 3075 © 26.02.0 © «© « o 165 o w
(5) 4| 4.526.0 = « 125 8.0 © « <« 9.0 7.5
'{ (10) 5110 » 26.0 © ® o o« 9.0 7.012.5 »
E?‘é? (12) 6|« » =« 125 = « 19.0 9.515.0 « 16.0 5.0
(4) 7|« » o 8.0 = 19.0 «» 24.5710.0 9.517.0 15.5
l (9) 8/ o « '@ 9.0 9.524.5 «» 20.520.0 25.0 10.5
(11) 9/ = ®© « 7.015.010.020.5 « 5.5 30.0 16.0

(3)10/13.5 « 16.5 = 12,5 =« 9.520.0 5.5 « 30.515.5
(6)11{ = 7.5 =« 9.0 « 16.017.0 25.0 30.0 30.5 « 10.5

(8) 12« 3.0 « 7.5 = 5.015.510.516.0 15.510.5 =

*Cities were renumbered for input on basis of number of links to a given
city. The upper numbers are the original city numbers (12 = Lyndon) where
the numbers match those used elsewhere in this report.
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V. CONCLUSIDN

One would assume that, since the new route found results in a cost
savings of nine miles per trip, the route should be implemented immed-
iately. This may, however, not be the best solution. One must con-
sider the detrimental effects of switching to a new, shorter route. The
new roads used in it could be of differing quality than the old or busier
and thus take longer to traverse. This was not fhe case in this par-
ticular problem, but if it were, the difficulty could be aovercome by
changing the costs, in miles, of the links to a composite figure repre-
senting the relative values of the links in terms of miles and time of
traverse.

Other problems, in terms of customer and driver adjustment to new
route times could occur, although one would expect these effects to be
temporary. (This may not be so in larger cases such as multi-truck rout-
ing. Therein introduction of better routes would tend to make the dis-
patcher appear incompetent.) .

The above problems serve to point out one advantage of.so1ving a
problem of this sort via integer programming--in that the time loss on
routes, times of pick up, etc. can be included as constraints. The best
CITDIS can do would be to arrange the input costs as discussed above or
print out all the routes below a certain distance in length and then
subjectively select the one meeting the distance, time, and other

criteria best.
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CITDIS Improvements

CITDIS could also be modified in other ways. For example, by
switching the sections that test for the shortest route, the algorithm
could be converted to one that solves the longest path problem. This
would be slightly less efficient in that routes could not be rejected
for exceeding the upper bound. However, checking the distance of the
number of links remaining in a route times the longest possible 1ink's
distance against a lower bound could be used to reject routes.

CITDIS could also be modified to print out every feasible route
considered that met certain distance criterion and thus provide alter-
native choices of routes in case other factors cause the shortest route

" not to be optimal.
TS Analysis Benifits

The problem to which traveling salesman analysis was applied here
is but a small example of the many potential traveling salesman type
problems. One can also use the traveling salesman type of analysis to
minimize cost or time for a route, depending on which values are used
in the cost~link matrix. For example, solution of bus routing problems
involves solving a TS problem, [6]. TS analysis has also been applied
to system state analysis[24], job sequence scheduling [32], and machine
scheduling, [16,20,10]. TS analysis, in terms of M-salesman problems,
has Been applied to many truck dispatching problems, [9,14,7].

Not all the procedures used return the exact best possible routing
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or scheduling, however, even a slight improvement over the existing sit-
uation can result in great cbst savings. The optimal solution in a real
world situation is not always the shortest route due to biases and in-
accuracies in determining the constra%nts of the model. The only rule
governing the use of TS analysis is that the benefits outweigh the costs
incurred in determining and using a new problem solution. In these
times of increasing energy shortages and cost-consciousness, the future

use of TS analysis cannot help but to increase.
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Appendix A. PAUL I

This program generates the equations for a traveling salesman prob-
lem(s), up to twenty-five cities in size, necessary for Rip 30C to solve
the problem. Output consists of: 1) a cost-link matrix reflecting the
va]ueé input to PAUL I; 2) printing out the step by step construction of
the problem constraints and their binary expansions; and 3) punched
cards containing the equations in the format necessary for input into
Rip 30C.

The input necessary for PAUL I consists of the problem cost-link
matrix and the number of cities in the problem. The first card should
contain the number of cities in columns 1-2. The next n cards contain
the matrix. It is input a row at a time with negative numbers or zero
for the no-link positions (where two cities are not directly connected).
Each number, including those at the end of a card, must be separated from
the next by a comma or a blank. The distances input can be up to 999

miles in length and as accurate as one place below the decimal point.
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Appendix B. CITDIS

This program solves traveling salesman problems up to twelve cities
in size. Larger sizes can be solved by adding additional sections sim-
iliar to those contained herein. Output consists of: 1) a cost-link
matrix to reflect the data input; 2) number of feasible routes with all
city links in; 3) the shortest route(s) in terms of input city numbers;
4) the length{s) of the shortest route(s); and 5) the initial upper
bound used {set at 9999.0 if not input). | _

The data input consists of: the number of cities in the problem;
an initial upper bound, if any; a problem title, if any; and the cost-
link matrix. More specific format instructions are included in the pro-

gram 1isting.
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Various approaches to the traveling salesman problem were considered
in the selection of an approach to apply to a real-world, eleven-city
milk routing problem. Two approaches were chosen, one using a general
purpose 0-1 integer programming algorithm (RIP 30C) and another using a
combinatorial approach developed for this thesis (CITDIS).

CITDIS examines all possible routes by generating a subset of them
and implicitly considering the remainder. The pattern in the route
generation is used to save computations by bounding and by eliminating
reverse routes. In addition, the existence of no-links (no connecting
road) between cities coupled with the pattern of route generation allows
further reduction in computation time,

The integer hrogramming approach to the milk routing problem was found
to be unsatisfactory due to computational time limits. CITDIS solved the
eleven-city milk routing problem in under ten seconds {on an IBM 370-158
computer). |

Implications of resolution of the milk routing problem were discussed.
In addition, these implications were generalized t0'thé application of

traveling salesman analysis in areas other than routing.



