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INTRODUCTION

During the last decade thers have been mare teghnological advances in the
were being measured with compasses and distances were measured with the Guntexr
chain, Fifty years ago transiis and engineers chalns were belng used. Even
in the past decade the transit and engineers tape were stlll beling used,
Todays surveyors are using compact theodolites to measure angles and electronic
distance measuring devices to measure distances with mere accurscy and preecision
than in the decade just past.

The increased accuracy and precision mentloned above has led to much
- smaller ¢lesure errors and to a dssire for better technigues for adjustment of
this error in achisving closure for either level or traverse circuits. The
electroniec computer is a major factor in the improvement of error adjustment
procedures, Through the use of the computer, methods which were previocusly
impractical or difficuli {c use are now easily applied.

The transit rule, the compass rule and the method of lsast squares, are -
methods of adjustment of traverse closure errors which will be compared in this
study. Each method has its own advantages and disadvantages which are of
interest. Mmsgnrmthisstudgistaummmtxdm&m
1s adjusted by each of these

ds- when applied te 2 given traverse.




PURPOSE AND SCOPE

Many articles have been written on the subject of traverse adjustments
mmtmmtmh.thecmmhmthemthodofleutaqmes. Each
of these methods of adjustment partitions the closure error in a unique manner
which results in the allocation of different pertions of the closurs error to
given traverse segmenis by each method.

The purpose of this report is to apply the different methods of traverse
ad justments to a set of field data to compare the resulis obtained, The fleld
data were obtained from two trayerses rur on the KSU Campus, one North-South
and ons+East-West, for which highly accurate information was svdianiu Hreu

earlier traverse work in which a precision of 1/150,000 was cbtalned.



REVIEW OF LITERATURE

In the adjustment of traverses, the errors are adjusted. Rainsford (9)
(chapter 1) discusses four types of errors: blunders, constant errors,
systematlc errors, and accidental or random errors.

“Blunders (or mistakes) are a definite mis-reading of whatever scale is
being used,” Examples would be the reading of 60° 45' for an angle which
actually is 61° 45' or reading 100.75 feet instead of 99.75 feet.

"Constant errors are those which do not vary throughout the partlicular
work concerned., They always have the same sign.” An example would be an uncal-
ibrated tape 100,02 feet in length which would be assumed to be 100.00 feet.

"Jystematic errors are those which follow some fixed law (possibly
unknown) dependent on local circumstances." Examples would be fallure to apply
temperature and sag corrections to tapes.

"Accidental or random errors are the remaining small errors after all the
others just mentioned have been eliminated. They are due to the imperfection
of the instrument used, the fallibility of the observer, and the changing
conditions, all of which affect the quality of the observation to a greater or
lesser degree.™ These accidental of random errors are the only errors which
are adjusted. Wolf (14) and Vreeland (13) discuss the source of these errors
as either in distance or in angle.

The adjustment of the errors depends upon the type and source of the errars.
Blunders are not acceptable whether in angle or distance and must be remeasured.
The source of constant errors must be identified and corrections or adjustments
made in instrumentation or technique so that this type of error may be elimi-
nated. Systematlc errors follow definite laws (2) which are used to compute

their values in order that they may be eliminated. The accldental or random



grrors conform to the normal distribution (9) which, for a given set of data,
have unique values of the mean, X, and standard deviation, s.

These accidental or random errors are the errors which are to be adjusted.
Seyveral procedures have been devised to adjust these errors (10), Each of
these procedures adjusts the observations or measured quantities to fulfill
the conditions of angular closure, latitude closure, and departure closure.

The procedures include the transit rule, the compass rule and the method of
least squares.

The transit rule assumes that the angles are measured more precisely than
the distances. "The corrections to be applied to the latitude/departure of any
gourse is to the total error in latitude/departure as the latitude/departure of
the course is to the sum of all latitude/departure (without regard to algebraic
sign)."(3)

Goussinsky (5) explains that the adjustment by the compass rule (also
called the Bowditch Method) assumes that the error in the angle is as great as
the error in the distance. This was true 100 years ago when the compass and
the Gunter chaln were common surveying equipment, hence the name compass rule,
"The corrections to be applied by this rule to the latitude/departure of any
course is to the total error in latitude/departure as the length of the course
is to the perimeter."(3) Richardus (10) explains that in applying this
procedure, the bearings are adjusted before computing the latitudes and
dspl_l.rtms for the adjustment.

The method of least squares which makes no assumptions about the configur-
ation of the traverse applies corrections to the angles and distances such that
the cumulative sum of the squares of the corrections is a minimum, The method,
although developed over 150 years ago by Gauss and lLegendre, was not used

extensively until recently and has gained general acceptance since the era of



the computer. Adams (1) in 1924 presented the basic procedures for obtaining
the least esquares solution through the use of several simple examples,

Gale (4) indicates that least squares adjustments can be divided into
three categorles;

1. The observation equation or parametric method. In survey adjustments,
this method is sometimes referred to as variation of coordinates and is discussed
by Wolf (14). He states "Two observation equations (equations relating the
observed quantities and their inherent random error to the most probable X
and Y coordinates of the points involved), one for distance, and one for
direction, may be written for each side of a traverse. Therefore the number
of observation equations for any traverse is 2r, where r is the number of
sides in the traverse. Each traverse point introduces two unknowns, an X
and a Y coordinate, except that the initial and final traverse point coor-
dinates are either known or assumed; hence the number of unknowns is 2r - 2,
Normally, therefore, there are two redundant observation equations in the
traverse adjustment.”

Schmid (11), Gale (4) and Madkour (7) present the idea of writing the

observation equations in the following matrix form,

Wiy 1 = M (M>X)

where

Hxl = A column vector of parameters

HAN = A matrix containing the coefficients
o

HLI = A column véctor of the correlated
observations

M = The number of rows in the matrix

K = The number of columns in the matrix



No adjusiment is necessary if the equations are consistent. If they are
inconsistent an adjustment vesctor, Hvi s is added to the correlated observations

thus obtaining
why 1 Tl Y 'y

To apply the method of least squares to this problem, the Gaussian
Function, §, must be minimiged. This minimization is accomplished by setting
the matrix first derivative equal to zero.

v-!-
= 1V Py w1
where
1?; = The transpose of the adjustment vector
yEy = The observation weight matrix (discussed
in Appendix A)

2. The condition equation or correlate method. Vreeland (13) presents a
traverse adjustment by the condition equation method using the summation of
latitude and departure as conditions. Gale (4) and Madkour (7) present their
discussions of the condition eguation method through the use of this matiix
equations

*
wox 1 Yl = 0
where
*

HBN-mtmspmofantrixcuntaingng
the partial derivatives of the
unknowns Hxi

Hxi-Aeolmvaetorofthetmnlnes
of the unknowns

Hci = A column vector of constants

neceasary to complete the condition
equations



Then by introducing the undetermined lagrangian Multipliers, 11(; (Adams (1)
presents a simple example of Lagranian Multipliers), and minimizming the
Gaussian Function,

* * ) )
®= 1y wPy #'1 - 2 1Ky OBy w¥1 ¥ o
the least squares solutlon is obtalned. Further development of the algebraic
formulas may be found in Appendix A,

3. The general or combined methods. Schmid (11) discusses the general
category of least squares. In his discussion are presented the difficulties
met when trying to write a general least squares computer program. This
categery is not discussed here because 1t 1= not used to adjust a traverse,

Sinece all of the lsast squares procedures allow for the use of weights,
Meyer (8) discusses the use of the arithmetic mean of several observatiens to
obtain a better value of the observation, He expands his discussion te¢ include
the case where an angle might be read 2 times with a theodolite and 3 times with
a 30" transit. Obviously the angles read by the theodolite are more accurate
than those read with the 30" transit. He therefore applies a weight to the
angles to obtain a weighted arithmetic mean,

Vreeland (13) presents the precisions of the various surveying instruments
used, but doesn't discuss weights. Wolf (14) on the other hand discusses
methods which may be used to obtain the relative weights of the angles and
distances ( See Appendix A for more detail.).

Rainsford (9) and Meyer (8) discuss the use of the inverse of the variance
as a weight. Rainsford presents a derivation which shows the weight of the

observation 1s equal to 1 + variancs.



- PROCEDURES AND APPARATUS

Recently work was begun to place the Kansas State University campus on a
coordinate system, The initial phase &f the project was to fix contmaél peints
whose coordinates were accurately obtalned on the perimeter of the campus.

This was done by completing a loeop traverse (see Fig. 1) using a Wild T-2
theodolite and the Tellurometer MRA-4 electronic distance measuring device.
A precision of 1/150,000 was obtained from this traverse. (The U.S. Coast
and Geodetic Survey considers 1/25,000 as first-order a.ccura.cy.)

In order to further subdivide the campus, field parties were sent out with
Wild T-16 theodolites and 100-ft. engineers tapes to obtain the two traverses
under study here, The two traverses--one in a North-South direction along Mid-
Campus Drive (Fig. 2) and the other in an East-West direction along Collsge
Heights and Vattier Drive (Fig. 3)--ylelded data which had angles estimated
to the nearest 6 seconds and distances obtained to the nearest 0.01 foot,

The North-South iraverse was completed by a field party from the KSU
Campus Planning Department and the East-West traverse was completed by an
advanced surveying class from the Department of Civil Engineering. Since the
traverse is the particular case in surveying in which both angles and distances
are measured, they naturally fall into these four categories depending on the
type of closure:

1. No Closure

2. Angular Glosure (i.e., the angles must meet a specified condition)

3., Coordinate Closure (i.e., the latitude and departure must meet

specified conditions)

L, Coordinate and Angular Closure (i.e., the angles, latitude and depar-

tures must meet specified conditions)



A map of the KSU Campus indicating the location of the control traverse,



10

¥
L1

OODNOW BM

A map of the KSU Campus indicating the location of the North-South

Fig 2.

traverse.



11

AVE

MANMATTAN

DﬂQBD\u

Oy o s
e Lo summpnnntjogm R T T ©
S o - i e s 5
i
o [ [
il I oy
5 T i 1
| |
. J 1 [3 1 ]
i LI A !

Fig. 3. A map of the KSU Campus indicating the locatlon of the East-West traverse.




12

l,n

Iny




13

The two traverses had both angle and coordinate closure and therefore fgll into
the fourth category.

The conditions referred to above are described below with reference made
to Fig. 4. Stations 1 and n are the terminals. The observed angle on station

1 is 91, or in general 61 on station i, The measured distance between i and

i1 is d and the azlmith of the line is Az

i,i+1 i,iHl’
Stations O and n+i are the orientation stations, the orienting azimuths

are Aze 1 and Az If stations O and n, and n+l and 1 are the same stations
. ;

nontl’®
the traverse 1is a loop.

1. The Angular Condition. The sum of the first orientation aszimuth Asa 1
»

+ n 180°

and the obsérved angles, 0,, mist equal the terninal aslmuth Az .,
¥

which may be wriltten as

n =
Azﬁ,i +i§19i Azn,n+1 tn 180°_ 1)

The relationship of any azimuth to any other azimuth should also be noted

1
Az = hzq g + 20, % n 180° 1a)

1,i+1
2. The Departure Condition. The sum of the products of the distances

and the sines of their azimuths should be equal to the differences in the

abscissas of the terminal stations,

n _
iE1 4141 Sm(ui,i-!-i) -4 2)

3. The Iatitude Condition; The sum of the products of the distances and
the cosines of their azimuths must equal the differences in the ordinates of

the terminal stations.

n
1Z194, 541 Cos(Azy 4oq) =%, - Y 3)

The three methods of adjustment to be used in this study--the transit rule,

the compass rule and the method: of least squares--apportion the closure errors
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of these conditions differently. The transit rule and compass rule adjust the
angles pricr to computing the course latitudes and departures by adding the
amount (angular closure error:i¥ number of angles) to each angle whereas the
method of least squares uses the unadjusted angles to compute the course lati-
tudes and departures and adjusts the angles simultaneously.

The transit rule adjustment may be stated as follews: the correction to
be applied to the ]atituds/dspu'ture of any course is to the total error in
latitude/departure as the latitude/departure of that course is to the sum of
all the latitude/departure (without respect to sign) (14). The compass rule
adjustment of the latitude and departure of a traverse is simply stated as
follows: the corrections to be applied to the latitude/departure of any course
is to the total error in latitude/departure as the length is to the perimeter (1%4).

The method of least squares adjustment applies corrections which have been

minimized to the observed values. The method uses the matrix condition

BX+C=0

where

B = The partial derivatives of the conditions
X = The true values of the varlables

C = The constants of the conditions

And 1ts Gaussian Function, §, solved for a minimum,

* *
§=v Pv-2Kx (BXx+0C)

where
V = The corrections to the observed values
P = The weight of the variable
K = A Lagrangian Multiplier
{The * refers to a transposed matrix)
A more detailed algebraic explanation of the condition equation method of least

squares is in Appendix A.
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The various adjustments were computed through the use of the MIT ICES
COGO--Geometric processor. This Processor did not perform the least squares
ad justment using the unadjusted angles as described in Appendix A, but rather
used the adjusted angles of the transit and compass rule., Although not
correct, since the angles have been adjusted, this procedure 1s useful in
that the latitude and departure errors are equal for all three thereby
producing an easy comparison of error adjustment by the three methods.

As the data were being prepared for use in the ICES COGO--Geometric
Processer 1t was learned that another error adjustment procedure, the Crandall
Rule, was contained in the program package. Since the Crandall Rule could be
sxamined with very little additional effort it was decided to apply this
procedure of error adjustment to determine its applicability when compared with
the three procedures originally included in the study. This rule holds the
course bearing as correct and adjusts only the course lengths., The Crandall

Rule is discussed in more detail in Appendix B,
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PRESENTATION AND DISCUSSION OF DATA

The presentation of these data is divided into two sectlons--one for the

North-South traverse and one for the East-iest traverse.

The North-South traverse.

The initial point (Pt. 27) of the North-South traverse (Fig. 2) had
cﬁumdinatea (N 6687.05, E 2243.70) and an initial azimuth of 244° 46* 50"
when sighting to the Civil Engineering Dept. Bench Mark in frent of Goodnow
Hall. The coordinates of the final point (Pt. 11) were (N 3756.26, E 2188.87)
AR i RS 93° 16* 51" to Pt. 103. The computation of the traverse
produced the following closure errors--N -0.012 ft, and E -0.434 ft. Tables
1, 2, and 3 show the computation of the latitude and departure adjustments
and Table 4 shows the angle and distance adjustments produced by the three
ad justment metheds,

The Angle Adjustment. The first half of Table 4 shows adjustmenis which
were made to the angles. A comparison of the arithmetic totals of the angle
ad justments indicated that the method of least squares produced the smallest
corrections (89 sec. total) followed by the compass rule (116 sec. total) and
then the transit rule (375 sec.).

Comparing the individual adjustments, the method of least squares yielded
many adjustments which were within one estimation unit (6 sec.) of the T16
theodolite and all within 2 units (12 sec.). The compass rule had 4 adjustments
larger than 2 units (12 sec.) but smaller than 5 units (0.5 minute). The
transit rule had 11 adjustments larger than 2 units with 7 of these larger
than 5 units (0.5 minute).

The Distance Adjustment. The last half of Table 4 indicates the adjustments

to the distance. A comparison of the arithmetic totals indicated a wide variation
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in adjustments., The method of least squares had 0,011 f£t. adjustment, followed
by the compass rule with 0.127 ft. adjustment and then the transit ruls with
0.306 ft. adjustment,

A comparison of the individual adjustments indicate the method of least
squares makes no adjustment to distance (The largest adjustment was 0.005 ft.)
The compass rule yielded 5 adjustments which were more than 0.01 ft. with 4 of
these adjustments between 0,025 ft. and 0.030 ft. These four adjustmenis were
in the four courses with large departure components., The transit rule also
yielded 5 adjustments more than 0.01 ft. These adjustments were in the same
courses as the compass rule but were much larger--all between 0.036 ft. and
0.091 ft.

The Latitude Adjustment. No comparison was made due to the extremely

small closure error of 0.012 ft.
The Departure Adjustment. The comparison of the departure adjustaent
(Fig. 5) yielded a transit rule adjustment with most of the error in the four

courses with large departure components. The compass rule yielded the expected
straight line (This was expected since the magnitude of adjustment is in
direct proportion to the total lsngth.) The method of least squares yielded
ad justments which increased to -0.485 ft. for the next to the last point on
the traverse and dropped to :0.434 £t. for the last point (This drop is not
possible with the transit and compass rules.).

The Crandall Rule Adjustment. A discussion of the Crandall Rule Adjust-

ment is in Appendix B.
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The East-West traverse.

The East-West traverse (Fig. 3) is like the North-South traverse in that
it had both angular and coopdinate closure. The initial point on the traverse
(Pt.1) had coordinates (N- 5041.86, E 1117.35) and an initial azimuth of
187° 2' 43" to point 101, The final point (Pt, 10) had coordinates (N 4479.63,
E 3737.13) and an azimuth of 358 22' 31" to point 102, The closure errors
obtained were--N -0.538 ft. and B 0,269 £t. Tables 5, 6, and 7 present the
computations for the latitude and departure adjustments and Table 8 summarizes
the angle and distance adjustments.

The Angle Adjustment. The first half of Table 8 shows the adjustments

which were made to the angles. A comparison of the arithmetic totals of the
angle adjustments indicated that the method of least squares produced the
smallest correction (108 sec.) followed by the compass rule (214 sec.) and
then the transit rule (274 sec.).

Comparing the individyal adjustments, the method of least squares yielded
all but 1 adjustment within 3 estimation units of the T16é theodolite (one unit
is 6 sec.). The compass rule had 5 adjustments within 3 units and 4 of the
remaining 5 adjustments are larger than 0.5 minutes. The transit rule had 4
adjustments wit 3 units (18 sec.), 4 adjustments between 3 and 5 units (18-
30 sec.) and 2 adjustments of more than 1 mimmte,

The Distance Adjustment. The last half of Table 8 indicates the adjustments

to the distance. A comparison of the arithmetic totals indicated a wide
variation in adjustments. The method of least squares had 0.031 ft. followed
by the compass rule with 0,346 fi. and then the transit rule with 0,512 ft,
Comparison of the individual course adjusiments indicated that the method
of least squares produced small ad justments (the largest was 0.013 ft.,). The
compass rule has 5 adjustments less than 0,03 ft., 3 between 0,06-0,07 ft.
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and one adjustment of 0.093 ft. The transit rule also has 5 adjustments less
than 0,03 ft., 2 adjustments between 0,06-0.07 ft. and 2 adjustments of over
0,10 ft, The last two adjustments of over 0,10 ft. are possible but unlikely.
Such an adjustment is more 1likely attributable to field measurement error and
would require remeasuring part, or all, of the traverse in order to correct a
likely error which would cause such a large adjustment.

The Latituds Adjustment. The comparison of the latitude adjustments
(Fig. 6) yielded a transit rule adjustment with most of the error being adjusted
in the first half of the traverse where the large course latitude was located.
The compass rule ylelded the expected straight line and the method of least
squares ylelded small adjustments in the first two courses and an almost linear
ad justment for the rest of the traverse.

The Departure Adjustment. The comparison of the departure adjustment

(Fig. 7) ylelded an almost linear trend for the transit rule and a linear
trend for the compass rule, These trends were expected since the transit rule
is appertioned using the cumulative course departure (2620 ft.) which is
approximately equal to the cumulative course length (2987 ft.) used by the
compass rule. The method of least squares yielded a much .diffarent type of
ad justment than the other two methods. It adjusted the error in a positive
direction rather than a negative direction like the transit and compass rules
and placed a -0.376 ft. adjustment in the last course closing the traverse.

The Crandall Rule Adjustment., A discussion of the Crandall Rule Adjustment

is presented in Appendix B,
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CONCLUSIONS

After analyzing the distance and angular adjustments caused by the latitude
and departure adjustments, adjusted by the thiee methods, the method of least
squares showed the smallest adjustments, bothdistance and angular, followed by
the compass rule and the transit rule.

The various distance and angle adjustments could be expected after studying
the adjustment rulesj

The transit rule, which assumes angles are more accurate than distances,
would yield large distance adjustments and relatively small angular adjustments.
The angular adjustment is more erratic than the compass rule because the compass
rule partitions equal proportions of latltude and departure to the same course.
This is not true for the transit rule,

The compass rule, which assumes distances and angles to be of equal
weight, produces distance and angle adjustments which lie between those obtained
with the transit rule or with least squares,

The method of least squares, which makes no assumptlion about the angles
and distances, ylelds small distance corrections and small angle corrections.

Several conclusions were obtained concerning the ease of computation of
ad justments by the various methods. The transit rule and the compass rule
ad justments are easily computed with a desk calculator. The adjustment by
the method of lsast squares, being much more complicated, should be’used only
if an electronic computer is ayallable,

The adjustment procedure to be used should depend on the use of the
traverse. If the traverse is to be used as a control traverse, or if the
difference in the reliability in the angles and distances is great, the method

of least squares would be the best method.
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FURTHER RESEARCH

After the analyses of the results obtained from the two traverses,
questions were raised about the results that would be obtained for a traverse
oriented diagonally with respect to the coordinate system. Unlike the two
traverses studied which were extreme cases--one had a very large latitude and
emall departure and the other had a large departure and small latititude--the
proposed research would study the case with relatively equal latitudes and
departures. Two pessible approaches which could be used to study this problem
are; 1) a design similar to the one used in this report and 2) a design similar

to the one described in the following paragraph. The second design would allow

the experimenter to compare his results with a "true™ known value,

An experimental design which would be utilized in a large number of
experiments would involve establishing many points with accurately known
coordinates. The coordinates could be used to obtain the accepted or "true”
value of the variable studied which allows a comparison of the true value
versus the observed value. Six experiments are listed below which could use
this experimental design.

1. Study whether or not the angular corrections applied to the compass
and transit rules are actually necessary. The adjustment of latitude and
departure alone may yield angles and distances which are closer to the true
angles and distances than the procedure which applies angular adjustmentis
prier to performing the latitude and departure adjustment,

2. Study the differences obtained by using varlous least squares traverse
ad justment techniques. The techniques which could be studied would include

both oheservation equation techniques and condition equation techniques.
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3. Study the adjustment of a traverse nat, 1.e. several interconnecting
traverses, as compared to the adjustment of the various traverses individually.
The traverse net adjustment is mest easily handled by the method of least
squares. The approach would be to compare both the least sgquares traverse net
ad justment and the individual traverse adjustments with the true known
ad justments.

4, Study the effect of a net traverse adjustment on traverses which were
previcusly adjusted by simple traverse adjustment procedures. Although this
procedure: is seldem used, 1t is used when adjusting the net in hopes of forming
a homogeneous unit through the use of the a.dd."gtiunal condition equations of the
net adjustment,

5. Study the relationship between the welghts of angles and distances.
The relationship of the weight is well-known for the angles and for the
distances, but the relationship between the angles and distances which are used
in traversing is still only vaguely known. The approach would be to observe
the variables by various techniques and then to divide ihe total error into
components which are parallel and perpendicular to the line of sight and which
represent the errors due to distance and angle respectively. A comparison and
correlation of these data could then be performed.

6. Study whether using a weighted compass or transit rule adjustment

would give adjustments which are cleser to the true values.
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3.

10,

11,

12.

13-
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APPENDIX A
DEVELOPMENT OF THE LEAST SQUARES EQUATIONS

Considering the earlier diqegsalun of conditions, this discussion of the
method of least squares covers the condition equation or corrslate method as
presented in the class,Adjustment of Survey. This method forms adjustments in
a manner such that the adjustments meet the conditions '

Asg 4 + 1‘2291 =As, .4 % n 180° 1)
" o
dy 14 s;tn(uhiﬂ) =X =X 2)
o
1§111 4,341 Oos(bm 400) =Y, - Y 3)

while maintaining the conditiom that the sum of tha ad justments squared be
a minimum.

As states in the review of the literature Gale (4) and Madkour (7) present
discussions concerning the condition:iequation method using this notation fer
the condition:

*
e &1 Y =0 k)

where

X = A column vector of the unknowns which is
equal to the sum of the column vector
of the observed values (L) and a column
vector of the correctionms (V)

B = A matrix containing the partial dsriva-
tives of the unknewns (X)

C = A column vector of constants

M = Number of conditions (nermally three)

Q = Number of variables (i.e. the number of
angles and distances measured)
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Introducing Lagrangian Multipliers, 2€‘1E;, the Gaussian Punction may be
written as
* R * "
$ = Vo Fa 't - 2 1K Bg &t * 8y) 5)
where

V=4 celmnctorqftbasdjntbm
P = The weight matrix (discussed later)

Differentiating 5) with respect to X to obtain a minimum yields

g-zivnggzixunaq‘ﬁta . 6)

Selving the normal equations, 4) and 6), simultanecusly
o= By Fa @) OBy gt * ) 7)
Fu =t it QR o g

where
""‘-Thsinverseofthentrix
The vectors X, L, and V are all the same size, @ x 1, X 1s 3 column
mtarufthaadjustedmlmsafeaehoftheuﬂabhsdi o T
327 243
dpi,n? 817 85 - « . ;and 8 . Tt is equal to the observed values 1, 1,,
...,aﬂlb_i,ﬁichmmfamdteutthmctw,plusthea.djustmnts
teﬁno&emdnm;vi,vz,...,andrzn_i,nhinhismlnmdtoum

V vector. Written in algebraic form they appear as

4,2 =1 vy
d2;3 = 12 + AP}

n-i,n = Ynt L Vn-1 9)
31 = 11! + Yn
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The B matrix is composed of the partial derivatives of ths variables for
each of the three traverse conditions--the total sum of which for any one
condition, is equal to the total differemtial (12).

B

A1) o) ... 2@ o) ...

a di,'z a d?ya adn-i,n a ai a ‘n
- _@_E)__g_(z._l_...ﬁiz.)__iigi...agzl
3 2n-1 9d, , 94, 0d, , , 08, 06 10)

[_a’%,z L 04, 1,0 99 a6,

In the case of the traverse, the formulation of the B matrix becomes quite

o=

complicated, For this reason, some space will be devoied to describing its
formmlation. The partial derivatives will be taken with respect to the 2n-1

variables d1,2’ d2'3, e &« o 3 d.n_i'n’ 01, 02, « e« o 3 and en-
Referring to the angilar condition, 1), the partial derivatives are
as follows;
1 -
0
aaiaz
» » » 11)
{ -
, =0
adn-i,n
.ﬂ_(%)_
= (
0 i
4 Ll L] 12)

The partial derivatives of the departure gondition, 2), with respect to =
the distances di,a’ d‘z,j’ « s « yand d‘n—i,n are
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—3&% = su(ui’z)
'g'f(lfi; Sin(As, o)

13)

2 =

n=-1,n

The partial derivatives of this condition with respect to the angles 91 y
8., ... s and 8 are more difficult to obtain since the angles have been
2 n
converted into azimuths, For this reason the azimuth will be changed to show

the true function to be differentiated.

X, =% =4 sm(uc,ia- 8, 180°) + 4

.- X Sin(Azo,i-!- B+ 8% 360°)

2,3

+ ...+ dn_i,nsm(uo,f o+ 6+ .. .+0%n 180°)

Differentiating 14) obtains

2 =
%(rf d1’2005(u0,1+ o, 180%) + dzﬁcas(uo’f 0+ 0% 360°)

.. % d, Cos(Az, + 0+ 6. ., +8 dn 180°)

1
T Cos(Az

= & Y,141 1,1+1)

2 :
s 5, - dz:Bcos(uo,i"' 6+ o 360°) + d3,h_cos(u0,1+ 8.+ 0+ 0% 540°)

cea(uo,1+ o+ 0% . . .+ 08 &n 180° )

- - +
+ ., d 2

n-i,n

N-
= & &1,1+1c°’(“1,1+1) 15)
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.+ 0 & n 180°)

Applying the same procedure to the latitude condition, 3) as to the

departure comdition, 2), the following partial derivatives are obtained.

gd 1 -Gas(un-i,n)
sN

n-

n-1
'a's}la = -y 4y 14451n(day o)

n-1
gaz = -Z, 4y 4448104z, 1 44)

0 é 3 2 n-1
1 = -i-n-gili"’isin(ﬂi; i+l )

16)

17)

The vector C 1s composed of the constants required to make each of the

three conditions consistent. The constant for the angular condition would be

(un,n-l-i -

Az, ;& n 180°) expressed in radians, whereas, the constants for the
¥

latitude and departure conditions would be (Y - Y,) and (x, - X)s

respectively.



Thus far the X, L, V, and C vectors and the B matrix have been discussed.
The real problem with the traverse adjustment by least squares is the weighting
of the different variables., Unlike the compass rule and transit rule which
ad just the angular error separately from the latitude and departure errors,
the method of least squares adjusts all of these errors simultanecusly, This
simltaneous solution must somehow distinguish between traverses obtained by
instrumentation and techniques which secure the same relative precision in the
angular measurements and distance measurements as compared to those which secure
different precisionms,

The differences in precision of angular and distance measurements have
presented a major problem to professional surveyors for years. Vreeland (13)
presents the following list of instrumentation and technigues together with

the range of precision which one may expect from their use.

Angles Range of Precision
Compass 15* to 1_°

Transit 5" o 17

Optical Theodolite 0.1" to 5"

Distances

Taping 1/100,000+0: 171 ;600
Stadia 1/ 1,500 to 1/ 100
Subtense 1/ 10,000 to 1/1,000
Electronic 1/300,000 to 1/5,000

The professional surveyor formulated the concept of relative weights to
correlate these differences. The reasoning was than angle obtained by a 30"
transit had approximately the same precision as that of an angle repeated
twice with a 1' transit, hence the weight of 2 was given to the 30" transit.
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The same concept was applied to the distances. It was not until the method of
least squares came into prominent use that the weight relationship between
angles and distances became important.

Initially the "o0ld timer" was to assign the relative weights as he felt
his experlence dictated. Today, the concept of weights has taken on a more
statistical approach., Surveyors now agree that the observation relative
welights Pys Pos o ¢ o s through p, are related to the inverse of the observa-
tion variances 52, sg, . « . 3 and s;. Rainsford (9) presents a mathematical
discussion proving this relationship while Wolf (14) presents whese formulas
to obtain the relative precisions (weights) for use in the diagonal matrix, P.
Since relative weights are being obtained, each formula is multiplied by the
common fastor of 1000 in order to obtain reative weights closer to 1,0,

A, For Taped courses

N = 1000 [ /7 (te,)]? 18)

where
n = The number of tape lengths in the course

8.~ The approplate standard error per tape

length
B. For Electronically measured courses
N = 1000 [ (2L+200,000) +0,04]?

where
L = The course length in feet

C. For Direction observations
N = 1000 [ L(iea)+206,265]’

where
B« The appropiate standard error of
the angle



k2

The appropiate values of e, for taped distances and e, for angles may be
estimated from previous work of a certain order for the various field conditioms
and for various equipment-operator combinatlons, Wolf presents the nomogragh
for relative weight inverses showm in Fig. 8 in an effort to simplify the
process of obtaining the relative weights.

»The use of the nomograph is illustrated in the following example: Assume
that a course 2600 feet long is taped using procedures estimated to produce an
e, of £0.01 foot, Enter the nomograph at 2600 feet on the abscissa, move
vertically to intersect the line of e, = +0.01 foot, then herizontally to the
ordinate, read N = 2.6, Inverse weight numbers from the nomograph are the

inverses of the elements of the P matrix." (14)
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APPENDIX B
CRANDALL RULE ADJUSTMENT

As the data were being prepared for use in the ICES COGO--Geometric
Processor it was learned that another error adjustment procedure, the Crandall
Rule, was contalined in the program package. This method may be used on
electronic computers where the computer memory bank 1s too small to use the
method of least squares. The Crandall rule, which requires the use of ad-
Justed angles, holds the bearing of the course as correct and adjusts only
the distances by solving the latitude and departure conditions simmltaneously.

Table 9 shows the computations of the latitude and departure adjustments.
for the north-South traverse. There were no angle adjustments and the distance
ad justments are tabulated in Table 10. The distance adjustments to courses
I13-19 and 25-26 are 0.217 ft. and -0.226 ft,, respectively, These adjustments
are larger than most surveyors and englneers would accept as possible. 3Such
an adjustment 1s 1ikely attributable to fleld measurement error and would
require remeasuring part, or all, of the traverse in order to correct a likely
error which would cause such a large adjustment. Fig. 9 shows the graphs of
the departure adjustment which indicates that the Crandall rule sirongly o= -~
resembles the transit rule,

-Table 11 shows the computations of the latitude and departure adjusiments
for the East-Wesi traverse, The distance adjustments are tabulated in Table 12
and again several of these distance adjustments, -0,254 ft. and -0.399 ft.,
are highly unlikely. From Fig. 10 which shows the graphs of the latitude
ad justment one can easily see the resemblance between the Crandall rule and
the transit rule but when studying Fig. 11 which shows the graphs of the

departure adjustment no rdsemblance may be seen to the other three rules.



The Crandall rule should only be used when the angles have been measured
much more accurately than the distances. Otherwise it appears to be an adjust-
* ment rule to be used by an unknowing surveyoer in order to say the traverse
was adjusted on an electronic computer.
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Table 10. Computation of the Distance Adjustment for the North-South
traverse.

Point Measured Distance Ad justed
Iraverse “(Esety Teet) . (teety.
& 256.16 -0,119 256, 041
% 481,76 -0,226 481,534
Zi 290,02 -0.005 290.015
250.05 -0.005 250, 045

2 250,01 -0.005 250.005
2 100. 00 -0,001 99.999
- 144,98 -0.002 149,978
20 249,98 -0, 005 249,975
i: 541.75 0,217 541,967
124,69 0,025 124,715

; 217.45 ~0.090 217, 540
48 71.87 0.005 71.875
199,08 -0,003 199,077

iz 213,96 -0, 004 213.956
17.88 0.000 17.880

z 248.12 -0.005 248,115
" 15.21 0.000 15.210

Arithmetic Total 0.717
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Table 12. Cemputation of the Distance Adjustment for the East-West
traverse.

Point Neasured Distance Ad justed

rraverse “roat). RO RN )
1

592.17 0.052 592,222

: 303.36 -0,254 303.106

; 199.66 0.068 199.728

* 536,57 -0.399 536.171

5 240,38 0.043 240,423

¢ 280,40 0.029 280,429

? 539.24 -0,078 539.162

° 181,98 0.016 181,996

1c9; 113,32 0.031 113.351

Arithmetic Total 0.970
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ABSTRACT

The purpose of this paper is to present an overview of multiprogramming
with an emphasis on those components and methodologies found in contemporary
multiprogramming systems. The properties, advantages, and disadvantages are
presented, and the conditions multiprogramming must satisfy to be acceptable are
discussed. The concepts and methodologies presented are the operating system,
queueing, core allocation, and protection.

Some possible improvements in multiprogramming technology are noted.

At this time multiprogramming seems to be the most reasonable way for general

purpose computing systems to produce work efficiently.



