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SYNOPS 1S

The objective of this report is to get more accurate
values in the stability analysis of rigid frames by a matrix -
formulation of the "exact" method using an electronic digital
computer,

As the basic equations, slope deflection equations for #n
axially loaded member are derived expressing the end moments
and shears as a function of its end slopes and lateral displace-
ment considering the influence of axial force in the member,
Since the stiffness of fﬁe axially loaded member depends on the
axial force, the stiffness coefficient is expressed as a function
of the axial force.

The well-known displacement method for the first-order frame
analysis is modified to include the influence of axial forces. |
In the relationship for equilibrium between external and internal
forces, a2 second-order spring matrix is added to account for the
effect of axial forces on the end moments due to lateral displace-
ment. The deformation matrix does not need to be modified and is
still the transpose of the statics matrix as has been proved [l]f
In the stiffness matrix, the stiffness coefficients for every
axially loaded member are replaced with the modified values due
to the axial forces. The buckling criterion is set up by equating
the determinant of the load-displacement matrix to zero.

After discussing the computational procedure, a computer

% Figures in brackets denote references in bibliography



program is described. The program is written in FORTRAN 1V
language for the IBM 1130 computer to get the buckling loads
in the fundamental mode and the effective length ratio for every
axially loaded member in the frame. A simple beam and two rigid'
frames aré used as numerical examples, showing the input and out-
put. |

To compare the design by this "exact" method with the conven-

tional design using the AISC Specification [2], a portal frame
with an infinitely stiff horizontal member is analyzed for four
different special conditions énd a table for K values is made in
each condition, Two typical numerical examples are designed by
_ the two methods using the K factors offered by the existing AISC
Specification [2] and the values in the tables provided by the

“exact" method,



INTRODUCTION

1. Introduction

The American Institute of Steel Construction (AISC) Speci-
fication [2] accounts for the rather complex buckling problem of
a colump‘which is part of a rigid frame configuration by recom-
mending céftain ¥ values which modify the actual unbraced length
to an effective length, These values are derived from idealized
theoretical considerations which assume all columns in the frame
to be of identical stiffness and subjected to identical loading.
Iﬁ practice, however, frames are quite often encountered in the
conditions in which either columns with unequal stiffness are
subjected to egual loads or columns with identical stiffness are
subjected to unequal loads.

In these circumstances the design will generally be based
"on the most unfavorable combination, In the first case the column
with the least stiffness will be designed for the given load with-
out utilizinz the reserve stfength of the stiffer column. In tne
second case it is usual to design the heavier loaded columns with-
out regard to the inherent reserve strength furnished by the
column with the smaller axial load,

An example of the first case is the practice of alternating
the orientation of columns in steel buildings in earthquake rez-
jons to provide equal lateral stiffnesses in both directions,

The second case is best examplified by a frame which supports =z
crane. FEach column of such a frame has to be designed for the

most unfavorable crane position which cannot occur simulteneocusly



for bdth columns., Consequently one column has an unused reserve
strength which cannot be utilized in the buckling analysis of
the other column uhén using the K factors offered by the existing
AISC Specification [2]. |

Many structural engineering problem which are theoretically
solvable have not been feasible to solve until the advent of the
electronic digital computer. Today, as the access to-a computer
is increasing rapidly, one may be able to use the "exact" method
presented here to get more accurate values in the stability analy-

sis of rigid frames,

2. Objective of Report

The objective of this report is to determine the elastic
buckling loads of a rigid frame and the effective lengths for
every axially loaded member in the frame by a matrix formulation

" of the "exact" method using a digital computer.



DERIVATION OF SLOPE-DEFLECTION EQUATIONS [3]

1, Moments due to End Rotation
Consider an axially loaded beam with a couple applied at
one end as in Fig. 1,
The bending moment in the beam is
My
M=— x 4+ Py L (1)
L -
By using the expression for the curvature of the axis of

the beam, the differential equation is

azy My, '
EI =-M=-(—x+P) (2)
dx? L '

For simplification the following notation is introduced:

P ;
ks = e (3)
El

and then Eq. (2) becomes

a3y M
+ k®y = - — X
dx? : EIL

The general solution of this equation is

My,
y = Acoskx 4 Bsinkx - — X 4)
PL

The constants of integration A and B are determined from



Fig. 1 Axially loaded beam with a
couple at one end
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Fig. 2 Axially loaded beam with couples
at both ends

— : '1\,
Fig. 3 Axially loaded beam with
lateral displacement
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the conditions at the ends of the beam. Since the deflections
at the ends of the bar are zero, it ‘is concluded that
M
A=20 B=__b_
PsinkL
 Substituting into Eq. (4), the equation for the deflection

curve is obtained as

My ,sinkx x
y==( - =) (5)
P \sinkL .L
In the feollowing discussion it will be necessary to have
the formulas giving the angles of rotation ¢, and @, of the ends
of the bar.,

Taking the derivative of Eq. (5),

e - — —3 = - -
a2 " \gx/*=0  p (s inkL L

ML 1, 1 1

» —( e (6)
EI kL‘sinkL kL
MBL 6 1 1

6EI kL\sinkl kL

dy M, kcoskL 1
o (Do~ o D)
b \gx/%= P\sinkL L
ML 1,1 1
. I
EI %L kL tankL
3EI kL kL tankL



1t is to be noted that the known expressions MbLIGEI and
M L/3EI, for the angles produced by the couple My acting alone,
are multiplied by trigonometric factors representing the influ-
ence of the axial force P on the angles of rotation of the ends
- of the bar. In subsequent equations the following notation

will be used in order to simplify the expression:

: 1

S ®
1 1 -1

te- gl ) ©

For the sign convention, moments will be regarded as posi-
tive if they turn the joint counter-clockwise, reactions will
be positive if they form a couple turning counter-clockwise,
“but the rotation and deflection will be positive if they turn
the joint or member clockwise.

If two couples M, and My are applied at the endé A and B
of the bar (Fig. 2), the deflection curve can be obtained by
superposition,

By substituting - M_, for M, and (L-x) for x in the same
equation, the deflections produced by the couple M, are found.

Adding these results together, the deflection curve for

the case represented in Fig. 2 is obtained as

sinkx X M, sink(L-x) L-x
B e B s e R
P ‘sinkL L P sinkL L

The angles @, and 0p giving the rotation of the ends of




the beam in Fig. 2 are obtained by using Eqs. (6) and (7) and
notations (8) and (9). Then, by superposition, the angles 0,

and ¢y produced by the two couples Mﬁ and Mb are obtained as

ML 'MbL¢ o
B = o B ' 11
a EL Pn EL f 7 |
ML M. L '
a b
O = ¥ —— - —_— (12)
b El ¢f 1 ¢n _ |

“Equations (11) and (12) can be expressed in matrix form as

b2l _ X [ el [ Ma (13)
6] - EL | ¢ %l | Mp

Using the inverse matrix,

follows:

M,) 1 EI|-¢, ~P¢]| [ea
M| DL |-% ~Bal |op

where,

¢n ¢f
D = an - A2 (14)
4 -4 ¢ ¢t

Using the notation

(15)

~
]
ol I
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M, and M, are expressed in terms of 8, and 0y as

]

EK
M, = - ?;(¢haa + Pgop) = - ER(Sp0, + Sg0yp)  (16)

- EK(Sg0, + Sp8p)  (17)

EK
My = - ';(?Sfea + $nop)

vhere,
, én ,
S, = —— 18
&
Sf = f (19)
¢na - ¢fa

Substituting Eqs. (8) and (9) into Eqs. (18) and (19) and
using a notation U = kL for simplification, the stiffness coef-
ficient equations are expressed in terms of U as

UsinU - U2cosU

S = _ . . (20)
2 - UsinU - 2cosU

U2 -~ UsinU
2 « UsinU - 2cosU ,

2. Moments due to Lateral Displacement

Consider an axially loaded beam undergoing a translation
without rotation of the ends A and B.
The differential equation of the elastic curve is
2
a%y M, + My - P-A

EL = - (Py - M, + x) (22)
ax? L




With  the notation (3) and as My = M,

d3y M. M P-A

AR Sk S
dx? El EIL EIL

The general solution of this equation is

M, M, A
y = Ccoskx 4 Dsinkx ¢ — = — X 4 = X (23)
P PL L
Again the constants C and D are determined from the end

conditions. Since the deflection at A is zero and A at B, it

is concluded that

M_ coskL 4+ 1

C = D = —
P

Ma
P sinkL

Substituting into Eq. (23).and rearranging
M, [,sinkx x (5 ink(L-x) L-X) A
M =
P { ‘sinkL L sinkL L L

(24)

Taking the derivative of Eq. (24) and from the end condi-

tions

(Do -

dy - M, skcosklL 1 k 1 A
(O B2« (D) o2
dx P sinkL L sinkL L L

Rearranging and using the notations (8) and (9),
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My
—Kk3L(- P, + Pg) +2 =0 (25)
P L .
Using the notations (3),(15),(18) and (19) and rearranging, .

Ma and M, are expressed in terms of displacement A as

= Z EK( ) (26)
=M = ————mm—— = (S, 4 S£)-A
a b ¢n _ ¢f L L n f

3. Shear due to Lateral Displacement
The shear is obtained from the equilibrium equation in

Fig. 3 as
VL - (M, + M) + P-A=0

 from which follows that

-Ma‘l"Hb-P'A

V = (27)
1.
Substituting into Eq. (27) the values from Eq. (26)
2EX P
V = (S, + Sg)-A - —-A (28)

L3 L



APPLICATION OF THE DISPLACEMENT METHOD [7]

1. Definition of Problem
When axial deformation is neglected in applying the dis-

placement method of rigid frame analysis, the degree of freedom
is equal to the sum of the number of unknown joint rotations

and the number of unknown sidesway displacemeﬁts. While consid-
eration of the axial deformation may simplify the formulation
with an increase in,the-degree of freedom, the present work is
limited to the former assumption so that the method herein is
jdentical with the accepted "exact" method.

For example, consider the rigid frame of Fig. 4(a) with a
degree of freedom of 3. When the three members are subjected
to axial loads alP, aoP and a3P only, in the primary condition,
as shown in Fig. 4(b), the frame is not deformed at all under
the assumption of zero axial deformation. In the absence of
any external loads, Q;, Qy or Q3, and using the assumption of
an infinite elastic limit for the material; when the axial loads
are increased to achr, apP.. and a3P,., as shown in Fig. 4(c),
the frame may take a buckled shape, for which the displacements,
X35 X9, and X3, as well as the end moments, Fl to Fg, may
assume any set of proportional values. The ratio of Pcr to P
is defined as the buckling load factor.

Hereafter, external moments acting clockwise at the joint
and internal end moments acting clockwise on the member will be

considered to be positive:. Correspondingly, clockwise internal
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. ﬂlP
Qy-Xy ,
>, o2f!
I\ [Q3-%3
R w7
Lo a4
(a)
aqP
alfcr y ” e
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Fig. 4 Elastic buckling of a rigid frame:

(a) The degree of freedom

(b) Primary condition

{c) Buckled condition

(d) Members in buckled condition



end rotations are positive,

2. Equilibrium Equations

For equilibrium between external and internal forces in the .

frame of Fig. &,

Q = Fp + Fy (29-a)
Q = F4 + Fs | (29-b)
Q3 = - V;=- V3 - (29-c)

From Fig. 4(d)

Fi + Fp 4 oy Pop

Vy = 4
1
Ly Ly

X3
(30)
F5 + Fg agPq.
+
L3 Ljy

V3=+ X3
Substituting Eq. (30) into Eq. (29-c), the external forces
can be expressed in terms of the end moments and the sidesway

displacement as

:r = [A]{F} + [é é} *r (31)

. 0 s2]|x,

in which the subscripts r and s refer to rotation and sidesway,
respectively; [A] is the statics matrix as ordinarily used in

first-order analysis; and [S2] may be defined as the second-



order spring matrix-ﬁecause it expresses the forces per unit
displacements, and assesses the second-order effects of defor-

mation on equilibrium. In the present example

[ 0 +1 41 0 O O]
[A] =| O 0 0 +1 +1 O (32)
1 1 | 1 1
- — - — 0 0 o = = =
Y L3 L3
ay; as
[S2] = - Pep | — 4 —| . (33)
Ly L3]

3. Compatibility Conditions

An angle of rotation at the end of a member is defined as
the clockwise angle measured from the member axis, whether it
is parallel to the original member axis or rotated to the
tangent to the elastic curve at that end.

Then, for the frame of Fig. &,

X
91-:-_.3-
L
X3
0 = 4+ Xy = =—
2 1 ™
93_+X1
(34)
94=+X2
X
95=+X2-—§
L3
X3
96-'-'-—



In matrix notation

{o} = EB]{Xr | (35)
XS

The matrix [B] has been defined as the deformation matrix
and proved [1] to be the transpose of the statics matrix [A],

expressed as

(8] = [aT] | (36)

4, Force-Deformation Relationship
Let the primary and buckled shapes of the kth member in

a rigid frame be the straight line AB and the elastic curve
A'B', respectively, as shown in Fig. 5. The F-6 relationship
has been derived previously and was expressed by stiffness
coefficients Sy; and Sij'

From Eqs. (16) and (17),

F: = S;:EK0;

i ii 3 + sijEKe'

3
(37)

"y
|

For a rigid frame with many members, all the values of F

may be expressed in terms of all the values of © by the matrix

equation

{F} = [s1{e} (38)
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Pk=ak£’ A B i Pk=€lkP

— Perk=kFer

Vk Vi

Fig. 5 Typical member in a buckled rigid frame



in which -
S;11FKy SinkK, 0 " 0 -9
S;51EK 8351BK 0 0 0
0 0 S;39EK9 S i_szKz : 0 (¢}
(S)omeom =| O 0  SyjyEKy Sy3pEKy 0 0
0 0 0 0 5y ER S;sERy
. © b o 0 S;mBKy SiimBKy

L guckling Criterion

When the external loads that produce'a set of axial forces
in the members of a rigid frame remain'reIAtively small, any
nodal displacements arbitrarily applied on the frame by some
~ disturbing nodal forces will vanishrwhenrthe source of distur-
bance is removed. If the loads increﬂse'graéually until they
pass a certain limit (the critical loads), the frame will collapse
suddenly under any disturbing force. At the critical load condi-
tion, any arbitrarily imposed nodal displacements will remain
unchanged even after the di.sturbing forces are removed,

Combining Eqs. (31), (35) and (38)
X 0 0
Qr = [ASAT T + [ xr
Q| Xg o s2f|x,

(39)

"
B
5
=
(-
+
o o
2]
i ‘O'
M I‘
& o
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" When the loads reach the critical value, the displacements
can assume any value without any change in the external forces.
In other words, a small change in the displacements AX can be

produced without any change of the external forces, that is,

A o dlifa
Sl | Casa® +l: J o (40)
AQ 0 s2]l|axg

The requirement for a nontrivial solution of Eq. (40) is

0o 0
DET | [asaT] + [ ] = DET[S] = O - (41)
_ 0 82 | o

Equation (41) is the buckling criterion.

6. Second-Order Spring Matrix
| The second-order spring matrix may be determined directly,
as for the simple rigid frame of Fig. ﬁ; For more complex
frames, a general method will be derived here,
First [C] is defined as a matrix expressing the values of

QS in terms of the end shears on the member such that

fo) = [cHY) | (“2)

Next [H] is defined as a matrix expressing the values of Aof
the members as defined in Fig. 5 in terms of the values of X

such that
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{a}= [HKx.} (43-a)
By the Principle of Virtual Work [1]

(1] = [c") (43-b)
Equation (43-a) may be written as

{a} = (™ Hx.} | (43-c)

The relationship between V, (due to axial loads applied
at distance 4, only) and Ak of the kth member may be observed
from Fig. 5 to be '

P

— A, (44)
Lk ;

a

Vk=-—

Then all the values of V may be expressed in terms of all

the values of A by the matrix equation

{v} = p_Lc1{s} (45-a)
in which  ay ]
- —_ 0
L, 0
x9
(c] = 0 - = 0 (45-b)
Ly
a
0 0 - X
i I |




" Combining Eqs. (42), (43-c) and (45-a),
{Q} = P LCI[GICTH%:}
and here the second-order spring matrix is expressed as

[s2] = P Lcllellc]

22

(46)

(&7)



PROGRAMMING

1. Computational Procedure [ 4]

Let the buckling load on the kth member be akP its

cr?
length (RL)kLo and its moment of inertia (RI)kIO. Also define

P .
cr
Uep = L, — | (48)
o
Then
) k‘er : Ax
Uerdk = Ly = (RL)y Uer (49)
, EIl, (RI)g
Define
G.k ’
Bk - (R'L)k (50)
(RI);
Then
(Uerdk = Byler (51)
and before buckling

Now the problem is to find the value of U, which is U..
and makes the determinant [S] = O.
As a first step to find the U,., the values of the deter-

minant [S] are computed using the Dwyer's pivotal methoé [5]
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for as many values of U, as necessary in a raﬁge where the first
and several subsequent buckling modes should occur, and at a
reasonably small increment apart,

The [A] matrix depends only on the configuration of the
undeformed rigid frame and thus it remains constant.

Recalling that

_ T ,:0 o:' - |
[s] = [asA”] + . (53)
0 sz,

it may be seen that only the élementg in the [S] matrix and [S2]
matrix defined by Eq. (33) change with the trial values of U,.

To locate the roots of the determinant equation, it is
desirable to obtain_a graph of the values of the determinant
versus the values of U,. The fundamental mode occurs where the:
value of the determinant first changes from positive to negative.
A change in the sign of the determinant is détectéd by determi-
ning where the sign of the product of its values at two succes-
sive trial values of U, becomes negative. A Lagrange interpol-
ation routine [6] is then used to find the values of U,. using
ten determinant values in fhis region,

Having found the values of U.s the critical load P, can

be found from Eq. (48). Defining the effective length ratio K5

of. the j*P member as
ﬁaEIj
Pcrj = U'chr = -——_(K.L.)a _ (54)
J7J '

it may be shown that



mw

Bchr

2, Computer Program ,
The program was written in FORTRAN v language for the IBM

1130 computer and can be used for any plane rigid frames consis-
ting ofVprismatic‘mﬂmbers'subjécted to axial loads only in the
primary condition. A maximum of 20 members and 20 degrees of
freedom can be handled with the IBM 1130 computer. These figures
may be increased, however, simply by increasing the dimensions
of the computer storage arrays or by‘using additional tapes.

The flow chart is shown in Appendix E and the Ssource prog-
ram is listed in Appendix F, :

Although the present program gives results only for the
fundamental mode of buckling which is usually the only required
'mode, it can be modified very easily for higher modes,

In using the program, it is necessary to choose an initial
value of U which is usually 1.5 or smaller and the increment AU,
usually 0.05. For the non-axially-loaded member within the
frame, constant values of the ordinary flexural stiffness are
set in the program.

| In the output the macﬁine first prints out all the input
data for the users to check and then gives the effective length

factor K and buckling loads P.,. for each axially loaded member.

3. HNumerical Examples

For general numerical examples, a simple beam and two rigid

frames, as shown in Fig. 6 to 8 with the assumed loading, proper-
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ties and dimensions, were chosen and analyzed using the program.
The computer outputs for the three éxamples are presented in
Appendix 1. The K factors obtained in the output can be used
in conjunction with the other rules of the AISC Specification[2]
to check if the assumed ﬁember size satisfies all AISC require-
ments [2]. With the given loading on the frame and the P,
value from the output, a factor of safety against buckling can

be evaluated.
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‘E = 30,000 ks%
. I =2,880 in. P 1 2 3 1 3
= - _cr i ~ P ®\ ” ®\
i E A =L} .\ S S
40" A | 20 I 20! 2 A
i I ‘} *1
(a) (b) (c)
Fig. 6 Example 1: (a) Beam; (b) Q-X diagram; (c) F-¢ diagram
Per Per
1 21 l 1 2 ' o 6
e . N i %
) J (\‘ I
E = 30,000ksi 2
Io I = 1451 in.4 Lo 12°* l @ @
i 1 &4
W‘J_' 7
20
(a) , (b) (e)
Fig. 7 Example 2: (a) Rigid Frame; (b) Q-X diagram;
(c) F-6 diagram
2Pcyr 3Pcyr
8 .
l s 1 2 5 6
2 £ @ o
10 %Io \ 2 ”f\ 3
20" g - 30,000ks 1 40° . @ "
- |L = 288 in. '
I W W}ﬂ -
30°
; 4
r \l/
7w 75’/&? T
(a) (b) (c)

Fig. 8 Example 3: (2) Rigid Frame; (b) Q-X diagram;
(c) F-0 diagram



APPLICATION OF NUMERICAL RESULTS

1. Portal Frame with Various Conditionmns
As a case of practical significance, a portal frame in
which the moment of inertia of fhe horizontal member can be
assumed to be infinitely stiff as compared to that of the
'columnsuwas chosen. This casé is frequently encountered in
one-story factory or warehouse buildings with roof trusses
which are so much stiffer than the supporting columns that
for practical purpose tyey can be regarded as infinitely stiff.
Four special conditions were anélyzed:with the computer
and a table of K values varying the ratio of column stiffnesses
or the ratio of column. loads by an increment was made in each
condition as shown in Appendices A to D.
The four special conditions are:
1). A portal frame with equal-columh loads, different
column stiffnesses aﬁd;hingeé bases (Fig. 9). |
2). A portal frame with equal column loads, different
column stiffnesses and fixed bases (Fig. 10).
3). A portal frame with different column loads, equal
column stiffnesses and hinged bases (Fig. 1ll).
| 4)., A portal frame with different column loads, equal
column stiffnesses and fixed bases (Fig. 12).
The tabulated K values imply an ideally hinged or fixed
column base. When this condition is not met in practice, for
instance in thé generally encountered pinned base plate with

two anchor bolts, it may be permissible to use only 80% of the
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Fig. 9 Portal frame with
equal column loads, differ-
ent column stiffnesses and
hinged bases

I;=1 Ip=

- -]

Fig. 11 Portal frame with
different column loads, equal
column stiffnesses and hinged
bases

29

Pl—P S s P2=P
f 3= 1
I I
I i

Fig. 10 Portal frame with
equal column loads, differ-
ent column stiffnesses and
fixed bases

11=I 12=1

T T

Fig. 12 Portal frame with
different column loads, egual
column stiffnesses and fixed
bases
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theoretical K values listed in Appendices A aﬁd C, or in the
generally encounteredrfixed base plate it is recommended to
multiply these theofetical K values listed in Appendices B and
D with a factor of 1.2 as suggested in the Commentary to thé

 AISC Specification [7] for similar cases,

2., Design Application and Discussion
a. Example &

Design the columns for a factory or warehouse building
420 ft. by 420 ft. in plan with columns spaced 60 ft. on centers
in each direction. The‘roof framing consists of trusses and
carrying trusses 7 ft. 6 in. deep having a moment of inertia of
36,000 iné. The unsupported column height to the underside of
the trusses is 24 ft, A typical column lecad is 300 kips per
column, No vertical wall bracing is permitted and stability
" must be achieved by frame action. The column base are assumed
to be hinged.

Turning all the columns in the same direction, as is the
general practice, will result, accordiﬁg to Fig. C.1.8.2. of the
Commentary to the AISC Specification [7], in a K value of 1.65.
This is based on G = 10 for a hinged bottom and G = 0 for a
fuily fixed top. The equivalent column height is therefore
24 % 1.65 = 39,6 ft., which requires for A36 steel a 14W119
column section [8]. - -

Even if the adjacent columns are alternately turned 900,

the section would be the same if the design is based on the

column of least stiffness and the K factors offered by the



l 300 kips ' 300 kips

[ i
7 ft. 61!1.

[ ]

24 ft.

60 ft.

" Elevation

truss
= 7' H
Plan

Fig. 13 Frame loading, elevation and plan
for Example &4

170 kips l 280 kips

40 ft,

0 p -

Fig. 14 Frame loading for Example 5
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AISC Specification [2].

Consider an idealized frame, in which one column is turned
90° as shown in Fig. 13, Since the truss can be assumed to be
infinitely stiff compared to the column, the K values in Appen-
" dix A may be used.. Try a 14W95(A36) for the column. The
column stiffness ratio ié Iyllx = 383,.,7/1063.5 = ,360 and K =
1.4588 from Appendix A. The equivalent column height is 24 x
1.4588 = 35.0 ft. and the trial section 14W95(A36) is good for
the column load [8]. Note that in this comparision the theoreti-
cal K value is used without aﬁy reduction. As previously ment-
joned, such a reduction would be permissible and, in fact, was
used for the conventional design in which the AISC Specification
[2] permit a K value of 1.65 instead of the theoretical K = 2.0,
Reducing the K value would permit the use of an even smaller

column section.

b. Example 5

The columns of the frame as shown in Fig. 14 are sub-
jected to roof and crane loads. If the crane hoist is near one
column the maximum load in this column will be 280 kips, and
the load in the other column at the same time will be only 70
kips and vice versa. Assume that the column bases are fixed
and that the truss is infinitely stiff, For this comparision
and to simplify the investigation, the influence of the moments
in the column due to the eccentric application of the crane
loading are neglected. The columns are assumed to be braced

frequently perpendicular to the plane of the frame but in the
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plane of the frame buckling is to be resisted by the frame
stiffness. |

In the conventional analysis the columns would be designed
under the assumption that the maximum load of 280 kips exists
simultaneously in both columns. Under these circumstances the
equivalent unbraced column height would be 40x1.2 = 48 ft. and
a 14W74(A36) section would be required, In this case A = 21.76
in.2, r, = 6.05, KL /r, = (48 x 12)/6.05 = 95.2, F, = 13.57 ksi,
and the allowable load would be 21.76 x 13,57 = 295,3 kips.

Because the maximum load cannot. exist simultaneously in
both columns it is possible to utilize the reserve strength of
the column with the smaller stress to help in the buckling
resistance of the heavier stressed column, In this way it can
be shown with the help of Appendix D that a 14W61(A36) section
is sufficient. In Appendix D read for a column load ratio of
70/280 = 0.250 a theoretical K value of 0.7928 for a fixed
column base. Increasing this figure by.20 % to account for
nonideal conditions the equivalent column height is 40 x 0,7928 x
1.2 = 38.0 ft. and for a 14W61(A36) with r, = 5,98 and A =
17.94 in.?, KL /r_ = (38.0 x 12)/5.98 = 76.3, F_ = 15.76 ksi

a
and the allowable load P = 15.76 x 17.94 = 282.7 kips.



CONCLUSIONS

As observed in the numerical examples, the "exact™ method
of frame buckling analysis presented in this report resulted in
the use of lighter sections because it utilized the unused
reserve strength in the frame.- This advantage is not possible
by using the K values offered by the existing AISC Specification.

- With the given loading on the frame and P . value from the
computer output, the method also make it possible for investi-
gators to obtain a factor of safety against buckling.

Althoush the use of the "exact" method is feasible only by
using the electronic computer, it is not a major problem in
today's design work in which most of the frame analysis is
carried out on the electronic ccmputer; Furthermore, once the
tables for K values are made for some frequently encountered
cases such as the case of portal frames presented in this report,
thé tables can be used without runninz the computer in every
design of similar casés. -

This method can also be extended to the stability analysis
of rigid frames with non-prismatic members by dividing each
member into a number of segments, each of which is considered
to be uniform by itself [9].

Further investigation of the over-all stability of a rigid
frame should include second-order effects, the plastic behavior,

and the presence of primary bending moments,



[a)
[&]
Lc]

F, {F}

£c]
[H]

P, P

Qs {Q}’ {Qr}’ {Q;}

R1

[s2]
(s]

U, U

cr

cr

NOTATION

Statics matrix

Deformation matrix

Sidesway force to shear matrix

Modulus of elasticity

Internal moment and its column matrix
Diagonal matrix of (a/L) values

Member end deflection to sidesway dis-
placement matrix

Moment of inertia and its reference
value

Stiffness (K=1/L), efféctivehlength ratio
Member length and its reference value
Bending moment, couple

Axial load and its buckling load

External load, its column matrix, submat-
rix in rotation and in sidesway

Ratio of moment of inertia to reference
value (1/1,)

Ratio of member length to reference value
(L/L,)

Stiffness coefficient

Second-order spring matrix

Member flexural stiffness matrix

Axial load factor for beam-columns (U=kL,

Ucr=kcrL)



v, {v}
X, {x}’{xr}"{xs}

D @ o

f

Shear force and its column matrix
External displacement, its column
matrix, submatrix in rotation and
in sidesway

Axial load factor for beam-columns
(k®*=P/EI1)

Rectangular coordinates

Angle

Amplification factor for beam-columns

* Lateral displacement

Ratio of axial load to reference value

RL'da/RI . o
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Appen&ix ‘E. Flow Chart

READ
E, 10, LO, UST,
DELUO

COMPUTE Bs

COMPUTE S;;(Ug), S;5(Ug)

I

BUILD [ASAl]

|
BUILD [S2]

[s] = [4saT] + [s2]

|
COMPUTE DET [S]

4

STORE U,(NCY), DET(NCY)

WRITE
ALL INFUT DATA

/

6
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‘>d MODE = MODE+1l

34

i

NNN = NCY-NSTT+1

FIND U

BY LAGRANGE INTERPOLATION

COMPUTE X, P,

WRITE
B Ucr’_ K, Pcr

( STOP )
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ﬁn elastic stability analysis of rigid frames subjected
to axial loads only in the primary condition is performed by
a matrix formulatioﬁ of the "exact™" method using an electronic
digital computer,

As the basic equations, the slopé-déflection equations are
derived inbluding the influence of axial forces,land the stiff-
ness coefficient fﬁr an axially-loaded memher is expressed as
a function of axial force.

The well-known displacement method for first-order frame
‘analysis is then modified to include . the influence of axial
force; a second-order spring matrix is added to the statics
matrix to aécount for the effect of axial forces on the end
moments due to the lateral displacement, and in the stiffness
matrix the stiffness coefficients for every axially loaded
.member are replaced with the modified values, The buckling
criterion is set up by equating the determinant of the load-
displacement matrix to zero. 7

A computer program was written in PORTRAN IV language for
the IBM 1130 computer to get the effective length ratio K and
the fundamental buckling load P.. for each axially loaded
member in the frame,

The advantage of using the "exact" method is demonstrated
by the numerical examples in which the more accurate approach
resulted in the use of lighter sections since it utilized the
unused reserve strength in the frame by performing an over-all

frame stability analysis.



