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Abstract

The last decade of the 20th century was marked by the discovery of the accelerated ex-
pansion of the universe. This discovery puzzles physicists and has yet to be fully understood.
It contradicts the conventional theory of gravity, i.e. Einstein’s General Relativity (GR).
According to GR, a universe filled with dark matter and ordinary matter, i.e. baryons,
leptons, and photons, can only expand with deceleration.

Two approaches have been developed to study this phenomenon. One attempt is to
assume that GR might not be the correct description of gravity, hence a modified theory
of gravity has to be developed to account for the observed acceleration of the universe’s
expansion. This approach is known as the "Modified Gravity Theory”. The other way is
to assume that the energy budget of the universe has one more component which causes
expansion of space with acceleration on large scales. Dark Energy (DE) was introduced as
a hypothetical type of energy homogeneously filling the entire universe and very weakly or
not at all interacting with ordinary and dark matter.

Observational data suggest that if DE is assumed then its contribution to the energy
budget of the universe at the current epoch should be about 70% of the total energy density
of the universe. In the standard cosmological model a DE term is introduced into the
Einstein GR equations through the cosmological constant, a constant in time and space,
and proportional to the metric tensor g,,. While this model so far fits most available
observational data, it has some significant conceptual shortcomings. Hence there are a
number of alternative cosmological models of DE in which the dark energy density is allowed

to vary in time and space.
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Chapter 1

Introduction

1.1 Theoretical Cosmology

Cosmology is the study of the universe as a whole. Since ancient times people across the
globe have tried to understand the origins of the universe and predict its future. However, it
was not until the beginning of the 20th century when cosmology emerged as a quantitative
scientific field rather than a philosophical attempt to make sense of the universe in a mytho-
logical manner. The theoretical basis of cosmology lies mainly on Einstein’s description of
gravity, i.e. General Relativity, a theory in which gravity is described as the geometry of
space-time, rather than a force, where the geometry is determined by the matter content
and its distribution. On the other hand, the geometry of space-time governs the motion of

matter.

1.1.1 Short overview of General Relativity

Differential geometry provides a mathematical framework for general relativity. The differ-

ential of distance between two near by points in space-time, x* and x* + dz*, is given by



the line element which is defined via the following quadratic form
ds® = g, dxtdx” (1.1)

where g, is the metric tensor and z# are coordinates. In general relativity coordinates
describe 4-dimensional space-time with one-time dimension and three-dimensions of space.

0 2! 2% 2%) where 2° = ct with ¢ being the speed of light and

The coordinate z# = (x
t is time, while 2,22, 2% label spatial part of the space-time. The metric tensor g, is
a fundamental object in general relativity. It may loosely be thought of as gravitational
potentials in Newtonian gravitation terms. It has a total of 16 components but due to
its symmetry g,, = g, there are only 10 independent components. The line element ds
describes the casual structure of space-time. If ds? > 0, the interval is time-like and the line
element is the proper time interval between the events in space-time traversed by massive
particles. When ds? = 0, the interval is light-like and the line element is the proper time
interval between events in space-time which can only be traversed by mass-less particles. In
the case when ds? < 0, the interval is space-like and the absolute value of the line element
describes the proper length between events in space-time that cannot be in casual connection
with one another. The structure of space-time can be represented through the light-cone
diagram which is shown on Fig. (1.1).

We now discuss how the geometry of space-time interacts with its matter content and
how geometry governs dynamics of motion of matter. The mechanism of interaction between

geometry and matter is what general relativity is all about, and the Einstein equations give

a quantitative description of this interaction. The Einstein equations are

G

1
R,u,/ — §Rguy = —T

C4 j2278} (12)

where G is Newton’s gravitational constant, R = ¢g"”R,, the scalar curvature, and R, is
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Figure 1.1: Light cone diagram.
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The Ricci tensor is symmetric R, = R,, as can be seen from the definition above, thus



there are only 10 independent components. The term on the right hand side of Eq. (1.2)
is the energy-momentum tensor 7, that describes matter. Einstein’s equations of general
relativity form a system of 10 non-linear equations of second order with respect to metric
tensor g,,. They reduce to Newton’s gravity law in the weak gravity limit. The energy-
momentum tensor 7}, must satisfy a conservation equation of the following form in general
relativity 7%, = 0 and it expresses energy and momentum conservation laws. Semicolon
in the equation of energy-momentum conservation refers to co-variant differentiation which
is the appropriate way of computing derivatives in differential geometry. The conservation
equation played a major role when Einstein was trying to guess the right form of the equa-
tions that describe how matter curves space. The very first equation which Einstein wrote
was simply R, ~ T}, but he quickly discovered that the Ricci tensor alone does not satisfy
the conservation equation. However, the tensor 2R, — Rg,, does satisfy the conservation
condition and is what Einstein stated as the equations of general relativity. The tensor on
the left hand side of Egs. (1.2) R,, — Rg,./2 is called the Einstein tensor and labeled G,

in the literature.

1.1.2 Friedmann Equations

Observational data of Cosmic Microwave Background (CMB) radiation anisotropy, see
Fig. (1.2), and other measurements [1] indicate that the universe is homogeneous on scales
beyond 100 Mpc while the observable part of the universe is about 4000 Mpc, which makes
it reasonable to chose spatially homogeneous and isotropic metrics to describe the space-
time of the universe. The appropriate form of metrics for the universe was introduced by
Alexander Friedmann in 1922 where he allowed them to be time-variable. Friedmann showed
that the universe would be dynamic and would expand six years before the expansion was

observed by Edwin Hubble in 1928. The line element in Friedmann’s metric is

ds® = —dt* + a®(t)v;;dz' dx? (1.5)



Figure 1.2: Cosmic Microwave Background radiation map of the last scattering epoch.
Data of 2012 WMAP mission, Source: http://map.gsfc.nasa.gov/media/060913/index.html

where we chose units in which ¢ = 1 and metric tensor sign convention (— + ++). The
indexes are labeled with Greek letters when they run in 4-dimensional space-time, i.e. from
0 to 3, and when they run in the 3-dimensional spatial part of space-time labeling is done
with Latin letters that go from 1 through 3. The function a(t) is called the scale factor
and it describes how the distance between two points in space evolves with time. The term
a®(t)yi; = gij is the spatial part of the metric tensor. Because of the assumption of isotropy
and homogeneity, adopted based on observational evidence, the metric tensor has to be
diagonal, hence, g;; is also diagonal.

The Friedmann equations are a special case of Einstein’s equations of general relativity
Eq. (1.2) for metrics of Eq. (1.5). These reduce the Einsteinian system of 10 equations to a

system of two equations for one unknown function, the scale factor a(t),

L\ 2
a k G
(a) e T 3 (1.6)
a e
a _ 4k , 1.
- 5 (P +3p) (1.7)

Here p is the matter density and p is pressure. The left hand side of Egs. (1.6)-(1.7) are



derived from the left hand side of Einstein’s equations (1.2) which describe the geometry
of space-time, while the right hand side of equations (1.6)-(1.7) are components of the
energy-momentum tensor 7),. In particular Eq. (1.6) corresponds to equality between the
time components of Einstein and energy-momentum tensors Goo = 87GTy and Eq. (1.7)
corresponds to equality between diagonal elements of the spatial part of Einstein and energy-
momentum tensors G;; = 8wGT;; and is derived with the use of Eq. (1.6). For more detailed
derivation see paragraph 2.1.3 of [2].

Egs. (1.6)-(1.7) are written for a universe that has only one form of matter that fills it.
If there are multiple constituents present, then Eqs. (1.6)-(1.7) have to be generalized by
replacing mass density p and pressure p with sums over all types of matter i.e. ¥p; — p and
Y:p; — p. In order to solve the Friedmannian equations one has to know how density and
pressure depend on time. In some cases pressure and density can be related by an equation
of state whose exact form depends on the particular form of fluid. For example, in the case
of barotropic fluids pressure is a function of mass density only i.e., p = p(p), hence one needs
to know only how mass density varies with time.

There are three possible spatial geometries that meet requirements of homogeneity and
isotropy of the universe. These are: flat, spherical, and hyperbolic geometries. Flat or
non-curve space, is a space which obeys all properties of Euclidean geometry, and in general
relativity it can be dynamic. Spherical and hyperbolic spaces do not obey the axioms of
Euclidean geometry; these types of spaces are curved. Euclidean relationships of elemental
figures and objects of geometry are not satisfied in curved spaces. For example, the sum
of all angels of a triangle need not equal 7 and the ratio of circumference of a circle to its
radius r need not equal 27r. In Fig. (1.3) two dimensional analogies of hyperbolic, flat, and
spherical spaces are shown.

Mathematical description of spaces presented in Fig. (1.3) are given by the following
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Figure 1.3: Two dimensional analogies of hyperbolic, flat, and spherical manifolds.

metrics, written in Cartesian coordinates

a’(t)

9ii = T o2 kr25ij7 (1.8)

where r? = ;227 is square of distance between two points in space, d;; is the Kronecker
delta symbol and k is the curvature parameter which takes values k = 0 for flat space, k =1
for spherically curved space, and k£ = —1 in case of hyperbolic geometry. The normalization
of the absolute value of curvature parameter |k| = 1 is chosen for convenience.

Geometry of space determines significant two properties of the universe. One property
is whether our universe is finite or infinite and the other characteristic is if the universe is
eternal or has a finite life span from the Big Bang to what is proposed as the opposite of the
Big Bang, the Big Crunch. The universe is finite in case of spherical geometry of space as it
is shown in Fig. (1.3). Such a universe has a limited volume and because of that is called a
“closed” universe. A closed universe, filled with ordinary and dark matter alone, has a finite
life span, but if it contains dark energy there is a set of solutions which allow for an eternal
universe with and without the Big Bang. A non-eternal closed universe expands from the

Big Bang, reaches its maximum volume, and then contracts until it reaches the Big Crunch.



In the other two cases of geometry i.e. flat or hyperbolic the universe is infinite and will
expand forever after the Big Bang. These two scenarios of infinite and eternal universes are
also called “open” universes. In order to determined which universe we live in, its curvature

parameter has to be measured.

1.1.3 Solutions of Friedmann Equations

Flat Matter and Radiation Dominated Universes, £ = 0: Since the second Friend-
mann equation (1.7) does not contain curvature parameter explicitly, reviewing different
scenarios of the universe’s dynamics with respect to its curvature will involve only the first
Friedmann equation (1.6), which for the flat universe is
am )\’  87G
m
m)y 22 1.9
(=) = (19)
here the subscript m denotes the universe is filled with non-relativistic dust-like fluid and
called a matter dominated universe. It is important to emphasize that the Eq. (1.9) expresses

a condition for matter density to yield flat universe and for this reason the density defined

as

3 (a\’

is called critical density of the universe. Substituting the equation of state py,(pm) = 0 of
non-relativistic matter in the second Friedman equation (1.7) and rewriting it with the use

of Eq. (1.9) yields the conservation equation

fm - Bpm e — 0, (1.11)
Am
from which one recovers a3, (t)p,,(t) = const. In what follow, T will use the following
conditions: the Big Bang time tpp = 0, the present time will be labeled ¢, and it also will

be the age of the universe, the scale factor for the Big Bang and current epoch satisfies



a(tpp) = app =0, a(ty) = ag = 1, and p;(to) = pio is the present value of matter density of

the type “i”. With the conditions adopted above the solution of the Eq. (1.9) is
(1) = (671G o) /> 123 (1.12)

This solution is known as the Einstein-De Sitter model.

In case when the universe dominated by relativistic type of fluid, i.e. particles that
move with speeds close to the speed of light (neutrinos for example) or mass-less particles
(photons), the equation of state is the same as for radiation p, = p,/3, where subscript r
denotes radiation and thus this type of universe is called radiation dominated. Substitution
of this equation of state in the second Friedmann Eq. (1.7) results in the conservation relation

al(t)p,(t) = const, which provides the following solution of Eq. (1.9),

5 1/4
a,(t) = (g?TGpTQ) /2, (1.13)

Closed Matter and Radiation Dominated Universes, £ = 1: Now, let us derive
solutions for the previous two matter constituents but in presence of positive curvature
parameter k = 1 which corresponds to closed spherically curved universe. First I will solve

Friedmann equations for non-relativistic matter dominated case i.e.

. 2
Qm, 1 e
_ o, 1.14

where p,, ~ a=3. The solution in this case cannot be obtained as an explicit function of

time however, parameterization through conformal time, defined as dn = dt/a(t), yields the



cycloidal solution

() = 5 (1= cos(n)] (1.15)
) = 5y b= sin()] (1.16)

Here qq is the value of the deceleration parameter at the current epoch gy = ¢(ty) where the
deceleration parameter is defined as

aa
and its physical meaning is that it gives a quantitative measure of the deceleration rate of

the universe’s expansion. It can be rewritten with the use of Friedmann equations (1.6)-(1.7)

as

_ P
20cr

q (1.18)

from which one can notice that the deceleration parameter can also be thought of as a
measure of how much the universe deviates from being flat in case when it has curvature
and deceleration parameter ¢ # 1/2. In order to quantify more strictly how the deceleration
parameter ¢ depends upon the curvature parameter k one has to substitute the expression
for the matter density p from the first Friedmann equation (1.6) into the Eq. (1.18) from

which one can retrieve the following

1
k=1 then g¢> 3 (1.19)

1
k=-1 then ¢< 7 (1.20)

Relations (1.19)-(1.20) show that when matter density is higher than critical density the
universe is closed while when the matter density is less than critical density the universe is

open. If one introduces the dimensionless density as the ratio 2 = p/p., then the deceleration
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parameter can be simply written as ¢ = /2. In this particular example of a matter
dominated universe one has p,,, hence ¢ = €2,,/2, where Q,, = pp/per-

In case of a radiation dominated universe one has

SN 2
a, 1 8¢
or —=—0,, 1.21
() + 2= (1.21)
where p, ~ a~*. The solution is
2
wln) = /g gsint), (1.22)
) = \/5ae 1~ cos(n)], (129
2(10 —1
where qo = Q,0/2.
Open Matter and Radiation Dominated Universes, £ = —1: The Friedmann
equation for an open universe is
a\? 1 81G
=) - ===, 1.24
(%) - 2= (1.24)

where 7 takes the values m for a matter dominated universe and the value r for a radiation

dominated universe. The solution for the matter dominated universe is

an()) = =5 loshin) — 1], (1.25)
) = g lsinhn) . (1.26)
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And for radiation dominated case the solution is

o) = [T asinh(n), (1.27)
t(n) = N ingo [cosh(n) —1]. (1.28)

401 — Flat-Matter 1
- - -Flat-Radiation
— Closed-Matter
35 - - - Closed-Radiation 1
Open-Matter

Open-Radiation

15[ .

0 5 10 15 20 25 30 35 40

Figure 1.4: Solutions of Friedmann equations for a single component universes with flat,
closed, and open geometries. The time and the scale factor in arbitrary units.

In the above we reviewed examples of ideal universes which contain one type of matter
i.e. non-relativistic dust or radiation. The real universe consists of both types of matter

and possibly dark energy. In the section below I investigate more realistic solutions of the
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Friedmann equations for a universe with multiple types of matter content.

1.1.4 Cosmological Constant

The cosmological constant was first introduced by Albert Einstein when he was attempting
to apply his theory of general relativity to the entire universe. It was commonly assumed in
the early 20th century that the universe was static. However, since gravity is an attractive
force with bottomless potential to find a static solution Einstein introduced the cosmological

constant labeled by Greek letter A, in his equations

1
R, — §ng, + Agu = 87GT,,. (1.29)

The effect of the cosmological constant is to causes space to expand as if there were a
repulsive gravitational force. Einstein’s idea was to use the effect of repulsion from the cos-
mological constant to cancel out ordinary matter’s attraction and so have a static solution
for the universe. However, it was shown that even with a cosmological constant a static
solution is not stable with respect to small perturbations in matter density and eventually
the idea of a static universe was abandoned after Hubble’s discovery of the expansion of the
universe. FEinstein called his invention of a cosmological constant as his biggest blunder.
However, since Einstein’s times scientists keep coming back to the idea of a cosmological
constant over and over again because of theoretical physics considerations such as the quan-
tum vacuum and cosmic inflation. However, it was not until the discovery of the accelerated
expansion of the universe in the late 1990’s which provided the first observational evidence
for a cosmological constant.

The way Einstein thought of the cosmological constant was that it was a fundamental
constant of nature and was part of the gravity law, thus Einstein was the first who developed
a “Modified Gravity Theory” with A placed on the left hand side of Eq. (1.29), i.e. geo-

metrical part of the Einstein equations. The modified gravity as an alternative explanation
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of the accelerated cosmological expansion is highly discussed topic in modern cosmology,
however I do not address this approach in a great details. For recent reviews of modified
gravity see [3] and [4].

When cosmological constant is written on the right hand side of Einstein’s equations it
introduces a type of energy that fills the universe homogeneously and causes repulsion on
the scales determined by the cosmological constant. This view gives the first Friedmann

equation as

a\*  87G (po | Pmo . Pro
Z) = == (==, m, , 1.30
(a) 3 <a4 * ad * a? +pA> (1.30)
where pry = —3k/87G is the present value of “curvature density” chosen to represent

curvature as if it were a type of matter and the meaning of this representation is that it
shows amount of matter density deficit in the universe to make it flat when it has hyperbolic
geometry while in case of spherically curved universe pj represents how much extra matter
density in the universe over critical density. Here p, is the energy density associated with

the cosmological constant

pA= (1.31)

which is constant in time with equation of state

PA = —PA- (132)

Energy density associated with a cosmological constant is called Dark Energy, where “dark”
refers to the fact that it does not shine like ordinary Byronic matter i.e. protons, nuclei,
ions, atoms, and electrons. The Eq. (1.30) does not have analytic solution in general case.
Numerical solutions for standard cosmological model are presented in Fig. (1.5). It is worth
to emphasize how different constituencies that fill the universe evolve with time after the
Big Bang. For that purpose I plot logio(pi/per) vs the log of the scale factor logig(a) for
each component in a single graph shown in Fig. (1.6).

Motivation for a cosmological constant as a type of energy comes from quantum field
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Figure 1.5: Numerical solution of Eq. (1.30) for standard cosmology. Time and the scale
factor presented in arbitrary units, where a = 1 corresponds to the current epoch.

theory. In quantum mechanics absolute vacuum as empty space does not exist. Quantum
mechanics predicts fluctuations of energy in otherwise empty space whose average value
yields total non-zero energy density always present in space called the Zero-Point Energy

Density whose value for a scalar field with mass m can be expressed as [e.g., 5]

m4 m2
vac — 1 — | 1.33

where p is renormalization scale. The equation of state of the vacuum energy is the same
as the equation of state for dark energy, Eq. (1.32), i.e. pyac = —pPyac, Which is what
supports the assumption of the quantum vacuum as a possible candidate for dark energy.
However, computation of the vacuum energy density predicts it to be in the range pyac =~
108 —10™GeV* while py ~ 10~*¥GeV* is observed which deviates from the quantum vacuum

prediction by 120 orders of magnitude! This inconsistency is known as the quantum vacuum
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Figure 1.6: The plot of logio(pi/per) vs the log of the scale factor logig(a) for each compo-
nent. One can see that the early universe was dominated by radiation, however since energy
density of radiation dissipates as a~* while energy density of ordinary matter decreases as
a=3, the radiation dominated epoch switches to matter dominated. Eventually, the universe
becomes dominated by the cosmological constant, since its energy density does not evolve in
time.

problem in cosmology.

1.1.5 Standard Cosmological Model

According to general relativity (GR), any form of energy affects space-time dynamics and
so cosmological evolution. This fact allows for a very simple phenomenological explanation
of the observed accelerated expansion, attributing it to a cosmological constant A, homoge-
neously distributed in space and constant in time. This ACDM model [6] is now accepted
as the standard cosmological model. At the current epoch A dominates the energy budget,
with nonrelativistic cold dark matter (CDM) being the next largest contributor, followed

by ordinary baryonic matter in third place. A widely discussed generalization of ACDM is
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the ®CDM model in which A is replaced by a time-varying dark energy density modeled by
a self-interacting scalar field ¢ [7]. For recent reviews see [8], [9], [10], and [11].
Observational data available [1] indicate that energy budget of the universe at the current
epoch is largely dominated by dark energy contributing about 68.25%, with 26.86% for cold
dark matter and 4.89% of baryonic matter. Curvature is constrained to less than 2.00%
of the energy budget if the cosmological constant is dark energy. See Table 2 of [1] for
the most recent and complete list of the parameters of the standard cosmological model or
ACDM cosmology, where CDM stands for Cold Dark Matter and A refers to dark energy
modeled by cosmological constant A. It is common in the field of physical cosmology to
name alternative cosmological models of dark energy in a similar way by replacing only A

with a symbol that refers to a particular alternative form of dark energy.

1.2 Observational Cosmology

In previous sections I have reviewed theoretical aspects of physical cosmology. In this section

I provide a short overview of observational cosmology.

1.2.1 Redshift

The scale factor is a fundamental object in cosmology, although its absolute value does not
have any useful physical meaning. What does have physical meaning and can be measured is
the ratio of the scale factor taken between different epochs. It is a quantitative measurement
to how much the universe has expanded between those two epochs. This ratio, as will be
shown later, comes into many observable quantities. How can the ratio of scale factors at
different epochs be measured? The physical meaning of expansion of space is that if one
chooses any two arbitrary points in space with initial separation [y this physical distance will
evolve in time approximately proportional to the scale factor i.e. I(t) ~ lpa(t). In general

relativity time-evolving spatial metrics causes a change in the wavelength of electromagnetic
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radiation which can be expressed as
)\emaobs = )\obsaema (134>

where Ay, is the photon’s wavelength when it was emitted by its source at epoch ae, and
Aobs 18 its wavelength when it was observed at epoch ags. This change in wavelength results
in a so called, cosmological redshift. Redshift is when the wavelength of electromagnetic
radiation increases. The cause of increase of wavelength determines the type of redshift.
Thus there is a Doppler redshift, due to motion away from the source of radiation, gravita-
tional redshift, due to radiation propagating away from the source of the gravity field, and
cosmological redshift, due to the expansion of space. The word “redshift” originated from
the optical effect when the wavelength of radiation increases towards the red part of the

spectrum. The definition of redshift is

)\obs — )\em
— 9% o 1.35
< )\em ? ( )

which, after substituting cosmological wavelength change via scale factor given in Eq. (1.34)

and recalling that a.,s = 1, yields the equation for cosmological redshift

1
z==—1. (1.36)

a

Redshift is a directly measured quantity determined from analysis of spectral lines emitted

by the observed source of radiation.

1.2.2 Hubble parameter

The name “Hubble parameter” originates from the Hubble law discovered by astronomer
Edwin Hubble in 1928, which states that the velocity of recession v of a galaxy from an

observer anywhere in the universe is proportional to the physical distance [ between the
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galaxy and observer, and the coefficient of proportionality is the Hubble constant Hy. Thus,
the Hubble law is
v = Hyl, (1.37)

where v = [ and H, is the value of the Hubble parameter at the present epoch. Hubble law
was first derived from the Einstein equations by George Lemaitre in 1927 who independently
derived the same equations of motion for the universe as Friedmann did. Recalling from the
previous section I(t) ~ lpa(t), which after differentiating yields [ ~ lpa = v and v/l = a/a,

therefore one has for the Hubble parameter the following
a
H=-. 1.38
! (139

As we can see the Hubble parameter is not a constant.

Now we can rewrite the first Friedmann equation in terms of measurable quantities,
which is used most of the time for practical purposes in physical cosmology. Below is an
example for a universe filled with radiation, matter, cosmological constant, and non zero
curvature

H?(2) = H [Qo(1+ 2)* + Quo(1+ 2)° + Quo(1 + 2)* + Q] - (1.39)

1.2.3 Luminosity Distance

Distance measurement in astronomy is based on the parallax method and provides direct
measurement up to about 100 pc; any distance beyond this limit has to be measured with
the use of indirect techniques. Physical cosmology deals with intergalactic objects, thus
distances involved are of order 10° pc. A major method widely used in cosmology is based
on observations of Supernovae explosions of a specific type called Ta (reads as “one a”).
Supernovae of type Ia are the only to be stars from binary systems where one of the stars
is a white dwarf that is orbiting close enough to its partner so that it strips matter from it

which accretes back to the white dwarf causing it to increase its mass until it reaches the so
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called Chandrasekhar limit. At this point the white dwarf’s internal electron pressure unable
to resist against gravitational pull and the star collapses on itself triggering thermonuclear
reactions in its interior which results in an explosion. Thus allowing for a determination of
their absolute luminosity. Supernovae Ia are “standard candles” in determining distances
on intergalactic scales. Measuring flux at a distance r(LObS) from a star can be used to figure

out that distance via the relationship between absolute luminosity and observed flux

Lem

——
- <2r£0bs)>

where F, is observed flux and L., emitted absolute luminosity. This is closest method to

Flps = (1.40)

what could be considered as a direct method of distance measurement. It is independent of
the cosmological model, thus it can be used to study different cosmologies.

Theoretical prediction of distance traveled by photon between two points in space can
be derived from the equation of the line element Eq. (1.1), or for our purposes we use the
line element written in Friedmann metrics Eq. (1.5). For a photon ds® = 0, so one concludes

that the distance traveled by a photon written in spherical coordinates is

dr

dt = a(t) ——
O A7

(1.41)

where dr/ V1 — kr? is the coordinate distance between two neighboring points that does not
change as space expands or contracts. The physical distance however, does change as space
expands or contracts. It is very easy to see from Eq. (1.41) that in case of flat space the
coordinate distance between an object that emitted light at the time ¢., and an observer

receiving the signal at the current epoch ¢ is

to
r:/ i (1.42)
tem
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In the more general case with non-flat spatial geometry one can derive the expression

here € is the present value of the curvature energy density defined as Qxo = pro/pero. Let
us rewrite Eq. (1.43) using redshift as a variable. Expressing dt = da/a and using Eq. (1.39)
for a/a Eq. (1.43) transforms to

1 = d

r(z) = sin (\/—Qko/ —) : (1.44)
V= ko o H(Z')

This determines the relation between coordinate distance and redshift. However, coordinate

distance is not directly observable since observations done via measurements of the flux of

radiation coming from distant which lose energy due to redshift, thus the physical distance

rg’bs) in Eq. (1.40) is different from coordinate distance by a factor (14 z) which accounts for

the decrease in observable flux due to redshift. The distance T£Obs) called physical or photo-
metric or luminosity distance and its physical meaning is it gives estimate of how much the
flux from a star with redshift z decreased by the time it reached the observer. Therefore the

appropriate theoretical physical distance suitable for comparison with observable physical

distance is

| © g
P () = — T2 gn (\/—Qko —ZZ> . (1.45)

Distance measurements are expressed using the distance modulus © = m — M, which is
the difference between the apparent magnitude m and the absolute magnitude M of an

astronomical object. It is related to the luminous distance rp, as

m = 510g10(I'L) — 5. (].46)

In the Fig. (1.7) the collection of the most recent Supernovae Ia data of Union 2.1 compilation

from Ref. [12] are shown.

21



46 T T T T T T T

a4\ port -
a2l # |
)]
3 Cluster Search (SCP)
S Amanullah et al. (2010) (SCP)
©
o 40f .
= Miknaitis et al. (2007)
8 Astier et al. (2006)
C 3gl Knop et al. (2003) (SCP) 4
G Amanullah et al. (2008) (SCP)
0 Barris et al. (2004)
a Perimutter et al. (1999) (SCP)
36k Riess et al. (1998) + HZT _
Contreras et al. (2010) Holtzman et al. (2009)
Hicken et al. (2009)
Kowalski et al. (2008) (SCP)
34 .
Riess et al. (1999)
Hamuy et al. (1996)
3%.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Redshift

Figure 1.7: Hubble diagram for the Union2.1 compilation. The solid line represents the
best-fit cosmology for a flat ACDM universe for supernovae alone. Source: Fig.(4) of [12]
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Chapter 2

Forecasting cosmological parameter
constraints from near-future

space-based galaxy surveys

2.1 Introduction

Recent measurements of the apparent magnitude of Type Ia supernovae (SNela) continue to
indicate, quite convincingly, that the cosmological expansion is currently accelerating [see,
e.g., 12-15].

There is good observational evidence that the large-scale radiation and matter distribu-
tions are statistically spatially isotropic. The (Copernican) cosmological principle, which
is also consistent with current observations, then indicates that the Friedmann-Lemaitre-
Robertson-Walker (FLRW) models provide an adequate description of the spatially homo-
geneous background cosmological model.

In the FLRW models, the current accelerating cosmological expansion is a consequence
of dark energy, the dominant, by far, term in the current cosmological energy budget. The

dark energy density could be constant in time (and hence uniform in space) — Einstein’s
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cosmological constant A [6] — or gradually decreasing in time and thus slowly varying in
space [7].

The “standard” model of cosmology is the spatially-flat ACDM model in which the cos-
mological constant contributes around 68.25% of the current energy budget. Non-relativistic
cold dark matter (CDM) is the next largest contributor, at around 26.86%, with non-
relativistic baryons in third place with about 4.89%. For a review of the standard model
see [16] and references therein.

Recent measurements of the anisotropies of the cosmic microwave background (CMB)
radiation [e.g., 17, 18], in conjunction with significant observational support for a low density
of non-relativistic matter [CDM and baryons together, e.g., 19], as well as measurements of
the position of the baryon acoustic oscillation (BAO) peak in the matter power spectrum
le.g., 20-23], provide significant observational support to the spatially-flat ACDM model.
Other data are also not inconsistent with the standard ACDM model. These include strong
gravitational lensing measurements [e.g., 24-26], measurement of Hubble parameter as a
function of redshift [e.g., 27-30], large-scale structure data [e.g., 31-34], and galaxy cluster
gas mass fraction measurements [e.g., 35-37]. For recent reviews of the situation see, e.g.,
[38], [39], and [40].

While the predictions of the ACDM model are in reasonable accord with current obser-
vations, it is important to bear in mind that dark energy has not been directly detected (and
neither has dark matter). Perhaps as a result of this, some feel that it is more reasonable to
assume that the left hand side of Einstein’s Eq. (1.2) needs to be modified (instead of pos-
tulating a new, dark energy, component of the stress-energy tensor on the right hand side).
While such modified gravity models are under active investigation, at present there is no
compelling observational reason to prefer any of these over the standard ACDM cosmological
model.

The ACDM model assumes that dark energy is a cosmological constant with equation
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of state

PA = —PA, (2-1)

where py and pjp are the pressure and energy density of the cosmological constant (fluid).
This minimalistic model, despite being in good agreement with most observations avail-
able today, has some potential conceptual shortcomings that have prompted research into
alternative explanations of the dark energy phenomenon.!

To describe possible time-dependence of the dark energy density, it has become popular

to consider a more general equation of state parametrization

P = W(2)po- (2.2)

Here p, and p,, are the pressure and energy density of the dark energy fluid with redshift
z dependent equation of state parameter w(z). The simplest such parametrization is the
XCDM one for which the equation of state parameter is constant and results in accelerated
expansion if w(z) = wx < —1/3. In this case the dark energy density decreases with time
and this allows for the possibility that the fundamental energy density scale for dark energy
is set at high energy in the early Universe and the slow decrease of the energy density over
the long age of the Universe ensures that the characteristic dark energy density scale now
is small (a few meV). This also ensures that the dark energy density remains comparable
to the matter energy density over a longer period of time (compared to that for the ACDM
model).

When wy = —1 the XCDM parametrization reduces to the consistent (and complete)
ACDM model. For any other value of wy the XCDM parametrization cannot consistently
describe spatial inhomogeneities without further assumptions and extension [see, e.g., 43,
44]. Models in which w(z) varies in time, wCDM models, are also unable to consistently

describe spatial inhomogeneities without further assumptions and extension.

L Structure formation in the ACDM model is governed by the “standard” CDM structure formation
model, which might be in some observational difficulty [see, e.g., 41, 42].
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A physically and observationally viable alternative to the ACDM model, that consistently
describes a slowly decreasing in time dark energy density, is the #CDM model [7, 45]. This
model, in which a dark energy scalar field, ¢, slowly rolls down its potential, resulting in a
slowly decreasing dark energy density, alleviates some of the conceptual problems, mentioned
above, associated with the ACDM model. The slowly rolling scalar field, at a given instant
of time, can be approximated by a dark energy fluid with an appropriately negative equation
of state parameter.

More specifically, a CDM model with an inverse-power-law scalar field potential energy
density V(¢) o< ¢, a > 0, is a prototypical example that has been extensively studied.
This model has a non-linear attractor or “tracker” scalar field solution that forces the ini-
tially sub-dominant dark energy density to come to dominate over the matter energy density,
thus dominating the energy budget of the current Universe, and so resulting in the current
accelerated cosmological expansion. In addition to therefore partially alleviating the “coin-
cidence” problem of the ACDM model, the #CDM model generates the current tiny dark
energy scale of order an meV, measured by the SNela, through decrease, via cosmological
expansion over the long age of the Universe, of a much larger energy scale.

The o parameter controls the steepness of the scalar field potential, with larger values
resulting in a stronger time dependence of the approximate equation of state parameter
and o = 0 corresponds to the ACDM model limit. « has been constrained using currently
available data [see e.g., 46-49, and references therein|. The strongest current limits are that
« has to be less than ~ 0.7 at 20 confidence [50].

In the pCDM model, or in the XCDM or wCDM parameterizations, the background
evolution of the (spatially homogeneous) Universe differs from that in the ACDM case.
This affects both the distance-redshift relation as well as the growth rate of large-scale
structure. With precise measurements of distance and growth rate over a range of redshifts

it will be possible to discriminate between cosmological models.?

2 There are many other models under current discussion, besides the ACDM and ¢CDM models and
XCDM and wCDM parameterizations we consider here for illustrative purposes. For a sample of the available
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The BAO signature in the observed large-scale structure of the Universe allows for the
measurements of radial and angular distances as functions of redshift [see, e.g., 20, 23, 59, 60].
In addition, the redshift-space distortion signal allows for inferences about the strength of
gravitational interactions on very large scales [see, e.g., 61-66]. Currently available data sets
have been used to measure distances and growth history up to a redshift z ~ 0.8 and the next
generation of planned space-based galaxy redshift surveys of the whole extragalactic sky are
expected to extend these measurements to a redshift z ~ 2. Possible candidates for such
surveys include the Euclid satellite mission that has been approved by the FEuropean Space
Agency [67] and the WFIRST satellite that was ranked high by the recent Decadal Survey
[68]. These surveys have been shown to have the potential to measure angular distances,
Hubble parameter H(z), and growth rate as functions of redshift to a few percent precision
over a wide range of redshifts [69-72].°

As mentioned above, an alternative potential explanation of the observed accelerated
expansion of the Universe is to replace general relativity by a modified theory of gravity.
For example, in the f(R)-gravity models the Einstein-Hilbert gravitational action is modified

to

~ g [ devarn) (2.3

where the function f(R) of the Ricci curvature R can in general be of any form. In the
special case when f(R) = R one recovers the Einstein-Hilbert action which yields the
Einstein equations of general relativity, Eq. (1.2). For every dark energy model it is possible
to find a function f(R) that will result in exactly the same expansion history [see, e.g.
74-76] thus potentially eliminating the need for dark energy. However, nothing prevents
the coexistence of modified gravity and dark energy, with both contributing to powering
the current accelerated cosmological expansion. It is of significant importance to be able to

determine which scenario best describes what is taking place in our Universe.

options see, e.g., [51], [52], [53], [54], [55], [56], [67], and [58].
3 For constraints on cosmological parameters from data from space missions proposed earlier, see [73]
and references therein.
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This chapter is based on [77]. We investigate how well anticipated data from the galaxy
surveys mentioned above can constrain the time dependence of the dark energy. We will use
the Fisher matrix formalism to obtain predictions for the CDM model and compare these
with those made using the (model-dependent) XCDM and wCDM parameterizations of dark
energy. We will mostly assume that gravity is well described by general relativity, but will
also look at some simple modified gravity cases. We find that the anticipated constraints
on the parameter a of the CDM model are almost an order of magnitude better than the
ones that are currently available.

Compared to the recent analysis of [70], here we use an updated characterization of
planned next-generation space-based galaxy surveys, so our forecasts are a little more real-
istic. We also consider an additional dark energy parametrization, XCDM, a special case of
wCDM that was considered by [70], as well as the pCDM model, forecasting for which has
not previously been done.

The rest of the chapter is organized as follows. In Sec. 2.2 we briefly describe the
observables and their relationship to basic cosmological parameters. In Sec. 2.3 we describe
the models of dark energy that we study. Section 2.4 outlines the method we use for
predicting parameter constraints, with some details given in the Appendix A. We present

our results in Sec. 2.5 and provide conclusions in Chapter 5.

2.2 Measured power spectrum of galaxies

The large-scale structure of the Universe, which most likely originated as quantum-mechanical
fluctuations of the scalar field that drove an early epoch of inflation [see, e.g., 78|, became
(electromagnetically) observable at z ~ 10% after the recombination epoch. Dark energy
did not play a significant role at this early recombination epoch because of its low mass-
density relative to the densities of ordinary and dark matter as well as that of radiation

(neutrinos and photons). At z ~ 5 galaxy clusters began to form. Initially, in regions where
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the matter density was a bit higher than the average, space expanded a bit slower than
average. Eventually the dark and ordinary matter reached a minimum density and the re-
gions contracted. If an over-dense region was sufficiently large its baryonic matter collapsed
into its dark-matter halo. The baryonic matter continued to contract even more due to its
ability to lose thermal energy through the emission of electromagnetic radiation. This can
not happen with dark matter since it does not emit significant electromagnetic radiation
nor does it interact significantly (non-gravitationally) with baryonic matter. As a result the
dark matter remained in the form of a spherical halo around the rest of the baryonic part
of a galaxy. At z ~ 2 the rich clusters of galaxies were formed by gravity, which gathered
near-by galaxies together. Also by this time the dark energy’s energy density had become
relatively large enough to affect the growth of large-scale structure.

Different cosmological models with different sets of parameters can result in the same
expansion history and so it impossible to distinguish between such models by using only
expansion history measurements. This is one place where measurements of the growth
history of the large-scale structure of the Universe plays an important role. It is not possible
to fix free parameters of two different cosmological models to give exactly the same expansion
and growth histories simultaneously. It is therefore vital to observe both histories in order
to obtain better constraints on parameters of a cosmological model.

In a cosmological model described by the FLRW metric, and to lowest order in dark

matter over-density perturbations, the power-spectrum of observed galaxies is given by [79]

Py(k, 1) = Po(k) (bos + fos®)”. (2.4)

Here subscript g denotes galaxies, P, is the underlying matter power spectrum, b is the
bias of galaxies, f is the growth rate, y is the cosine of the angle between wave-vector k
and the line-of-sight direction, and og is the overall normalization of the power spectrum
(0g is the rms energy density perturbation smoothed over spheres of radius 84! Mpc,

where h = Hy/(100kms™'Mpc™') and Hy is the Hubble constant). Since, for a measured
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power spectrum of galaxies on a single redshift slice, the bias and growth rate are perfectly
degenerate with the overall amplitude, in the equations below we will refer to bog and fog
simply as b and f.

The angular dependence of the power spectrum in Eq. (2.4) can be used to infer the
growth rate factor f(z) which is defined as the logarithmic derivative of the linear growth

factor

dln G
dlna’

f(z) = (2.5)

where a is the cosmological scale factor, and the linear growth factor G(t) = (t)/0(tin)
shows by how much the perturbations have grown since some initial time #;,.*

The numerical value of the f(z) function depends both on the theory of gravity and
on the expansion rate of the Universe. Since the growth rate depends very sensitively on
the total amount of non-relativistic matter, it is often parametrized as [see, e.g., 80, and

references therein]

f(z) = ,(2), (2.6)
where
(14 2)?
Qu(2) = —5 37 o (2.7)
and
E(2) = H(2)/Hy = /(1 + 2)3 + Qu(1 + 2)2 + Qpp(2). (2.8)

Here H(z) is the Hubble parameter and Hj is its value at the present epoch (the Hubble
constant), 2,,, is the value of the energy density parameter of non-relativistic matter at the
present epoch (z = 0), Q4 that of spatial curvature, and Qpg(z) is the energy density pa-
rameter which describes the evolution of the dark energy density and is different in different

dark energy models.

4 Here we have expanded the energy density p(t, x) in terms of a small spatially inhomogeneous fractional
perturbation §(t,x) about a spatially-homogeneous background py(t): p(t,x) = pp(t)[1 + (¢, x)].
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The growth index, 7, depends on both a model of dark energy as well as a theory of
gravity. When general relativity is assumed and the equation of state of dark energy is taken

to be of the general form in Eq. (2.2) then [see, e.g., 80, and references therein)]
v =~ 0.55 + 0.05[1 + w(z = 1)] (2.9)

to a few percent accuracy. In the ACDM cosmological model v =~ 0.55. An observed
significant deviation from this value of + will present a serious challenge for the standard
cosmological model.

The power spectrum is measured under the assumption of a fiducial cosmological model.
If the angular and radial distances in the fiducial model differ from those in the real cos-
mology, the power spectrum will acquire an additional angular dependence via the Alcock-
Paczynski (AP) [81] effect, as discussed in [70],

— 1 k 2 2 _ F2 'U'Qf i
Pg(k:,u)—fHﬁPm (le\/F +u2(1 F)) x{b+F2+u2(1_F2)} , (2.10)

where
fi(z) = Re(2)/ Ro(2), (2.11)
f1(2) = Da(2)/Da(z), (2.12)
F=f/f (2.13)

Here R, = dr/dz is the derivative of the radial distance, D4 is the angular diameter distance
(both defined below), a hat indicates a quantity evaluated in the fiducial cosmological model,
and a quantity without a hat is evaluated using the alternative cosmological model. The
AP effect is an additional source of anisotropy in the measured power spectrum and allows

for the derivation of stronger constraints on cosmological parameters.
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2.3 Cosmological models

In an FLRW model with only non-relativistic matter and dark energy the distances D4(2)

and R,.(z) are

Dy(z) = msmh <\/Q_k/0 %) : (2.14)

1

(2.15)

Here E(z) is defined in Eq. (2.8). The functional form of E(z) depends on the model of

dark energy.

2.3.1 ACDM, XCDM and wCDM parameterizations

Here we describe the relevant features of the ACDM model and the dark energy parameter-
izations we consider.

If the dark energy is taken to be a fluid its equation of state can be written as p = w(z)p.
For the ACDM model the equation of state parameter w(z) = —1 and the dark energy
density is time independent.

In the XCDM parametrization w(z) = wx (< —1/3) is allowed to take any time-independent
value, resulting in a time-dependent dark energy density.

In the wCDM parametrization the time dependence of w(z) is parametrized by intro-

ducing an additional parameter w, through [82, 83]

w(z) = wy + w, (2.16)

1+ 2

The XCDM parametrization is the limit of the wCDM parametrization with w, = 0. In the

wCDM parametrization the function Qpg(z) that describes the time evolution of the dark
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energy density is

Qpe(2) = (1 — Qp — Q) (1 + z)30Fwotwa) expy (—Swal j_ ) , (2.17)
z

and the corresponding expression for the XCDM case can be derived by setting w, = 0 here.

2.3.2 ¢CDM model

In the pCDM model the energy density of the background, spatially homogeneous, scalar

field ¢ can be found by solving the set of simultaneous ordinary differential equations of

motion,
b+ 3%& FV(8) =0, (2.18)
a\> 881G k
(5> =5 (p+p) = (2.19)
1 (1.,
Po = 16-C (§¢ + V(cb)) : (2.20)

Here an over-dot denotes a derivative with respect to time, a prime denotes one with respect
to ¢, V(¢) is the potential energy density of the scalar field, py4 is the energy density of the
scalar field, and p that of the other constituents of the Universe.

Following [7] we consider a scalar field with inverse-power-law potential energy density

K

V(p) = —=o¢ *. 2.21
Here « is a positive parameter of the model to be determined experimentally and & is a
positive constant. This choice of potential has the interesting property that the scalar field

solution is an attractor with an energy density that slowly comes to dominate over the

energy density of the non-relativistic matter (in the matter dominated epoch) and causes
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the cosmological expansion to accelerate. The function Qpg(2) in the case of pCDM is

Qpp(z) = % (éz + gwa) . (2.22)

2.4 Fisher matrix formalism

The precision of the galaxy power spectrum measured in redshift bins depends on the
cosmological model, the volume of the survey, and the distribution of galaxies within the
observed volume. See Appendix A for a summary of how to estimate the precision of
measurements from survey parameters.

We assume that the power spectrum P(k;)™** has been measured in N wave-number
k; bins (i = 1...N) and each measurement has a Gaussian uncertainty o;. From these

measurements a likelihood function

L x exp <—%X2) (2.23)

can be constructed where v
Pimeas _ Pz p 2
¥ = Z< = () . (2.24)

i=1 v

Here p are the set of cosmological parameters on which the power spectrum depends.

The likelihood function in Eq. (2.23) can be transformed into the likelihood of theoretical
parameters p by Taylor expanding it around the maximum and keeping terms of only second
order in dp as x?(6p) = F;.6p’dp*, where Fjy is the Fisher matrix® of the parameter set p

given by second derivatives of the likelihood function through

9*In L
Gt 2

5 For a review of the Fisher matrix formalism as applied to cosmological forecasting, see [84].
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The Fisher matrix predictions are exact in the limit where initial measurements as well as
derived parameters are realizations of a Gaussian random variable. This would be the case
if the P were perfectly Gaussian and the P;(p) were linear functions of p, which would
make the second order Taylor expansion of the likelihood around its best fit value exact. In
reality, because of initial non-Gaussian contributions and nonlinear effects, the predictions of
Fisher matrix analysis will be different (more optimistic) from what is achievable in practice.
These differences are larger for strongly non-linear models and for the phase spaces in which
the likelihood is non-negligible at some physical boundary (o = 0 in case of gCDM). A
more realistic approach, that requires significantly more computational time and power, is
to generate a large amount of mock data and perform a full Monte-Carlo Markov Chain
(MCMC) analysis [see, e.g., 85, 86, where the authors find significant differences compared
to the results of the Fisher matrix analysis].

We assume that the full-sky space-based survey will observe Ha-emitter galaxies over
15000 deg? of the sky. For the density and bias of observed galaxies we use predictions from
[87] and [88] respectively. We further assume that about half of the galaxies will be detected
with a reliable redshift. These numbers roughly mirror what proposed space missions, such
as the ESA Euclid satellite and the NASA WFIRST mission, are anticipated to achieve. For
the fiducial cosmology we use a spatially-flat ACDM model with §2,, = 0.25, the baryonic
matter density parameter 2, = 0.05, og = 0.8, and the primordial density perturbation
power spectral index ny, = 1.0, for convenience we summarize all the parameters of the
fiducial model in Table 1.

We further assume that the shape of the power spectrum is known perfectly (for exam-
ple from the results of the Planck satellite) and ignore derivatives of the real-space power
spectrum with respect to cosmological parameters.

We predict the precision of the measured galaxy power spectrum and then transform
it into correlated error bars on the derived cosmological parameters. At first we make

predictions for the basic quantities b and f in the XCDM and wCDM parameterizations
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and in the CDM model. Then it allows us to predict constraints on deviations from
general relativity and see how these results change with changing assumptions about dark
energy. Finally, we forecast constraints on the basic cosmological parameters of dark energy
models.
For the XCDM parametrization these basic cosmological parameters are

pxcom = (f, 0,k Q, Qe wx). The wCDM parametrization has one extra parameter de-
scribing the time evolution of the dark energy equation of state parameter, p,cpm =
(f,0,h, Qp, Qk, wo, w,). For the #CDM model the time dependence of the dark energy
density depends only on one parameter « so we have pgcpm = (f, b, by 4, O, ). In or-
der to derive constraints on the parameters of the considered cosmological models while
altering assumptions about the correctness of general relativity, we transform Fisher ma-
trices of each model from the parameter set described above to the following parameter
set (that now includes 7 that parametrizes the growth rate) pose = (7, model), where
by model we mean all the parameters of a particular model, for example, for wCDM

model = PwCDM = (f7 ba ha Qm7 le Wo, wa)-

2.5 Results

2.5.1 Constraints on growth rate

Figure 3.1 shows predictions for the measurement of growth rate assuming different dark
energy models. We find that in the most general case, when no assumption is made about
the nature of dark energy, the growth rate can be constrained to a precision of better then
2% over a wide range of redshifts. This is in good agreement with previous similar studies
see, e.g., Fig. 1 of 70]. When we specify a dark energy model the constraints on growth rate
improve by about a factor of two. There is very little difference between the results derived
for different dark energy models: the precision is almost insensitive to the assumed model.

Also, one can notice that the curves for the XCDM parametrization and for the ¢CDM
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model are almost identical. The likely explanation of this effect is that for a fixed redshift
bin the pCDM model is well described by the XCDM parametrization with the value of the
parameter wx = ps/p,, where the values of the scalar field pressure ps and energy density
P are evaluated at that redshift bin.

The measurements of growth rate can be remapped into constraints on parameters de-
scribing the deviation from general relativity. Figure 3.2 shows correlated constraints be-
tween the current re-normalized Hubble constant A and the v parameter that describes the
growth of structure. The pCDM model constraints on both A and v are tighter than those
for the XCDM or wCDM parameterizations. As expected, the most restrictive ACDM model
results in the tightest constraints. In Table 2.2 we show the deviations of the parameter

from its fiducial value for various dark energy models.

2.5.2 Constraints on dark energy model parameters

We use measurements of growth and distance to constrain parameters of the dark energy
models.

Figure 3.3 shows constraints on parameters of the wCDM parameterization [these should
be compared to Figs. 4a and 5a of 70] . When no assumptions are made about the nature
of gravity the constraints on wy and w, are very weak and degenerate. When we assume
general relativity the constraints tighten significantly, resulting in ~ 10% accuracy in the
measurement of wy and ~ 25% accuracy in the measurement of w,.

The upper panel of Fig. 3.4 shows constraints on the parameters wy and €2, of the XCDM
parametrization. Similar to the previous case, the constraints tighten significantly when we
assume general relativity as the model of gravity. About a 2% measurement of wy and a 5%
measurement of €2, are possible in this case. The lower panel of Fig. 3.4 show the related
constraints on €2 and (2, for the XCDM parametrization. The constraints are similar
to, but somewhat tighter than, those for the wCDM parametrization. This is because the

XCDM parametrization has one less parameter than the wCDM parametrization. Spatial
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curvature can be constrained to about 15% precision in this case.

Figures 2.5 and 2.6 show constraints on parameters of the CDM model. In the most
general case, when no assumption is made about the nature of gravity, the constraints
are weak and the parameters a and €2,, are strongly correlated, with larger values of «
requiring larger values of §2,,. When general relativity is assumed, the constraints become
much stronger and parameter o can be constrained to be less than 0.1 at the 1-0 confidence
level. This is significantly better than any constraint available at the moment.

Figure 2.7 shows constraints on the parameters of the ACDM model. From the clustering
data alone the spatial curvature can be constrained with almost 1% precision, largely because
this model has the least number of free parameters.

The exact numerical values for the forecast error bars and likelihood contours should be
taken with caution and not be interpreted as predictions for the performance of any specific
survey (such as Fuclid or WFIRST). Our main objective in this work was first to investigate
how the modified gravity constraints change with different models of dark energy and second
to demonstrate the improvement in ¢CDM model constraints achievable with future galaxy
surveys. Because of this we were able to simplify our method by adopting a Fisher matrix
formalism instead of a full MCMC approach and also use a simplified description of the

survey baseline. For more realistic predictions of Fuclid performance, see, e.g., [67, 70, 71].
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Table 2.1: Values of the parameters of the fiducial ACDM model and the survey.

Qm

Qy

S

h

08

ns | Efficiency

Redshift span

Covered sky area in deg?

0.25

0.05

0.0

0.7

0.8

1.0 0.45

0.5 <2 <2.05

15000

Table 2.2: Predicted deviations of parameter v from its fiducial value, at one standard

deviation confidence level,

DE model | Fiducial v | deviation
wCDM 0.55 0.035
¢»CDM 0.55 0.023
XCDM 0.55 0.035
ACDM 0.55 0.016
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Figure 2.1: Predicted relative error on the measurements of growth rate as a function of
redshift z in redshift bins of Az = 0.1 for different models of dark energy. The upper solid
black line shows predictions for the case when no assumption is made about the nature of
dark energy.
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Figure 2.2: Predicted one standard deviation confidence level contour constraints on the
current renormalized Hubble constant h and the parameter v that describes deviations from
general relativity for different dark energy models.
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Chapter 3

Nonflat time-variable dark energy

cosmology

3.1 Introduction

When measurements of the cosmic microwave background (CMB) anisotropy are examined
in the context of the current standard model of cosmology, the ACDM model!, they indi-
cate that the cosmological spatial hypersurfaces are close to flat, see [1, 92, 93]. On the
other hand, under the assumption of flat spatial geometry the data favor time-independent
dark energy (DE). However, it has been known for a while now that if a spatially curved
time-variable DE model is used to analyze the CMB anisotropy measurements there is a
degeneracy between spatial curvature and the parameter that governs the DE time variabil-
ity, and this results in significantly weaker constraints on both parameters compared to the

cases when only either non-zero spatial curvature or DE time variability is assumed, early

Tn this model [6], the current cosmological energy budget is dominated by a cosmological constant A,
with non-relativistic cold dark matter (CDM) being the next largest contributor. For some time now most
observations have been reasonably consistent with the predictions of the spatially-flat ACDM model; For
early indications, see e.g., [35, 47, 89, 90]. Note that there are tentative observational indications that the
standard CDM structure formation model, assumed in the ACDM cosmological model, might need to be
improved upon [91].
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work includes [94-107].

Most of these analyses are based on the XCDM parametrization or generalizations
thereof. In the XCDM parametrization time-evolving DE is taken to be an X-fluid with
equation of state px = wxpx where px and px are the X fluid energy density and pressure
and the equation of state parameter wx < —1/3 is a constant. This is an incomplete model
of time-variable DE since, unless extended, it cannot consistently describe the evolution of
spatial inhomogeneities [43] and [44].

The ®CDM model [7, 45] is the simplest consistent model of time-variable DE. In this
model a scalar field ® with potential energy density V(@) is the DE; V(®) oc &=, where
constant o > 0, is a widely used example®. The original ®CDM model assumed flat spatial
sections. In this paper we develop the curved space extension of the PCDM model. Related
models have been previously considered, see Ref. [94-96, 109-111]. However, as far as we are
aware, we are the first to establish that the scalar field solution in the curvature-dominated
epoch is a time-dependent fixed point or attractor, and that in the curvature-dominated
epoch the scalar field energy density grows relative to that of space curvature, generalizing
the results of [7, 45] to curved space.

This chapter is based on [112]. In the next section we describe the curved-space @CDM
model we study. In this section and in the Appendix B we show that this model has a
time-dependent fixed point scalar field solution in the curvature-dominated epoch. In Sec.
3.3 we compute some observable cosmological-test predictions for this model as a function of
the three cosmological parameters of the model. Then we discuss these results by comparing
those for flat and nonflat geometries as well as for open and closed geometries. In Chapter

5 we provide conclusions.

2See Ref. [108] for more general examples.
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3.2 The Model

The original ®CDM model of [7] was designed to describe the late-time consequences of an
inflationary scalar field ® model in which the scalar field potential energy density V(@) has
an inverse power-law tail at large ®. This form of V(®) was chosen because it provides a
self-consistent phenomenological description of DE whose density decreases as the Universe
expands, but decreases less rapidly than the nonrelativistic (cold dark and baryonic) matter
density in a spatially flat universe. This eventually results in the expansion reaching a
point at which the densities of nonrelativistic matter and DE have the same value and
the decelerating cosmological expansion of the matter-dominated epoch switches to the
accelerating expansion of the DE-dominated epoch that is currently observed [113-115].

In spacetime coordinates z# (u = 0,1,2,3), with units chosen so that i = ¢ = 1, the

late-time action of the model we consider is

2

— 4 — | " (_ lw/
S = /dx\/ 9{167T< R+29 0,90,

— ngQCID_a) + E} . (3.1)

Here the Planck mass m, = G~'/? where G is the gravitational constant and £ is the
Lagrangian density of ordinary matter. The constants x and « are positive real numbers

and we adopt

= g (O‘ - 4) Ea(a + 2)} v (3.2)

o+ 2

With this choice for k, our results in the limit of zero space curvature reduce to those of
Ref. [7].

Applying the variational principle with respect to the metric to the action (3.1) gives
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the Einstein equations,

1 8w
éRguV =—5 Tw+Quw). (3.3)
m

P

R, —

Here R, and R are the Ricci tensor and scalar and 7}, is the stress-energy tensor of ordinary

matter while (), is the stress-energy tensor of the ® field and has the form

2

Qu = g;_p;r [23“@(9”@ - (gg“ﬁacq)agq) - Kq)_a) g#’/} :

(3.4)

Assuming the cosmological principle of large-scale spatial homogeneity, the Friedmann

metrics in coordinates (¢, 7,6, p) are

dr?
1 —kr?

ds* = dt* — a® ( + 7r2d6? + r* sin? 9d<,02) : (3.5)
Here a is the scale factor and k is the curvature parameter that takes values —1,0,1 for
open, flat, and closed spatial geometry. References [7, 45] consider only the k = 0 case.
The equation of motion for the scale factor a can be obtained by substituting the metric
of Eq. (3.5) into the Einstein equations (3.3). The equation of motion for the scalar field
® can be derived by either applying the variational principle with respect to the ® field to
the scalar field part of the action (3.1), or from the continuity conditions on the scalar field
stress-energy tensor (), given in Eq. (3.4), and then using the metrics of Eq. (3.5).

The complete system of equations of motion is

. a KO 9+ — (a1 o
O +3-d — —-m, d (et — o, (3.6)
a\? 8 k
) T3 p2<P+P<I>) 5
m2
_ p 2 2 o
po = g (8 wmyj07)
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Here an overdot denotes a derivative with respect to time, and p is the energy density of
ordinary matter while pg is that of the dark energy scalar field ®. It is also useful to
introduce the density of spatial curvature,

3mp2 k

8T a2’

Pk = —

In this convention the spatially open model has p; > 0.

DE cannot have a significant effect at early times, so we assume pgp < p at a(t) < ay,
where ag is the current value of the scale factor. Neither can space curvature play a significant
role in the early nonrelativistic matter-dominated epoch, so p, < p for a(t) < ag. Under
these assumptions the Einstein—de Sitter model provides an accurate description of the
nonrelativistic matter-dominated epoch and so can be used to derive initial conditions for
the scalar field ® identical to these in the original flat-space case of Ref. [7]. Of course, since
the solution is a time-dependent fixed point or attractor, as shown here and in Refs. [7, 45],
it is not sensitive to the precise initial conditions adopted: a large range of initial conditions

results in the same scalar field fixed point or attractor solution.

3.2.1 Solution for the curvature-dominated epoch

In order to find whether the system (3.6) has an attractor solution in a certain epoch (i.e.
matter dominated, radiation dominated or curvature dominated) we use a perturbation
theory approach in which we treat the energy density of the scalar field ® as a perturbation.
Therefore, we neglect all terms in the right-hand side of the second equation of the system
(3.6) (i.e. the Friedmann equation) except the energy density which dominates at the epoch
of interest. When the energy budget of the Universe is dominated by radiation, ordinary
matter or curvature, the solution of the Friedmann equation for the scale factor a varies as
a power of time, a o< t" (which in general is not true in a quintessence-dominated epoch),

where the index n is determined for each epoch (as discussed in more detail later in this
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section). By substituting this power-law solution for the scale factor a o< t" into the system

(3.6), the equation of motion for the scalar field is

. 3.
b+ an) - %mp%—(a“) —0. (3.8)

Equation (3.8) has a special power-law solution

D, (t) = At?/(@+2) (3.9)

where the label e denotes that this is an unperturbed, exact, spatially homogeneous solution.

The value of the constant A is

A ( nampz(a+2)2])l/(a+2)' (3.10)

43n(a+2) — «

We now show that, for the range of a and n values that we are interested in, the special
solution (3.9) is an inwardly spiraling attractor in the phase space of solutions to (3.8). This
means, for example, that in a curvature-dominated epoch (which has n = 1), the scalar field
will approach the special solution (3.9) for a wide range of initial conditions. In order to
show this we follow the methods of Sec. V of Ref. [45], and make the change of variables
(®,t) — (u, ) where

O(t) = D(H)ult), t=¢". (3.11)

Substituting (3.11) into (3.8) and using (3.9) for ®.(t) we derive the equation for perturba-
tion u(t) of the scalar field ®(t),

u - (1 —3n—— :t 2) o+ (6”(?0;12;); 20‘) (u—u M) =0,  (3.12)

Here primes denote derivatives with respect to 7. Finally we switch to the phase space of
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solutions of the system (3.8) by rewriting (3.12) as the system

w = p

po= (1—3n——£—)p—(&Ka+2%_kﬁ(u—u(Mmy (3.13)

a+2 (a+2)?

The critical point (ug,po) = (1,0) corresponds to the special solution (3.9). Although there
exist, in general, other critical points at p = 0, these involve complex roots of unity for wu,
which are not physically relevant in this case.

Taking the linearization of (3.13) about the critical point, one obtains the eigenvalues
M2 = fla,n)+iv/g(a,n) (3.14)

where

a—2—3n(a+2)

2(a+2) ’
6n(a+2)(5a+ 6) — In*(a + 2)* — (3a + 2)?
42 + a)? '

(3.15)

For f(a,n) < 0 and g(a,n) > 0, the eigenvalues \; and Ay show that the critical point is
an inwardly spiraling attractor in the phase space. The cases n = 1/2 (radiation-dominated
epoch) and n = 2/3 (matter-dominated epoch) were previously studied in Ref. [45]. Note
that for the case n = 1 (curvature-dominated epoch) our critical point is an inwardly
spiraling attractor if o > —2 4 2/+/3 or if & < —4. In the ®CDM model we are specifically
interested in the range o > 0. So the critical point is an attractor for all a values of interest.

The above analysis ignores spatial inhomogeneities in the gravitational field. In the
Appendix we show that the time-dependent fixed point solution found above remains stable
in the presence of gravitational field inhomogeneities.

We can use our results to show how this model partially resolves the “coincidence” puzzle.
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From the last equation of the system (3.6) it follows that in the curvature-dominated epoch
po(t) oc t~2/(@+2) (3.16)

while py.(t) oc 1/t and p,,(t) o< 1/t3. The exponent in Eq. (3.16) varies from —2 to 0 as «
varies from oo to 0, thus for o < oo pg(t) decays at a slower rate than py in the curvature-
dominated epoch and eventually comes to dominate. This is consistent with the results of

similar analyses in the radiation-dominated and matter-dominated epochs given in Ref. [45].

3.3 Some observational predictions

To gain some insight into the effects space curvature has on the #CDM model, we compute
predictions for some cosmological tests in this section. To make these predictions we first
numerically integrate the equations of motion (3.6) with initial condition of the form (3.9)
taken in the matter-dominated epoch, where n = 2/3 with the usual expression for the
scale factor in the matter-dominated epoch, see Ref. [7]. Instead of p, ps and p, we use

dimensionless density parameters such as

Stp_ P (3.17)

_3mp2H2 P+ pr+ pa’

m

where H = a/a is the Hubble parameter. We present the predictions as isocontours in the
space of model parameters (2,,0,c) for a number of different values of the spatial curvature
density parameter 2;o. (Here the subscript 0 refers to the value at the current epoch. For
the open model Qx > 0.) For our illustrative purposes here we consider the same four
cosmological tests studied in Ref. [7]. For a discussion of these and other cosmological tests
see Ref. [41]. While it is of great interest to determine constrains on the three cosmological
parameters of the model — €2,,,0, Q2x0, and o — using various cosmological observables, in this

paper we restrict ourselves to some qualitative remarks; a detailed quantitative comparison
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between the predictions of the model and observations is given in Ref. [116], where it is
found that observational data less tightly constrains space curvature in a dynamical dark

energy matter of the type we study here.

3.3.1 The time parameter Ht

The dimensionless time parameter is

“ da
Ht:H/ aa 3.18
=t e 1

where t is the age of the Universe and Hy and aq are the present values of the Hubble param-
eter and scale factor. Figure 3.1 shows contours of constant Hyt, as a function of €2, and «
for a series of fixed values of Q. A recent summary estimate of Hy = 68+2.8 km s~ Mpc™?
[117] and the Planck (with WMAP polarization) estimate of ¢, = 13.8244 5082 Gyr [1, 92, 93]
gives, for the 20 range, 0.88 < Hyty < 1.04, where we have added the 1o errors in quadra-
ture and doubled to get the 20 range. From Fig. 3.1 we see that 2,0 = 0.27 and o = 3 is
reasonably consistent with these constraints for a range of (2.

In the limit @ — 0 this model reduces to the constant A one (but not necessarily with
zero space curvature), while the limit @@ — oo corresponds to the open, closed, or flat
(Einstein—de Sitter) model with A = 0, depending on the value of space curvature. At fixed
Qo (and Qy), or in the flat-space case [7], the effect of increasing « is to reduce the value
of Hyty, making the Universe younger at fixed Hy, since o = 0 corresponds to a constant A
and so the oldest Universe for given €2,,o and €. However, nonzero space curvature brings
interesting new effects. At a = 0 the CDM model reduces to the ACDM one and here
it is well known that to hold Hyty constant in the open case as €, is reduced and €2 is
increased requires a decrease in 2, (to compensate for the increase of tq at constant Hy as
Qo is reduced and 2y is increased). The converse is true in the closed case. Studying the

a = 0 intercepts of the Hyty isocontours in both panels of Fig. 3.1 confirms these arguments.
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Figure 3.1: Contours of fized time parameter Hoty, as a function of the present value of
the nonrelativistic matter density parameter €),,0 and scalar field potential power-law index
a, at various values of the current value of the space-curvature density parameter Qo (as
listed in the inset legend boxes). The upper panel shows a larger part of (o, o) space for
a larger range of Qo values [for Hoto = 0.7,0.75,0.8,0.85,0.95,1.05 and 1.15, from right to
left], while the lower panel focuses on a smaller range of the three parameters [for Hyty from
0.8 to 1.15 in steps of 0.05, from right to left].
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That is, for a fixed value of Hyty at smaller « (i.e. a < 4) the contours corresponding to
open geometry shift to the left of the flat geometry, i.e., to lower 2,9, while the contours
corresponding to closed geometry shift to the right of the flat case.

At higher a the DE density deceases more rapidly with the expansion (unlike the o =
0 case where A remains constant), and the contours switch around. Here to hold Hyt
constant in the open case as )i is increased requires that €,,9 increase and 2¢¢ decrease
to compensate. In the closed case as (1 is increased, €2,,0 must decrease and 2o must also
decrease. Thus, as evident from Fig. 3.1, for a given Hyt, value there is a point in (€20, @)
space at which contours corresponding to different space curvatures cross. The intersection
point moves to larger a as €),,0 is decreased. This is because the Universe is older (at fixed
Hy) at smaller Q,,p so even DE with larger a now has more time to come to dominate the

energy budget (and so behave more like DE with a constant DE density).

3.3.2 The distance modulus difference Am(z)

We next consider the difference in bolometric distance moduli, at redshift z = 1.5, of the

®CDM model and the Einstein—de Sitter model. The coordinate distance r is

1 fo dt
r= sin \/Tko/ —) : (3.19

V= ( tom @(1) )
Here t¢,, and ty are the times when the signal was emitted and received. Thus the difference

in the distance moduli of the two models is

r

Am(z) = 5log,q <—> (3.20)

T'EdS

where rgqg is the coordinate distance in the Einstein—de Sitter model.
Figure 3.2 shows contours of constant Am(z = 1.5) as a function of 2,0 and « for some

values of §2,9. Comparing Figs. 3.1 and 3.2, we see that near o = 0, where the DE behaves
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Figure 3.2: Contours of fixed bolometric distance modulus relative to the Finstein—de Sitter
model, Am(z = 1.5), as a function of the matter density parameter Qo and scalar field
potential power-law index o, and various values of the space curvature density parameter
Qko (as listed in the inset legend bozes). The upper panel shows a larger part of (Lo, o)
space for a larger range of Qg values [for Am(z = 1.5) = 0.1,0.2,0.3,0.4,0.5,0.6, and 0.8
from right to left], while the lower panel focuses on a smaller range of the three parameters
[for Am(z = 1.5) from 0.3 to 0.8 in steps of 0.1, from right to left]. In the upper panel there
is no Qo = 0.2 contour for Am(z = 1.5) = 0.1 since in this case the model is too open for
such a small distance modulus difference. 58



like constant A, Am(z = 1.5) is less sensitive to the value of 0y than is Hyty. However at
larger « Am(z = 1.5) is more sensitive to spatial curvature than is Hyty. Clearly, extending
the ®CDM model to include space curvature as a free parameter broadens the range of
allowed parameter values. As in the Hyty case, for a given value of Am(z = 1.5) there is a

point in (Q,,0, @) space at which all contours intersect.

3.3.3 Number counts

The count per unit increment of redshift for conserved objects is®

3, 2,2
aN 2A(2), Az) = MZ'

a (3.21)

22 a
Isocontours of fixed A(z = 0.7) are shown in Fig. 3.3. The general features are similar to

those shown in Figs. 3.1 and 3.2 for Hyty and Am(z = 1.5).

3.3.4 The growth of structure

Finally, we consider the growth of large-scale structure of the Universe which started as
small primordial density inhomogeneities in the early Universe, see [78, 121], and references
therein. Within the framework of linear perturbation theory the scalar field stays homoge-
neous as we show in the Appendix B on the scales of matter perturbations and the density
contrast in ordinary matter, 6 = dp/p, satisfies

. a. 4
5+ 225 — =0 (3.22)

mp

Following Ref. [7] the cosmological test parameter we consider is

)
A(Qmo, QkO; Oé) = m (323)

3See Sec. IV.B.5 of Ref. [41] and Refs. [118-120] for discussions of this test.
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Figure 3.3: Contours of firted A(z = 0.7) as a function of Qmo and « at various values
of Qo (as listed in the inset legend boxes). The upper panel shows a larger part of the
parameter space for A(z = 0.7) = 0.25,0.3,0.35 and 0.45 from right to left. The lower panel
shows a smaller range of the three parameters for A(z = 0.7) = 0.3,0.35,0.4 and 0.45 from
right to left.
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Figure 3.4: Contours of the factor by which the growth of ordinary matter perturbations
falls below that of the Einstein—de Sitter model, A(Qpmo, Qko, ), as a function of the matter
density parameter €,,0 and scalar field potential power-law index «, and various values
of the space curvature density parameter Qi (as listed in the inset legend boxes). The
upper panel shows a larger part of (Qmo, ) space for a larger range of Qi values [for
A(Qnmo, Lo, @) = 0.3,0.5,0.7 and 0.9 from left to right], while the right panel focuses on a
smaller range of the three parameters [for A(Qmo, Qo, ) from 0.2 to 0.8 in steps of 0.1,
from left to right]. In the lower panel there is no Qg = 0.2 contour for A = 0.9 since in
this case the model is too open to allow such a large growth factor.
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where t; denotes the current epoch while ¢; is the time when the scale factor a; < ag,
well within the matter-dominated epoch when the Einstein—de Sitter model was a good
approximation. Thus the factor A is the ratio by which the growth of linear fluctuations
in density have declined below that of the Einstein—de Sitter model prediction. We graph
contours of A in Fig. 3.4.

There are two interesting facts about the A contours shown in Fig. 3.4. First, the growth
rate is quite sensitive to the value of €29, much more so than any of the other parameters
we have considered. (This is not unexpected, as it is well known in more conventional
models that the growth factor is much more sensitive to €,,0 when 2 is nonzero.) Second,
the curvature dependence of the isocontours is the opposite of that for the other three
parameters. So a joint analysis of growth factor and geometry measurements would seem

to be a very good way to constrain 2.
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Chapter 4

Cosmological constraints from
large-scale structure growth rate

measurements

4.1 Introduction

The following chapter is based on [122]. We assume that GR provides an adequate model
for cosmological gravity and we test various models of dark energy (DE) as a possible
explanation of the observed accelerated cosmological expansion. In particular, we consider
three models of DE. The first one is the standard ACDM cosmology in which the energy
density of DE does not evolve in time and its equation of state (EoS) is py = —pa, where py is
the pressure and p, the energy density of DE. Space sections are not assumed to be flat in this
case and the cosmological parameters that characterize the model are p = (£,,,0, 24 ) where
Qo s the current value of the nonrelativistic CDM and baryonic matter density parameter
and €2, is that of A. The second model we consider is the simplest modification of ACDM
cosmology in which the energy density of DE is time dependent and its EoS is parametrized

as px = wxpx, where wy is constant and < —1/3. The upper limit of —1/3 is a consequence
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of the requirement that DE provide positive acceleration. This spatially-flat XCDM model is
the simplest parametrization of dynamical DE, with parameters p = (2,0, wx ). However, it
is incomplete as it cannot describe density inhomogenities [see, e.g., 44]. The last model we
study is the consistent quintessence model of DE in which DE is a scalar field. In particular
we consider the much studied spatially-flat pCDM model [7, 45] whose equations of motion

in units where h =c =1 are

; a. Ko (a
o320~ m e = 0, (4.1)
(a)2 T o)
a 3mp2 Pm Po)s

2
m, .
4 2 2 —a
= oo + km ) .
Po o <¢ p @
Here an over-dot denotes a derivative with respect to time, a is the scale factor, p,, is the
energy density of nonrelativistic (cold dark and baryonic) matter, p, is that of the dark
energy scalar field ¢, m, = G~1/? is the Planck mass where G is the gravitational constant,

and o > 0 is a free parameter of the potential energy density of ¢ and determines x which

is [see 7, 45]

K= ; (O‘ * 4) Ea(a + 2)] v (4.2)

o+ 2

In the limit o — 0 the pCDM model reproduces the spatially-flat ACDM cosmology while
in the limit o —— oo it reduces to the Einstein—De Sitter model with no DE but only CDM
and baryonic matter. The value of a determines the rapidity of the time-evolution of the
DE density, with a larger « corresponding to more rapidly decreasing DE density. The
cosmological parameters of the 9CDM model are p = (0, @).

Many different data sets have been used to derive constraints on the parameters of

the three models we consider here.! In this paper we use growth-factor measurements to

1See, e.g., [123], [49], [115], [124], [125], [126], [127], and [128]; also see [129]. For constraints on these
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constrain cosmological parameters,? under the assumption that GR is the correct model of
gravity. Growth factor data have previously been used to test GR. Here we find that if
we assume GR then growth-factor measurements provide tight constraints on cosmological
parameters.

This chapter is organized as follows. In the next section we discuss the data and the
analysis techniques that we use to derive cosmological parameter constraints. In Sec. 4.3,

we present and discuss our results. Chapter 5 contains our conclusions.

4.2 Data and analysis

We use three different types of data to constrain cosmological parameters: the growth rate
of large-scale structure (LSS) measurements; supernova type la (SNla) distance-modulus

measurements as a function of redshift; and Hubble parameter measurements.

4.2.1 Growth rate of LSS

In linear perturbation theory the nonrelativistic (cold dark and baryonic) matter density

perturbation 6,, = dp,/pm obeys

. » 4
S+ 258 — = Py = 0, (4.3)
a

mp

where the scale factor a, with current value ayg, is related to redshift z through 1+ 2z = ag/a.

The analytic growing solution of (4.3) is

dz', (4.4)

<ty 82 1

and related models from near-future data see [77], [130], [131], and references therein.
2For related work with growth factor data, see [132].
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2 A(z) o Reference

0.067 0.4230  0.0550
0.150  0.3900  0.0800
0.170  0.5100  0.0600
0.220  0.4200 0.0700
0.250 0.3512  0.0583
0.350  0.4400  0.0500
0.370  0.4602  0.0378
0.410  0.4500  0.0400
0.550  0.5000  0.0700
0.570  0.4150  0.0340
0.600  0.4300  0.0400
0.770 ~ 0.4900  0.1800
0.780  0.3800  0.0400
0.800 0.4700  0.0800

O = 0 = IO = Tt W UL i W N+~

Table 4.1: Growth parameter measurements and 1o uncertainties. Reference number shown
in the last column: 1. [135], 2. [134], 3. [185], 4. [64], 5. [65], 6. [156], 7. [66], 8. [65], 9.
[137].

where E(z) = H(z)/H, and H(z) is the Hubble parameter whose current value is the Hubble
constant Hy. D(z) is normalized such that D(z = 0) = 1. Note, that the analytic solution
(4.4) is valid only for, in general spatially non-flat, ACDM cosmology. In cosmological
models where dark energy density is allowed to evolve in time, Eq. (4.3) has to be solved
numerically, which we do, in order to compute growth factor D(z) for XCDM and ¢CDM
cosmological models.

The observable we use in our analysis is constructed from the linear theory, redshift-
dependent rms mass fluctuations in 8h~! Mpc spheres (where h is Hy in units of 100 km s=*
Mpc 1), 05(2) = 63D(z), where o) is the current value of og(z). We shall also need f(z),
the logarithmic derivative of the matter density perturbation D(z) with respect to the scale
factor a, f(z) = dlnD/dIna. Using (4.4) we find an analytic expression for f(z) that we

use to compute growth factor in the ACDM cosmological model

o 5Qm0 (].‘I‘Z)z
a? 2 FE2(2)D(z)
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For XCDM and ¢CDM cosmological models we compute f(z) numerically. The observable
we use is the growth parameter Aqs(z) = f(2)os(z) that also accounts for the Alcock-
Paczynski effect in redshift-space distortions. The model prediction at redshift z is Ay, (2, 03, p) =
f(z,p)os(z, 08, p) where p is the vector of cosmological parameters.

We use a x? analysis to derive constraints on cosmological parameters from growth factor

data. x? depends on the cosmological parameters p and oy,

N
A Ziagoap _Aoszi 2
xé(ag,p)zz[ (%, % 0)2 ba(Z0)]” (4.6)
i—1 i

Here N is the number of data points and o; is the 1o uncertainty on measurement Agps(2;) at
redshift z;, see Table 4.1.% For our purposes, o} is a nuisance parameter that we marginalize
over. To do so we assume a Gaussian prior for o§ determined from cluster observations by
[138], for spatially-flat ACDM, with mean o0(Qpo) = 0.813(Qp0/0.25)"%4" and 1o uncer-
tainty o o(Qmo) = (Jgg +0%)12(0/0.25) 7047, where the statistical uncertainty oo = 0.012
and the systematic uncertainty b = 0.02 are added in quadrature. [138] note that this rela-
tion is also adequate in the non-flat ACDM model and for alternative background cosmolo-

gies.* Then the posterior probability density function that depends only on the cosmological

parameters p is given by

2

> 0 50(Qmo)
1 X& (0%, P) [”8 75 (Shmo
L = f exp{ — = — do?. 4.7
8
Finally, we compute the marginalized x%(p) = —2In(L¢(p)), and minimize this with respect

to parameters p to find the best-fit parameter values p,. We also compute 1o, 20, and 3o

3For the redshift 2 = 0.57 bin we use the value for model 2 from Table 1 of [66] and an average of the
upper and lower 1o uncertainties given for that model.

4In this preliminary analysis we use this approximate, empirical expression for illustrative purposes.
However, o does (weakly) depend on the full set of cosmological parameters p in its own way for every cos-
mological model, so our analyses are approximate. Given that our results, described below, are encouraging,
a more careful analysis that accounts for this effect is warranted and will be discussed elsewhere.
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cosmological parameter confidence contours bounded by x%(p) = x%(py) + 2.3, x&(p) =

X%(po) + 6.17, and x%(p) = x&(p,) + 11.8, respectively.

4.2.2 SNla distance modulus

The largest set of data we use are the 580 Type la supernova distance modulus fiops(2)
measurements from the [12] Union 2.1 compilation (covering the redshift range of 0.015 <

z < 1.414). The predicted distance-modulus is

pun(2) = 510g3[3000y(2)(1 + 2)] + 25 — 5logy(h), (4.8)

where y(z) is the dimensionless coordinate distance

1 [ dz
z) = sin —Q , 4.9
)= g |V o

0
and () is the spatial curvature density parameter. Since the SNla distance modulus mea-
surements jiops are correlated we use x? defined through the inverse covariance matrix
Yan(h,p) = Ap® C~1 Ap. Here the vector of differences Ap; = g (zi, Ho, P) — fobs(2i),

and C'~! is the inverse of the 580 by 580 Union 2.1 compilation covariance matrix.

4.2.3 Hubble parameter

We use 20 Hubble parameter measurements Hops(2) and 1o uncertainties covering redshift
range 0.09 < z < 2.3 [113, 139-141], as listed in Table 1 of [114]. We only include inde-
pendent measurements of the Hubble parameter, i.e., we exclude Hgs(z) points that are
possibly correlated with growth factor measurements in Table 4.1 above.

Theoretical expressions for the Hubble parameter follow directly from the Friedmann
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equation in each model. In the case of the ACDM model,
Hg (2,p) = Hy [Quo(1+2)° + (1 — Qo — Q) (1 + 2)* + Q] (4.10)
while for the spatially-flat XCDM parameterization,
H{,(2,p) = Hi [Qmo(1 4 2)* 4 (1 = Qo) (1 4 2)>0F0)] (4.11)
and for the spatially-flat CDM model,

1 /.
HE,(2,p) = H3Quo(1 +2)° + o (8 + km 2670 (4.12)

We use the same technique to constrain cosmological parameters from H(z) measure-
ments as we used in Sec. 4.2.1 for the growth factor data analysis. First, we define x%,(Hy, p)
in accordance with Eq. (4.6) where instead of the growth factor A(z) we insert the Hubble

parameter H(z).

4.2.4 Computation of joint Y?(p)

We perform two joint analyses, one for the combination of SNIa and H(z) data, the other
for all three data sets. For the SNIa+H (z) analysis we multiply likelihood functions from
the SNIa data and the H(z) data and then marginalize this over the nuisance parameter
Hy with a Gaussian prior with mean value Hy = 68.0 km s~' Mpc ~! and lo uncertainty
o, = 2.8 km s7! Mpc ! ([117], also see [142], [143], [144]) to finally determine the joint
Xéntas g (P) function, which depends only on cosmological parameters p. This is then used
to find the best-fit values of p, and corresponding cosmological parameter constraints. The

second joint analysis, of the SNIa+H(z) data with the growth factor data, is based on

adding their x*-functions, x3.(P) = Xéxwasn (P) + X&(P)-
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4.3 Results and discussion

We derived cosmological parameter constraints from combination of SNIa+H (z) data sets
as well as from a joint analysis of all three data sets.” Our results, presented in the form
of isocontours in cosmological parameter space, are shown in Figs. 4.1, 4.2, and 4.3 for the
ACDM, XCDM and ¢CDM models, respectively.

In the ACDM model the growth factor data favor higher best-fit value of a negative
spatial curvature parameter Qo = 1 — Q,,0 — Q4 (which corresponds to a closed, spherical
spatial geometry) along with a higher best-fit value of Q,,0 compared to what other cosmo-
logical tests favor, such as SNIa, Hubble parameter measurements, BAO and CMB (see for
example [123]-[129] and references therein). In the case of the XCDM parameterization the
growth factor data favor a steeper time dependence of dark energy density and also a higher
value of ordinary matter energy density parameter (i.e. equation of state parameter wy has
a lower best-fit value and ,,0 has a higher best-fit value) in comparison with constraints
derived from the above-mentioned data sets. However, for the ¢CDM model one observes
consistent results for the best-fit values of cosmological parameters (2,0, «) with those
previously obtained using the data sets mentioned above.

Also, our results for the ACDM model differ from constraints obtained for this model
from other analyses of growth factor data (see [133], [66]). We suspect that the reason for
this and the reason that the constraining power of growth rate data has not previously been
recognized is because these data have almost always been used to constrain cosmological
parameters in the context of modified gravity models. These modified gravity models have
more free parameters than the models we have considered here, because we have assumed
that general relativity provides an adequate description of gravitation on cosmological scales.

The other striking feature of the growth rate data constraints is that for all three models

they align well with those of the SNIa+H(z) joint constraints.

SWe have not used all the H(z) measurements in this paper, excluding points from Table 1 of [114] that
are possibly correlated with some of the growth rate data we use in this paper.
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Figure 4.1: 1, 2, and 30 constraint contours for the ACDM model from: growth factor
measurements [blue dashed lines with blue filled circle at best-fit (U, Qp) = (0.41, 0.87) with
X2 /dof = 7.65/12]; SNIa+H (z) apparent magnitude data [red dot-dashed lines with red
filled circle at best-fit (U, Q) = (0.23, 0.59) with x2;,/dof = 562/598]; and a combination
of all data sets [black solid lines and black filled circle at best-fit (U, Qa) = (0.28, 0.69)
with x2,,/dof = 571/612]. The dashed straight line corresponds to spatially-flat models, the
dotted line demarcates zero acceleration models, and the area in the upper left-hand corner
18 the region for which there is no big bang.
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Figure 4.2: 1, 2, and 30 constraint contours for the XCDM model from: growth factor
measurements [blue dashed lines with blue filled circle at best-fit (Q,, wx) = (0.306, -1.34)
with x2,;,/dof = 7.70/12]; SNIa+H (z) apparent magnitude data [red dot-dashed lines with
red filled circle at best-fit (U, wx) = (0.27, -0.90) with X2, /dof = 562/598]; and a com-
bination of all data sets [black solid lines and black filled circle at best-fit (2, wx ) = (0.28,
-0.94) with X2, /dof = 571/612]. The dashed straight line corresponds to spatially-flat
ACDM models and the dotted curved line demarcates zero acceleration models.
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Figure 4.3: 1, 2, and 30 constraint contours for the ¢ CDM model from: growth factor
measurements [blue dashed lines with blue filled circle at best-fit (U, o) = (0.28, 0.052) with
X2,/ dof = 8.62/12]; SNIa+H (z) apparent magnitude data [red dot-dashed lines with red
filled circle at best-fit (U, o) = (0.26, 0.302) with x2,,/dof = 562/598]; and a combination
of all data sets [black solid lines and black filled circle at best-fit (U, ) = (0.27, 0.300)
with x2,/dof = 570/612]. The dotted curved line demarcates zero acceleration models and
the horizontal o = 0 azis corresponds to spatially-flat ACDM models.
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Chapter 5

Conclusion

Chapter 2 presents a forecast of the precision at which planned near-future space-based spec-
troscopic galaxy surveys should be able to constrain the time dependence of dark energy
density. For the first time, was used a consistent physical model of time-evolving dark en-
ergy, CDM, in which a minimally-coupled scalar field slowly rolls down its self-interaction
potential energy density. It has been shown that if general relativity is assumed, the devia-
tion of the parameter a of the CDM model can be constrained to better than 0.05; this is
almost an order of magnitude better than the best currently available result.

The constraints on basic cosmological parameters, such as the relative energy densities
of non-relativistic matter and spatial curvature, depend on the adopted dark energy model.
However, in the ¢CDM model the expected constraints are more restrictive than those
derived using the XCDM or wCDM parameterizations. This is due to the fact that the
¢CDM model has fewer parameters. Also, the XCDM and wCDM parameterizations assign
equal weight to all possible values of w, while in the ¢CDM model there is an implicit
theoretical prior on which equation of state parameter values are more likely, based on how
easy it is to produce such a value within the model.

Since the observational consequences of dark energy and modified gravity are partially

degenerate, constraints on modified gravity parameters will depend on the assumptions
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made about dark energy. The constraints on « are most restrictive in the ACDM model.
For the #CDM model the constraints on v are about a third tighter than those for the
wCDM and XCDM parameterizations.

These results are very encouraging: data from an experiment of the type we have modeled
will be able to provide very good, and probably revolutionary, constraints on the time
evolution of dark energy.

In Chapter 3 the original pCDM model was extended to nonflat geometries and it was
shown that in the curvature-dominated epoch the solution is also an attractor or time-
dependent fixed point (see Sec. 3.2.1 and the Appendix B). Predictions of the model for an
illustrative set of cosmological tests were computed and shown that the presence of space
curvature will broaden the allowed range of model parameters. Spatial curvature should be
considered as a free parameter when observational data are analyzed. The nonflat pCDM
model we have developed here is the only consistent nonflat time-variable DE model to date
and can be used as a fiducial model for such analyses.

The computations have shown that for a single cosmological test there is a degeneracy
point in parameter space for each fixed value of the cosmological observable of the test.
At this point one cannot differentiate between contours corresponding to different values
of spatial curvature. However, these points of degeneracy do not coincide in (£2,,0, @)
parameter space for the different cosmological tests. Hence it is important to use multiple
cosmological tests in order to determine spatial curvature from observations.

A joint analysis of geometry and growth factor measurements appears to be a fruitful
way to constrain space curvature. CMB anisotropy data will also likely provide useful
constraints on space curvature. This will first require accounting for spatial curvature effects
on the quantum-mechanical zero-point fluctuations generated during inflation, which will
affect the primordial density perturbations power spectrum [145-153]. While the curved-
space computation is more involved than the corresponding flat-space one, the resulting

constraints from CMB anisotropy data on space curvature in the presence of dynamical
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dark energy are likely to prove quite interesting.

In Chapter 4 three general-relativistic DE cosmological models were used to analyze the
largest collection of growth factor measurements to date. It was shown that growth factor
data constraints on cosmological parameters are quite restrictive, roughly close to those
from joint SNIa+H (z) and baryon acoustic oscillations (BAO) peak length-scale measure-
ments, and less restrictive than those from cosmic microwave background (CMB) anisotropy
observations.

These growth factor results must be viewed as tentative, given that this is an area of
research that is still under active development. It is important to continue to study possible
sources of systematic uncertainty — and given the differences we have found between growth
rate data constraints and these from SNIa and H(z) measurements, it is not unreasonable
to suspect that there might be an as yet hidden source of systematic uncertainty.

It is, however, clear that growth factor measurements will soon be able to provide cos-
mological constraints as restrictive and as reliable as those from CMB anisotropy, BAO,

H(z), and SNIa measurements.
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Appendix A

Appendix for Chapter 2

In this Appendix we summarize how to estimate the precision of measurements from the
survey parameters.

The Fisher matrix coefficients are given by

1 [Fwax 79In P\ /Oln P A3k
E] - §/I;min < apZ ) ( ap] >‘/eﬁ(k7u) (271')37 (Al)

where the effective volume is

nP(k, i)

Ver = Vo 5=~
T T 0Pk, p)

(A.2)

and Vj is the total survey volume and n is the number density. Also, following [154], we
multiply the integrand in Eq. (A.1) by a Gaussian factor exp <—k202d2—(;)>, where r(z) is
the co-moving distance, in order to account for the errors in distance induced by the errors
of redshift measurements, o, = 0.001. We model the theoretical power spectrum using
an analytic approximation of [155]. We integrate in k from kpy, = 0 to kpax, where the
kmax values depend on redshift and are chosen in such a way that the small scales that are
dominated by non-linear effects are excluded. The range of scales that will be fitted to
the future surveys will depend on how well the theoretical templates are able to describe

small-scale clustering and is difficult to predict. The k.. values along with the expected
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bias and number density of galaxies are listed in Table A.1.

In order to derive the Fisher matrix of a specific cosmological model we have to go from
our initial parameter space to the parameter space of the cosmological model whose Fisher
matrix we want. The transformation formula for the Fisher matrix is given by [see, e.g., 84,

for a review|

Op; Op;
sy A.
lm 8]3; 529;71 1] ( 3)

where the primes denote the “new” Fisher matrix and parameters.
We now list the derivatives of the transformation coefficients of the CDM model in the
limit @« — 0 and € — 0 (which corresponds to the fiducial spatially-flat ACDM model).

The transformation coefficients relating fj(z) and the parameters (h, €, (), ) are

afH(Z) . 1
) __L (A4)
ofi(z) 1 3
o, ~aEepl T .
aggl(:) N 2E12)2 1= (1+2)7], (4.6)
0fi(x) _ (1—Qy) (A7)

Do SE(2)?

For the other transformation coefficients, it is convenient to introduce the integral

D(z) = /0 ) Edé’,). (A8)

Then the transformation coefficients between f, (z) and the parameters (h, Q,,, Q, «) are

of (=) 1
oh h’

(A.9)

0fL(2) _ 1Z) /Oz Edzl [1—(1+2)7, (A.10)



Ofi(z) _ D(2)? 1 2 d "2
Ofi(z) (-0, [* d
oa 8D(z) /0 E(z)* (A.12)

Finally, the transformation coefficients between the growth factor f(z) and the param-

eters (7, h, Qy,, O, ) are

af(;_g") - @ In f(2), (A-13)
%S) ~ _E& 11— Q). (A.16)
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Table A.1: Values of the kpaz, bias b(z) from [87], and the number densities n(z) taken
from [88].

2 | kmaz | 0(2) | n(2)
0.55 | 0.144 | 1.0423 | 3220
0.65 | 0.153 | 1.0668 | 3821
0.75 |1 0.163 | 1.1084 | 4364
0.85 | 0.174 | 1.1145 | 4835
0.95 | 0.185 | 1.1107 | 5255
1.05 | 0.197 | 1.1652 | 5631
1.15| 0.2 | 1.2262 | 5972
1.25 | 0.2 | 1.2769 | 6290
1.35 | 0.2 | 1.2960 | 6054
1.45 | 0.2 | 1.3159 | 4985
1.55 | 0.2 | 1.4416 | 4119
1.65 | 0.2 | 1.4915 | 3343
1.75 | 0.2 | 1.4873 | 2666
1.85 | 0.2 | 1.5332 | 2090
1.95| 0.2 | 1.5705 | 1613
2.05 | 0.2 |1.6277 | 1224
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Appendix B

Appendix for Chapter 3

In Sec. 3.2.1 we showed that the special time-dependent fixed point solution for the scalar
field in the curvature-dominated epoch is stable if we ignore spatial inhomogeneities in the
gravitational field. In this Appendix we show that gravitational spatial inhomogeneities do
not spoil this property of the solution, thus preserving the inclination of the scalar field DE
density to always want to try to dominate over the dominant energy density source [7, 45].

Inhomogeneities in the scalar field will induce inhomogeneities in the metric, and vice
versa. We show that, in the curvature-dominated epoch, any slight inhomogeneities will die
out. (This generalizes the flat-space results of Sec. IX of Ref. [45].)

We linearize the disturbances in the metric about a curved Friedmann background metric

in synchronous gauge. To this end, we write the line element as
ds® = Gudx'dx” = (g, + 69y, )dx"dx”. (B.1)

We work in time-orthogonal coordinates (t,r,6,y) with g, given in Eq. (3.5) and the
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perturbations

0 0 0 0
0 f(r)hy h, .
S = alt)? fr) 0 ¢ |
R P ) hoy
0 Iy hop,  r%sin?(0)h,,
(B.2)
where f(r) =1/(1 — kr?), |hi;| < 1, and each h;; is a function of ¢, 7,6, and ¢.
The scalar field equation of motion in a space-time with cometric g" reads
V,.(5"0,®) + V(D) = 0. (B.3)
The perturbed scalar field is written
D(a") = Po(t) + o(2*) (B.4)

where ¢ is a small perturbation, |¢| < |®g|, and Pq is a solution to the scalar field equation

of motion in the unperturbed homogeneous Friedmann background,
. a.  ROML )
(I)() + 3—(1)0 - Tq)o — 0 (B5)
a

Plugging (B.4) into (B.5) gives, to first order in ¢,

. 34 . 1 , 1. .
b+ Tb — ?v% + V" (®g)p — 5th>0 =0, (B.6)

where h = hy, + hgg + hyp = —g"09,,,, and V2 is the Laplacian for the three-dimensional
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spacelike hypersurface of constant ¢ in the unperturbed Friedman geometry,

10 0
V2 = ﬁa ((T‘2 — ]i}TA)E) + k?"a (B7>

1 o (. () 0 n 1 0?
————— | sin(f)— _—
r2sin(#) 00 00 2 sin? () Op?
When k = 0, V? is the usual three-dimensional flat-space Laplacian in spherical coordinates.

The ¢t component of the stress-energy tensor @), for ® = &, + ¢, to first order in ¢, is

m? ., m2or. . )
Qu = 39, [@o + QV(@O)] + Tor [q’oﬁb +V (‘bo)Cb] ; (B.8)

and the trace () = g"’ @, is, to first order,

2

Q= g—; [4\/(@0) _ ci>§] + ?—f [2¢V’(c1>0) _ éoé} . (B.9)

As for the Ricci tensor R, we will also only require the ¢¢ component. To first order it is
% .
Ry=—""+ [% + —h] . (B.10)
a a 2
By the Einstein field equations (3.3) we therefore get the first-order perturbation equation,
.20 . )
h+ —h=204p — V' (Dy)o. (B.11)
a

This corresponds to Eq. (3.14) of Ref. [147].
We now take a = agt for the curvature-dominated epoch, where ay is a constant of

integration and we consider times ¢ > (. Thus, the system we need to analyze is

2

. 3. L " L.
o+ ;¢— 2—2¢—|—V (Do) = =hDy, (B.12)
agt 2
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h+ %h = 2Do — V(D). (B.13)

Here we have made a hyperspherical harmonic transformation, the variables ¢ and h are
now harmonic mode amplitudes, and L? is the eigenvalue of the Laplacian operator (B.8)
(see Ref. [147] and Sec. IT of Ref. [156]). One has L? — —1 (respectively L? — —oc) in the
limit of long wavelength (short wavelength) modes for the negative curvature case.

The field ® is the special solution obtained in Sec. 3.2.1, Eq. (3.9). We here write it as

by = At™, (B.14)
where
m=— i - (B.15)
and A is, by (3.10) with n =1,
A= (%ﬂf’(—f;m)w(w). (B.16)
Defining
B= %mi, (B.17)

Egs. (B.12) and (B.13) can be rewritten as

. 3. J mA . 1

_— —_— = — m B.l
¢ + Lot 5o=—"ht (B.18)
. 2. .
ho +sh= 2mAt™ 1 + BA~Fpm=2¢ (B.19)
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where J = (a + 1)(m? + 2m) — L?/a?. As mentioned previously, L? — —1 in the case that
we are presently interested in (long-wavelength perturbations and negative curvature), so
the constant J is a positive real number > 3.

For the curvature-dominated case py oc =2 and so

crle _ pom (B.20)
Pk

where C'is a constant of integration. Thus, Egs. (B.18) and (B.19) can be written as

. 3. ACh
b+ d+ - ¢—m—— Po. (B.21)
t tV pr

2; _ 2mBC  [ps N BA=tNC [hg
t t Ok t2 Pk

(B.22)

Following Ref. [45] we solve these equations by using a linear perturbation technique. Since
we are in the curvature-dominated epoch and \/m is small, we begin by searching for
approximate solutions to (B.21) and (B.22) where the source terms on the right-hand side are
neglected. That is, we first solve the homogeneous equations (to get zeroth order solutions

for ¢ and h),

do + = ¢0+ ¢0 (B.23)

. 9.
o + Tho =0, (B.24)

where subscript 0 now denotes solutions in zeroth order of the perturbation approach. Once

we have these zeroth order solutions, we will plug them into the right-hand side of Egs.
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(B.18) and (B.19) in order to obtain new differential equations which can then be used to
derive correction terms of order \/M. If our solutions with order \/;T/pk corrections are
still decaying then it means that the stability result is established at least in the first-order
perturbation analysis.

The zeroth order solution to (B.23) is
Cl C'2 .
Go(t) = ~ cos [\/J -1 ln(t)] + ~ sin [\/J -1 ln(t)] : (B.25)

where C and Cj are constants of integration, and the zeroth order solution to (B.24) is

C
ho(t) = =+ Ci, (B.26)

where C3 and Cjy are constants of integration. Note that, up to oscillatory bounded functions

of time, @y/®y oc t~@FH/(@+2) ¢ (=2 +~1) 50 we confirm the result of Sec. 3.2.1 that if we

ignore the effect of metric perturbations the time-dependent fixed-point solution is stable.
Writing ¢ = ¢g + ¢1 and h = hg + hy, and plugging (B.26) into Eq. (B.18), we get for

the first order ¢; equation

¢1+ Zﬁbl + ﬁﬁbl = Thotm_l- (B.27)

(We shall not need the h; differential equation.) Solving this differential equation for ¢; we

find

mACg;tm_l
20m2 =1+ J)

P1(t) = — (B.28)

From this solution and that in (B.25), we find, up to oscillatory bounded functions of time,
d1(t)/do(t) x \/ pa/pr, S0 in the curvature-dominated epoch, where pgy < pi, the correction

to the scalar field solution from the metric inhomogeneity is small.

95



	Title Page
	Abstract
	List of Figures
	List of Tables
	Acknowledgements
	Introduction
	Theoretical Cosmology
	Short overview of General Relativity
	Friedmann Equations
	Solutions of Friedmann Equations
	Cosmological Constant
	Standard Cosmological Model

	Observational Cosmology
	Redshift
	Hubble parameter
	Luminosity Distance


	Forecasting cosmological parameter constraints from near-future space-based galaxy surveys
	Introduction
	Measured power spectrum of galaxies
	Cosmological models
	CDM, XCDM and CDM parameterizations
	CDM model

	Fisher matrix formalism
	Results
	Constraints on growth rate
	Constraints on dark energy model parameters


	Nonflat time-variable dark energy cosmology
	Introduction
	The Model
	Solution for the curvature-dominated epoch

	Some observational predictions
	The time parameter H0t0
	The distance modulus difference m(z)
	Number counts
	The growth of structure


	Cosmological constraints from large-scale structure growth rate measurements
	Introduction
	Data and analysis
	Growth rate of LSS
	SNIa distance modulus
	Hubble parameter
	Computation of joint 2(p)

	Results and discussion

	Conclusion
	Bibliography
	Appendix for Chapter 2
	Appendix for Chapter 3

