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CHAPTER I

INTRODUCTION

In many practical problems, there exists a large number of feasible
solutions. Such problems are said to be of a combinatorial nature. Only
for a very few problems, there are mathematical treatments to pinpoint
the optimal or near-optimal solution. This then leaves no choice except
complete enumeration and evaluation of all alternate solutions. Due to
the combinatorial nature of alternatives, large size problems become
practically impossible to solve. In general, combinatorial problems have
the following common characteristics: (1) a large number of alternate
feasible solutions; (2) a decision criterion to evaluate all alternate
feasible solutions; and (3) the decision made ensures the best of the
different alternatives with respect to the decision criterion.

To illustrate, consider the seemingly simple task of routing carriers
from a terminal to n demand points. The total number of solutions is more
than (n!). If we consider the set of all solutions, we can further de-
compose such a set into smaller subsets with respect to two considerations.
The first consideration involves the constraints on the problem in the
form of demands at various demand points, carrier capacities and number
of carriers, among others. Consequently, any route from the total number
of routes that violates such requirements would be non-feasible and can
be eliminated from consideration as a possible solution. The second con-
sideration is that of the quality of solution. Obviously, there are
solutions to the problem which are superior to others with respect to

the decision criterion.
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Many problems such as project scheduling, shop scheduling, traveling
salesman, carrier routing, and line balancing, to mention a few, can be
classified as combinatorial problems. The aim of this study is to in-
vestigate carrier routing problems. The carrier routing problem is one
of determining routes so that some measure of performance, say cost or
distance of travel, is optimized and the restrictions on the system are
satisfied. The truck routing problem, in its simplest form, would be to
determine the routes such that distance travelled is a minimum and the
following conditions are satisfied: (1) all demands are met; (2) carrier
is not loaded with more than its capacity; and (3) the only available number
of trucks are used.

In practice, this simple form of problem may be complicated by one or
more added characteristies. For instance, there may be dead-line on time
for delivery at particular demand points, and/or delivery can not be made
before some specified time. Other type of characteristics can be that of
occurance of practical difficulties such as those imposed by labor union.
The driver should not drive more than certain number of hours everyday.
When there are more than one supply points, the form of the problem changes
considerably and these new types of problems are referred to as multi-
terminal delivery problems. In the above discussion, the demands are
assumed to be known. A new category of carrier routing problems evolves
when demands at various demand points are subject to certain probability,
The solution to carrier routing problem with known demands, carrier

capacities and number of carriers is the principle objective of the study.



1.1 Literature survey

The carrier routings problem may be regarded as a generalization of
the classical traveling salesman problem. Although literature on traveling
salesman problem is in abundance, very little can be found which directly
relates to the carrier routing problem. The principle methods used so
far are dynamic programming, branch-and-bound, integer programming and
heuristic programming.

Dynamic programming approach has been used by Tillman [18] to solve the
school bus scheduling problem. This approach gives an optimal solution
to very small scale problems. The approach can be considered that of pure
search and so computational effect would limit its practicability., Other
dynamic programming approaches, found in literature, are the computational
algorithms by Gonzales [9] and Held and Karp [10]. Gonzales has investi-
gated his algorithm by solving small scale problems and found that the
computational time grows somewhat faster than exponential with a number of
demand points. The same problem has been faced by Held and Karp. It is
noted that in addition to computation time, storage requirements might be~
come prohibitive in large size problems.

Integer programming approach has been applied to the carrier routing
problem. Miller, Tucker, and Zemlin [14] have attempted at solving this
problem using an integer programming model. However, due to limitations
in computational feasibility of integer programming procedures at the
time, the authors have failed to achieve satisfactory results. Hoping
that with the development of efficient integer programming algorithms,

such an approach would be practical. Balinski and Quandt [1] have



developed an integer programming model for carrier routing problem using
"cutting plane'" algorithm developed by Gomory [7,8]. But the method be-
comes undesirable as for large size problems, the number of variables be-
comes too large. At the present time, integer programming apprecach seems
to be limited to very small size problems.

The carrier routing problem has been approached by heuristic pro-
gramming,some of which are based on reliable heuristies such as branch-
and-bound. In the branch-and-bound approach of Little et al. [13], pairs
of demand points are successively synthesized until ultimately a feasible
tour is generated. The procedure then systematically backs up and con-
tinues with different pairs, again proceeding toward another feasible
solution, It should be pointed out that, during the generalization process,
no feasible solution resulting from the pairs presently synthesized can
possibly be better than the best feasible solution discovered so far.

The process immediately backtracks, continuing synthesis with a different
pair. The procedure stops when all possible solutions have been considered,
at least implicitly.

The concept of the second type of heuristics is based on cost savings.
In order to follow the discussion on various heuristic programming ap-
proaches which are based on cost savings, it is convenient to introduce
the concept of '"saving of distancé". Consider the feasible allocation
of trucks to demand points (R) and (£). Initially demand points (k) and
(£) are served by terminal (T) exclusively. That is, demand points (k)
and (£) are linked to terminal (T). The demands are met with by allocating

two trucks, one to each demand point. The total distance for all routes is:



by

2d(T,k) + 24(T,L).

By linking demand points (k) and (£), the distance for feasible routes

is:

d(T,k) + d(T,2) + d(k,L)

Therefore, the resulting saving in the total distance over the initial

allocation is:
d(T,k) + d(T,2) - d(k,£).

In all heuristic programming approaches which are based on cost
saving, the saving in distance for each pair of demand points is calculated.
The wvarious heuristic programming approaches of cost saving differ in their
approaches depending on their emphasis on particular type of constraints.

The first heuristic programming formulation by Dantzig and Ramser [6]
assigns each demand point to a route of its own (each demand point is
exclusively served by a terminal) and then proceeds by synthesizing pairs
of routes, stage by stage, onto single routes using the distance matrix
to find potential links based upon the distance saved. The first stage
assignment is made according to the constraint that the demand of the
pair does not exceed C/ZN_l, where N is the total number of stages that
will be required, and C is the carrier capacity. The number of stages is
determined as

N = logzt

where

t
Zl q < C,



t+1

! aq 2c¢,
k=1 k

and where 9 is the demand at an individual demand point. The resulting
synthesis of the first stage becomes the input to the second stage and
synthesis of the second stage becomes the input to the third stage and so
on until the final stage where the resulting synthesis defines the com-
pleted routes, At each subsequent stage, a classical traveling sales-
man problem must be solved in order to minimize the total distance so
that at the final stage the minimum route length is obtained.

Following this work, Clarke and Wright [4] have developed an al-
gorithm to yield a near-optimal solution. Problems with different carrier
capacities are also considered, since they felt that Dantzig and Ramser
have given too much emphasis on wvehicle loading and not enocugh emphasis
on minimizing the total distance. Clarke and Wright have removed the
CIZN“1 constraints applied in the first stage and replaced it with the
requirement that the capacity, C is not to be exceeded at any stage.
Their modified algorithm assigné each demand point to a route of its own
in the first stage. Routes are then combined stage by stage through max-
imizing the savings achieved by linking two of these routes, subject to
the capacity constraints, Thus, the final sclution is achieved when no
more linking of routes is feasiblﬁ possible. This method produces better
solutions than that of Dantzig and Ramser. The scolution can be improved
by solving a classical traveling salesman problem for each route. This
algorithm can be used to solve large size problems with relatively less

computational effort involved.



Tillman and Cochran [16] have modified Clarke and Wright's method
to incorporate additional constraints on the system and to improve the
computational procedure. The modified algorithm by Tillman and Cochran is
effective in solving problems with restrictions limiting the total miles
that can be travelled on a given route. The truck reassignment or re-
allocation in their algorithm has been designed to utilize the carriers
which have been displaced from the initial allocation by a new combination
of demand points, through reassigning the carriers displaced to loads
after each pair of demand points have been combined. Each new combined
demand is then assigned to the carrier of the smallest capacity which are
capable of carrying this demand. This modification helps make better
utilization of available carriers., The other modification incorporated
is the extended look-ahead feature from the selection of points on a route.

The last heuristic programming procedure which can be found in the
literature is an algorithm by Herring [12] which investigates various
heuristic look-ahead rules., The proposed algorithm with 3-decision look-
ahead method, fails to show consistency in results. It has been suggested
that a 6-decision look-ahead method would eliminate the difficulties en-
countered in the 3-decision look-ahead method; however an excessive compu-
tational effort would be required.

1.2 Proposed Research

The motivation for beginning this research was due to the fact that,
until present time, graph theory has not been applied to delivery problems.
The apparent scarcity of work dealing with graph theory instigated

research into two basic areas. They are (1) the development of a general



graph—-theoretic algorithm for both multi-terminal and single-terminal
delivery problems, based on out-of-kilter concept, and (2) the investi-
gation into the computational experience to test the feasibility and
computational efficiency of the algorithm by solving the problems of

varying dimensions.



CHAPTER 11

A SINGLE-TERMINAL GRAPH-THEORETIC ALGORITHM

The single-terminal delivery problem in its simplest form, and with
which this chapter is concerned, is basically one of determining routes
for a fleet of carriers, delivering a homogeneous commodity from a single
terminal to a geographical array of demand points such that the total
miles travelled is minimized. In solving this problem, the proposed ap-
proach requires the following conditions to be satisifed: (1) the dis-
tance matrix is symmetrical; (2) the requirement at each demand point is
known and must be fulfilled; (3) the various routes are mutually exclu-
sive, that is, the given demand point must not appear on more than one
route;.(4) the number and capacities of available carriers are known;
and (5) the routes to be determined must all be either "pick up" or
"delivery" routes and not both. This chapter is devoted to discussing
the basic concepts of a graph-theoretic approach, illustrating it with

a sample problem, and stating a computational algorithm in formal steps.

2.1 Basic concepts:

The graph-theoretic approach consists of two main phases., Phase 1
determines the minimum route including the terminal, and phase II de-
composes the obtained route into subtours to satisfy the various con-
straints such as the capacity of carriers and the number of available
carriers. In order to follow the discussion of the basic concepts, it

is convenient to introduce a number of terms and their definitions.
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Spanning tree. A spanning tree is a connected graph on nodes

1,2, ..., n without cycles. A spanning tree associated with the min-
imum cost is referred to as a minimum spanning tree.

l-tree., A l-tree consists of a spanning tree on nodes 1,2, ..., k—l,
k+1, ..., n together with two ares incident with node (k). A l1-tree as-
sociated with the minimum cost is referred to as a minimum l-tree,

Degree of a node. A degree of a node is the number of arcs

emanating from and to the node.

Out-of-kilter node. A node (R) is said to be out-of-kilter, if for

all {(k,8)} ¢ A, v, = (Gk—Z), v, # 0 where {(R,£)} is a set of arcs of
minimum I-tree, A is a minimum l-tree, and Sk is the degree of node ().
Node (k) is said to be out-of-kilter higher, if v, 21 and out-of-kilter
low if Vk = -1,

Tour. A tour is a l-tree where each of the nodes is in-kilter (that
is, each node has a degree of 2; one directed arc to the node and other

from it),

Cut at arc (kR,£). A cut at arc (k,£) is breaking of arec (k,£) in
a minimum tour and connecting individual nodes (k) and (£) to terminal
node (T). The increase in cost (or distance) due to cut at a particular

arc (k,L) is:

A(R,LY = d(T,R) + d(T,L) - a(k,L)
where, in general, d(i,j) is the distance traveled between nodes i and j.
The objective in this approach is to find out a tour or a route from
the 1-tree. Every tour is a l-tree and a l-tree is a tour if, and only

if, each of its nodes is in-kilter., Thus, it is evident that if a minimum
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l-tree is a tour, it is the "best" route and it is the optimal solution to
the carrier routing problem given that there exists a carrier with capacity
satisfying all demand points in one tour. Associated with the process of
conversion of the minimum l-tree to the minimum tour is the concept of =
vector and the gap function. For the formulation of LP, consider a vector
T in which the elements represent the difference between the current dis-
tance element d(k,£) and the uptated one d(k,£). Thus the vector 7 is such
that the right choice of m-vector modifies the distance matrix to convert

minimum l-tree to minimum tour.

Gap function. A gap function, f(m) is a non-negative function and is

equal to the amount by which the cost (or distance) of a minimum tour
d(k,L) + m, + T, exceeds the cost of a minimum l-tree. That is, if the

l-trees of In are indexed 1,2, ..., 1, ... q by definition

n n
f(r) =w+2 )} 7, -min [D, + } T &,,.]
= L =
where
w = cost of the minimum tour with respect to costs d(k,£)
Gik = degree of node (k) in the i-th tree.
Di = cost of the minimum l-tree.

At this point, it would be appropriate to establish the distinction between
the actual cost of travel d(k,L) and the modified cost of travel d(k,£)

+ m, + 7, between nodes (k) and (£). Transformation from arc cost d(k,£)
to dk, &)+ wh + ﬂﬂ affects the identity of the minimum l-tree but as

all tours are changed by the same amount, comparison between tours is un-

affected. Our chief interest is the gap function f{rm) as it is the amount
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by which the cost of the minimum tour exceeds the cost of the minimum

l1-tree. The problem can formally be stated as

Minimize

n
M T min D+ ) w8y

n
f(r) =w+2 )
= i k=1

1

n
=w-min [D, + )} =, [§,, - 2]]

i 1 k=l h lk
And it is obvious that minimizing f(r) is equivalent to maximizing £'(r)

where,
E
£'(n) = min [D, + 7, (6,,~2)1]
i i .5 R*"ik

Dualizing the above problem and putting it in linear programming form, we

have

Maximize
subject to

kin
w < D, + kil a4 V .
- 1 k=1 k ik
w>0
Central

To solve the above program, branch-and-bound method is used.
At each level

and

to this approach is the concept of an ocut-of-kilter node.

L, out-of-kilter nodes are identified and the gap between the minimum

l-tree and the minimum tour is reduced by the amount

k) = min [A(k,0) - d(r,s)]

where for out-of-kilter low node (kR), arc (k,£) is a substitute for arec (r,s)



which is already present in the minimum l-tree. Similarly, for out-of-
kilter high node (k), the amount by which the gap between the minimum

I-tree and the minimum tour reduces at each level is

(k) = min [d(1,5) - d(r,k)]

where arc (i,j) is a substitute for (r,k) which is already present in the
minimum l-tree. The cost (or distance) matrix is updated by the miniumum

L

8§7(k) at each level L. That is, for the subsequent iterations, the modified

distances are used. The distances are modified as

Ak, ) = d(k,2) + §-(R)

where d(k,Z) and d(k,£) are the modified and original cost of travel from
(k) to (£), respectively. The increment 6L(k) is either positive or
negative depending on whether node (k) is out-of-kilter high or out-of-
kilter low.

At any level, if there are arcs which are mutually exclusive for
membership of the minimum 1-tree but have the same costs of travel, there
exist more than one minimum l-tree differing from each other by the cor-
responding candidate arcs. Branching is carried out at a particular arc
if at particular level there is a number of minimum l-trees and no node
is "consistently out-of-kilter". An out-of-kilter node is said to be
consistently out-of-kilter if it has the same degrees in all the minimum
l-trees at certain level. The bound on the cost of the minimum tour is

found out as

CL _ CL-l + GL_]'(!Z)



where

CL = lower bound on cost of the minimum tour at level L

L-1 . v

8 (R) = cost increment resulting due to out-of-kilter node (k)
The initial lower bound at level 0 is

= T dk,L), (k) e A
(k,0)

The lower bound associated with the final minimum l-tree, which represents
a tour, becomes the minimum distance of travel.

Having obtained the minimum tour, the constraints of the carrier
capacity are applied. If a carrier capacity permits the visit to all
demand points in one route, the minimum tour obtained is the solution
and no further consideration is necessary. Otherwise, such a tour must
be decomposed into feasible subtours to satisfy the constraints of the
capacity and number of available carriers. Increment in the distance of
the tour is found out for cut at each arc in the minimum tour. This can

be formally stated as

AR ,2) = d(T,k) + d(T,L) - d(k,L)

where A(k,£) is the increase in minimum route due to cut at (k,£). The arc
chosen for the cut depends on two considerations. The first consideration
being whether the cut at an arc with minimum increment produces feasible
routes. The second consideration investigates whether the cut distributes
the demand points evenly in the sublinks. If any cut with minimum in-
crease satisfies either of the above two conditions it is selected. Other-

wise, the cut with the next minimum increase is chosen for consideration.

14
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The procedure is repeated with sublinks till the feasible subtours are

formed.

2.2 Sample Problem

The above approach is illustrated in this section by a single-terminal
delivery problem with six demand points., The distance matrix, demands at
demand points, and number of available carriers along with their capacities
are displayed in Table 2.1. The procedure is discussed step by step
as follows.

Step 1. Construct the initial minimum l-tree. First a minimum span-
ning tree is constructed over the demand points (or nodes) and two minimum
arcs are drawn from the terminal to the minimum spanning tree. The mini-
mum spanning tree is constructed by taking the minimum distance arcs from
the distance matrix. It is important that there is no loop formed among
the subset or complete set of nodes. In construction of the minimum l-tree,
in certain instances, two or more mutually exclusive arcs with the same
travel costs, may be candidates for inclusion in the minimum l-tree. In
such instances inclusion of each of such mutually exclusive arcs in the
minimum l-tree will result in two or more distinct minimum l-trees. These
minimum I-trees will differ only in this one respect. For our sample
problem, the associated minimum l-tree is shown in Figure 2.1. The minimum
spanning tree is constructed over the six nodes and is shown distinctly
by light lines, By drawing two minimum arcs (thick lines) from node (T)
or terminal, the graph becomes a minimum l1-tree., The algorithm is ipiti-
ated by setting level L = 0. The lower bound on the distance of tour is

computed at level 0 such that
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Table 2.1. The Distance Matrix and Demands for Demand Points, Number
and Capacities of the Available Carriers for the Sample Problem.

2 331
3 152 284
4 172 167 121
5 217 125 216 114
6 132 388 110 227 301
7 107 224 154 108 113 207

Nodes 4, | 1 2 3 4 5 6

Demands 12 8 15 6 14 8

Table showing available number of carriers with the corr-

esponding capacities

Truck

40

30

20

Available number
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125

108

6 5

*
Arcs are labelled with associated distances

Figure 2.1. Initial Minimum 1-Tree.



i8

CD = z d(k :‘e) » (!2 ,2,) E Ao
,0)

where A0 is the initial minimum l-tree at level 0. Hence,

CO

]

107 + 108 + 110 + 125 + 121 + 114 + 132

817

Step 2. Identify out-of-kilter nodes. If there is only one minimum
l-tree, identify all cut-of-kilter nodes. But if there are more than
one minimum l-tree and there is at least one node (k) which is consistently
out-of-kilter, then the particular node is chosen for computing cost
increment. The third possibility at this stage could be of the number of
minimum l-trees and there is no consistently out-of-kilter node. Here
for each minimum l-tree out-of-kilter nodes are identified and corresponding
cost increments are computed in step 3. TFigure 2.1 depicting the initial
minimum l-tree shows that node (4) is out-of-kilter high and node (2) is
out-of-kilter low.

Step 3. Compute cost increments. If node (k) is out-of-kilter low,

the increase in the cost of the minimum 1-tree is computed such that

6"k) = min | [dk,D - max | [d(r,8)]], (&) # (), (s)
(k’£)¢A (r)S)EA

where {(r,s)} is a set of arcs which can possibly be replaced by arc (k,£)
without forming a loop among nodes 1,2, ..., n but forms a loop with node
(T). In our sample problem, node (2) is out-of-kilter low. The increase

in the distance of the minimum l-tree is computed such that



50(2) = min [d(2,£) = max o ld(z,s)]]

(2,£) 20 (r,s)eA
r h!
d(1,6)
_ 4(3,6)
4(1,2) - max 3%,
d(4,5)
_ d(3,4)
d(2,3) - max [d(4,5)]
= min
d(2,4) - max [d(A,S)}
d(3,6))
d(2,6) - max |d(3,4)
d(4,5) |
_ d(1,T)]
Ld(Z,T) max [d(A,T)‘J
( 1321)
110
331 -
max [121
114: (331 - 132) (199)
121
ea% - [114‘ 284 - 121 163
= min |167 - 114 = min|167 - 114|= min | 53| = 53.
(110 388 - 121 267
388 - max |121
114 224 - 108] 116/
(107
224 = max 3108]

However, if node (k) is out-of-kilter high the increase in the cost

of the minimum l-tree is computed such that

") = min [ min  [d(r,s)]- dRDT, (B (1), (8)
(R,L)eA” (z,s)al
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where {(r,s)} is a set of arcs which can possibly replace arc (k,£) with-
out forming a loop among nodes 1,2, ..., n but forms a loop with node (T).
Node (4) is out-of-kilter high at level O and the increase in the cost of

the minimum l-tree is computed such that

60(4) = min 0 [ min 0 [d(r,s)] - d(4,8)]
(4,0)ed”  (r,s)tA

(d(1,2))
d(1,5)
- la(z2,3)
bl
d(3,5)
1d(5,6) ]

- d(354)

(d(1,2))
d(1,5)
= min |min|§62°2 | - 4,5
d(3,5)
d(5,6)

(d¢2,D))
d(3,T)
d(5,T)
d(6,T)

- d(4,T)

(331)
217
. 1284
min 388| ~ 121
216

(301§

(331]
217
284
388
216
301

216 - 121 95

E.

min ~ 114} = min (216 - 114| = min{102| = 5

113 - 108 5

(224)
. {154
min 113 108

1207 ]




Step 4, Select a node having the minimum cost increment. Nodes (2)
and (4) are out-of-kilter, and the increments due to each is computed in

step 3, Node (4) is selected as the node which yields the minimum in-

crement.
§¥ (k) = min [6%(R)1, k= 2,4,
(k)
or .
§ (4) = 5.

*
If a tie exits for the minimum § (R), a node is selected by any
*
particular rule. After finding § (R), level L is increased by one and

the lower bound on the cost of tour is updated as

b gLy 6*(k)

1]

c

or

=@+ s = 817 + 5 = 822.

Step 5. Update the distance matrix and associated minimum l-tree(s).
1f the selected node (R) is out-of-kilter low, the distance matrix is up-

dated such that

Ak,L) = d(k,&) - 6 (R), (&) = 1,2, ..., n, T; (D) # (B,

and consequently, a minimum 1-tree(s) is constructed from the updated dis-
tance matrix. However, if the selected node (k) is out-of-kilter high, the

distance matrix is updated such that

ARhE) = d(h,2) + 8 (R, (&) = 1,2, vvv, n, T; (&) # (B),

and a minimum 1-tree(s) is constructed from the updated distance matrix.
As shown earlier,node (4) is out-of-kilter high with an increment of
*
§ (4) = 5. The updated distance matrix and corresponding two minimum l-trees

are shown in Table 2.2 and Figure 2.2, respectively. At level 1 two trees



Updated Distance Matrix at-Level L = 1 for the Sample Problem.

- -

2 331

3 152 284

4 177 172 126

5 217 125 216 119

6 132 388 110 232 301

T 107 224 154 113 113 207
Nodes &| 1 2 3 4 5 6

&
Hedged lines are the candidate arcs.

Figure 2.2 Minimum 1-Trees at Level L = 1.
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are formed as there exists a tie between (4,T) and (5,T) and both the arcs
are mutually exclusive as far as their inclusion in minimum l-tree is con-
cerned. If both are present simultaneously, there are three arcs from
node (T) which is against the definition of minimum l-tree. The two min-
imum l-trees differ from each other depending on the candidate ares (4,T)
and (5,T).

Step 6. Check for the minimum tour. If at the particular level all
nodes in any minimum l-tree are in-kilter, the tour is identified and
corresponding cost is C* = CL. However, if no minimum l-tree is a tour
steps 2 through 6 are repeated. At level 1, the minimum l-trees de not
form tours yet and steps 2 through 6 are repeated till any minimum l-tree
is a tour. At level 2, one of the four minimum l-trees forms a tour such

that
T-5-2-4-3-6-1-T

with the total distance of 875. The summary of results for the sample
problem is shown in Table 2.4.

Step 7. Decompose the minimum tour into subtours. The increments in
the distance of the minimum tour, resulting due to the cut at a particular

arc of the minimum tour is computed such that

Ak, 2) = d(k,T) + d(£,T) - d(k,4)

At this point a counter is initiated as K= 0. The increments due to cuts
at all arcs are shown in Table 2,5.

Step B. Check for feasible subtours. The arc with the minimum value
of increment at which the cut is made is selected according to the following
decision rules: (1) feasible subtours are formed; (2) demand points are

evenly distributed in each subtour. If neither of the rules is satisfied,



Table 2.3 Updated Distance Matrix at Level L = 2 for the Sample Problem.

2 278

3 152 231

4 177 119 126

5 217 72 216 119

6 132 335 110 232 301

T 107 171 154 113 113 207
Nodes {, 1 2 3 4 5 6

.

"'N-._____-.
.. W2 -
RO

Figure 2.3 Minimum 1-Tree(s) at Level L=2.
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the cut with the next minimum increment is selected and checked for the
above two conditions. The procedure is repeated till a cut is found.
The cut at are (3,4) forms two feasible subtours T - 1 - 6 - 3 - T and
T-4-2-5-T. The corresponding lower bound on the cost of all

subtours is computed as

c* = c* + a0
= 875 + 141
= 1016

Step 9. Identify the subtours. If no feasible subtour is formed by
certain cut go to step 8 for the non-feasible subtours formed by cut and
each non-feasible subtour is treated as a tour. If a feasible subtour
(or subtours) is formed, eliminate the nodes from further consideration and
counter K is updated by the number of nodes in feasible subtour(s) (or
route(s)). If there is any non-feasible subtour,go to step 8. In our
sample problem, the first cut at (3,4) results in two feasible subtours

T-1-6-3-TandT-4-2-5-T. For this cut counter K is updated

such that
K= K+ N[a(R, 0)]
=0+ 3+ 3
=6

where N[A(k,£)] is the number of nodes forming feasible subtour(s) when
cut at (k,£) is considered.

Step 10. Check for all subtours. If counter K= n, where n is the
total number of demand points, the solution to the delivery problem is ob-

tained and all feasible subtours are identified. Otherwise,steps 8 through
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10 are repeated for all non-feasible subtours. In our sample problem, the
first cut results in two feasible subtours and as counter K = & the
solution to the given delivery problem is obtained. The final solution
to the sample problem is shown in Table 2.7 with individual subtour loads
and distances and with the total distance of 1016, Table 2.6 shows the
availability and allocation of trucks.

2.3 Computational Algorithm

The following is a step by step computational algorithm for solwving
the single-terminal carrier-routing problem.
Step 1: Construct the initial minimum l-tree

1.1, Set level L = 0.

28

1.2 Draw a minimum spanning tree(s) from which a minimum l-tree(s)

is constructed with a cycle arcund node (T).
1.3. Compute the corresponding lower bound on tour cost such
that

= T ah.), (k0 e A

@y
Step 2: Identify out-of-kilter nodes

2.1. If there is only one minimum l-tree, identify all out-
kiiter nodes, and go to step 3.

2.2, 1If there are more than one minimum l-tree and there is at
least one node (k) which is consistently out-of-kilter, go
to step 3 to compute the cost increment for that node only.

2.3, If there are more than one minimum l-tree and there is no
consistently out-of-kilter node, identify out-of-kilter

nodes for each minimum l-tree and go to step 3 to compute

the corresponding cost increments.



Table 2.7 Table Showing Final Solution to the Sample Delivery Problem.

No. Route Load Distance Value of Bound on
all Subtours*
1 T-1-6-3-T 35 503
1016
2 T-4-2-5-T 28 513

*Total distance for all subtours
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Step 3: Compute cost increments
3.1, If node (k) is out~of-kilter low, compute the increase
in the cost of minimum l-tree such that
s'®) = min | [a(k,0) - max | [d(r,)1], (R) # (2),(s)
kL) ¢A (r,s)eA
where {(r,s)} is a set of arcs which can possibly be re-
placed by arc (k,£) without forming a loop among nodes
| 1,2, ..., n but forms a loop with node (T).
3.2.‘ If node (R) is out-of-kilter high compute the increase in
the cost of minimum 1-tree such that
6“®) = min | [min | [d(r,9)] - d&,D)1, (B) # (2),(s)
(R, eA” (r,s)¢A
where {(r,s)} is a set of arcs which can possibly replace
arc (k,£) without forming a loop among nodes 1,2, ..., n,
but forms a loop with node (T).
Step 4: Select a node having the minimum cost increment
4,1 Find the minimum increment such that

s7(k) = min [8%(R)].
(k)

If a tie exists select a node by any particular rule.
4,2 Let level L = 1+l and update the lower bound on the cost
of tour such that
=t st .
Step 5: Update the distance matrix and associated minimum l-tree(s)
5.1 If the selected node (k) is out-of-kilter low, update

the distance matrix such that



Step 6:

Step 7:

Step 8:

31

ack,0) = d(k,0) - 87CRY, (O = 1,2, ..., 0, T; (D) # (R,

and construct the corresponding minimum 1l-tree(s). Then,

go to step 6.
5.2 1If the selected node (k) is out-of-kilter high, update

the distance matrix such that

Ak, 0) = d(k,) +87(R), (&) = 1,2, +.., 0, T; (&) # (k)

and construct the corresponding minimum l-tree(s)

Check for the minimum tour

6.1 If all nodes in any minimum l-tree are in-kilter, identify

the tour and the corresponding cost such that

and go to step 7.

6.2 If no minimum l-tree consists of all in-kilter nodes, go

to step 2,

Decompose the minimum tour into subtours

7.1 Compute the increments in the distance of minimum tour due

to cut at particular arc such that

atk,2) = Ak, T) + d(£,T) - d(k,8)
7.2 1Initiate a counter K = 0,

Check for feasible subtours

8.1 Select an arc with the minimum value of increment at which

the cut is made according to the following conditions:

(1) feasible subtours are formed, and (2) demand points are

evenly distributed in each subtour. If neither of the

conditions is satisfied, the cut with the



Step 9.

8.2

32

next minimum increment is selected and checked for the
above two conditions. The procedure is repeated till a cut
is found.

Compute the lower bound on the cost of all subtours such

that

c*=c* 42,0

Identify the subtours

9.1

9.2

If any feasible gubtour is formed, identify the subtour

and eliminate the nodes of the feasible tour from con-

-gideration,

Update the counter such that

K=K+ N[AR,2)]
where N A(k,£)] is the number of nodes forming a feasible

tour when a cut at (k,£).

Step 10. Check for all subtours

10,1 If counter K = n, identify all feasible subtours.

10.2 If counter K < n, treat the non-feasible subtour as a tour

and consider it for cuts by going to step 8.



CHAPTER III

A MULTI-TERMINAL GRAPH-THEORETIC ALGORITHM

The multiple terminal delivery problem can be regarded as a generali-
zation of the single-terminal problem. The major difference as the name
suggests is that in the multi-terminal case, there are more than one ter-
minal from which delivery vehicles can be dispatched to carry the commo-
dity to the given demand points, The multi-terminal delivery problem
is one of determining the "best'" delivery routes with respect to some
decision criterion such as cost or distance of travel from the appropriate
terminals subject to following conditions: (1) the distance matrix must
be symmetrical; (2) all the demands are known and must be met; (3) a
given demand point must not appear on more than one route; (4) the number
and capacities of available carriers are known; and (5) the routes to be
determined must all be either "pick up" or "delivery routes' and not both.

This chapter is devoted to discussing the basic concepts of the pro-
posed approach to solve the multi-terminal delivery problem, illustrating
the approach by a sample problem, and stating a computational algorithm
in formal steps.

3.1 Basic concepts:

The graph-theoretic approach consists of three main phases, Phase 1
assigns the various demand points to terminals, the distance being the
decision criterion. Phase IL finds the minimum tours for each group of
demand points including the associated terminal. Phase III decomposes

the obtained minimum tours into subtours to satisfy the various constraints
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such as the capacity and number of ca;fiers. In other words, the ap-
proach differs from the single-terminal delivery problem approach in one
respect and that being the association or identification of the demand
points with a particular terminal of various terminals.

Central to the approach of associating the demand points with a
particular terminal, is the concept of the minimum p-tree. A p-tree is
a graph over nodes 1,2, ..., n and il, 12, e y ip such that any node
(k) is associated with only one of i; s and there is no loop among any
set of nodes 1,2, ..., n. Nodes ir are termed as origins. A minimum
p-tree is a p-tree with minimum cost. In case of multi-terminal delivery
problems, the terminals are origins. But here it is not necessary for p
to be exactly the same as the total number of terminals. In other words, P
can take any integer from 1 to the total number of terminals. After assigning
the demand points to a particular terminal, each group of demand points
associated with each terminal is treated as single-terminal delivery
problem with common carrier capacity and available number of carriers,
discussed in the preceding chapter.

3.2 Sample Problemn.

The above approach is illustrated in this section by a three terminals
and 10 demand points sample problem. The distance matrix, demands at de-
mand points and number of available carriers along with their capacities
are displayed in Table 3.1 and Table 3.2. The procedure is discussed step
by step as follows:

Step 1. Construct the minimum p-tree. The minimum distance arcs are
chosen in sequence subject to the condition that the arc under consider-

ation should be such that the nodes of arc belong to only one of the Ti
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nodes. From the distance matrix, the first arc chosen is (8,9) with the
minimum distance of 70. The second arc chosen is (TZ’ 9). DMNow, nodes (8)
and (9) are identified with origin (TZ) and so any node, if considered with
this group, can not be associated with any other terminals (other than (Tz)).
The third and fourth arcs selected are (TB’ 1) and (T3, 5). Applying the
same argument, any node, if considered with elements of this second group
of (1,5), can not be associated with any terminal other than (T3). The
minimum p-tree (2-tree) of the sample problem is shown in Figure 3.1 and
corresponding groups of demand points can be recognized as:

Group 1.- (T,), (2), (6), (8), (9).

Group 2. (T3) - (1), 3), &, 5B, (M, O0).
Each group is treated as a single-terminal problem and solved in steps
2 through 11. The starting distance matrix for each group is shown in
Table 3.3 and Table 3.7. At this point, group index i is set equal to 1.

Step 2. Construct the initial minimum l-tree for the i-th group of de-
mand points and associated terminal using the corresponding distance matrix.
First a minimum spanning tree is constructed over the demand points (or
nodes) and two minimum arcs are drawn from the terminal to the minimum span-
ning tree. The minimum spanning tree is constructed by taking the minimum
distances from the distance matrix. It is important that there is no loop
formed among the subset or complete set of nodes. In construction of the
minimum l-tree, if there are arcs which are mutually exclusive for the
membership of minimum l-tree but have the same costs of travel, form more
than one minimum l-tree differing from each other by corresponding can-

didate arcs. For our sample problem, the associated minimum l-tree for
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the first group of demand points is shown in Figure 3.2. For the first
group (the nodes with terminal (2)), the minimum spanning tree is con-
structed over nodes (2), (6), (8), and (9). Then two minimum arcs are
drawn from (T2). The graph becomes a minimum l-tree. The algorithm is
initiated by setting level L = 0 for the minimum 1-tree. The lower bound
on the distance of tour for the i-th group is computed at level 0 such
that

= I akn, (kD < A,

(k,2)

where index i refers to individual group and Ag is the corresponding min-

imum 1l-tree at level 0. Hence,

252 + 200 + 70 + 130 + 95

0
¢

747

Step 3. Identify out-of-kilter nodes., If there is only one minimum
l-tree for each group, identify all out-of-kilter nodes. But if there are
more than one minimum l-tree and three is at least one node (k) which is
consistently out-of-kilter, then the particular node is chosen for com-
puting cost increment. The third possibility at this stage could be of
the number of minimum l-trees and there is no consistently out-of-kilter
nede. For each minimum l-tree, out-of-kilter nodes are identified and
corresponding increments are computed in step 4., Figure 3.2 depicting
the initial minimum l-tree for group 1 shows that for group 1, node (2)
is out-of-kilter low and node (9) is out-of-kilter high.

Step 4. Compute the cost increments. If node (k) is out-of-kilter



Table 3.3 Distance Matrix for the First Group with Terminal T,.

Figure 3.2,

6 272
8 252 250
9 290 200 70
T2 336 130 170 95
Nodes£> 2 6 8 9

Initial Minimum l-tree for the First Group with Terminal T

5¢
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low, the increase in the cost of the minimum l-tree is computed such that

¥ = min o [d(R,8) - max | [d(z,)]], (R) £ (1), (s),
N1 (r,s) €A,

where {(r,s)} is a set of arcs which can possibly be replaced by arc ( ,£)
without forming a loop among nodes 1,2, ..., n but forms a loop with node
(Ti). For group 1, node (2) is out-of-kilter low. The increase in the
distance of the minimum l-tree is computed such that

69(2) = min o fa(2,) - M [d(r,e)]]

(2,1’-)4;!\1 (r,s)eA]

d(6,9)] ]

r
d(2,6) - max [d(8,9)

= min (d(2,9) - max [d(8,9)]
d(2,T,) - max [
% 409,15 |
f 200 :
| 272 - max [ 70]

= min {290 - 70

130
‘336 - max [ 95]J
272 - 200 72
= min |290 - 70| = min |220
336 - 130 206

72.

However, if node (k) is out-of-kilter high, the increase in the cost

of the minimum l-tree is computed such that
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65y = min [ min | [d(r,8)] - d(k,D1, (B) # (1),(s)
(k,ﬂ)eAi (r,s)#Ai

where {(r,s)} is a set of arcs which can possibly replace are (k,£) without
forming a loop among nodes 1,2, ..., n, of i-th group cut forms a loop with
node (Ti). In group 1, node (9) is out-of-kilter high at level 0 and the
increase in the cost of the corresponding minimum l-tree is computed such

that,

E
=]

539 [ min o [&(r,8)] - d(9,8)]

(9,£)eAg (r,s)eA1

: A

d(2,6)

min [jgg:g;] - d(9,8)

it [ggi:ijg}— d(9,T2)

E.
2]

J

( ]
. [272)
min {250 - 200

y (250 - 200

[272‘

250, - 70| = min }250 - 70

= min |min

170 - 95

min

336)
170, -

50
= min|180| = 50
75
Step 5. Select a node having the minimum cost increment for each

group. For group 1, nodes (2) and (9) are out-of-kilter and the increments

due to each is computed in step 4. Node (9) is selected as the node which
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yields the minimum increment

61(R) = min [85(R)], k=2, 9
(k)
or
*
61(9) = 50,

*
After finding Gl(k), level L in increased by one and the lower bound

on the cost of tour is updated as

L _ L-1 *
Cj=¢ ~ + 5i(k.)
1_0 *
€] = ¢ + 51(k)

= 747 + 50

= 797

*
For any group at any level if a tie exits for the minimum 6i(h), a

node is selected by any particular rule.
Step 6. Update the distance matrix and associated minimum l-tree(s).
If the selected node (k) is out-of-kilter low, the distance matrix is

updated such that

-~ *
Gl(ksﬁ) = di(hs‘z) - Gl(k)’ ('E) = 1121 erey N, Ti; (z) # (b'):

and consequently, a minimum l-tree(s) is constructed from the updated dis-
tance matrix. However, if the selected node (k) is out-of-kilter high,

the distance matrix is updated as
w *
8. (k) = d.(R8) + 6. (B, (&) = 1,2, «ovyng, Tys () # (B,

and a minimum l-tree(s) is constructed from the updated distance matrix.
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As shown earlier, node (9) is out-of-kilter high with an increment of
6:(9) or 50 for group 1. The updated distance matrix and corresponding
two minimum l-trees are shown in Table 3.4 and Figure 3.3, respectively.
At level 1, two minimum l-trees are formed as there exists a tie between
arcs (6,8) and (6,9) and both the arcs are mutually exclusive as far as
their inclusion in the minimum l-tree is concerned. If both were present
simultaneously, a loop is formed among nodes (6), (8), and (9) against
the definition of the minimum l-tree. The two minimum l-trees differ
from each other depending on the candidate arcs (6,9) and (6,8).

Step 7.. Check for the minimum tour for each group. If at the par-
ticular level all nodes in any minimum l-tree are in-kilter, the tour
is identified and corresponding cost is C: = Ci. However, if no minimum
l-tree forms a tour, steps 2 through 6 are repeated. At level 1, for
first group, the minimum l-trees do not form tours yet and steps 2
through 6 are repeated till any minimum l-tree hecomes a tour. At level

2 and for group 1, the following tour is identified from the minimum

l-tree.

T2 -6-2-8-9 - T2,
with the total distance of 819, The updated distance matrix for level 2
and associated minimum l-tree are shown in Table 3.5 and Figure 3.4.
The summary of results for group 1 is shown in Table 3.6.

Step 8. Decompose each minimum tour into subtours. The increments
in the distance of each minimum tour, resulting due to the cut at a par-

ticular arc of the minimum tour, is computed such that

Ai(fa,t) = d(k, Iy # d(£, Ti) - d(k,2).



Table 3.4 Updated Distance Matrix for First Level for the First Group
with Terminal Tz.

6 272
8 252 250
9 340 250 120
T2 336 130 170 145']
Nodes t, 2 6 3 9 I

Figure 3.3 Updated Minimum 1-Tree for First Level for the First Group

with Terminal T..

44



Table 3.5 Updated Distance Matrix for Second Level for the First Group
with Terminal TZ'

6 250
8 232 250
9 318 250 120
T2 314 130 170 145
Nodes t‘* 2 6 8 9

Figure 3.4 Updated Minimum 1-Tree for Second Level for the First Group
with Terminal Tz.
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At this point a counter is initiated as K = 0. As the sum of demands
associated with nodes in group 1 is within the truck capacity, the min-
imum tour of this group is the feasible tour.

Step 9. Check for feasible subtours. The arc with the minimum value
of increment at which the cut is made is selected according to the fol-
lowing conditions: (1) feasible subtours are formed, and (2) demand
points are evenly distributed in each subtour. If neither of the con-
ditions is satisfied, the cut with the next minimum increment is selected and
checked for the above two conditions. The procedure is repeated till
a cut is found. The corresponding lower bound on the cost of all sub-

tours is computed as
C; = C; + 8, (R 2)
Step 10. Identify the subtours. If no feasible subtour is formed
by certain cut, go to step 8 for the non-feasible subtours formed by the cut
and each non-feasible subtour is treated as a tour. If a feasible sub-
tour (or subtours) is formed, eliminate the nodes from further consider-
ation and counter K is updated by the number of nodes in the feasible

subtour(s). If there is any non-feasible subtour, go to step 9. The

counter K is updated such that

K

K + N[Ai(k,ﬂ_)]

0+ N [8,(k,0)]

0+ 4 =4,

where again N[Ai(k,ﬂ)] is the number of nodes forming feasible subtour(s)

when cut at (k,£) in the i-th group is considered.



Step 11. Check for all subtours. If counter K = n., where n, is
the total number of demand points in the i-th group, the solution to the
i-th delivery subproblem is obtained and all feasible subtours are iden-
tified, Otherwise, steps 8 through 10 are repeated for all nonfeasible
subtours.

Step 12. Check for all groups. If index i is equal to p all the
groups are considered and the solution to the original problem is ob-
tained. At this point all subtours, their respective loads and distances
are identified. 1If index i is not equal to p, steps 2 through 11 are
repeated for the next group. This is done by updating index i to i+l
and carrying out steps 2 through 11. In our sample problem, the value
of p is 2. After finding the minimum subtour for group 1, index i is
increased by 1 and steps 2 through 11 are repeated for group 2. For
group 2, the initial distance matrix with terminal 3 and initial min-
imum l-tree are shown in Table 3.7 and Figure 3.5, respectively. Steps
2 through 7 are summarized in Table 3.8. The minimum tour for this
group is identified as T3 -7=-3-5-4-10-1 - T3 with the total
distance of 875, Having identified the minimum tour, it is considered
for cuts. The cuts and associated increments are shown in Table 3.9,
Thus, steps 8 through 11 are repeated for group 2 resulting in two
feasible subtours. The subtours are T3 -1-10-4 - T3 and T3 -5-
3-7 - T3 with distnaces of 503 and 513 respectively. As the value of
p is 2 (that is, there are only two groups) the final solution is reached
and the feasible subtours, the corresponding loads and distances are

displayed in Table 3.11. Table 3.10 shows the truck availability and

allocation.



Table 3.7 Distance Matrix for the Second Group with Terminal T

10

3
3 331
4 152 284
5 172 167 121
7 217 125 216 114
10 132 388 110 227 301
T3 107 224 154 108 113 207
Nodes 1 3 4 5 7 10
4
9
o
) 7]
- ‘:.‘
108
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Figure 3.5, Initial Minimum 1-Tree for the Second Group with Terminal TS'
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Table 3.11 Table Showing Final Solution to the Sample Delivery Problem.

92

No. Terminal Route Load Distance
1 2 T,-6-2-8-9-T, 29 819
2 3_ T3 -1-10 - 4 - T3 35 503
3 3 T,-5-3-7-T 28 513

3

3




3.3 Computational Algorithm

The following is a step by step computational algorithm for solving

the multi-terminal delivery problem.

Step 1:

Step 2:

Step 3:

Construct the minimum p-tree.

1.1 Identify the groups of demand points for respective ter-
minals and construct the respective distance matrices.

1.2 Let group index 1i = 1.

Construct the initial minimum l-tree for the i-th group.

2,1 Set level L = 0,

2.2 Draw a minimum spanning tree(s) from which a minimum l-tree(s)
is constructed with eyele around node (Ti).

2.3 Compute the corresponding lower bound on minimum tour
cost such that

c; = 1 dte,b, (k,0) e AL
(k,D)

Identify out-of-kilter nodes for minimum l-tree(s) of the i-th

group,

3.1 If there is only one minimum l-tree, identify all out-of-
kilter nodes, and go to step 4.

3.2 1If there are more than one minimum l-tree and there is at
least one node (R) which is consistently out-of-kilter, go
to step 4 to compute the cost increment for that node only.

3.3 If there are more than one minimum l-tree and there is no
consistently out-of-kilter node, identify ocut-of-~kilter
nodes for each minimum l-tree and go to step 4 to compute the

corresponding cost increments.
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Step 4: Compute cost increments in the minimum l-tree of i-th group.
4.1 1If node (k) is out-of-kilter low, compute the increase

in the cost of minimum l1-tree such that

sy = min | [d(k,0) - max | [d(r,9)]1], (B) # (D),(s)
(k) 4] (r,s)eA;

where {(r,s)} is a set of arcs which can possibly be re-
placed by arc (k,{) without forming a loop among nodes
L 25 sasgp o, but forms a loop with node (Ti).

4.2 If node (k) is out-of-kilter high, compute the increase
in the cost of minimum l-tree such that

;B = min [ min | [4(r,9)] - Ak, (B) # (2),(s)
(h,ﬁ)eAi (r,s)éAi

where {(r,s)} is a set of arcs which can possibly replace
arc (h,£) without forming a loop among nodes 1,2, ..., n,

but forms a loop with node (Ti)'
Step 5: Select a node having the wminimum cost increment for the i-th group.

5.1 Find the minimum increment such that
5;(B) = min [81(R)].
(R)
If a tie exists select a node by any particular rule.

5.2 Let level L = L+l and update the lower bound on the cost

of tour such that

_L-1 *
C/=¢f~+ ai(k)-

Step 6: Update the distance matrix and associated minimum l-tree(s) for

the i-th group.



Step 7:

Step 8:

6.1

6.2

If the selected node (k) is out-of-kilter low, update the

distance matrix such that

5 !1

(ko) = dlk) - 85k, (O = 1,2, .ou, ny, T3 () # (B

and construct the corresponding minimum l-tree(s). Then,

go to step 7.
If the selected node (R) is out-of-kilter high, update the

distance matrix such that

k) = d (b + 8,(B, () = 1,2, .ov, n, Ty5 (O # (B)

- and construct the corresponding minimum l-tree,

Check for minimum tour for the i-th group.

7.1

4k

7'3

If all nodes in any minimum l-tree are in-kilter, identify

the tour and corresponding cost such that

If minimum tours are obtained for all the groups of demand
points go to step 8.
If no minimum l-tree consists of all in-kilter nodes,go to

step 3.

Decompose the minimum tour into subtours for the i-th group.

8.1

8.2

If minimum tour of a group is a feasible tour,identify the
corresponding route.
Compute the increments in the distance of minimum tour due

to cut at particular arc such that

Ai(k,f_) = d(k, T,) + d(e, g = d(k,L)



8.2 Compute the increments in the distance of the minimum tour

due to cut at particular arc such that
Ai(h,ﬂ) = d(k, 'ri) + d(£, Ti) - d(k,2).

8.3 Initiate counter K = 0,
Step 9: Check for feasible subtours for the i-th group.
9.1 Select an arc with the minimum value of increment at which
the cut is made according to the following conditions: (1)
Feasible subtours are formed, and (2) demand points are
evenly distributed in each subtour. If neither of the
_conditions is satisfied, the cut with the next minimum
increment is selected and checked for the above two con-
ditions. The procedure is repeated till a cut is found.
9.2 Compute the lower bound on the cost of all subtours of the
group such that
cI = Ci + 8 (kD)
Step 10. Identify the subtours for the i-th group,

10.1 If any feasible subtour is formed, identify the subtour
and eliminate the nodes of the feasible tour from consid-
eration.

10.2 Update the counter such that

K =K+ N[, (R,D)]
where N[Ai(k,ﬂ)] is the number of nodes forming a feasible
subtour when the cut at (k,£) is considered.
Step 11. Check for all subtours.

11.1 If X = n., identify all feasible subtours.

56



11,2 If K < n;, 80 to step 9 treating non-feasible subtour as
a tour and consider it for cuts.
Step 12. Check for all groups.
12,1 1If i = p, the solution is obtained and identify all the
subtours, respective loads, distances and the total
distance of all subtours.

12,2 If i < p, let 1 =1 + 1 and go to step 2.



CHAPTER IV

COMPUTATTONAL EXPERIMENTS

This chapter is devoted to investigating the computational experience
with the graph-theoretic algorithm for delivery problems, as discussed in
preceding chapters. The multi-terminal algorithm has been cecded in
FORTRAN IV for the IBM 360/50 computer. The same program can be used to
solve single-terminal problems by specifying the number of terminals equal
to one, The program listing is displayed in Appendix A. The problems
tried, ranged in size from 1 terminal to 5 terminals and 6 demand points
to 25 demand points, Most of the problems are taken from Herring [12].

The performance of the algorithm has been evaluated with respect to
two measures: (1) the quality of solution; and (2) the computational time.
The results obtained by the proposed algorithm have been divided in two
classes: (1) single-terminal delivery problems,and (2) multi-terminal
delivery problems.

The analysis of results shows the following significant observations
for the respective classes.

4.1 Single-terminal delivery problems:

The merit of the graph-theoretic approach has been studied by solving
a wide range of problems. The size of the single-terminal delivery prob-
lems vary with respect to the number of demand points. A total of 26
problems have been solved as shown in Table 4.1. The data and corres-
ponding sclutions with final routes, corresponding loads and distances,

total distance of travel and final truck availability and allocation



table for each single-terminal delivery problem are displayed in Appendix B.

Quality of solution. The solution obtained by the graph~thecoretic

algorithm are compared with the corresponding best solutions obtained by
savings approach. However, the solutions obtained by Clarke and Wright
[4], Tillman and Cochran [17] and Herring [12] are displayed in Table 4.2,
Table 4.1 displays the solutions obtained by the proposed algorithm and by
savings approach. The scarcity in the number of available solutions limits
the comparison criterion. However, it can be observed that the solutions
by graph-Theoretic approach, except for problems 23 and 24, are

the same as or superior to the best solutions by savings approach.

Computational time. The computational time is of course, one of the

main considerations in the evaluation of the performance of the proposed
graph—Theoretic algorithm. Average times for the same size problems are
shown in Table 4.3. Figure 4.1 shows a plot of the average computer time
against varying demand points. Points are joined by straight lines be-
cause this is a case of discrete variables. As can be noticed, there is
not much variation in the computational time, when problems having 6, 7
and 8 demand points are solved. However, the computational time increases
very rapidly with the increase in the number of demand points. At this
stage of research, only a speculative explanation can be made concerning
the rapid increase in the computational time when the number of demand
points increases, The increase in computational time can be attributed

to the fact that in the construction of the minimum l-tree(s), the search is
conducted, at each stage, in the updated distance matrix. The other
factor is the computation of minimum cost increment to make out-of-kilter

nodes in-kilter nodes.
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Table 4.1 Summary of Solutions of Single-Terminal Delivery Problems.
Problem| Number
No. of Best Solution Computational
Degand Saving Method Proposed Method Time (min)
Points
1 6 * 1016 0.92
2 6 394 394 1.02
3 6 * 337 0.91
4 6 * 306 0.55
S 6 * 1868 2.77
6 6 % 974 0.78
7 6 * 2260 1.02
8 7 o4 1193 0.97
9 8 . 2228 0.90
10 9 L 918 8.25
11 9 * 1808 2.84
12 10 76 76 10.62
13 10 2470 2470 9.6
14 10 2156 2156 4,21
15 10 1679 1679 5.45
16 10 4109 3941 1.40
17 10 " 2626 12,25
18 10 * 2550 7.9
19 10 o 3102 12:5
20 10 & 691 12.2
21 14 * 1141 15.6
22 25 9604 9553 30.72
23 25 8325 8582 61.44
24 25 2289 2295 25.56
25 25 2638 2638 36.12
26 25 8901 8901 25,66

*
These problems have not been solved by savings approach.
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Table 4.3 Average Computational Times for Various Sets of Single-Terminal

Delivery Problems.
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Set Number Of. Nomber ok Average Computational
No. Demand Points Problems time (min)

1 6 7 1.12

2 7 1 0.97

3 8 1 0.90

4 9 2 5.55

5 10 9 7.62

6 14 1 15.6

7 25 5 35.9
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4.2 Multi-terminal Delivery Problems:

As mentioned previously, two sets of problems have been solved. The
first set consists of five problems with three terminals and ten demand
points. The second set comprises of five problems with five terminals
and twenty five demand points. Both sets of problems are taken from
Herring [12]. The data of both sets of problems and corresponding solutions
including final routes, respective loads, distances, the total distance
of travel, and final truck allocation are displayed in Appendix C. As
mentioned earlier, the measures of performance including the quality of
solution and the computational time are considered for comparison purpose.

Quality of solutions. The summary of the solutions obtained for all

multi-terminal delivery problems is shown in Table 4.4. It can easily be
noticed that for small sized problems the proposed algorithm has produced
solutions similar or superior to those obtained by the savings approach. As
far as five terminals and twenty-five demand points problems are concerned,
the proposed method does not produce as good results as those produced by
savings approach. However, the difference is not very significant.

Computational time. Observing Table 4.4 for the computational time,

it can be easily noticed that the time increases very rapidly with the
increase in the number of terminals and number of demand points. However,
due to lack of data for comparison no comment can be made regarding the
relationship between the computational time and the number of terminals. The
major contributors to the computational time are three important and main
features of the multi-terminal algorithm. First is the construction of
minimum p-tree to assign various demand points to various terminals. In

order to form minimum p-tree a search is to be made through the distance
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matrix for the minimum distance elements. Second is the construction of the
minimum 1l-tree for each group of demand points. Third is the computation
of cost increment in the cost of the minimum tour to convert out-of-kilter

nodes to in-kilter nodes for each group of demand points at each level.



CHAPTER V
SUMMARY AND CONCLUSIONS

Delivery problems are of frequent occurrence in day-to-day life
with a seemingly endless variety of characteristics and they arise in
an innumerable variety of contexts. The truck routing problem in its
simplest form is to determine the routes such that the distance travelled
is a minimum and the following conditions are satisfied: (1) all demands
are met; (2) no carrier is loaded with more than its capacity; (3) only
the available number of trucks are used.

In practice, the above problem may be complicated by one or more added
characteristics. For instance, there may be a prespecified due-date for
delivery at particular demand points, and/or delivery can not be made be-
fore some specified time. Other type of characteristics can be that of
occurrence of practical difficulties such as these imposed by labor union.
The driver should not drive more than certain number of hours everyday.
delivery at particular demand points and/or delivery can not be made be-
considerably and these new types of problems are referred to as a multi-
terminal delivery problem. In the above discussion, the demands are as-
sumed to be known. A new category of carrier routing problems evolves
when demands are of probabilistic nature.

The delivery problem may be regarded as a generalization of the
classical traveling salesman problem. Although literature on traveling
salesman problem is in abundance, very little can be found which directly

relates to the carrier routing problem. The principal methods for solving



the single-terminal delivery problem are dynamic programming (Tillman,
1965; Gonzales, 1962; and Held and Karp, 1970), branch-and-bound (Little
et. al, 1963; and Pierce, 1969) integer programming (Miller, Tucker and
Lemlin, 1960; Balinski and Quandt, 1964) and finally heuristic programming
(Dantzig and Ramser, 1959; Clarke and Wright, 1964; Cochran, 1967;

Hering, 197C). The methods available for multiterminal delivery problems
are heuristics (Tillman, 1969; and Hering, 1970).

The purpose of this chapter is to briefly discuss the heuristic al-
gorithnm that exploits the underlying combinatorial nature of the problem,
solve a simple multi-terminal illustrative example and report on the merit
of such algorithm.

5.1 Development of an Out—of-Kilter Algorithm.

The graph-theoretic algorithm to solve multi-terminal delivery
problems consists of three main phases. Phase I assigns the various de-
mand points te terminals, the distance being the decision criterion.

Phase II finds the minimum tours for each group of demand points including
the associated terminal. Phase III decomposes the obtained minimum tours

into subtours to satisfy the various constraints such as the capacity and

number of carriers.

Central to the approach of associating the demand points with a par-
ticular terminal is the concept of minimum p-tree. A p-tree is a graph
over nodes (kR), Rk =1, 2, ..., n and i,, i

1! 2: LRESh ]

(k) is associated with only one of i;s and there is no loop among the

ip such that any node

set of these nodes. A node ir is referred to as an origin. A p-tree with
minimum cost is referred to as a minimum p-tree. In case of multi-

terminal delivery problems, the terminals are the origins.
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The maximum integer value p of the p-tree which can take, is the number
of terminals. After assigning the demand points to a particular terminal,
each group of demand points associated with each terminal is treated
as a single-terminal delivery problem with common constraints of car-
rier capacity and available number of carriers and is solved as follows.

Phase II of the graph-theoretic algorithm is to find the minimum
tour from a minimum l-tree for each gféup of demand points. To distinguish

between tour and a l-tree, consider the following two connected graphs

(a) (b)

Both graphs have the following salient features: (1) the nodes rep-

with same nodes and same total number of ares.

resent cities or demand points; and (2) there are four connecting arcs.
But they differ from each other in one respect and that being the number
of arcs, emanating from each node. In (a2a) each node has the same number
of arcs, that is, 2 and the connecting graph represents a tour. The arcs
associated with nodes distinguish between the two graphs. Graph (b) is
termed as l-tree. A l-tree can be formally defined as a connected graph
without cycles on nodes 1,2, ..., k-1, R+l, ..., n with two arcs inci-
dent with node (k). Thus from graphs (a) and (b), a tour is a l-tree

with each of its nodes having two arcs (or 2 degrees). A degree of a



node is the number of arcs from the node. A node with two degrees is
said to be in-kilter. Consequently, any node which does not have two
degrees is out-of-kilter. Depending on whether the node has more or
less than 2 degrees, it is identified as out-of-kilter high or out-of-
kilter low node, respectively. From graph (a) and (b), it is evident
that every tour is a l-tree but the reverse is not always true. In most
cases, the problem basically is of getting a tour from a l-tree, or more
specifically, to convert out-of-kilter nodes of l-tree into in-kilter
nodes.

Most of the time, interest is of getting a minimum or optimal tour.
This can be achieved by first constructing a minimum l-tree (l-tree with
minimum cost) and then gradually converting the out-of-kilter nodes into
in-kilter and taking care that each of such conversion is associated
with a minimum possible increment in the cost of the ninimum l-tree.
Also, it is evident that if a minimum l-tree is a tour, it is the 'best'
route and it is the optimal solution to the carrier routing problem
given that there exists a carrier with capacity satisfying all demand
points of the group in one tour.

The conversion of the minimum l-tree to a ;inimum tour is made pos-
sible by the use of branch-and-bound approach. At each level L, out-
of-kilter nodes are identified and the gap between the minimum l-tree

and the minimum tour is reduced by the amount

52(k) = min [d(R,0) - d(z,s)],

where, for out-of-kilter low node (R), arc (k,£) is a substitute for



arc (r,s) which is already present in the minimum l-tree. Similarly,
for out-of-kilter high node (k), the amount by which the gap between

the minimum l-tree and the minimum tour reduces at each level is

s"(k) = min [d(1,)) - d(z,R)],

where arc (i,j) is a substitute for (r,kR) which is already present in
the minimum l-tree. The distance matrix is updated by the minimum
GL(k) at each level L, That is, for the subsequent iterations, we use

the modified distances, which are computed such that

k0 = dk,0) + 6%(k),

where é(k,ﬁ) and d(k,f) are the modified and original cost of travel
from (R) to (£), respectively. The increment SL(k) is either positive
or negative depending on whether node (k) is out-of-kilter high or
out-of-kilter low.

At any level, if there are arcs which are mutually exclusive for
membership of the minimum l-tree but have the same costs of travel,
there exist more than one minimum l-tree differing from each other by
the corresponding candidate arcs. Branching is carried out at a par-
ticular arc if, at particular level, there is a number of minimum l-trees
and no node is '"consistently out-of-kilter'". An out-of-kilter node is
said to be consistently out-of-kilter if it has the same degrees in all
the minimum l-trees at certain level. The bound on the cost of the

minimum tour is found out as

" = Mty ey,
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where

CL = lower bound on cost of the minimum tour at level L

SL_l(h)= cost increment resulting due to out-of-kilter node (k)
The initial lower bound at level 0 is

L= T ak,n, (k,2) ¢ AL,

(k,£)
The lower bound associated with the final minimum l-tree, which repre-
sents a tour, becomes the minimum distance of travel.

Having obtained the minimum tour, the constraints of the carrier
capacity are applied. If a carrier capacity permits the visit to all
demand points in one route, the minimum tour obtained is the solution
and neo further consideration is necessary. Otherwise, such a tour must
be decomposed into feasible subtours to satisfy the constraints of the
capacity and number of available carriers. Associated with the process
of decomposition of minimum tour into feasible subtours is the concept
of cut at a particular arec. A cut at arc (k,f) is breaking of arc (k,£)
in minimum tour and connecting individual nodes (k) and (L) to terminal

(T). 1Increment in the distance of the tour is found out for the cut

at each arc in the minimum tour. This can be formally stated as

Ak, £) = d(T,k) + d(T,&) - d(k,L),

where A(R,£) is the increase in minimum route due to cut at (kR,£). The
arc chosen for the cut depends on two considerations. The first con-
sideration being whether the cut at an arc with the minimum increment

produces feasible routes. The second consideration investigates whether



the cut distributes the demand peoints evenly in the sublinks. If any

cut with minimum increase satisfies either of the above two conditions,

it is then selected. Otherwise, the cut with the next minimum increase is
chosen for consideration. The procedure is repeated with sublinks till
the feasible subtours are formed. Now, the graph-theoretic algorithm

for multi-terminal delivery problem can be stated in formal steps as

follows:

Step 1: Construct the minimum p-tree.
1.1 Identify the groups of demand points for respective ter-
minals and construct the respective distance matrices.
1.2 Let group index 1 = 1,
Step 2: Construct the initial minimum l-tree for the i-th group.
2.1 Set level L = 0,
2.2 Draw a minimum spanning tree(s) from which a minimum l-tree(s)
is constructed with cycle around node (Ti).
2.3 Compute the corresponding lower bound on minimum tour
cost such that
= T atk,d), (R, e AL
(ks0) *
Step 3: Identify out-of-kilter nodes for minimum l-tree(s) of the i-th
group,
3.1 If there is only one minimum l-tree, identify all out-of-
kilter nodes, and go to step 4.
3.2 1If there are more than one.minimum l1-tree and there is at
least one node (k) which is consistently out-of-kilter, go

to step 4 to compute the cost increment for that node only.



3.3 1If there are more than one minimum l-tree and there is no
consistently out-of-kilter node, identify out-of-kilter
nodes for each minimum l-tree and go to step 4 to compute the

corresponding cost increments.
Step 4: Compute cost increments in the minimum l-tree of i-th grouﬁ.

4,1 1If node (k) is out-of-kilter low, compute the increase

in the cost of minimum l-tree such that
s5(k) = min | [d(R,) -  max , [d(r,9)1], (R) # (),(s),
(k,ﬂ)#Ai (r,s) e

where {(r,s)} is a set of arcs which can possibly be re-
placed by arc (k,f) without forming a loop among nodes
1y By wway n, but forms a loop with node (Ti).

4.2 If node (k) is out-of-kilter high, compute the increase
in the cost of minimum l-tree such that

65(B = win | [ min | [4(r,8)] = d(k,D1, (B) # (1),(s),
(k,R)eA; (xr,s)¢A] .

where {(r,s)} is a set of arcs which can possibly replace
arc (k,f) without forming a loop among nodes 1,2, ..., n
but forms a loop with node (Ti).
Step 5: Select a node having the minimum cost inérement for the i-th group.
5.1 Find the minimum increment such that
6;(k) = min [6(R)].
(k)

If a tie exists select a node by any particular rule.



Step 6:

Step 7:

Step B:

5.2 Let level L = L+l and update the lower bound on the cost
of tour such that

L _ L-1 *

c, =C;  +8,(k

Update the distance matrix and associated minimum l-tree(s) for

the i-th group.

6.1 If the selected node (k) is out-of-kilter low, update the

distance matrix such that

8(ka0) = dCh,L) - 8,Ck), (&) = 1,2, vov, ny, Ty; (D) # (B,

and construct the corresponding minimum l—treé(s). Then,
go to step 7.
6.2 1f the selected node (k) is out-of-kilter high, update the

distance matrix such that
AR = A () +8(R), () = 1,2, ooy ny, Ty (D) £ (B),

and construct the corresponding minimum l-tree.
Check for minimum tour for the i-th group.

7.1 If all nodes in any minimum l-tree are in-kilter, identify

the tour and corresponding cost such that

\

7.2 1f minimum tours are obtained for all the groups of demand
points go to step 8.

7.3 If no minimum l-tree consists of all in-kilter nodes,go to
step 3. |

Decompose the minimum tour into subtours for the i-th group,

8.1 If minimum tour of a group is a feasible tour,identify the

corresponding route,

oy



8.2 Compute the increments in the distance of minimum tour due

to cut at particular arc such that
8, (k&) = d(k, T3 +d(E, T)) - d(k,0).

8.2 Compute the increments in the distance of the minimum tour

due to cut at particular arc such that
Ai(h,t) = d(k, Ti) + d(L, T,) - d(k,2).

8.3 Initiate counter K = 0.
Step 9: Check for feasible subtours for the i-th group.

9.1 Select an arc with the minimum value of increment at which
the cut is made according to the following conditions: (1)
feasible subtours are formed, and (2) demand points are
evenly distributed in each subtour. If neither of the
conditions is satisfied, the cut with the next minimum
inecrement is selected and checked for the above two con-
ditions., The procedure is fepeated till a cut is found.

9.2 Compute the lower bound on the cost of all subtours of the

group such that

*—
e

Step 10. Identify the subtours for the i-th group,

*
C C, + Ai(h,ﬂ)-

10.1 1If any feasible subtour is formed, identify the subtour
and eliminate the nodes of the feasible tour from consid-

eration.



~1
~1

10.2 Update the counter such that
K = K+ N[a, (k,8)]
where N[Ai(h,ﬂ)] is the number of nodes forming a feasible
subtour when the cut at (kR,f) is considered.
Step 11. Check for all subtours.

11.1 If K = n., identify all feasible subtours.

11,2 If K < n,, 8o to step 9 treating non-feasible subtour as
a tour and consider it for cuts.
Step 12. Check for all groups.
12.1 1If i = p, the solution is obtained and identify all the
subtours, respective loads, distances and the total
distance of all subtours,

12,2 If i < p, let i =1+ 1 and go to step 2.

The solution will result in a feasible set of subtours and the
total distance of travel. The load and distance of individual subtour,
can be found out as the route is known. It should be pointed out, how-
ever, that this solution may or may not be the optimal one. Another
interesting point to note is the fact that this algorithm is general
in the sense that it can solve both single- and multi-terminal problems.

In the former, steps 1 and 12 must be suppressed.



5.2 Sample Prgblem.

The above algorithm can be demonstrated by considering a 10-city
and 3 terminals delivery problem. The associated symmetrical distance
matrix, demands at various cities and the number and capacity of avail-
able carriers,are shown in Table 5.1. The step by step procedure is
summarized below.

First a minimum l-tree is constructed by choosing minimum distance
arcs in sequence subject to condition that the arc under consideration
should be such that the nodes of the arc belong to only one of the Ti
nodes. The minimum p-tree (which turns out to be 2-tree) of the sample
problem is shown in Figure 5.1 and corresponding groups of demand points
can be recognized as

Group 1: Terminal T2: 2,6,8,9

Group 2: Terminal T3: 14354,5,7,10
The starting distance matrix for each group is shown in Tables 5.2 and
5.5.

The next step is to construct the minimum l-tree for the first
group of demand points as shown in Figure 5.2. At this point, the algorithm

is initiated by setting level L = 0 for the minimum l-tree. The lower

bound on the distance of tour for the first group is computed at level 0
such that

0

L Ay, (k) e A,

(k,L)

(o]
L}

where index i refers to an individual group and Ag is the corresponding

minimum l-tree at level 0., Hence
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Table 5.2 Distance Matrix for the First Group with Terminal TZ'

6 272
8 252 250
9 290 200 70
T2 336 130 170 95
Nodest* 2 6 8 9

Figure 5.2, Initial Minimum l-tree for the First Group with Terminal T2.
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c? Z 252 4 200 + 70 + 130 + 95 = 747.

At level 0, it can be seen from the minimum l-tree that nodes (2)
and (9) are out-of-kilter low and out-of-kilter high, respectively.
The cost increment for out-of-kilter nodes are computed as follows.
For out-of-kilter low node (k), the increase in the cost of minimum

l-tree is computed such that

i h) = min L [d(h,ﬂ) - max L [d(rps)]] (k) # (r),(S)
(kL) ¢A; (r,s)eA!

Hence for out-of-kilter low node (2),

min [d(2,£) - max 0 {d(r,s)}]
(2,£)¢Al (r,s)eA1

i

0
6,(2)

72,

il

However, if node () is out-of-kilter high, the increase in the cost of

the minimum 1-tree is computed such that

;@ = min [ min | d(r,s) - dk,D], (k) # (1),(s)
( k,f,) EAi (1‘ ,S) ¢Ai %

Or the increment due to out-of-kilter high node (9) is computed such that

min [ min o [d(x,s)] - d(9,£)]

5?(9) 0
(9.ﬂ)eA1 (r,S)¢A1

50.
At this point, a node having the minimum cost increment is selected for

updating the distance matrix. Node (9) is selected as the node which



yields the minimum increment

57(k) = min [52(&)1, k=2,9
(k)

min [72,502 = 5;(9) = 50.
(R)

*
After finding ﬁi(h), level L is increased by one and the lower bound on

the cost of tour is updated as

S o R
C; = ¢+ 8, (R

or
10 K. _
€] =€ +b8,(k) = 747 + 50 = 797

*
If at any level, there is a tie for minimum ﬁi(h), a node is selected
*
by any particular rule. Gi(k) is used to update the distance matrix

such that
S(k,0) = d(k,0) + 65CR), (&) = 1,2, «oo,n, T, 300 £ (B,

*
where Gi(h) is used if node (R) is out-of-kilter high

*
éi(k) is used if node (k) is out-of-kilter low.

In our sample problem, the distance matrix for the first group of demand

points will be updated for level 1 such that

d(9,0) = d(9,0) + 6709, (&) = 2,6,8,9

]

d(9,£) + 50,

and consequently, a minimum l-tree(s) is constructed from the updated
matrix., The updated distance matrix and corresponding minimum l-tree(s)
for first group at level 1 are shown in Table 5.3 and Figure 5.3, re-

spectively. At this point, it is checked if the minimum l-tree is a



Table 5.3 Updated Distance Matrix for First Level for the First Group
with Terminal T,.

2

6 | a7
8 | 252 250
5 340 | 250 120
T2 336 130 | 170 | 145
Nodes L. " " p

Figure 5.3 Updated Minimum 1-Tree for First Level for the First

with Terminal T..

2

___8%0__

Group

84
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tour. If at the particular level all nodes in any minimum l~tree are

* L
in-kilter, the tour is identified and the associated cost is Ci = C,.

i
However, if no minimum l-tree forms a tour, the procedure is repeated
till the level at which a minimum l-tree becomes a tour. At level 1,

minimum l-trees of group 1 do not form tour as yet. But at level 2,

the following tour is identified from the minimum l-tree:

-6-2-8-9-T1T,.

2 2

The summary of the computa;ional steps of phase II for group 1 is shown
in Table 5.4.

The next step is to decompose the minimum tour into a set of feasible
subtours such that the contraints of capacity and number of carriers are
satisfied. In our sample problem, as the sum of demands associated with
nodes in group 1 is within the truck capacity, the minimum tour of this
group is the feasible tour and no further consideration (or cuts) is
necessary.

The same procedure is repeated for the next group of demand points.
For group 2 of the sample problem, the initial distance matrix with
terminal T3 and initial minimum l-tree are shown in Table 5.5 and Figure
5.4,respectively. The summary of iterations to obtain the minimum tour
from the initial minimum l-tree is summarized in Table 5.6. The min-
imum tour for this group is identified as

T:5 -7-3-5-4-10-1 - 'I‘3
with the total distance of 875. After the minimum tour is identified,
it is considered for cuts. The associated increments are shown in

Table 5.7. Arc (4,5) is chosen for cut as it has minimum increment
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Table 5.5

Distance Matrix for the Second Group with Terminal T3.

3 331
4 152 284
5 172 167 121
7 217 125 216 . 114
10 132 388 110 227 301
T3 107 224 154 108 113 207
‘Nodes L. 1 3 4 5 7 10

Figure 5.4

Initial Minimum 1-Tree for the Second Group with Terminal T

10

125

4

WY

3
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and the cut at (4,5) results in two feasible subtours. The subtours
are T3 -1-10-4 - T3 and T3 -5-3-7- T3 with distances of

503 and 513, respectively. As the value of p is 2 (that is, there are
only two groups) the final solution is reached and the feasible set of

subtours, the corresponding loads and distances are dispalyed in Table

5.8, Table 5.9 shows the truck availability and the allocation.

5.3 Computational experiments:

A number of experiments were carried out to test the computational
feasibility and the quality of solution produced by the proposed algo-
rithm. The multi-terminal algorithm has been coded in FORTRAN IV for
the IBM 360/50 computer. The coﬁputer program is general in the sense
that it can solve either multi- or single-terminal problems. The 36
problems tried, ranged in size from 1 to 5 terminals and 6 to 25 demand
points, Table 5.10 displays the solutions of the problems. The per-
formance of the algorithm is evaluated with respect to the quality of

solution by comparing the solutions obtained with known solutions.

5.4 Comparative Evaluation.

It would be appropriate at this point, to offer a brief discussion
about the existing techniques with which the preoposed algorithm is geoing
to be compared. In the heuristic approach which is based on '"savings
of distance" and initiated by Clarke and Wright [ 4], the saving in the
distance resulting due to connecting two demand points is computed for
each combination of demand points. Two demand peints having maximum
savings are linked if the linking is feasible with respect to other con-

straints. Tillman and his associates [5,12,16,17] developed
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Table 5.10 Sumrary.of Distauces -for all Delivery Problems.

Problem | Number _

No. of Best Selution Computational
DeWﬂnd Saving Method Proposed Method Tine (min)
Points

1 6 . 1016 0.92
2 6 394 354 1.02
3 6 o 337 0.91
4 6 * 306 0.55
5 6 * 1868 2,77
6 6 * 974 0.78
7 6 - 2260 1.02
8 7 . T 1193 0.97
9 8 * 2228 0.90
10 9 * 918 8.25
11 Ej * 1808 2.84
2 10 76 76 10.62

13 10 2470 2470 9.6

14 10 2156 2156 4.21

15 10 1679 1679 5.45

16 10 4109 3941 1.40

17 10 * 2626 12.25

1b 15 y 2550 7.9

19 10 i 3102 12.5

20 10 w 691 12.2

21 14 * 1141 15.6

22 25 9604 9553 30.72

23 25 8325 8582 61.44

24 25 2289 2295 25.56

25 25 2638 2638 36.12

26 25 8901 8901 25,66

2 Terminals and 10 Demand Points Problems.

27 10 59 59 1.68

28 10 1835 1835 1.42

29 10 2042 1857 1.34

30 10 1706 1638 1.38

31 10 3490 3468 1..52

5 Terminals and 25 Demand Points Problems.

32 25 6832 6857 25.35

33 25 6099 6695 21.58

34 25 1377 1470 13.71

35 25 1722 2258 25.85

36 25 6653 6905 10.49

*Solutions by savings approach are not known.
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modified versions of the savings approach with more than one
decision and different alternatives. The alternatives are se-
lected from the saving matrices such that alternative 1 is the pair
of demand points with the maximum feasible savings, alternative 2 is the
pair of demand points witﬁ the second highest feasible saving and so
forth. The next step 1s the construction of a decision tree for each
alternative by considering the links with the next maximum feasible
savings and the next maximum feasible saving depending on whether it is
2-decision or 3-decision look ahead criterion. The savings for each
branch of each alternative are added and the particular branch with maximum
sum of savings is chosen.

Table 5.11 displays the distances for the single-terminal problems
by different techniques. Only those single-terminal problems are com-
pared of which solutions by other techniques are known. It can be
easily observed that except for problems 23 and 24, the solutions by the
proposed approach are equal or superior to those obtained by the savings
approach. The efficiency of the algorithm is determined for each solution
as ratio of the best solution by savings approach to that of the proposed
algorithm. The efficiency of most of the sélutions is equal to or more
than 100%.

The solutions of the second set of experiments with 3 terminals and
10 demand points are summarized in Table 5.12. A similar observation
can be made regarding the solutions by the proposed approach. The average
efficiency is found to be 103.5%.

The solutions of 5 terminals and 25 demand points delivery problem

are displayed in Table 5.13., The solutions by the proposed algorithm
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are not as good as those by the savings approach. The average efficiency

is found out as 91.03%. The probable cause for this inconsistency in
the quality of solution could be the particular nature of the data for
this set of problems. As a result no conclusive comment can be made

as the sample for comparison is very small,

5.5 Conclusions:

To the author's knowledge, this is the first time, the basic con-
cepts of the graph-theoretical approach is applied to the delivery
problem. Thus applied problems such as the single- and multi-terminal
delivery problems are brought within the highly developed mathematical
discipline of graph theory.

Although the results obtained for large problems are somewhat in-

ferior to those obtained by the savings approach, there is no doubt that

the imposition of suitable constraints in addition to distances, on the

minimum l-tree would improve thie quality of solution.
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COMPUTER PROGRAM



COMPUTER PROGRAM

A general multi-terminal delivery problem algorithm, as developed in
Chapter III, is coded in FORTRAN IV for 360/50 computer. The same program
is used to solve single-terminal problem by specifying the number of ter-
minals equal to one. The main program includes the following external sub-
routines:

IGRUP. This subroutine is called to form minimum p-tree and assign
the demand points to terminals,

IARANG. This subroutine arranges the demand points grouped by sub-
routine IGRUP-for easy identification.

ITREE. This subroutine is called to construct minimum l-tree(s).

KILTER. This subroutine identifies the out-of-kilter nodes.

JGAPLO., This subroutine computes the minimum cost increments for
out-of-kilter low nodes.

JGAPHI. This subroutine is called to compute minimum cost increments
for out-of-kilter high nodes.

IUPDAT. The subroutine IUPDAT updates the distance matrix by minimum
of increments computed by subroutines JGAPLO and JGAPHI.

IRQUT. This subroutine is called to form feasible routes by cuts at
the arcs of minimum tour.

IFIRST. This subroutine lasts if the cut at the arc with the minimum
increment forms feasible routes.

ISECND. This subroutine is called to test if the cut with next minimum

increment forms feasible routes.
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IHALF. This subroutine is called to form non-feasible subtours to
be considered for further cuts.

IASCND. This subroutine orders the increments due to cut at par-
ticular arcs of minimum tour.

INPUT INSTRUCTIONS. The necessary data is to be supplied in following

order.

Card 1. Number of problems to be run.

Card 2. Number of demand points, number of terminals and number of
types of trucks.

Card 3. Demands at various points starting from demand point 1.

Card 4. Truck capacities with highest truck capacity first,
next highest second etc.

Card 5. Number of trucks of each capacity and in same order as
above [card 4].

Card 6. Distance matrix., Only half distance matrix is necessary as
it is a symmetrical, last row(s) in the distance matrix is
distance(s) from terminal(s).

All data is supplied with the same format [16I5].

Output.

The output has been condensed as much as possible so that a minimum of
output is cbtained. Intermediate results can be easily obtained by inser-
ting write statements to write out the desired information. The output ob-
tained with the program shown below consists of the following.

[1]. Echo check: Supplied data is printed out. That is, demands at
various demand points, types of trucks, truck capacities
and number of trucks of each capacity and the distance

matrix.



[2]. Routes determined by algorithm.
[3]. The final truck allocation table for all routes.

Appendix B lists output of all single-terminal delivery problems
[26 problem]. The data and routes determined by algorithmmfor multi-
terminal delivery problems are displayed in Appendix C.

It should be noted that, the way program is coded it is necessary to
have at least two types of trucks. If only one type of truck [only one
capacity] is available make number of types of trucks equal to two and

let the second type of truck be of zero capacity.
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C

C PRCGRAFM FOR SOLVING CARRIER ROUTING PRCBLEMVM BY
" GRAPH-TFECRETIC APPROACE

c

CHkdkikid st rdbkpdkddddk ik rb bkt hdrridpkkdrdhtns
C

PRCGRAMMEL BY

P« BHATT

DEPARTMENT OF INDUSTRIAL ENGINEERING

KANSAS STATE UNIVERSITY

C
C
6
C
C
C gk gk deodokkie ek opke ok kb kookok ek kb ok ke kbl kkkk kg
c VARIABLES EXPLAINATICN
(G % 3 e ode o oo o o o b o af o o ofe o oo e oo ol s o ol ook ol ode ol ok ol ofe e o ode o e o sl ol sl o ok o ol el e oo ol kol e ool e e ok
c #%x%% [NPUT VARIABLES ***%%
C NPRDB.oo.ooo-..NUPBER OF PRCBLEMS TO BE RLUN
C NesseasessaaeesaNUMBER OF DEMAND POINTS
C ITEResssessenss e N\UMBER OF TERMINALS
C ITYPEessssessas NUMBER OF TYPES OF TRUCKS AVAILABLE
C ICAP{I)esseeeseas TRUCK CAPACITY OF TYPE 1
C NTRCK(I)esseassNUMBER OF TRUCKS OF TYPE 1
& IDEMNC(I)eeeeasCEMANC AT PCINT I
C IDIST(I3J)eeeesDISTANCE BETWEEN POINTS I AND J
C ( J > N RCPRESENTS TERMINAL(S) ).
(G % % sfeaje e oo e s o o ok ok o ol o ofe ol o ok o ot o o oo e ofe ol ofie e oo ofe ol o e sle ol e ol s ok o kol s ke ol ol ke ok ok ok
c *2%% PROGRAM VARTABLES ***x%
C LINKS(IsyJ)eeessSTARTING NODE OF ARC J OF TREE 1
C LINKF(IyJ)seessENC NCDE OF ARC J OF TREE 1
Cc KOK({IyJ)eeossessDEGREE OF NCDE J OF TREE 1
C KC{IgyJleossesees«STATE OF NCODE J OF TREE I
C IF KD € 0 NDLE IS QUT-OF-KILTER LOW
c IF KC > O NCCE IS CUT-CF-KILTER HIGH
C IRTIIgJ)eesees s NON-FEASIBLE TOUR ELEMENT J CF TCUR [
C IRT(IyJ)essessELEMENT J OF NON-FEASIBLE SULBTOLR I
c IRCUTIIyJd)eessaELEMENT J CF RCUTE I
c NCCMP(I)eeessos s NUMBER OF DEMAND POINTS IN RCUTE I
C JS{IyJdeesesessELEMENT J OF GROUP 1 OF MINIMUM P-TREE
C ke dedek e deodededo kool ke ool ok ook e ook ol e e b b b ok ol e ook e ok ok ok
c *%%2 INPUT INSTRUCTICNS *%*x%
C NPROB FORMAT(16I5)
(o Ne ITER, ITYPE FORMAT(161I5)
C {IDEMND{I) 41I=1,N) FCRMAT(1615)
C {ICAP(I),I=1,ITYPE) FCRFA (1615)
(i CARC NTRCK{I), I=1,ITYPE) FORMATI(16]I5)
C CARD (IDIST I +J) +I=154-1) FCRMAT(161I5)
C NOTE: CNLY HALF DISTANCE MATRIX IS TQ BE LSED.
C J4 > N REPRESENTS TERMINALI(S).
c REF-AT FRCVM CARC 2 FOR EACH PROBLEM
(G e sl ofe ok oo e o o ot o o o o e o st o s ofe ol ol e afe e e e e e e o oo e e e e ol ok e e e e o e e ok ook R koo e e ook ok
COGMMCN ICIST(25,30),L0IST(25,30),KPR{25,3C),IDEMND(25),
*LDEMNC(25) ,ICAP(9),NTRCKI(9)
COMMCN ITER,ITYPE,N
COMMON LINKS(S5Cs26)+LINKFI50426) 4KDIS5C,25),K0K(50425)
COMMCN JS(5415),KOUNT(5),LE(25),.51450),LF(450),8(25),

CARC
CARLC
CARD
CARL

B N e
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104

*MF(2CCIeME(200) 4 LEAD(25),1IB(2C0O),MR(25)

COMMON TROUTI{9,5)yNCOMP(6),1IN(20,25),IRT(2C,26),KL(26),
*INCR(2C,26) IRMIN(20425)KLINK(26)

CUMMON JJGAP(5C,25) oy LINKSAN(26) ,LINKFA(26),L(26)
DIMENSION ITRCK(S)

INTzGEF FCRMIL15),CIGIT(25)

*¥*xFORMAT CARLCS

DATA FCRM/ZT( /3G g " XgIl? 3% 35Xyt g 11y 7% 8 X, 1H T, 11,1, "ot '
¥, 014,30, 0 TU, 0 1,0, YN X, I3, 0, 2K, ]5) v/

DaTA CICITZ? 1%, 2%, A5 41,10 Gy 6y TPy g
0 Gty 10%'," 11',' 12',' 13%,' 14%,v 15',' 16", 177,
0 lgt, v 19, v 20, 21, Z22%,v  Z23v,v  24',' 25%/

i0 FCRMATI(//7+8X425FNUMBER CF CEMAND POINTS =,1245X,21HNUMBER OF TcRM]
*NALS =,12)

5 FORMATA{YL1v,////+425%y THPROBLEM,I3)

15 FCRMAT(// 48X o 6FCEMANC 3%y 6HLEMAND,y 3X 3 BHOISTANCE 32Xy BHDISTANCZ 42X ,46
*HOISTANCZ 42X, 8HCISTANCE2X, BHCISTANCE)

20 FORMATIEX,) SHPOINT 34X, 6HAT THE 4 X,6HTC THE 4 X,6HTO THE4X ,6HTC THE,
#4X 9O0FTC THEy4Xy6HTO THEZ)

25 FORMATIU1IBX 4SHPCINT93X48HTERMINAL TERMINAL TCRMINAL TERMINAL T
*ZRNVINAL)

26
30

35
&0
&5
50
55
110
120
130
1.25
137
i40
141
143

144
145
147
148
172
173
174

FORMAT(ZTX,5HNDO- {(,11,9H) NOs (5I14SH) NO. (3I1,9H) NC,
*y,9F) NCe (4I1,1F))

FORMAT(7XyETH-====== ==—mecee —ecmce-e  comemeee —o-eeee-

R )

FORMAT (///7+13Xs LSHCISTANCE MATRIXs/ /7))
FORMAT(1EIS)

FORMAT(/////413Xy EHTRUCKS)

FORMAT(/,6Xs LTHCAPACITY  NUMBER)
FORMAT(6X gl TH-=====o=  =—==--- )
FORMAT(SXs12,BXs1241%45110C)
FORMAT LEXy 13,8X,12)
FCRMAT(6X,LF(yI241F),2415)
FORMAT(YLY o/ /////7/77/425%X ,14HFINAL SCLLTICN)
FORMAT (25X 14Hmm=m ——==—me v /)
FCRMAT(/46X458(1F%))

FORMAT(EXySE(LH-))

FORMAT (/498X 55HNDO. TcRMINAL RCLTES LOAC CIST
#ANCE)

FCRMATI(/ 436X, 16HTCTAL DISTANCE =,15)
FORMAT(/////y8Xy3GHTRUCK AVAILABILITY AND ALLCCATICN TABLE)
FCAMAT(BXy39H===== ==me==cmomee —me ecce——eo— e ——eee v /)
FORMAT (/47X T4 (LH¥))

FORMAT(/4EXySHTRLCKy4X 45T 7)

FORMAT /48X, Y9HAVAILABLE,9I17)

FCRMAT(/48Xy9FEALLCCATED,91T)

REALC TkHE NUMBER OF PROBLEWMS

REACIS5,40)NPRCE
DO 1CCC YPR=1,NPRCB
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RzAL THZ SI7c CF PROBLEW
RZAD(5,4C)IN,ITER,ITYPE
R=zAL THE CEMANES AT DEMANC POINTS

RZAGIE,4CI(IDEMNDITI) 3I=14N)
B3 46 I=14N

48 LCEMNC(ID=ICEMNC(I)
LTR=N

RERAL TH:Z TRUCK CAPACITI:=S
REAL(E4C)(ICAP(ID,I=1,ITYPE)

Rz2L THE NUMBER OF CIFFERCNT CAPACITY TRUCKS
RCAG(E,4C)(NTRCK(I)I=1,1TYPE)

Rc2L Thz CISTANCES

NZ=N-1
DO 921 J=2,N
Ji=J-1
REAC(S,4CIIIDIST (I J),s1I=1,J1)
DO 49 [=1.J1
KPRE(I+JI=ICIST(IJ)

49 LDISTII JJ)=IDISTI(I,A)

51 CONTINLC

D 65 JJl=1,ITER
J=JJL+N
RCAD(E,4CY(IDIST I wd)sI=1 4N}
DU €4 I=1,N
KPELILJ)=ICIST(I4J)

64 LOIST (I J)=IDISTI(I, J}

5 CONTINLZ
KR ITz(€45INPR
WRITcle 10N, ITCR
WRIT=lE415)
WkITcle,2C)
WRITclE,425)
WRITClE,ZE)(I,4,I=1,ITZR)
wt [Tl €4 32C)
DT 105 I=1sN

1C5 WRITCUlEL1L0D)IZICEMNCIIY S CICISTIIZ(N®J))d=1,1TZR)
WRITz(Ey55)
WRITcleysC)
WRITE(E,55)
DG 1li2 I=1i,ITYPE
ITRCK(IDI=NTRCKI(I)
WRITE(E412CHICAPLTI)NTRCKI(I)

1i2 COMTIMLE
WRIT_(E,3

5)
DG 115 J=2.N
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Ji=J-1
WRIT=(€69130)Jy {ICIST Ied)yI=iyJl)
CONTINLE

WA ITE(E4135)
WAITc(6,137)
WRITc(ts140)
WRITS(£49142)
WRITE(E,140)

ITCTL=C

DO €6 I=1,N

Lolin=1
IF(ITEREC1IGC TC 69

SUBROLTINE IGRLP IS CALLEC TQ FORM MININMUM P-TREE

CaLL ICRuP

DO 7C ITZRM=1,ITER
IF{ITERcQ«1)GC TC 56
N=KOQUNT (ITERM)
IFINECDICC TC 70

SURKRGLTI'IE IARNG IS CALLED TO ARRANGE THE DEMAND POINTS
IN ZACH GRCUP FCR EASY IDENTIFICATION

CALL IARMNGUITERWM)
NZ2=x-1

Nl=NhN+1

LUGAL)=LTR+ITERY

DI 75 Jd=24N1

J1=J-1

DG 72 I=1.4d1
IDIST(I»J)=LDIST(LD(I)LD(J))
KPR({IyJ)=ICIST(I,.4)
CCGMTIANLE

CCATINLE

DI 7& [=1,4N
IDEMNLC(I)=LCEMNCILD{IY)
CONT INUC
NTK=({N2)}*({NZ+1D/2
IF(N«LE«2)GC TC 33C

TC CEBTAIN A MINe. RQUTEC

THIS CC-LOOP 1S FOR NOe OF ITERATIONS

LI €C [P=1,100

THE SUERCUTINE ITREc IS CALLED TO FORM A MINIMUM L1-TREE
CALL ITR=E(NTREE +NTK)

THE CHECK IS PERFCRMEC TOD SEE WHETHER THz MINIMUM TOUR
IS CavALNEL

106
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sNaNaNa

(aNeRalel

sco

146

D 136 JC=1,NTRcE

CGC 146 JL=1,N

IF(JC-EQ1)1GO TC .46

IF (KOK(JCy (UD-1)) «NEKOK(JC,JD)IGO TC 136
IFUJC-ECNICOD TC 500

GO TC 146

J==J<C

6N 10 3237

CCATINLE

126 CONTINLSE

(VY]
Y
Pt

&0
330

[§N]
LY
u

($%)
Ld
o~

THE SLERCUTINE KILTER IS CALLED TO FINC OUT-DF-KILTER
NOJLCe S

CALL KILTER(NTREE)

THE SUBRGULTINE IGAPLC IS CALLED TC CCMPLTE Th:z MINIMUNM
INCRcASE IN MINIMUM 1-TREE WHEN THE NODE IS OULT-OF-KILTER LCh

CALL IGAPLCINTREE,JGAPLC,JNCDLO)

THE SUEROUTINE IGAPLO IS CALLED TO CCMPLTE THE MINIMUM
INCRZASE IN MINIMUM i-TREE WHEN THE NCOCc IS OUT-OUF-KILTER HIGH

CALL IGAPHI(NTREEZJGAPHI  JNCDHI)
IF(JCAPLO LT «JGAPHI}GO TO 310
JNCLE=JNCCHI

J3AP=JGAPHI

Gl Ta 2zl

JNCLE=JNCCLO

JGEP=-JCAPLC

THE SUBROUTINE IUPDAT IS CALLED TO UPUATE THE DISTANCE MATRIX

CALL IULFCAT(JNCCE,JGAP)
IF{IP«2C«15)G0 TC L70
CUNT INLE

LCAL=0

NH=5,

IO=IDIST(L,N1)

L) Z3€ I=14N

IRCUT (AN, I=1
LCAL=LCAC+ICEMNCI(I)
CINTINL=

IF(4«EC.1)G0 TO 336
IC=IC+ICIST(L, 2
To=IC+ICTISTIN,NL)
NEINAL=N
FCR¥{B)=CICIT(NFINAL?}
K=E+(4-NFINAL)*4
FORM{1z)=DIGITI(K)

WRITZ(EyFCRMINM, ITTERMy ITCRMy (LDIIROUT(I,4J)),J=1,NFINAL) ,ITERM,LCAD

*,IC
ITCTL=TIT10TL+ID
GO TG 1C
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337 DC 162 J=2,N1
Ji=Jd-=1
DN 1€1 I=1,J41
ILIST(I4J1=KPR(T4J)
ICIST(S»II)=IDIST (1,44}
1el CONTINLZ
162 CONTINLE

THZ SLERCUTINE IRCUTS IS CALLED TO FGRM FZIASIELE RQUTS
By APPLYING ' CLT * AT THE ARC MINIMLF INCREASE

CALL IRCUTS{JE,AM)
IF(NMeEQ1)G0 TC 164

NM1=NM=1
GC TC 175
164 NMI=1

175 D3 65 I=1,AM1
NFINAL=ACCNMP(I)
IO=ICISTUIRCUT(I,1), (N+1))
J=1
IF{NFINAL.ZC1)GO TO 13
DC 12 J=Z,NFINAL
ID=IC+ICISTUIRCLT(I, (J=1))IRCUT(I,J))
12 CONTINLE
JENFINAL
i3 IC=ICAICISTIIRCUT(IZJd) e (N+1))
LOAD=C
DO 14 J=1,NFINAL
LCAC=LCAC+ICCMNC{IROUT(I,J))
14 CCANTINLE
FORMUEDI=DIGITINFINAL)
K=5+(4=-NFINAL) %<
FCR¥(L2)=CIGIT(K)
WRITE(ESZFORMII yITERMyITZRNMy (LD(IRCUT (I 4J))9J=1,NFINAL), ITERM,LOAD
¥, IC
ITCTL=ITCTL+IC
95 COMTINLE
WRITS(€4141)
70 CONTINLEZ
welTcl(Esi40Q)
WRITc(€+s:.44)ITCTL
D2 1CC1 I=1,ITYPE
1601 L(I)=ITRCKI{I)I-NTRCKI(1I1)
WRITz(€E9145)
WeITc{€,147)
WKITE(E,148)
WRITC{E1T72)(ICAP(IN,I=1,ITYPE)
WRIT=(€4148)
WRITELESLT3YIITRCK(I)I=1,ITYPE)
WRITE(EY1LTA)IL(I)yI=1ITYPZ)
WRITc(E4148)
1600 CONTINLE
170 STCP
ENC
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SUBRCLTINE IGRUF

Caixixdstdsdddpdrbrsdidokgdhdfhkgdiokkidhdk dkddrddekerdhthkds

C

THIS SULEROLTINE GROUPES DEMAND POINTS FGOR EACH TERMINAL

Chdkddkhddtdb b bt hdokkdhdbdhdkkdkdd bbbk h db bbbk bk ki kk

99

ieC
119

140

130
110

170
169

ig0

160
150

COMMON IDIST(2543C)4LDIST(254+30) KPRUZ5,430), ICEMNDIZ2S),

*LLEMNC(Z25), ICAP(S)4yNTRCKI(S)

COMMOIN ITER, ITYPE,N

CCMMCN LINKS(504526)2LINKF(50,26),KD(50,25),K0K{50425)
COMMON JS(S5y15)9KOUNTIS5)LDL25),LS145C) LF(45C),B(25),
*MF(200),¥51200),LEAC(25), IB(200),MR(25)

COMMON TRCLT(945) 4NCCMPIED)IIN(20+25) IRT(20,526)sKL(26),
FINCRIZCy2E) g IHMINCZC 250 o KLINKI25)

COMMON JJICAP(S50,25)s LINKSNIZ6),LINKFN{(ZE),LIZE)

Nz=h-1

NTK={Nz)=(NZ+L)Y/2+N*]TER

NS=N+1

NF=A+ITER

DG 99 I=1,ITzR

KOLNTUI)=C

CONTINUE

TC ARRANGE ALL CISTANCES IN ASCENCING CRCER

DO 210 IP=1,NTK

IL=1f-1

ITEMP=5659

GO 11iC J=2,N

Ji=J-1

DG 13C I=1,J1

IF(IL«LT-1)GO TC 119

DO 12C JK=1,IL
IF(LS(JK) «ECo T o ANCeL FIJK) eEQ«J)IG0 TO 1i3Q
COGNTINLE
IF{IDIST(IJ)eLT«ITEMP)IGO TO 140
GC TC 130

11=1

JJ=J

ITEMP=ILIST(I4J)

CCONTIML:

CONTINLE

LS(IPY=11

LFE(IP)=JJ

GO 150 J=NS,NF

DO 16C I=1LsN

IF{IL«LT32)G0 TC 1&g

DO 170 JK=1,IL
IFILStCK)sECe I ANCoLFIJKYEQJ)IGO TO 160
CONTINLCZ
IF(ICIST(ILJ)eLTSITEMPIGO TO 180
GC 7C le0

LSCIFR)=1

LF(IP)=J

ITEFP=ILISTI(I,J)

COMTIANLE

CONTINLE



161l

1C5

8
79

1C1

81
£3

162

505

159

163

165

2€8

——— -
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TC CGRCLFET Tke VARIOUS DEMAND POINTS WITH VARIOUS TERMINALS

NCFK=LF(IP)-N

D 1&z2 I=1,1ITER

Il=KCUNT (1)

IF({ILleLE-CIGO TC 162

DD lél J=1,11
IF(LS(IF)eaEC.JStI,J))GO TO 105
IFILF{IF)ECJS(T,J)0G0 TC 101
CONTINLZ

GO TO 1léZ

DC 79 II1=1,ITER

ITST=N+1

I12=KCOUNTH{II)

IF(IZ«EC«D)CC TC 79

DC 78 +Jd=1,12
IFILF(IPY«EQeJS{II UV e CReLF(IP}YeGE-ITSETICO TC 210
CONT INLE

CCATINL:=

KOUNT(I)=KOULNT(I)+]
JS{IZKCUNT(I))=LF(IP)

NCHK=1

GC TC 5C5

DO €3 II=1,ITER

I2=KCUNT(II)

IF(I2+EC0)GU TC 83

DO EL WJd=ls12
IFILS(IPYEQaJS(IT,LJJ))G0 TO 210
CCATINLE

CCANTIALE

KOLNT{IY»=KOUNT({I)+1

JS (T KCUNT(I))=LSI(IP)

NCFK=1 &
Gd 10 ECs

CONTIMLC

IFILFUIF)«LESN)GO TO 210
KCUNTONCHK)=KCLUANT(NCHK) +1
JS{NCHK o KOUNTINCHK)Y)Y=LS{IP)
ITST=N+1

I[Pl=1P-1

IF{IPlecQ«C)IGO TC 210G

Dl i€4 I=1,1P1

KP=KCUMNT (NCEK)

L3 163 J=i,KP

IFILSLINsEQe JSINCHK,)IGOD TC 165
IFILFII)EQ«JSINCHK,J))IGO TG 166
CONTIMNLE

Gl TG 1€é4

CO zeg9 II=1,1ITER

[Zz=KkCLNTULID)

IF{IZecaeCIGU TCL 269

DI 268 Jdd=1,12

IFILF(T) sECeJS(ITsJJ)eORLFIIIGESITSTICO TU 164
CONTINLZ



166

CONTINLE

KCUNT (NCHK )=KOUNT (NCHK ) +1
JST{ACHE s KCUMNT (NCHKD) ) =LF (]
Ga 12 1eé8

Div 276 [I=1,I1TcR
[2=KCUNTI(ID)

IF(IZ«ECCIGO TC 279

Do 218 JJ=1,12
IF(LS{I)ECJS{IILJdJ))GO TO
CONTINLE

CONTINLE
KOUNTINCEK)I=KOUNT(NCHK)+1
JS (NCHK , KCUNT (NCHK) )=LS (D)
GC TC 1¢¢g

CONTINL:Z

GC TC 2C9

Gd 1C 159

KK=¢

L3 23z LM=1,ITER
KK=KK+KCUNT (LM)
IF(KKeZCeNYGU TC 220
CUNTINLCZ

RETURN

ENC
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SUBRCLTIN: TARNGUITERM)

C ket ddddddhdhhehhhdhhhihhd ko kfeddekkk Rt dkdddkadky

c
C

ThIS SLBROUTINE ARRANGES THE DEMAND PUINTS IN EACH TERMINAL
AFTzR EZING GRCUPEC BY SUBRCUTIN:Z IGRUP

€ % 3 oo s e ool ol sl o oo o ok o 0 o o e ook oot ok o ol ok ok o ool o oot ol sl o ol o oo o ok ol e ket o o o

500
5C5

515

[
-

(a8}

\n
Lnt
o

COMMON ICIST(25430),LDIST(254320)yKPR(Z2E5,3C),ICEMND(25),
*LCEMNC(25), ICAP(9) NTRCK(9)

COMMON ITERLZITYPESN

COMMON LINKS(5Ces2€)LINKF(5C326)KDI5C425) yKTK(50,25)
COMMON JS(5415)sKOUNTU(S)4LEC(25),LSU45C),LF(45C),B(25),
*MF(z2CC)MS(200)4,LEAC(25), IB(200),MR{25)

COMMCN IROLT(9,5) ;NCCMPLOE) 3 IINL20425)3IRTI20,26)4KLI(26),
*INCR(2C,26) 3 IRMIN{Z20,25),KLINKI(26)

COMMCN JJGAPI(50s25) s LINKSNIZ6)LINKFNLZE) L1 28)
K=KOULNT(ITCZRM)

DO 33C I=1.K

ITEFP=G939

1i=1-1

DU £2C IP=1,K

IFII=-ZC«1)GC TO 505

DG S5C0 II=1,11

IF{LULII)eCQeJSIITERMLIP)IGO TO 520

CONTINLE

IF{JSUITERMyIP)LT-ITEMPIGC TC 515

GO TC £2C

ITERP=JS({ITERM,IP)

CCATINLEZ

LO(I)=1ITcCWVP

CONTINLE

RETURN

ENC



SUERCUTINE ITREZ(NTREESNTK)

Cdseksekri ik dpdhkkdodrdodokkokdkkokfop ok ook hokd kb Tk dek ek ok

C

THIS SULBROLTINE FORMS MINIMUM 1-TREE(S)e.

T T T TR d R g o e e E E s Lt E

COMMCN IDIST(Z25,3C)LDIST(25,430),KPR{25,30), ICEMNDI(25),
*LCEMNC{Z25), ICAP(S)4NTRCKI(G)

OO0

1C25
1635

1C€30

16z0
1C10

1CCO

1043

iC42
1050

1073

COUMMEN ITER,ITYPE,N

COMMON LINKS{50426)+LINKF(50,26):KD(50,25),KOK{50,25)
COMMUN JS(5415) ,KCUNT(5),L0(25),LS(45C),LF{450),8(25),

*MF(200),M5(200),LEAD(25),1IB(200),MR( 25)

COMMEN IRCLTU9,45) NCCMP(6)4IIN(20,25), IRT(2C,26),KL(26),
*¥INCRIZC26)IRMINI2C 250 3 KLINK{25)

COMMON JJCAP(5C,25),LINKSNIZ26) ,LINKFNLZE) ,L(2€6)
TG ARRAANGE DISTANCES IN ASCENLING ORLCER

D 1CCC NA=1,NTK

[TEF¥F=6939

DO LC1C NE=2,.N

NC=nB=-1]

CC 102C NC=1,4NC

IF{NREC.1)GO TC 1035

JPP=NA-1

0N 16z2¢ apP=1,4PP
IFI(NCeECsMF(JIP)I)aANCoe(NBECMSIJPIIIGC TC 10C2C
CONTINLS=

IF{ICISTUNC,NB)eLESITEMPIGD TO 1030

GC TC 1020

I1=AL

JJ=NE

ITEMP=ICISTI(ND,NB)

CONTINLE

COMNTINLC

MFE(NAI=ITT

M3 (n2)=0J

IBINEY=1ICISTI(IT,J0)

CONTINLZ

JC=1
ICCUNT
NTRz:==
NYN=.
OO 1C4aC K=14NTK
IFLJCeECNIGU TG 1043
ILC=yC-1

GO To 1C42

1
s

1

IF(ICISTIMF(K) ¢ ¥S(K))eNESIDISTIMF(K=1)¢M5{K=11)2)G0 TO 1220

ILC=JC=2
IFUICOLATSGTLILCIGC TC 1060
Ut 1C7C M1=14NTREEL

I=1

KL{I)=C

LEAC(I)I=MS(K)

DC 1072 NP=1,1IL0

DL 1CT75 JI=l,1
IFIKLIJID«=GQ«NPIGC TC 1072



1075

1080

1100

1C90

1110

1C72
1140

1070
1CED

11&0

1150

11e0

1Ce5
1¢79

1ce?
1681

1CeB8

1C71
1069

CUNT INLE

OC 1C8C JI=l,l
IF{LEAC(JTI )Y eEQeLINKS(ML,NPY)IGO TO 1090
CCANTINLE

PG 11GCC JJd=1.,1

IF(LEAC(JJ)YEQe LINKF{ML,NPY)GC TO 1110
CONT INL Z

GC 7C 1c¢72

I=1+.

KL{i)=NP

LEAC(II=LINKF(ML,NP)
IE(LEACII)«EQeMF(KIIGO Ty 1150
GO TC 114C

I=1+1

KL{I)=NF

LEACIII=LINKS(NL 4AP)
IFILZAC(I)«EQeMFI{K)IGO TO 115C
GO 10 1140

CCANTINLE

GC TC 1C7C

G0 Tg 1C73

CONTINLE

IF(ILC«NZ+{JC-1))GC TC 1065

DO 118C NTNO=1,NTREE
LINKS{NTNC,,JCIY=MF(K)
LIMNKFINTNC,JC)Y=MS (K)

CONTINLZ

NCCUNT=1

JC=JC+1

GO 1C 1C40
IF{IDTISTUIMFIK) ¢ MSIK))EQeIDISTIMF(K=12,NFS(K=1)))6GN TOLl1l60
GO TC 1040

IF(ILCeNFe{JC-1))CC TO 1040
ILC=ILC-3

I=1

L=2L(I¥=NM3(K)

G& TG IG=0

G TO (,ClEy1CETH1CTI) 9NCCUNT
NC=NTREZ/3

GC Tg 1c8l

NC=ANTREE/Z

DD 10eE JB=1,4NC
LINKSO(NTREE+JIBRI [JC-1))=FFIK)
LINKFC(NTRES+JB) y (JC-1)) =NM5(K)
CONTINLE

DC juesS JB=1,NC

JOL=J4C~-2

DO 1C71 4P=1,J4CL
LINKSOI(NTREE+JB)JP)=LINKS(JB,JP)
LINKFUINTREZ+JB) 9 JP)=LINKF{JB,JP)
CONTINLZ

CONTINLE

NCCUNT=NCCUNT +1

NTRZZ=NTREZ+NC

NN=NTRE:=



1C¢éo

116G

1250

GO T3 1C40

NTRce=Z2*NTREC

NCCUNT=NCLUNT+1

Na=NTRCLz/2

DG 119C NTT=1,N4
LINKSUINTT4#NN) 4 (JC-1D)=MF(K)
LINKFU(NTT+NND) 3 {JC=1))=MS(K)
JM=NTT+AN

JCC=JC-1

CONTINLE

NN=Z NN

JC1=4C-2

DG iz22C NTT=1,N4

DO 124C JKK=1ls4dC1
LIMKSO(ATT+NN/2) 9 JKK)=LINKSINTT, JKK)
LIMNKFO(NTT+AN/Z2) 9 JKKI=LINKFINTT 3 JKK)
CONTINLE

CONT INLE

COATINLZ

TO ARRANGZ TERMINAL DISTANCES IN ASCENCINCG CRCER

ICCUNT=C

DS 1250 KK=1,4N

ITEMP=€CEGS

DO 1e¢6C IK=14N

JK=KK-1
IF{JK<ZQ«ICOUNTIGC TG 126°F
Lo 1225 K=1,JK
IF{IKECMF(K)})GL TC 1260
CONTINLE
IFIICISTUIK«(N+L))elceITENMPIGE TO 1270
GC 1L 1260

IKK=1K
ITZP=ICISTIIK,{(N+1))
CONTINLE
BOKK)=ICIST(IKK,(AN+1))
MF{KKD)=][KK

MS (KK )=N+1

CONTINLE

Di, o¢€C JT=LNTREE
LINKS(JT NY=MF(1)
LINKF(UT g NY=N+]
LIMKE(UT 4 IN+12)=MFF(2)
LINKF(JT, (N+1))=N+1
Ni=N+1

CCNTIANLC

DO L126( KK=3,4N

IFIE(KK) «EQ«BIKK=1))GO TO 1300
GC TC 1310

DC 1Z2CE KP=3,KK

CONTINL

NIRcz=,*ANTREE
JTT=NTRcC-s2+1

——

115



1340
1230
1290

13290
1380
1370
1250

07 132C JT=JTT,NTREE
LIMKSE(ST o NI=MF{])
LINKF{JT o N)=N+1
LINKS(JT 2 (N+1))=MF(KK}
LIMCFIJT s {IN+1))=N+]
COMNTINLZ

NT=N-1

D 133C NPP=1,NT

DU 134C JT=JdTT,NTREZ

LINKS(JT NPPY=LINKS{{JT-NTREE/2) 4NPP)
LINKF(JT NPP)I=LINKF{(JT-NTREZ/2)4NPP)

COMTINLC
CONTINLZ
CONTINLE
NP=n+1

TO FINC COLT THE DEGRZZS OF NODE

Nl=ih+1

DU 135C NTR=L,NTREZE
D3 126C JD=1,N

KIK INTRJCI=0

B L37C JCC=1,N

DO (2EC JL=1,4NL

[IF{LINKSINTRyJL)EQ.4DD)IGO TO
IF(LINKFINTR,JL)«2G«JCDIGO TU

GG 7C i2é&cC

KOK(NTR y JDD)=KCK(NTR4JOC) +1

CINTINLE
CCOATINLE
CONTINLE
R=TURN
ent

1390
1390

116
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SUB=CLTING KILTERI(INTREE)

(C e ok oot o o ok e o e o ok ok ok ok e ook ok ool ok oo e o ol o ok o el ol oot sk ok ok o e ok e ke

c

THIS SLEROULTINE FINDS THE NCDES wHICH ARE CUT CF KILTER

CkksekekFh R ki kg kg ddokdd dihfmddd ki

36Co

2510

2500
2700

2Ci0
2000

2750

2520

29190
25900

2912
2911

3500

COMMOCN IDISTI(2543C)4LCIST(254,30)4KPR(254301),41CEMND(25),
FLOEMNDLZ3) 2 ICAP (9D JNTRCKIS)

CCMMON ITZR,ITYPEWN

COMMCN LINKS{50426)3LINKFI(50:261,KD{504+25)4K0K(50,425)
COMMON JS(S,415) yKOCUNT(5) 4LE(Z25) ,LSI45C),LF(&450),E(25),
*MEL2CCIYeMSI200),LEADL(25),1B({2C0),MR{25)

COMMEN TRCLT(9,5) 4NCCMPIEY TIN(I20,25), IRT(20,26),KL(26),
*INCRUZC 926V IRMIN(ZC 425) yKLINK(26)

COMMON JJGAP(S50425)y LINKSNIZEY,LINKFN(Z26)Y,L{26)
MM=(

K=C

IFINTREZ-EQ.1)G0 TO 270C

DC z50C Jd=14N

DC 3CCC I=2,.NTREE
TFIKCK(T o J)«EQaKCKI{I=-1),0))GC TO 30CQO

G5 TO esocC

CONTINL 2

DO e¢S1CIT=1,NTREE

KD(IIlyJ)=KOK ([T gJdi) -2

CCOANTINLZ

K=K+

MR{KI=J

MM= MM+ ]

CCNTINLZ

IFLINMM=1))2T700,275C,2750

DO 2CCC TIi=1,NTREE

DC 2ClC JJ=1,N

KO(IT o JJY=KCK{II, JJ)-2

CONTMNL=

GC 7C 2500

DG 29CC I=1,N

DO 261C J=1,NTREE

DN 292C KK=1,K

IF{I«cCMR(KK))GC TC 2900

CONTINL=

KCtd,yI)=¢

CONTINLE

CONTIANLE

DO 2811 1=1,NTREE

DG 2912 J=1,HN

IF{KC(IsJ)ecQe0IGC TC 2912

GJ TG zEcCC

CONT I[MLc

CCATINLC

GG TC 2700

RETURN

ENC
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SUEKCUTINE IUPCAT(JNODE,JGAP)
R T e e st T i T

C THIS SLBRCUTINEZ UPCATES ThHz DISTANCE MATRIX.
CEdsksid it shbphrkhhhikakk ks hkok bk hkhkkddodhddd khakkkkkdk
CCMMEN TCIST(254+3C)»LOIST(25430),KPR(25,43C),1DEMND({25),
*LOENMNC(25) ,ICAP(9),ATRCK(93)
COMMON ITZRL,ITYPE4N
COMMON LINKS(50926 )2 LINKF(50426) 4KD(5C,25),KO0K(50,25)
CCMMON JS(5,315),KCUNTI(S ) LE(Z25)sLSU4&5CY4LF{45C),4,B(25),
*MF(2CCY,MS(Z00),LEAC(Z25),IB(200),4,MFR(Z5)
COMMON IROLT(945)NCOMP (&), IIN(20,25)3IRTIZ20,26),KL(26),
#INCRI(2C,26), IRMIN(20,+25)+KLINK(26)
COMMCN JJIGAP(5C425)LINKSAN(Z6)3LINKFN(26),L126)
IF{JNOLE.EQ.1)G0O TO 200C
JhC=JNC L=~}
DC 2C1C JJ=1,JNC
IDIST(CJ,,JNODEY=TIDIST({JJ, UNCDEY+JGAP
2010 CONTINLE
2000 JN=JMCLCZ+]
NT=nh+1
D3 2Cz2C JJ=JINGNT
ICIST{JNOCEsJJI=ICIST(INODGE» JJI+JGAP
2C20 CONTIAL:
RZTULRN
ENL



C ok

C

C
C itk

32

38

SUERTUTIMNE IGAPLO(NTREE.JGAPLO,JNODLG)

ool e o e ot o o o ke e e o ok e ot ool ko ol e oo e etk ok ok o ok ook kol ok ok kR ol ok ek
THIS SLBROLTINE FINDS THE FINIMUM GAP FCR UPCATING WHEN
NACZ IS DUT-0F-KILTER LOW

kot ks hdd ko dod ok bk kol ok kok kool R b kot kR ok kR koRok R kK
COMMCN IDISTUZ543C)LDISTI25,30),,KPR{Z25,30),ICEMNDI(25),

¥LCEMNEC(Z5), ICAP(9),NTRCKI(SG) =
CCMNMCN ITER,ITYPE,N
COMMCAN LINKSI(50926) s LINKFI504286)3KDIS50,25),KOK([50,425)
CONMON JS(3,315) KCUNT{5) ,LC(25) 4L S(45C) 4LF(450)48(25),

*MF{z0C),MS(200),LEAD(Z25),IB{Z00)+MR(25)

COMMCN TRCLTI945) 4NCCMPLE) 3 IIN(20,25), IRTI20,26)4,KL{26),
2INCR(2C, 26, IRMINIZC,25) yKLINKI(26)

COMMON JJGAP(50425)3 LINKSN(ZE)LINKFN{Z2E),L12¢€)

ML=

JIGAP=SGSGS

NTCTL=NTREC*N

N2=N=-2

Ni=Ah-1

D3 2CC NTR=1,4NTREC

DO 25C I=14N

IF(KCINTR, I)«GELQICO TO 249

IF{I«ECs1)GC TC 3(C35

Il=1-1

DI 303C I1=1,11

BC 3C4C JJ=ig¢Nl

IF{LINKSINTR¢JJ)eEQ.IVGC TC 3040
IF(LINKF(NTRyJJ)EQ-IIGT TO 3C4D

JICAPIMNTR o IY=ICISTIII I)-ICISTILINKSINTRyJI)SLINKFI(NTRsJJ))
IF{JJIGAP{NTR 3I)eblceCIGC TC 3040

CHECK IF THE NEW LINK FORMS A LOOP

LINKSN{JJI=11
LINKFN(JJ)=1
IF{JJEC-1)C0O TC 25
Jul=JJ-1i

DO 15 JC=1,4D1
LINKSNAJIC)I=LINKS(NTR,JD)
LIAKFANLJCY=LINKF(NTR,JD)}
CONTINLE

JLz=JJ+]

DG 30 <LC=JC24N1
LINKSNUJD)=LINKS(NTR,JD)
LINKFN(JD)I=LINKF(NTR,JD)
CCANTINLE

[d=1

KL(IlJdr=Jdyg
LEAL(TJI=LINKFN(JJ)

DL 33 NF=1,N1

DC z& JI=1,I1J
IFIKL(JI)EQ«NPIGO TO 35
CCAhTINLE

DC 4C JI=1,1J4
IFILcAC(JI)«EQ«LINKSNINPIIGC TO 45



aNalal

€0

55

70
35

39
41

3040
3C30
3C35

3C&0
3C70

3Csq

- ———
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COINTIMLE

DG >0 JI=1l,1J
IF{LcAC{JI)ZQ«LINKFNI{NP))IGC TO 55
CONTINLE

GG TC 35

TJ=1J+]

KL{LJ)=AP

LEAL(IJ Y=L INKFNINP)

DG 60 KK=1,1J
ITF(LzAC(KK)«EGLINKSNIJJIIGC TO 3040
CONTINLZ

GO Tu 29

Ii=1J4+1

KL{IJ)=NP

LcAC(IJ)I=LINKSNINP)

DG 70 KK=1,1J
TFILZAC(KK)«EQeaLINKSNIJJIIGC TO 3040
CONTINLE

GG TC 29

CONTINLE

GO TC <1

GO TG 32z
IF(JJCRAF(NTR,I)«CT-JIGAP)IGO TO 3040
JIGAF=UJGAPINTR,I)

JHNCOLC=1

JGAPLO=J IGAP

CONTINLCE

CONTINLE

IF{I«Z0«N)GO TC 3CCC

Ii=1+1

DG 302C TI=11i,N

DS 2CeC JJ=1,N1
IF(LINKS(NTR,JJ)e2Q-12GO TO 3C60
IFCLINKFINTR,JIDVECaIIGO TC 3060
JIGAFPINTRyI)=ICISTUIIID)—IDISTI(LINKSIATRyJJIYJLINKF(NTRyJJ))
IF(JUGAP(NTR,I)«LEQIGO TC 3060

CHcUK IF LCCP IS FCRMED

LINKSNdd)I=1
LINKFN(JJ)=T1
IF(JJd«zC+1)GO TC 307C
JK1=JJ-1

D 306C JK=1,JKl1
LINKSN(JK)=LINKS(NTR,;JK)
LINKFN{JK) =LTINKF{NTR,JK)
CONTINULE

JKZz=JJ+1

DG 3C9C JK=JKZ,N
LINKEN(JKI=LINKE{NTR,,JK)
LIMNKFN(JK)I=L INKF(NTR,JK)
CONTINLE

14=1

KL{IJ)=JJ
LSACIICI=LINKENCID)
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3102 DO 31CC NP=14N1
DO 3105 JI=1l,1J
IF(KL(JI)«EQeNP)GC TO 3100
3105 CONTINLE
DO 311C JI=1,1J
IF(LEAC(JI)EQ«LINKSN(NP))IGC TO 3120
3110 CONTINLE
DO 313C JI=1,IJ
IF(LEAC(JI)EQ«LINKFN(NP))IGO TO 3140
3130 COMNTINLE
GO TO 21¢¢C
3120 IJ=T1J+]
KL{IJ)=NP
LEAD(IJ)=LINKFN(NP)
DO 315C KK=1,I1J
IF(LEAC(KK)«EQ.LINKSN(JJ)IGO TO 3060
-3150 CONTINLE
GO 70 2107
3140 IJ=1J+1
KL(IJ)=NP
LEAD(IJ)=LINKSN(NP)
DO 316C KK=1,IJ
IF(LEAC(KK) «EQ«LINKSN(JJ)IIGO TO 3060
3160 CONTINLE
GO Tc 2107
3100 CONTINLE
60 TC 3111
3107 GO TC 3102
3111 IF{JJGAP(NTR,,I)«GT<JIGAPIGO TO 3060
JICAP=JJGAP(NTR, 1)
JNCDLC=1I
JGAPLC=JIGAP
3060 CONTINLE
3020 CONTINLUE
JICAP(NTRyI)=IDIST(Is(N+1))-IDIST(LINKS(NTRy (N+1))3LINKF(NTR,y(N+1]
1M
IF(JJGAP(NTRyI)eLE«Q«OR«JIGAP(NTR,I) «GE«JIGAPIGC TO 250
JIGAP=JJGAP(NTR, I)
JNCDLC=1
JGAPLO=JIGAP
GO TO z50
249 ML=ML+]
IF(ML.LT«NTOTL)GC TC 250
JNCOLO=N
JGAPLO=69G9
250 CONTINUE
200 CONTINLE
3C00 RETURN
ENC
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SUBROUTINE IGAPFI{NTREE,JGAPHI,JNODHI)
M E s s s it ey ey e e E E T 2 R
C THIS SULBRCLTINE FIANCS TEZ MINIMUM GAP FCR UPCATING WHEN
C NOCEz IS QUT-gF-KILTER HIGH
(C e o ol te ook e ot oo oo o o e e s o ool ot e oo s el ol e ool ok e ool e ol ok ok ok R o ook ok ol ol o ok
CCMMCON IDIST(2543C),L0ISTI25,430),KPR{25420), ICEMND(25),
¥LDEMND(Z25) ICAP(9)}4NTRCK{ S}
COMMEN ITER, ITYPES N
COMMEN LINKS(50426)3LINKFI(50426)+KD(5G+25),K0K(50,25)
COMMON JS{E415) 4KCUNTI(5) 4,LD(25),L5(45C),LF{450),B(25),
*MF(Z2CCIYyMS({200),LEAD(25),IB(200)sMR(25)
COMMON TRCLTU935) ¢ NCCMP(OEI s IINI20925)sIRKT(204206)4sKL(26),
FIMNCRIZC22E) yIRMINIZC425) yKLINK (28]
COMMCN JJGAP{504Z2S)s LINKSNIZE)Y sLINKFN(ZE),L[26)
JICAF=6999
Nl=N-1
ML=Q
NTCTL=NTREZx%N
DO z9CC NTR=1L4+NTREE
DO =2CCC I=1.N
IFIKC(NTR; I)LE-QIGO TO 2S99
K=C
DC 3155 JP=i,sN1l
IF{LINKFINTR,JP)EQ«I)GC TC 3170
IF{LINKSINTR,JP)EQ.IYGO TO 3165
GL TC 3155
3170 K=Ks}
LIK)=LINKS{NTR,JP)
GC TC 2155
3165 K=K+}]
LIK)=LINKF(NTR,JP)
3155 CONTIHLE
DO 3z0C JK=1,K
DT 2210 JJ=2,4N
Ii=dJ-1
Do 322C I1=1,11
IFIL{JK)YLEC- (N+1))IGC TG 32900
IF(ITcCealaCReJJIsEQsIIGC TO 3220
C CHECK WHFETHER THE LINK CONSIDERED IS FRCM TREE OR NOT
DG 3z24C M=1,N1
IF(LINKSINTRy M) e EQel I« ANDLINKF{NTRyM)ZGRJJICC TO 3220
3240 CONTINLZE
IF(LEJK)Y «GT«IXGC TO 3250
JIGAPIMIR I)=ICISTIIT,JI)-IDISTIL(UK), 1)
GO TC zzécC
3250 JJCAPINTR IY=IDIST(IILJJI-IDIST(ILIJK))
360 IF(JJGAF(NTR,,I)LEL0)GO TC 3220
€ TO CHECK IF THE NEw LINK FCRMS A LOOP
DO 323CC JM=1,4N1
ITF(LIAKS (NTRyIJM)EQ.L(JKD)IGOD T 3310
IF(LINKFINTR 4 JM)EQGs LIJKYIGC TO 3320
GO TO 223(C
3310 IF(LINKFINTR,JM)NE-I)IGO TO 3330
LIMNKSNTIMY=]1
LINKFN(JM)=1J



3410

3350

- =
az232
2.3

2¢0
3210
3200

KrR=JM

GC 7C 2300
IF(LINKSINTRJIMI«NESIIGC TC
LINKSN(JIM)=T1

LIMNKENGIMY=JY

Ke=J¥V

GO TC =z2CC

LINKSN{JM)I=L INKSINTR M)
LINKFN(IM)=LINKF{NTR,JM)
CONTIAMLE

IJ=1

KL(IJ)I=KR
LZACIIUI=LINKFN(KR)

DC 335C NP=1,4N1

DO 335¢% JI=1,1J
IFIKL(JI)«ECNP)ICGO TU 335¢C
CONTINLE

DO 33€C JI=1,1J
IF{LEAC(JI) «EQeL INKSNINP)IGO
CONTINLE

DO 327C JI=1l,.1J
IF(LZAC(JI)« EQeLINKFNINP))IGO
CCATINLE

GO TCU 3350

IJ=1J+]

KL {Id4)=NP
LEAC(IJ)=LINKFNINP)

DO 34CC KK=1,IJ
IF{LCAC(KK) «EQe LINKSNIKR)IGC
CONTINLE

GC TC 3231

[d=1J+¢1

KL{IJ)=NP
LEAC(IJI=LINKSNI(NP)

DG 341C KK=1,1J

IF(LEAC (KK)+ EQaLINKSN(KR)IGO
CCNTINLZ

GC TC 3331

CONTINLE

GG Tu 32232

GG TC 3333

3330

TO

TO

TO

TO

3380

3390

3220

3220

IF{JIGAP(NTR IV -GTJIGAPIGCC TC 3220

JICAP=JJCAP(NTR, )
JNCCFHI=I
JGAPHI=JIGAP
CONTINLSZ

CCNTIMLE

CCATINLE

IF(LIMKSINTRYN) «NEoI «sORLINKSINTR, (N+1))NE-I)GO TO 3000

DO 2SSE& JP=1,N

e ——
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IFILINKSI(NTRN)2EQeJP<ORSLINKSINTR, (N+1))+EQ.JP)GO TO 2998

JIGAPINTRHZIDI=ICISTIIP, (IN+))=IDIST(I,(N+1 D))
IF(JJGAP(NTRyIDeLE«O«OR« JIGAPINTR,I) «GT«JIGAPIGO TO 2998

JICAF=JJGAP(NTR, 1)
JGAPHI=JIGAP



124

JUCDRI=1
2998 COATINLE

GC TC 3000
2699 ML=ML+]

IF(MLeLT«NTOTLIGC TC 30C0

JNCCFI=N

JGAPFI=9999
3CC0O CONTINLE
2600 CONTINLE

RZTURN

ENC
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C
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6060

6005

6C10

6020

6C00

6050
6C90

6091

6080

6081

6C82
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SUBRCUTINE IROUTS(JE,NM)

e e e e ofe ol o ok 3 o o o o ofe o ok afe o e e ok e e ok o ok e e ok ke ok ok e ol ok o ok e o o ol oo ok ok ok ke kok ok
THIS SUBROUTINE FORMS ROUTES BY APPLYING CUTS AT THE
ARC WITEH MINIMUM INCREMENT

o e o o e ok 3 3k o ok o o ol e o e e el e ok e ok s sk ol o o o e ok o ok e o ok ok ok ok ok o ol ok o e ol ol ol e ok ook
COMMCON IDIST(25,30)4LDIST(25,30),KPR(25,30),I0EMND(25),

*LDEMNDC(25), ICAP(9)4NTRCK(9)

COMMCN ITERLITYPEGN
COMMON LINKS(504926) 9LINKF(50426)3KD(50425) 4KOK(50,25)
COMMCN JS(5415),KOUNT(5),LD(25),LS(450),LF(450),B(25),

*MF (2CC)4yMS(200),LEAD(25),IB(200),MR(25)

COMMON IROUT{9,5) NCOMP(6)3IIN(20,25)3IRT(20426)4KL(26),

*INCR(2C 26 )3 IRMIN{(20,25),KLINK(26)

COMMCN JJGAP(50,425) 3 LINKSNI(26),LINKFNI(26),L126)
NM=1

K=1

KL(K)=C

Ni=N-1

IRTU1s1)=LINKS(JE,4N)
IRT(lsM)=LINKS(JE, (N+1))

DO 6C0C I=1sN1

DO 6CCE J=1,K

IFIKL(J)EQ.I)GO TO 6000

CONTINUE

IF(LINKS(JE,I)«EQ«IRTI(1,K))GO TO 6010
IF(LINKF({JE,;I)EQ-IRT(1,K))GO TO 602C
GO TO €000

K=K+1

IRT(1+K)=LINKF({JE,I)

KLIK)=1

GG TC €050

K=K+]

IRT(19K)=LINKS(JE,I)

KL(K)=]

GO TC 6050

CONTINLE

GO TO €C90

GO TC 6060

DO 608C I=1,N1
IF(IRTU1I2eGT«IRT(L,(I+1)))G0 TO 6091
INCR(L,I)=IDIST(IRT(LyIDy (IN+L))+IDISTUIRT(L1,(I+1)),(N+1))-IDISTII

IRT(1I),IRT(L,1(1I41)))

GO TO ¢cC8cC
INCR(LoI)=IDISTUIRT(LyI)(N+1))+IDISTUIRTI(Ly(I+1))3(N+1))=IDISTI(I
IRT (1, (I+1)), IRT(1,1))

CONTINLE

ITRCK=C

DO 6081 I=14N

ITRCK=ITRCK+IDEMNLCI(I)

IFU{ITRCK<LE-ICAP(1))GO TO €082

GO TC 6095

IFINTRCK(1)«EQeO«AND<ITRCKsGT «ICAP(2))CO TO 6095
DO 609¢ JB=1,ITYPE

IF(ITRCK<LE-ICAP(UB))IGOD TO 6096
NTRCK(JB-1)=NTRCK (JB-1)-1
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GO TC €CSE
6096 CONTINLE
NTECKIITYPC)=NTRCK{ITYPE)-1
6CS8 NM=]
D €CGS I=1.N
6099 ITRCUT(NM, I)=IRT(NM,I)
NCCMPIANI=N
GG TC &S00

ON TwO CONCITIONS TOUR wWILL BE BROKEN INTC RCUTES

1 BREAK AT TKHE MINIMUM INCREMENT IF TRUCK CAN Bz ASSIGNcD
TU €ACH SUBLINK

2 MINIMUM INCREASE SHOULLD BREAK yP THE TCTAL TOUR IN
ALMCST ECUAL HALVES

6C95 LM=/Z
JCCMP=C
I=1
KLIMK{1)=N1

TCCO DD 1€C1 K=1,I1
IF{KLINKI{K)EQ«0)G0 TU 16C1
Ki=KLIMK(K)
Kz=Ki+]
CALL IASCNCIK14K)
Ni=AWM
M=1
IF{IRMINIK,1)EQe1)IGC TC €150
IF(IRMINIK,1)«EQ.K1)GD TO 6160
GC IC €170

6150 CALL IFIRST{KsKLsJCCFPsNMM)
IF(NMJAEL(N1+2))GO TU 615¢
LTEST=NCCVMP(NM=-1)+NCOMP (NVM=-2)
IFILTEST.EQ.K2)GC TC 1601

6158 IFIIRMIN(K,2)«sEQeK1)IGO TO 6160
GO TC €170

6160 CALL ISECNCUKyKLJCCMPyNMyM)
IF{NMeAEINLI+2))GC TC 6156
LTEST=NCOMP (NM=1)+NCOMP (NM=2)
IFILTESTECK2)GC TC 1601

6159 IF(IRMIN(K,2)«EQel)GC TC 6150
GO TO ¢€17C

6170 CALL IFALF(KsKL1yMyJCUMP,NM,LM)
IF{JCCFF«LT=-NIGC TC 6520Q
GO TOo escCC

6520 IF(KECIMGC TC 6530

160l CCGATINLC
IF(JCCMPEGLsNIGC TC 6900

6530 DO £54C LL=1,1

6540 KLINK(LL)=0
[=LM=1
GO TC 7C0C

6900 RETUERNM
ENC



Cxxkkk
C

¢
C %k

6165

6190

62C0

SUBRCLTINE TFIRST{Ky¢Kly JCCMP,NM,M)
xRkt ok ko ok ok ok ko ko koo kkkk
THIS SLEBROLTINE FORMS FEASIBLE SUBTOURS FCR THE ARC
WITE MINIMUM INCREMENT
ek ok kR Rk Rk ook Rk gk dokokok e ko ke ko ok Rk kg ok ok kkdeeok ko
COMMCN ICIST(2543C)eLDIST(25,30),KPR{25,3C),ICEMNDI(25),
*LCEMNC (250, ICAP(9),NTRCK (9)

COMMEN ITERLITYPE,N

COMMCN LINKS(504+26)3LINKF(50426) +KDI5C425),KTK{50,25)
CCMNCN JS{5415)4KCUNTI(5)4LEC(25),LS(45C),LF(45C)4B(25),
*MF{zCC),¥S(200),LEAC(25)+IB(200),MR{25)

CONMON IROLTI(935) 4yNCOMP(6),IIN(20425),IRT(20,26)KL(26),
HINCR(2C+26) 5 IRMIN{20,25),KLINKI(26)

COMMCN JJGAP(504+25) o LINKSAN{26), LINKFN(26),L(26)
NCCULNT=C

ITRCK=C

K2=K1+1

M=M+1

DD €1l€S JP=2,K2

ITRCK=ITRCK+IDEMND(IRT(K,JP))

CONTINLE

IF{ITRCKLLEICAP(L)IGC TO 6190

GO TC €251

IFINTRCK(1)eEQaQeANC«ITRCKLE«ICAP(2))CGO TO 6251
IRCLTINM,,1)=TIRT(K,1)

NCCMP(NMI=]

NM=ANM+]

JCCMP=JCCNMP+]

DD &62Ccl JUB=1,ITYPE

IF(ICEMNCUIRT(K,1))eLELICAP(IJB)IIGO TG €201
NTRCK(JE-1)=NTRCK(JB-1)-1i

G3 TC €z02

CONTINLE

NTRCKUITYPE)=NTRCK(ITYPE)-1

DC 62CC J=1,K1

IRCLTIAM J)=IRTIK,(J+1))

JCCMP=yCOMP+1

NCCUNT=NCCUNT+1

CONTINLE

NCCMP(ANM)I=NCOUNT

DC 6204 JB=1,ITYPE

IF(ITRCK«LE-<ICAP(JB)IGOD TC 6204
NTRCK(JB-1)=NTRCK(JB-1)-1

GC TC €206

CONTIANLE

NTRCK(ITYPE)=NTRCK(ITYPE)-1

NM=XNM+]

RzTURN

ENC



SUBRCULTINE ISECND(KyKlyJCCMPyNMyM)

C e o e o e die e o ok ook ob o S ool o ool e ke o ol sfeofe sk e ofe e sl e ok e s sl ole ok ok ol ok ok ok ok ke e ek e e el

C

C
C %%k

6220

THIS SULEROUTINE FORMS FEASIBLE SUBTOURS FOR THE ARC
WITHE NEXT MINIMUM INCREMENT
s e e e s e e o e o e ofe e sfeode e e ol o ale e sfeotealt o sk o o e ok e o sk oot o afe o ol o ofe o s o o ol ool ol e ke
COMMON ICIST(25,30),LDIST(25,30),KPR(25,3C),ICEMNDI(25),
*LODEMNC(25), ICAP(9),NTRCK(9)

COMMCN ITER,ITYPE,N

COMMON L INKS(50,26)9LINKF{5C426)4KD{50+25),K0K(50,25)
COMMCAN JS(5415),KOUNT(5)4LC(25),LS(45C),LFL45C),B(25),
*MF(2C0C)¥S(Z200),LEAC(25), IB(200),MR(25)

COMMON IROUT(945) yNCOMP(6) yIIN(20425)3IRT{20426),KL(261),
FINCR(2C+26)4 IRMIN(20525),KLINK{26)

CCMMCN JJGAP(504+25) s LINKSN(26),LINKFN(26),L(26)
NCCUNT=(

M=V+]

ITRCK=C

DO 6195 JP=1,K1

ITRCK=TTRCK+IDEMND(IRT(K,JP))

CONT INLE

IF{ITRCK<LE-ICAP{1))GC TG 6210

GO TC €225

IFINTRCK{1)eEQsO«AND«ITRCK«GTSICAP(2))G0O TO 6225
IRCLUT(NM 1) =IRTIK,(K1+1))

NCCFMP(NNM)=1

NM=NM+]

JCCMF=JCCHMP+1

DS €zl JB=1,ITYPEL

IFIIDEMNDIIRTIK,  (K1+1)))eLE-ICAP(JB)IGC TC 6211
NTRCK({JBE-1)=NTRCK(JB-1)-1

GO TC e212

CONTIENLE

NTRCK(ITYPE)=NTRCK(ITYPE)-1

DO 622C J=1,Kl1

IRCLTIAMNF, JX=IRT(K,J)

JCCHMP=JCOMP+1

NCCUNT=NCOUNT+1

CONTINLUE

NCCMPIMM)=NCOUNT

NM=NM+]

DO 6221 JB=1,ITYPE

IF{ITRCK<LE-ICAP(JUB)IGD TC 6221
NTRCK({JB=1)=NTRCK(JB-1)-1

GO TO €225

CONTINMNLE

NTRCK(ITYPEY=NTRCKIITYPE)-1

RETURN

ENC
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SUBRCUTINE THALF(KeK1yMyJCOMPyNM,LM)
Cx¥rxkssrrsdksikmkikkorkktkdhdrrkhxkhdd padhhnkrmddrhkhnk

C THIS SULBROLTINE FORMS NCN-FEASIBLE SUBTCURS FCR
C CONSICERATION FOR FURTHER CUTS WHEN FEASIBLc SUBTOURS
C ARE NCT PCSSIBLE

ChRkkrhkrphghadhorp kb khhhkhkkrkkhdhkhkkkkkfrrhhkkR bk Rkkkk
COMMON ICIST(25,30),LDIST{25+30)+KPR(25,3C),IDEMNDI(25),
*LCEMNC(25),ICAP(9)4NTRCKI(9)
CCMMCN ITZR,LZITYPE,LN
COMMOM LINKS(50426)sLINKF(50,26)+KD(5C,425),KO0K(50,425)
COMMCN JS(5415), KGUNT(5),LC(25)sLS(45C),LF145C)y8(25),
*MF(2CC),MS(200),LEAC(25)IB(200),FR(25)
COMMON IROUT(945) 4NCOMPI6) yIINL20425),IRT(204+26)KL(26),
#INCR{2C426)y IRMIN(20,25) s KLINK{26)
COMMCN JJUGAPI(S50,425) 3 LINKSA{26), LINKFNI26&),L(26)
LP=C
ML=C
AL=IRNINI(K,M)
Az=IRMIN(K, (M+1))
KZ=Ki+l
P=K2
AB1=ABS{A]1-P/2)
ABZ=ABS(A2-P/2)
GO TO €z8C
6289 NM=NM-NCHECK
JCCVMP=JCCMP-JCHECK
IF(JCHECKEQeQ)GC TC 63C2
D3 63C1 IP=14NCHECK
DC 63C1 IC=1+JCHFECK
IRCLT{(NM+IP),IC)=C
6301 CONTINLE
6302 ITRCK1=0
IRF=IRFIN(K, (M+1))
DO t2S( J=1,IRP
ITRCK1I=ITRCKI+ICEMND(IRT(K,yJ))
6290 CONTINLE
ITRCKz=C
MK=IRMIN(K, (M+1))+1
DC 630C J=MK,K2
ITRCKZ2=TITRCKZ+ICENNC(IRT(K4J))
6200 CONTINLE
IF(ITRCKl1aLE-ICAP(1))GO TO 6310
ML=1
IF(ITRCK2«LEICAP(1))IGO TC €325
IF(ABR2-AR1)16325,6421,6421
6310 IF(NTRCK(1)eEQeO«ANCITRCKLGT«ICAP(2))G0O TO 6325
NCCUNT=C
DO €34C J=1,IRP
IRCUT(NM,J)=1IRT (K,J)
JUCMP=JCCHMP+1
NCCUNT=NCOULNT+1
6340 CONTINLE
NCCMP(NM)I=NCOUNT
NM=NM+]1
DO €343 JB=1,ITYPC



6346

6247
6315

6349

IF(ITRCK1LE-ICAPIJB)IIGO TO 6341
NTRCK(JB-1)=NTRCK{JB-1)-1

GO TO €342

CONTINLE
NTRCK{ITYPE)=NTRCKIITYPE)Y-1
IF{ITRCKZ2,LE«ICAP(L1))IGO TC 6320
LP=1

GC TC €315
IFINTRCK{L)eECeQ e ANC«ITRCK2+GT«ICAP(2)I1GO TO €315
NCCULNT=C

DO 6345 J=MK,K2
IRCUTINMNM y D)=IRT (K, J)
JCCMP=JCCMP+]

NCCUNT=NCOUNT+1

CCAhTINLE

NCCMP(MMI)=NCOUNT

DO €34¢ JB=1,ITYPE
IF{ITRCKZLEICAP(JB)IIGO TO 6346
NTRCKIJE-1)=NTRCK (JB-1)-1

GO TC €241

CONTINLZ
NTRCKUITYPEI=NTRCK(ITYPE)-1

GO TC 1leccC

IF(LPEL1)G0 TO €216

L¥=LN-]

IF(ABL«LE-ABZ2)GLC TC 6421
LM=LM+]

DU €346 J=MK4K1

Ji=J-=-MK+l

IRTILM,J1)=IRT(K.J)
INCRILVM3J1)=INCRI(K,yJd)

CONTINLE

IRTILN ¢ (K2-MK+1)D)=]IRT(K,KZ2)
KLINK{LN)=K1-MK+1

LM=LM+1]

GC TC 1600

IF(ABleLce ABZeANCoITRCKZ2.CTICAP(L))GC TC 6421
IRZ=IRNVMINIK,{M+1))-1

CC 635C J=1,1IR2
IRTILVMyJ)=IRT (K, J)
I5NCRILNM G JI=INCRIK 4 J)

CONTINLE

IRTALMyIRMIN(K, (M+1)))=IRTIKy IRMIN(K, (M+1)))
KLINK(LM)=IRZ2

LM=LM+]

IF(ITRCKZLEICAP(LY)GO TQ 6320
GO TC €315

ITRCK1=C

NCFECK=Q0

JCHECK=C

IRI=IRNMIN(K,M)

DO €28(C J=1,1IR1
ITRCK1I=ITRCKL+ICEMNC(IRT(K,J))
CONTINLE

IRZ=IRNMIN(KsMI+1

130



6450

6420

6421

6400

6431
6410
6455

6456

6470

6460

6500

ITRCK2=0

DG 6450 J=IRZ,KZ2
ITRCKZ=ITRCKZ2+IDENMNDIIRTIKJ))
CONTINLE

IF(ITRCK]I «LC«ICAP(1))GO TC 6390
IF{M.EC-1)GC TC 6421
IF{ITRCKZ2.LESICAP(1))GO TC 6410
GG T( €289

IR=IRMIN{KsM)~1

DO €4CC J=1,1IR

IRTILNMyJI=IRT(K,Jd)
INCRILM,JY=INCR{K,J?

CONTINLE

IRTILMy IRMIN(K ¢MII=IRT(K, IRMINIK,M))
KLINKILMI=IR

LM=LM+1

IF(MLCT«1)GO TC 1l€0C0

ML=1

GC TC €410
IFI(NTRCK{1)eEQeCoANCITRCKL«GTICAPI2))GC TC 6420
MI=IRMIN(K,M)

DC 643C J=1,MJ
IRCLTINM 2 JI=IRTI(K,J)
JCCMP=JCOMP+ 1

JCHECK=JCFECK+1

CONTINLE

NCCHMPIANMI=M]

NCHECK=NCHECK+1

ML=1

NM=NM+]

DO €431 JB=1,1TYP:
IF{ITRCK1LE.ICAP(JB)IGO TO 6431
NTRCK(JE-1)=NTRCKI(JB-1)-1

GO TC é41C

CONTINLE
NTRCKUITYPE)=NTRCK{ITYPCZ)-1
IF(ITRCKZ«LESICAPI(1))GO TC 6460
IF{MEC1)G0C TC 645¢
IF(MLEC«1)GO TO 6456

GU TC €289

DO e47C J=IR24K}

IRTILMy (J-IRMIN(KsM)IDI)I=TIRTIK,J)
INCR(LFMy{J-IRMINIKyM)))=INCRI(K,yJ)
CONTINLZ

IRTUILMy (K2=-TIRMIN(K M} I=IRTIK,K2)
KLINK(LVMI=K1I-IR2+]1

LM=LM+1

G TC 1€éCC

IFINTRCK{1)eEQel sAND«ITRCKZ2«GT-ICAP{ 2))G0 TO €455
DO 65CC J=]R2,K2

IRCLTINM G {J=IRMIN{K,M))I)=IRT (K, J)
JCCMP=JCOMP+]

JCFcCK= JCHECK+1

CONTIAMLCZ

NCCMP(ANNM)=KZ-IRZ+1
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NCHECK=NCHECK+1
N¥=AM+]
D3 €5C1 JB=1,ITYPE
IFLITRCKZSLE-ICAP{JB))IGO TO 6501
NTRCK(JB-1)=NTRCK{JB-1)-1
IFIMLEC.1)G0 TC 1600
ML=ML ¢+<
GG TC €421

6ECL CONTINLE
NTRCK(ITYPE)=NTRCKI(ITYPC)-1
IF(ML.EC.1)GO TC 1600
ML=ML+2
GO TC €421

1600 RcTURN
ENC



SUBRCULTINE TASCNC(KL +K)
Cksrokdk e b bt d Ftehrkhdkkoloeded e e e deoleakolohedlearoe b e ke de o e e deoeoe e ke e ok
C THIS SULBROUTINE ARRANGES THE INCREMENTS DLE TC CUT IN
C ASCcNCING CRDER TC FACILITATE THE CuT
Camdkd I hdd s dokok ok ook dodok s do oo o e kool ot o ok e oo e e e e ok
COMMON ICIST(25,30),LDIST(25430)4KPR(25+3C),ICEMND(25),
*¥*LCEMNC(25),ICAP{9)4NTRCK(9)
COMMON ITERLITYPEWN
COMMON LINKS(5092€)3LINKF(5Cy26)4KD{50,25),KO0K{50,25)
COMMON JS{5,15),KOUNTI(5),LC(25),LS{45C),LF(45C),B(25),
#MFlzCcc)MS(2G0) ,LEAC(25), IB(200)4MR(25)
COMMON TROLT(935) ¢NCOMP(6)sIIN(20+25)IRTI20,26),KL(26)},
*INCR(2C,26), IRMIN(20,25)4KLINK{26)
COMMCN JUGAPIS0+25) 4 LINKSA{Z6) 3 LINKFN(Z6),L(26)
DT €.CC IP=7,Kl
ITEMP=S999
DC 611C J=1,Ki
[F{IP.EG.1)GD TC 6130
It=1P-1
DC 612C JK=1,11
IF(IRMINIKsJK) «ECJIGC TO 6110
6120 CONTINLE
6130 IFUINCRIK,J)-ITEMP)E140,611C,6110
6140 ITEFMP=INCRI{K,J)
I1=4
6110 CONTINLE
IRMIN(K, IP)I=11
TINIKGIFY=INCRIK,ID)
61C0 CONTINL:Z
RCTURN
ENC



APPENDIX B

SINGLE-TERMINAL PROBLEMS



PRCELENVN 1

NUMBER OF DEMAMNLC PCINTS = &

CEMANC DEVAMNT CISTAKCE
POINT AT THE TC THE
PCINT TERMINAL
1 lz io7
2 g 224
2 15 154
4 ¢ 108
5 14 113
6 8 207
TRUCKS
CAFACITY NUMBER
4C 1
2C z
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FINAL SCLLTICA

LRSS A A bt e S S At R 2 i iR a2 R S R SRR 2R RS RS R R R R R

NCs TERMINAL ROUTES LCAC DISTANCE

L e i s A s R R R R R R R R R LR R S Y

1 1 T1 4 5 21 T1 18 255
2 1 TL 23 g Ti 70 145
3 1 T 6 12 2 10 7 T1 5SS €13
4 1 TL 25 24 8 15 11 G§ 485
5 1 T L 14 13 17 71 19 323
€ 1 TT 2C 2 11 T1 g2 423
7 1 TL 22 1 18 T1 EC 261
€ 1 T1L 19 1& 71 48 133

R o g ok ok e e e ook o o o o e i ok o s oo e ode e s ol afe o ofe o e e o o o ofe o e o e o o o e o o o o o o ok e S ofe o ofe ook o o ol

TCTAL CISTANCE = 2628

TRUCK AVAILAEILITY ANC ALLCCATION TABLE

- . —— — - o —— o w—

AARFFERARRIEE RN IR FRFERRREF IR R RN AN R IR AR R R A R d kbR
TRUCK 1C< SC 8C 1C 6C 5C 4C 30 20
R e R R R R e e e L.
AVAILABLE é 3 4 2 1 2 2 1 10

ALLCCATEC 2 1 3 1 C 1 C c C

Fdd Rk ckk bRl hokolokok kgl hob ek ke kb ok k kg oh ke k ok ko ke k ok k kb kg xk
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PROBLEM 2¢

NUMBER OF DENAND PCINTS = 2% NUMEER CF TERMINALS =1

CEMAND CEVMANC CISTANCE
POINT AT TEE TQ THE
PCINT TERMINAL

1 2E 252
Z 1¢ 187
3 2E 451
4 24 290
5 1k 533
6 17 457
7 28 686
& 23 638
2 1€ 159
1¢C 24 3396
11 22 783
12 18 294
12 3 423
14 z1 554
15 1¢ 346
16 24 180
17 17 209
18 cE 297
19 3£ 530
2¢ 23 756
21 iz 202
22 18 355
23 4C 452
24 28 497
25 16 €98
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CAPACITY NUMEER

-——am e - -— -
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(e TR IS TR o I W R B
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(v ]
—
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FINAL SCLLTICN

R R I T T R R I I PR R R R R I T T

N0« TERMINAL ROUTES LCAC CISTANCE

Eohmk A kk kA ke kb F ket ko kA A e Ak AR e R R kA d ek F ok h ok kR

1 1 T1 2 18 1 6 T1 £8 1126
P 1 TL 17 15 9 T1 4G Sl4
4 1 TA 21 13 23 Ti 88 1028
4 1 Tl 8 20 25 14 T1 52 1€35
5 1 T1 7 11 s T1 86 1820
6 1 TL 16 12 3 ZZ2 Tl Gé 1028
1 1 Tl 4 5 24 1C 11 98 1150

L i i e R R R i i R R R R R R E RS S EEE R Y

TOTAL DISTANCE = 8901

TRUCK AVAILABILITY AND ALLCCATICN TABLE

ittt et e e e e

Fh Rk kR Rk Rkkekchfeok gk ok d R b d ok ko ok koo ook o ek

TRUCK G 90 8¢ 70 & £C 4C 3C 20
R R R T P T P TR P T P e
AVATLABLE 4 3 4 2 l 1 P 1 1C
ALLOCATED 3 3 C C C 1 0 0 0

—

Y T R T S R T T F T T R B R R B P grprpt ot griges



APPENDIX C

MULTI-TERMINAL PROBLEMS



PRCBLEM 1

NUMNBER CF DEMANC PCINTS =1C NUMEBEER OF TERMINALS = 3

CEMANC DEMANE CISTANCE DISTANCE CISTANCE
PCIANT AT Tk:2 TC THE T0O TEE O THE
PCINT TERMINAL TERMINAL TERMINAL

NCe (1) NCe (2) NCs (3

- - - - - - -—— - — Bk e — -—— -

1 1c 3 8 L
2 4 & 5 12
3 g 5 3 €
4 7 9 2 &
5 12 5 12 14
[ € 3 e S
7 s 6 2 4
8 1C 15 8 €
S E 7 T 9
10 1% 12 1 2
TRUCKS
CAPACITY NUMBER
30 1C
CISTANCE MATRIX
{ 21 6
(2 5 3
{ 4) iC 1 5
{t =) 7 11 1cC 14
{ 6) 6 A 6 10 5
( 7 ] 4 4 4 10 6
( &) 16 12 11 6 1s 14 9
( 9) 9 1C 7 8 £ 4 4 11
(10) 13 12 9 7 14 S € 1 €



FINAL SCLLTICA

—— - — - —————

AR Rk Rk Ak ke Rk kR A A ARk RS AR RN AR AN R A A ARk

NCe TERMINAL ROUTES LCAD DISTANCE

LT P T TP R R T P P g S A P S S P R SR R R i

1 1 T1 6 9 5 Tl 2E 256
2 1 Tl 1 T1 i0 &
1 2 T2 2 3 7 4 T2 24 1€
1 3 T3 8 10 73 25 1%

SRR ARSI E R r Rkt { Ak ekt ek kA kR kA A AN AR R AR A AR kR

TOTAL DISTANCE = 5%

TRUCK AVATLABILITY AND ALLCCATICN TAELE
FAESRRERREAEE R AR R AR AR ERRF R AR AR I AR R AN AR IR AR DS
TRUCK 30
R R e e e R R e e s R s
AVATLABLE 1C

ALLCCATEC &

EEE R R S 2 2 R A R R i i i e T

194
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PRCBLEM 2

NUMBER CF DEMAND POINTS =1C NUMBER OF TERMINALS = 3

CEMAND CecMANC CISTANCE CISTANCE CLCISTANCE
PCINT AT THE TO THE 10 THE TC THE
PCIMNT TERMINAL TERMINAL TERMINAL
NCe (1) ANCe (2) NCes (3

1 1z 315 4GS 1C?
2 5 383 336 571
. € 295 172 224
4 15 158 354 154
5 € 186 234 1CE
6 7 391 130 468
1 14 301 2¢4 113
8 4 151 17¢C 321
S 13 193 35 3GC
1C £ 239 509 2017
TRUCKS

CAFACITY NUNEER

- ———— —— =

4C 1
30 3
2C 1C

CISTANCE MATRIX

2) 685

3y 3231 56z

4) 152 478 Zzg4

5y 172 483 167 121

€) 539 27z 3201 476 361

1) 217 565 125 216 114 364

8) 376 252 258 251 2132 250 3232

S) 364 29C 211 276 19z 200 217§ 70

1€y 132 572 2&8 110 221 608 317 368 408

e g, TR s ey e e



FINAL SOLLTION

Rk bbbt ok ko kdok ko kok koo ke ko Rk kR kbR b bRk

NCe TERMINAL ROUTES LCAD DISTANCE

R Rk ko phde ke kok ko ko pokk kb ok d kR r A h ek

1 2 T2 9 8 Z 6 Tz 29 e1s
1 3 T3 7 3 5 13 8 5132
é 3 T3 4 10 1 T3 35 5C3

LR i R R s R R SRR E R R R A SRR R SR £

TOTAL CISTANCE = 1835

TRUCK AVATLABILITY AND ALLCCATION TABLE

e o R L e e e e . e e e S e e e e e e

PR AR LA b Ak ke k ko kR kR kkk

TRUCK 40 20 2C
T R T T T T T T e e
AVATLABLE 1 3 1C

ALLOCATED 1 2 C

LS RS2SR RS R R R R 2R RS S R AR R R R R R R R R D
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PRCBLEM 3

NUMBER CF DENMAND PCINTS =1C NUMEER OF TERMINALS = 3

CEMAND DEMAANL CISTANCE DISTANCE CISTAMCE
PCINT AT Tkre TC THE TO TFHE TC THE
PCINT TERMINAL TERMINAL TERMINAL
NCe (1) ANCe (2) NCe (3

1 1C 499 151 al1s
2 € 530 321 107
3 E 423 258 331
4 12 585 251 152
5 1 484 213 172
€ £ 146 250 539
7 12 516 323 211
8 S 253 17C 4CS
S 11 309 70 364
1C £ 176 390 629
TRUCKS

CAFACITY NUMEER

- - ——

Y
30 2
2C 1C
DISTANCE MATRIX
2) 293

2) 266 224

4) 158 154 zg4

5) 186 108 167 121

€) 361 46E 301 476 367

7) 301 112 125 216 114 364

8) 288 338 172 354 234 130 2¢€4

S) 193 30C 211 276 192 200 278 95

1C)» 811 58588 291 574 457 144 484 220 321

— e S e g,



FINAL SCOLLTION

R e T E L PRttt It s e et P IS e EEER L

ANCe TERMINAL ROUTES LCAD DISTANCE

AR AR RS S 2 2 R R R e R R S R i R R RS R R E RS EE EE R R 2

1 1 T1 6 10 71 132 46¢€
1 2 T2 1 3 B 3 Tz 328 184
1 3 T3 2 1 5 4 T3 27 ECT

O S I T s T L S S I I I I I TNTYIT”

TOTAL DISTANCE = 1857

TRUCK AVAILABILITY ANDC ALLCCATION TABLE

—— i ——————— - ————————— -

Shkckr ke ket Ak At Ak kRS p S a kb RN

TRUCK 4C 2C 2C
LR e e L)
AVATILABLE 2 2 1c
ALLCCATEC 2 0 1

AE AR bk Rk R kR ddd Sk kb hokdok ko ok kb bk k%

198



PROBLEM 4

NUMBER CF DENMANC PCINTS =1C NUNMBER CF TEcRMINALS = 3

CEVANC CeMAMNL CISTANCE CISTANCE CISTANCE
POINT AT TEE TC THE TC THE TC TFHE
PCINT TERMINAL TERMINAL TERNMINAL
NOes (1) NOe (2) NCe (2

- ——— ————— - -— - —— - ——— - —— -

1 b 36¢ 23C 1C5
2 lz 483 154 21%
3 '3 343 244 134
4 ¢é 315 1C7 182
5 15 271 265 2EE
6 S 158 154 43C
7 1€ 186 i08 354
8 1C 215 326 348
9 1 301 113 394
10 11 239 207 228
TRUCKS

CAPACITY NUMEER

-—— - D ]

5C 1
40 1
ac 2
ZC £

DISTANCE MATRIX

-

( 2y 232

{ 3) 33 26%

( 4) 123 168 139

( 5y 190 37C 167 202

( €Y 223 3z& ¢12 152 16C

( 7» 295 301 309 172 271 121

{ 8) 253 428 230 252 8 131 24€

( S 340 262 254 217 375 216 1ll4 347

t1¢» 123 320 110 132 61 110 221 119 317



FINAL SOLUTION

HAFERRR RS e h Ry r ek kAo k ok ok ko ok ok kok Rk Rk hkokk

NCe TERMINAL ROUTES LCAC CISTANCE

LE RS RS RS R R R R e R R e R L SRR RS R

i Z T2 6 g 5 10 712 45 €38
P i T2 7 9 T2 23 33
1 2 T3 1 2 4 2 T3 31 664

AR ARk kA btk kR AR e p kSt d A tr e kA nd A A AR Rk

TCTAL CISTANCE = 1638

TRUCK AVAILAEILITY ANC ALLCCATION TAELE

i i  —  ——— e e e o m wr - e e oam me e o w

s T P PP T PP TP T Y
TRLCK 5C L0 30 2C
R T I T P TR F PR T ey
AVATLABLZ 1 1 2 5
ALLCCATEL 1 1 1 C

L T R e e STt R et it
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PROBLEM £

NUMBER GF DEMAND PCIATS =1C NUMEER CF TERMINALS = 3

CEVANC Cevent CISTANCE CISTANCe CISTANCE
POINT AT THE TC THE TC THE TC TFHE
POINT TERMINAL TERMINAL TERMINAL
NCe (1) NOe (2) NOe« (3

-——— = - -———— = = - —— - ———— - - — - ——

1 2C 810 558 432
2 s 706 476 3¢¢
3 g 499 645 gaz
4 1¢ 661 514 552
5 1 405 353 5CE
6 S 459 294 38¢
7 17 554 302 18C
8 1C 176 22C 484
9 14 258 4C4 ELE
1C 5 195 450 114

TRUCKS

CAFACITY NUMBER

————————— ——— -

sC Z
4C Z
30 2
2C 5
CISTANCE MATRIX
2) 15¢

2) 8Ct €53

4) 4C0O 248 402

5) 5065 336 3225 256

€) 366 247 464 210 137

1) 252 187 €86 375 346 209

8) 649 S53C 425 503 229 283 4ft2

9) 782 664 271 543 287 417 634 182

1C) €65 77¢ 284 733 4732 529 698 246 186

— e s e e g, e o,



FINAL SOLLTION

-y e —

ek ok ok dddokkok el ook kokok koo ko Rk ko h kA%

NCs TERMINAL ROUTES LCAD DISTANCE

T T L S R R Rt R et T T T e e R B e R P e T e T 2

1 1 Tl a 9 3 10 T1 27 12CE
1 3 T3 7 1 T3 27 EE4
Z 3 T2 & 5 4 2 12 47 1396

LR RS S s i AT R R A R A R R RS R R R R R R LSS

TCTAL DISTANCE = 3468

TRUCK AVAILAPILITY AND ALLCCATION TABLE

RAddddk bbb d skt ket ok k bk k ko d kA k
TRLCK 50 40 3¢ 2C

SRR h A bkt Ak ks gtk okl kot ik ke k b h ok kRt kAR
AVAILABLE 2 2 é 5

ALLACATED 1 2 c C

Skl iechdederehdd ook ddfedekh g ke ko h ookt



PRCBLE¥ ¢

NUNMBER CF DEMANC PCIATS =25

CEMANC  CEMANC
PCINT AT TFE
POINT
1 1€
2 2¢€
3 ag
4 4C
5 21
6 1&
7 26
8 ac
S 2;
10 27
11 1E
12 e
13 23
14 16
15 2¢
16 2¢
17 i
18 24
1S 2C
20 28
21 17
22 is
23 ZC
24 18
25 25
TRUCKS
CAPACITY  NUMBZR
100 4
9¢C 4
8C z
70 z
60 4
5C 2
4¢C 2
30 1
2t 1C

CISTANCE
TC THE
TERMINAL
NOs (1)

- —— -

NUMEER CF TERMINALS = 5

DISTANCE
TC TEE
TERMINAL
NOs (2)

CISTANCE
TC TFE
TERMINAL
NCs (2)

CISTANCE
TC Tk
TERMINAL
ACe (&)

20

DISTANCE
10 THE
TERMINAL
ANCs (5)



98T S16 9%2 LOS OS% 8%S €0€E E€8 B69 626 4HIL %%€ €EL 289 €8L 129 €0% %»BE 253 0217 2231 81IL 1Tdao 9LL
116 281 €05 40% OLS SOBE 689 &g% LIy 899 %2C E%S 1I»? 95L €Lls 1Ly 1TLZ 118 €66 EB% 0O%L Ste 499
6ZL 80% bHOS B8I€ O1IL L2OT le% 989 Lle 809 698 1Z2Z OTI1 88 2Ls »s1T 281 639 011 L3Z 1de £33

12€ 022 06k 1IBE G%9 2Z26% €37 %B% w%1 €28 LSy HLGE 16 HBYE GZ% &6Z9 +98 99L 455 €ESL QS

204

56 0L 9T% 6LL GSE EBE 6LZ 00Z 865 261 942 112 262 3I2L %€ BLL S1s D)z Lsh 145
OLY %S% 569 Z0E %bZ %9Z DET YIS HEZ HSE 2ZL1 9EE §%9 60% &Y. 995 BEE €ES 9LY

ZLE 058 90% 6wy €£2€ 062 699 €12 T4Z 842 252 3513 9LE 218 35i% T2¢ £1c 119

9201 9SL %99 689 6%E 998 €85 915 2Z9 37T 359 BeL weIT L1 152 ¢§ga@ 116

0ES. L6E OTIL OEL 181 608 926 299 686 86% 926 Lb9 E901 D23 65 1S¢

60Z 081 E€Z% GLE #»62 95 651 BE? 389 96k L5% Ees 052 11y L8l

6BE 9t€ 012 9t% €85 ¢LZ BO09 H9oH 98BS T8¢ EZL 223 113 %2

$SE 288 HIT 912 21 693 et8 LTZ 66% %se €Il 292 99¢

965 L9E 9IL¥ T0E 212 G695 6ts 0OLB &1L 837 €9% (L33

. _ TEe &a¥L2 g9y 829 0% 69L 619 906 299 98L g%Z
T21 191 €8y Z88 LT 109 6&IE 8O Tde O8Yv

¥3Z 8LY 565 251 1L9 212 %ST1 Lu€E 28BS

ZCS weL TEE 985 83F #2T H6E  #9E

yOL 559 %071 649 Tts SeL 308

0S0I 0201 L8IT €75 SL21 €69

LS 6E1 LIU 83T 6LS

659 L15 B3E L9E

y¥Z  #32 ITL

! LeT 9L%

#LS

XIyLvea 3O2NVISIQ



205

FINAL SOLUTION

FHR ARk d e dbd koo Rkt ko ke ok ok ko kb ok ko kK

hCe TERMINAL RCUTES LCAC CISTANCE

T T T T R LR T T T T Pt e o G P T T T R P s

1 1 TL 25 T 24 22 T1 81 12C&
2 1 TL 12 2¢ 71 19 11 ST 791
3 1 T1 85 18 T1 £4 £sl
1l 2 T2 10 4 73 T2 E7 718
z 2 T2 & 2 3 T2 g0 G73
3 2 T2 11 14 16 9 Tz G52 S3%
1 4 T4 17 12 15 T4 S1 G44
1 5 15 1 5 75 45 T3¢

S N s T N S IS T

TCTAL CISTANCE = 6857

TRUCK AVAILABILITY AND ALLCCATICN TABLE

R G R s Tt t e e s T T T IT T LTI
TRUCK 1CC qC 8cC 70 60 50 40 30 20
BAERF AR AR S A ARk R AR R AR A IR d SRR A kI IR IS hk kR kK
AVAILABLE 4 4 Z 2 4 2 l 1 10

ALLCCATEL 3 2 i g 1 1 C c C

R L L T L T e T L B A e P P P T T F T P P T P T T RO R R R ey ee



PRDBLEM

1

NUMBER CF DEMAMND PCINTS =25

CENMANEC CEMAMNE
POINT AT TEE
POINT
1 1¢
2 Z5
3 3¢
4 zC
5 16
6 24
7 2E
8 4C
9 18
iC 2¢€
11 5
12 3c
13 15
14 ZE
15 16
16 37
17 28
18 1¢
15 232
20 17
21 el
22 2C
23 24
24 15
25 24
TRUCKS
CAPACITY NUMBZR
100 4
SC 4
EC 2
10 Z
60 4
5¢C 2
4C p:
30 1
2C 56

CISTANCE
TC THE
TERMINAL
NCe (1)

NUMBER CF TERMINALS = 5

CISTANCE
TC TFHE
TERMINAL
NOs (2)

CISTANCE
TC TEHE
TERMINAL
NGO (3)

DISTANCE
TC TkE
TERMINAL
NG« (4)
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DISTANCE
TC THE
TERMINAL
NCe (5)
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FIMNAL SOLLTION

i i i it i i s i i s R P I R R R

ACe TERMINAL ROUTES LCAD DISTANCE

B T T g T R R P e e T T T P P T TR TR PR T T 2

1 1 T1 15 11 18 T1 £2 S44
1 2 TZ E2 20 T2 5 | 338
2 2 T2 & 19 '3 12 Tz G2 962
3 Z T2 £ S 7285 23 1z g2 l18cs
1l & T4 & 21 2 24 14 g2 749
2 4 T4 8 10 T4 cE 382
3 4 T4 14 17 7 T4 S4 676
1 5 15 3 16 1 715 g9 B41

SRRk h kb kA A A Akt kARt kR kR kR R Rk kR Rk

TCTAL CISTANCE = €695

TRUCK AVAITLAEILITY AND ALLCCATION TABLE

————— o ————— e -

AAA Akt e b et A h kA kR kb kb b ko ek ko kb b ko kR X

TRLCK 1¢C 90 8¢ 70 &C 50 4C 3C 2C

R Rk etk oy ke kg h R e ko e ke ok e gk k kg gk

AVATLABLS 4 4 Z 2 4 2 2 1 S9

ALLCCATEC z 3 C 2 c C 1l C C

B R R S B g B g P R P R B B R T B RUR R S RO R g i e gy
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PRCBLEM &

NUMBER CF DzMAMNC PCINTS =25 NUMEER OF TERMINALS = 5
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This paper is concerned with the development of a graph-theoretical
approach to obtain an optimal or near-optimal sclution to both single-
and multi-terminal delivery problems. The delivery problems considered
in this paper are those which have deterministic demands, symmetrical
distance matrices, and different capacity delivery carriers.

A general computer program has been coded in FORTRAN IV for IBM
360/50 to solve the single- and multi-terminal problems with the proposed
algorithm. A wide range of computational experiments has been conducted
to test the computational feasibility and the quality of the solution
produced by the proposed algorithm.

The results obtained shows that this method is competitive with the
existing techniques. Although the results obtained for large problems
are somewhat inferior to those obtained by the savings approach, it is
felt that the imposition of suitable constraints, in addition to distances,

on the minimum l-tree would improve the quality of solution.



