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CHAPTER I - INTRODUCTION

A problem of increasing practical importance is that of determining
the elastic buckling strength of thin-walled structural members. Histor-
ically, these members have been treated as one-dimensional or line elements
in determining their critical buckling stresses. Classical solutions of
the governing equations are mathematically complex and are available for
only a limited number of geometric shapes, support, and loading condi-
tions (25)*. Valuable insight into the buckling phenomenon has been
established in this way, however, the influence of cross-sectional dis-
tortion is not accounted for due to the simplifying assumption that cross
sections do not distort during buckling. Further, the geometric idesliza-
tion inherent in the line element analysis can only approximate members
with varisble depth and their assemblage into rectangular frameworks or
gable frame structures.

A finite element procedure for the buckling analysis of beams (18)
has been developed. In this application the prismatic wide-flange beam
was idealized as an assemblage of two-dimensional finite elements as shown
in Fig., la in which each element has both membrane and bending stiffnesses.

The buckling analysis of structural beam members having a plane of
symmetry about the midsurface of the web masy be simplified to a two-
dimensional problem by replacing the flanges and stiffeners with one-
dimensional elements while the web remains to be idealized with two-
dimensional elements, as shown in Fig. lb. The BASEH computer program,
which is used in the report, applies this idealization for the wide-flange

beam buckling analysis.

*
Numerals in parentheses refer to corresponding items in the References.

*%
This computer program, Buckling Analysis of Stiffened Plates BASF, was
developed by H. U. Akay at the University of Texas at Austin ( 1).



The purpose of this report is:

1. To present a finite element procedure for wide-flange beam
buckling analysis.

2. To use the BASP computer program to find the buckling load and
the buckled shape of wide~flange beams.

3. To obtain a comparison with the theoretical results (15), the
results (25) based on the idealization as shown in Fig. la and the results

computed from the BASP computer progrem.



Fig. la - Idealization of Web and Flanges With Planar Elements

Fig. 1b - Idealization of Web With Planar Elements and
Flanges With Beam Elements



CHAPTER II - METHOD OF ANALYSIS

2=1 Introduction

The finite element method is presently recognized as an extremely
povwerful computer oriented method of analysis. It was introduced in the
late fifties (26) and has subsequently been applied to a wide range of
structural problems. With regard to stability, the method was first
applied to truss and beam-column problems by use of one-dimensional
elements (20). Subseguently, two-dimensional planar elements were used
in the stability analysis of plates (19) and shells (8). The method has
been applied to lateral-torsional beam buckling (10, 24) in which cne-
dimensional elements were used. A finite element procedure has alsc been
developed for the buckling analysis of rigid frames (17) and beams (18)
in which two-dimensional elements were used. Classical assumptions of
the line element analysis (25) wvere meintained in that work.

In the previously mentioned stability analyses of plates (19),
shells (8), rigid frames (17) and beams (18), in-plane or membrane element
stresses were considered as initial stresses in computing the geometric
stiffness. These in-plane stresses were considered to produce element
gecmetric stiffnesses which were a function of the transverse displacements
of the element. These geometric stiffnesses are referred to as the out-
of-plane components. This treatment is applicable only to structures
where buckling may be represented by the combination of the out-of-plane
components of the individual elements of the assemblage.

The finite element procedure for the buckling analysis of beams
consists of the following steps: 1) Generation of the conventional
{elastic) structure stiffness, Kc' followed by a displacement analysis

for the applied loading; 2) Generation of an additional stiffness matrix,



Kg (herein referred to as the geometric stiffness), by using the stresses
computed in Step 1; and 3) Computation of the critical buckling load and
buckled shape by assuming that the geometric stiffness is linearly
proportional to the applied loading. This may be stated mathematically

(T) as

[Kc]{r} + A [Kgl{r} = {0} (1)

in which vector {r} represents the buckled shape, while constant X is a
single parameter characterizing the applied loading and which determines
the critical buckling load, i.e., the critical buckling load is equal to

A times the applied load that was used to obtain the gecmetric stiffness.
In general, Eq. 1 is only solved for the smallest A since it corresponds
to the smallest buckling load. In the preceding formulaticn, the buckling
problem is linearized in that the prebuckling displacements (as caused by
the applied loading) are uncoupled from those caused by buckling. Buckling
is therefore sssumed to take place from the initial geometry. 1In this
regard, both Kc and Kg are referenced from the initial geometry as well

as the stresses that are used to construct Kg. This formulation is
"equivalent" to the classical linearized buckling theory in which dis-
placements are assumed to be "small"; therefore, the buckled mode shape
may be determined while the actual magnitude of the buckled shape remains

undefined.

2~2 The Finite Element Idealization

The basic concept of the finite element method is the idealization of
the actual structure by an assemblage of structural elements in which the
stiffness properties of each individual element are derived from assumed
displacement functions. The accuracy of this methed is directly related

to the proper choice for the displacement function. For two-dimensional



structural stability analysis there are a variety of elements available.
Some of them are discussed in this chapter such as triangle, rectangular,
quadrilateral and beam element.

Criteria for element selection should include elements whose
geometric form closely approximates the actual structure, as well as
exhibiting stiffness properties that accurately predict the response of

the actual structure.

2=3 Basis for Derivation of Conventional and Geometric Stiffnesses

The derivation of both the conventional and geometric stiffnesses
may be performed from an expression of the total strain energy of the
individual element. The total strain energy of an element subjected to
initial stresses, which subsequently undergoes a set of virtual dis-
placements, can be taken as:
=1,2,3

« Ap., dv — {(2)
lj J = 1,2’3

o
|

U=3 fv Atid b Aeid

+ T
dv fv

i

where
U is the total strain energy

A11J are the conventional stresses due to the wvirtual displacements

Ag,, are the linear components of strain due to the virtual displacements

il

Tid are the element stresses from the applied loading

AniJ are the nonlinear components of strain induced by the virtual dis-~
placements.

In order to derive the element stiffnesses the total strain energy,
U, must be expressed in terms of displacements, u. This is shown symbol-
ically as follows where a comma between integer subscripts denotes partial

differentiation:



i (R F WL X
i=1,2,3
- _ J = 1,2,3 (3)
EAniJ =1u K,i s u X, k=1,2,3

vhere
u= ﬁ(x,y,z)i cevesssy 1 = 1,2,3 represents the displacements in
the xX-, y-, and g-directicns.

The total strain energy for each individual element is subsequently
expressed in terms of element nodal point displacements by utilizing
assumed displacement functions. The derivation of the element stiffness
is then most conveniently accomplished by using Castiglianc's first theorem.

This procedure has been carried out for all elements described below in

Section 2-4 and Section 2-5.

2-4 Conventional Element Stiffnesses

Three types of conventional elements are considered in this report.
Each of these elements have both in-plane (membrane) and out-of-plane
(bending) stiffnesses. These elements are described in the literature,
thus only their basic characteristies are reviewed below.

a) Type 1C - QUADRILATERAL ELEMENT

The quadrilateral element (14) consists of four triangles, as shown
in Fig. 2. The membrane stiffness for each triangle is derived from
quadratic displacement functions in which the in-plane displacement of
the external sides (1-2, 2-3, 3=k, L-l), Fig. 2, are constrained to vary
linearly. The quadratic membrane displacement functions for Triangle 1
together with its degrees-of-freedom (DOF)* system is shown in Fig. bb,

This element has twelve DOF (two at each corner node and at each midside

#
The term, degrees of freedom, is herein abbreviated as DOF.
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node) and is called the "Linear Strain Triangle" (7). The displacement
functions for this triangular element, Fig. Le, are derived from the
Linear Strain Triangle by setting u, = (ul + uz)/2 and v, = (Vl + Ve)/2.
as shown in Fig. be. This eliminates the DOF at the external midside
nodes, (i.e., Point 0 in Fig. 4b); and the resulting triangle has 10 DOF,
as shown in Fig. le.

Each of the four triangles are fully compatible plate-bending
elements (HCT), which is named after Hsieh, Clough, and Tocher (3). This
element has 3 DOF at each corner (two rotations and a normal translation).
Cubic displacement functions are assigned to each subelement of the tri-
angle as shown in Fig. bka. This results in 27 generalized coordinates
for each triangle. The reduction of § DOF is accomplished by applying
internal compatibility constraints between the subelements.

The stiffness of this quadrilateral element (Fig. 2) is then obtained
by superposition of the bending elements (Fig. 4a) and the membrane
elements (Fig. bc). The interior points 5-9 in Fig. 2 are eliminated
by static condensation (Appendix II); and the resulting condensed element
has 20 DOF (five at each exterior corner node).

b) Type 2C - RECTANGULAR ELEMENT

The membrane and bending stiffnesses of the rectangle are derived
from the displacement functions, as shown in Figs. 5 and 6. Displacements
u and v are contained in the element's plane while the displacement w is
normal to the element's plane. Constants 8y =&, bo -bh, and @y =@,
are generalized coordinates which are subsequently related to the element
displacements at its four corners in obtaining its stiffness prcperties.

The membrane element of Fig. 5 was first considered in Ref. (6 ) and

was termed the QM5. The in-plane displacements, u and v, are bilinear
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12

pelynomials with one additional higher order term in each expansiocn, as
shown in Fig. 5. These expansions give a linear variation of both in-
plane components along the element interfaces, thus establishing membrane
displacement compatibility requirements. Since each expansion has five
terms, a total of 10 in-plane DOF are necessary. They consist of two

DOF (translational) at each corner and the central interior point. The
two interior DOF are eliminated by static condensation, thus the condensed
element has only eight DOF (two at each corner node). The essential
feature, which gives rise to an improved membrane stiffness as compared
with elements with the same DOF at the corner nodes, is that of con-
straining the shear strain tc be constant in the derivation of its
stiffness.

The bending stiffness is derived from a l2-term poclynomial and thus
requires 12 DOF (three degrees-of-freedom at each cormer), as shown in
Fig. 6. Thus, each corner has three DOF consisting of two in;plane
rotations and one out-of-plane translation. This element, which is called
the ACM element, has been shown to give good results for plate bending
problems {3}, even though it is not completely compatible due to the fact

that certain slope components are not fully matched along adlacent element

interfaces.

¢} Type 3C - QUADRILATERAL AND BEAM ELEMENTS

These elements are used when the web is idealized by quadrilateral
elements while the flanges are idealized by beam elements, Fig. ib. This
quadrilsteral is again constructed from four triangles, as shown in Fig. 3.
Its membrane stiffness is identical to Type 1C. Its bending stiffness is
similar to the HCT element except that there are four additional rotational

DOF at the interior midside nodes, Fig. 3. This element was presented in
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Ref. (5). As in the case of the quadrilateral, Type 1C, the intericr DOF
are eliminated by static condensation and the resulting gquadrilateral as
20 DOF (five at each exterior corner node).

A typical beam element for idealizing the flanges is shown in Figs.
T and 8. When the structure is idealized in this manner, it is reduced
to a two-dimensional structure which requires a plane of structural
symmetry in the mid-surface of the web. The beam stiffness for buckling
normal to the web is shown in Fig. 7. This stiffness is used in combina-
tion with the quadrilateral bending stiffness of the web for out-of-plane
analysis. The beam stiffness for buckling in the plane of the web is
shown in Fig. 8. It is used in combination with the quadrilateral mem-

brane stiffness of the web for the in-plane ansalysis.

2=5 Geometric Element Stiffness

Two approaches are available for deriving the geometric stiffness.
The consistent approach utilizes the same displacement assumptions that
are used in evaluating the conventional stiffness. The second approach
permits the use of simpler (lower order polynomial) displacement assump-
tions for the gecmetric stiffness than those used in forming the conven-
tional stiffness. This approach has been shown to yield sufficient
accuracy (5) for plate buckling. It requires less computational effort
and simplifies the formulation of the problem. This spproach is used in
this report.

Since only the membrane stresses are considered in evaluating the
element geometric stiffnesses, the second half of Eq. 2 has the following

simplified form:

Ug = fv rij.Anij dv = fv [1:‘1101111 + 2 Tio Mo + T n22] dv == (L)



15

where

=T are in-plane stresses, as shown in Fig. 9.

T11° T12 * To10 o2
The strains in Eq. 4 may be written sas

e e TR - S -
np = (U] ) vy ) vy ) 3k (0 v )

R S S N SR -
Mpp =% (W) 5+ 05 5+ T3 5) 23 (W + v 4w )

Mo =% (T ) 8y 48, ) By 5+ Ty, 5 5)

= + + w

% (u’x uny V'x V’y w:x ,)") (5)
3ﬁi

where uj.,J = 3;; » G, =u and u, = v are displacements in the plane of

the element, while 53 = w is the displacement normal to the element, and

X, ® X, X, =Y are as shown in Fig. 9.

1 2

In order to evaluate Eq. 4, it is convenient to express the displace-
ment ﬁi in terms of nodal point displacements which are shown symbolically

as.:

u= ¢ui; v = ¢vi; W= @wi (6)

where Uiy Vi and w; are nodal point displacements and ¢ is the appropriate
interpolation function. The derivatives implied in Eq. 5 may now be ex-
pressed as

u

n
Y
=
<

n
L= ]
<
%

1]
@
<

»X X 1 s X X 1 oX X 1

(1)

I
“
(=

<
I

©
<

2
]

-

u + 2 - .
+Y oy 1 o oy 1 N o L

By using Egq. 5-7, Eq. 4 may be expressed as:
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vg =/ (5 [uz ¢T ® _u, +v, T8t 6 v, +wl o% ¢

X ,x 1 i X x4 i X "ux w1] +

T
22 (T T ¢ + v T @T $ v, + wT ¢T

] +
3Y Y ui i Y Ly 1 i,y »y wi]

T T T.T T T
[ui ﬁ,x ¢,y uy + vy Q,x Q,y vy + vy ¢.x ¢.y wi])dv

——== (8)

Then taking the partial derivatives of ﬁg with respect to Ugs Vs Wi

(i.e, using Castigliano’'s first theorem) we obtain the following form for

the geoﬁetric stiffness for a two-dimensional element:

r A = - -_ ( )
Pex Ke uy
) = | K .
Poy! Kg Jvi* (9)
P [ ] [ ] i w
"6z gl L1,
where
- T T ®
K. o=/ (6 _¢ } | 125 % 4 (10)
g v Ix !y T T @
21 221",y

Egq. 9 may now be specialized for particular elements by the use of the

appropriate nodal displacements (ui, iy wi) and the interpclation

i
function, ¢. Equation 9 is specialized for rectangular, triangular,
quadrilateral and beam elements as described below.

a) Type 1G -- RECTANGULAR ELEMENT

For the rectangle, bi-linear displacement functions as shown in

Fig. 13 are assumed for u, v, and w in Eq. 6 such that the interpolation

function, %, is

¢ = ({1-€)(1-n)s ELI-n)s Eny (1-E)d) (11)
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The derivatives of ¢ are obtained by noting that

aw— -lﬁ ﬂ: =l—a£
ax ¢,x a 9 and y ~ Q,y b 8n (12)

In addition, a linear distribution of stress is assumed over the element

which may be expressed in terms of element nodal point stresses shown in

Fig. 11 as
™ %1 %2 x|l
Toof = °y1 oy2 Uyk £ (13)
T 1 T2 T | \m

where

%% " %x4 T %x1" %94 T %4 T %y10 T4 T T4 T Ty
Using Eqs. 12 and 13, Eg in Eq. 10 may be evaluated by performing the
required integration.

b) Type 2G =-- TRIANGULAR AND QUADRILATERAL ELEMENTS

As shown in Fig. 14 for the triangle element, linear displacement

functions are assumed for u, v, and w in Eq. 6 such that the interpolation

function, ¢, is

where ;1, ;2, ;3 are triangular coordinates. The derivatives of ¢ are

taken by noting the following relationship:

T b 3T a
i i i i
w gy 1=1,2,3 )

where bi and a, are element dimensions as shown in Fig. 10 and A is the

area of the triangle. A linear stress distribution is assumed over the
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Fig. 14 - Displacement Functions for Triangle —- Geometric Stiffness
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triangle which may be expressed in terms of element nodal point stresses
shown in Fig, 12 as

Y44 %1 %% %s3|i{%1

Ta2f T |%1 %2 Ty3[)%2

(16)

T T T T

12 1 2 3 [{%3

By noting that $ " and ¢ y are constant, the evaluation of ig, Eq. 10, is
| ]

greatly simplified. We need only to integrate Eq. 16 over the volume of

the triangle which yields

-L."E = Asfe
!v 11 dv 3 (cxl -+ T + °x3) At 9o

At

Iv T5o dv 3 (oyl + Uyz + °y3) At ayo (17)
A+t

Iv T dv 3 (1'1 + T, + 13) = A-t-to

where A Uyo and T, are simply the average of the corner element nodal

point stresses and t is the element thickness. Thus, Eg may be expressed

in matrix form as

By

- t

K% P2 22| (%0 %W |lPr P2 P3| e 9)
by a4 IT, Yvoll®21 %2 %

A quadrilateral geometric stiffness may be comstructed from pairs
of triangles. To obtain a more accurate geometric stiffness, two quadri-
lateral geometric stiffnesses may be constructed and added as shown

symbolically in the following figure:

1 4
+ 5 =

ra|




Triangles 1 and 2 are used to generate the first quadrilateral stiff-
ness while triangles 3 and 4 are used to generate the second quadrilateral
stiffness. The final quadrilateral geometric stiffness is simply taken
as the average of the first and second stiffnesses.

¢) Type 3G -- BEAM ELEMENT

For buckling normal to the web, only the geometric stiffness associated
with the beam element of Fig. 7 needs to be considered. The displacements
u, v, and w, are taken in the direction of X, ¥, and z, respectively, as
shown in Fig. 7. Linear distributions of the displacement v and the

rotation Gi are assumed as

v = {(1-6), £} {, - (29)

6z = {(1-6), £} {,_} (20)

By considering only the in-plane stress in the X-direction and recogniz-

ing that u = 0, Eq. 4 has the following simplified form:

[ 18
X 2 2
Ug = Iv T11 M1 dv Iv 2 (v’i + w.i) dv (21)
From Eq. 19 we have
) 51
y2

and by noting that w = }-ei, Eq. 20 becomes
®21

e:‘:z

w = §-e§ = y+{(1-8), &} (23)
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and

60—
Z f-z, 13 - (24)
W= -1,
o 2 622
By substituting Eqs. 22 and 24 into Eq. 21, we obtain
Ug =% f_ —=54{{6=,, 6=,1 {-1 1} 1 +
v 12 ¥y1® “y2 1 552
\
) -1 3]
F {80 85l {~1 1} §,_ r dv (25)
%1’ "xR2 1 sz J

Then by assuming o2 to be constant over the flange width with a linear
variation in the X-direction, we can write

%1

o = {(1-8), &} {__ (26)
x2

where 9=y and oz, are nodal stresses at X = 0, X = £, respectively.
Substituting Eq. 26 into Eq. 25, performing the required intergration
and taking partial derivatives with respect to the nodal point displace-

ments and rotations we obtain the following geometric stiffnesses.

PG?Z -1 1 6;2
Moz1 1 =1 18
M - -1 1 8-

Gx2 x2
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where

6. = (ELT TE2, £ob
1 2 L

D

Gy, = =) 131

In the lateral buckling analysis of wide flange beam, only the
geometric stiffness of Eq. 27 1is considered. On the other hand, Eq. 28

should be included in predicting local (torsional) buckling of the flange.

2-6 The Element Assemblage

The stiffness matrix of the complete assemblage is obtained by the
direct stiffness procedure (APPENDIX I). It consists of first deriving
the individual element stiffnesses in terms of element coordinates, as
previously described, followed by a coordinate transformation and the
subsequent superposition of each element stiffness to form the stiffness
of the complete assemblage. This applies to both the conventional and
the geometric stiffnesses. The coordinate transformation is performed by
rotating the element coordinates, so that the translational and rotational
degrees of free&om of all elements which share a common nodal point are
expressed in the same coordinates. The superposition of each transformed
stiffness is accomplished by adding its individual terms into the complete
stiffness matrix according to the element nodal point numbers.

The element assemblage of two-dimensional elements may consist of
Type 1C combined with Type 1G (16), or Type 2C also combined with Type 1G
(18) for wide-flange beam buckling analysis. The element assemblage of
two-dimensional web elements and one-dimensional flange elements, which
is used in the BASP computer program, consist of the combined use of

Type 3C with Type 2G and Type 3G.
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2=7 Determination of Buckling Load

The conventional and geometric stiffnesses of Eq. 1 are symmetrical
and banded. These properties are recognized in the solution. Even with
the relative economy offered by these properties, the solution of Eq. 1
poses a computational problem of considerable magnitude. Although Eq. 1
represents the standard eigenvalue problem, the order of this matrix
prohibits the use of well known algorithms based on direct methods.

Inverse iteration was used for the solution of Eq. 1 (7, 2B). It
generally converges to the smallest load which would cause the structure
to buckle. It should be kept in mind that a positive A means the buckling
load is in the same direction of the applied loading, whereas a negative A
implies a complete reversal in sign of the applied loading. If the applied
loading cannot be reversed, a negative A would represent a fictious loading
which should be ignored. Unfortunately a negative A may be obtained if it
is smaller in absolute value than the smallest positive A. This was avoided
as described herein.

Eq. 1 may be made to converge to the smallest positive A by shifting
the origin of the eigenvalue calculation from zero to a positive value,

The shifting procedure is applied to Eq. i by letting A = Y48 in which

8 = a ghift; and X = the shifted eigenvalue. Then we have

(R ){r} + (X + s){Kg]{r} = 0 : (29)

or by rearranging

[K]{r} = -l[Kg]{r} (30)

in which {K] = [K ] + s[K . Eq. 30 is solved for X and thus A by the
inverse iteration procedure as well as the buckled mode shape. Upon con-
vergence, the buckling load is computed by multiplying A by the applied

loading.
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CHAPTER III - COMPUTER PROGRAM

3-1 Introduction

The computer program, Buckling Analysis of Stiffened Plates--BASP (1),
provides a general capability for the buckling amalysis of wide flange beams
having stiffener elements placed symmetrically about the beam. The heam
web is idealized by two-dimensional finite elements while the flanges are
idealized by conventiocnal cne-dimensional elements. Arbitrary planar
geometry, loadings, boundary conditions and elastic restraints may be
accurately represented. This procedure accounts for the cross-section
distortion as well as local buckling of the web and torsiomal buckling of
the flanges.

The program consists of two types of analysis, the first one is the
stress analysis upder the spplied loadings and is called in-plane stress
analysis or membrane analysis. The second one is the buckling analysis,
which uses the stresses calculated under the applied loading, and it is
sometimes called the out-of-plane buckling analysis.

The problem is treated as a linear-elastic buckling proﬁlem. Inverse
iteration is used to solve the resulting eigenvalue problem, yielding the
smallest load causing buckling. This program is restricted to the deter-
mination of buckling normal to plane of web. In the linearized problem,
buckling in the plane of the web is uncoupled from that normal to the web

end hence may be ignored.

3-2 Use of the Program

1. A global Cartesian coordinate system, x, ¥y, and z, as shown in
Fig. 15 must be chosen for the structure to be analyzed., The midsurface

of the plate (web) is contained in the x-y plane.
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X,v,w = displacements in x-,
A YV y- and z-directioms
fx = slope about x = (a_w)
3y
by = slope about y = (2%2
» t L K
, plate
element
z,v O > 5 pN—
Bx XU I J

Fig. 15 - The Sign Convention for the Displacements
and Rotations at each Nodal Point

[ T e
—> ! 4— b T
1 8|
t ol le—— d
w 1
J' I j.i
H [ S S

.,_ T
- - T I
] -__lﬁ" i : : -
A - e o™ |__-plate element
’.-—" i : " ___-." _.-r | —L/-
! + - | !
P |
= |
z X _ stiffener elements
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b = width of flange stiffener element

bs = width of web stiffener element

Fig. 16 ~ The Idealization of Wide-Flange Beam
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2. The structure is ideslized as an assemblage of quadrilateral plate
elements and uniform stiffener elements, as shown in Fig. 16. Use of only
one type of element, like only plates or stiffeners, is permitted.

3. Nodal points are numbered sequentially. Plate elements and
stiffener elements are numbered separately. All numbering should begin
with the interger 1. The nodal point numbering should run in the direction
of the smallest number of division in order to minimize the nodal point
half band width of the assemblage, which is governed by the maximum element
nodel difference. Quadrilateral plate elements have four nodal points,

I, J, K, and L. Element nodal point numbers are input in a counterclockwise
sequence in either direction for input.

%, In-plane analysis involves two degrees of freedom at each nodal
point, which are displacements u and v in x- and y-directions. The out-of-
pPlane analysis requires three degrees of freedom at each nodal point and
these are‘displacement w in z-direction and rotations Bx and By. The sign
convention shown in Fig. 15 is used for the displacements and rotations at
each nodal point.

5. The first part of the output consists of the nodal point displace-
ments u and v, vwhich are in x- and y-directions respectively, and the
computed stresses under the applied loading. The second pert of the output
consists of the eigenvalue, X, and the corresponding normalized eigenvector.
Where X = critical load/applied load, and the eigenvector corresponds to
the buckled mode shape. The latersl displscements and two rotstions about
x- and y-axes are printed for each nodal point.

6. This program is dimensioned for a maximum of 9C nodes, 60 plate
elements and 65 stiffener elements. The maximum sllowable number of plate

elements in the short direction is 4.
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Abbreviations: A
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Alphanumeric Field: the max., unit Alphanumeric

Field in this program is 4.

(=]
"

Integer value; must be packed to the right of the

field, and is always 15.

|
i

Floating point number, must be punched with a

decimal, and is always F1l0.0.

Identification of Run (A) - Two alphanumeric cards are needed

for each run. These cards may
contain any information related to
the run.

Identification of Problem (One card)

Cols. 1-5 (1)

11-80 (A)

Problem number; program stops when problem number
is zero or hlank.

Alphanumeric information for the descriptions of
the problem.

Control Data (One card)

Cols. 1-5 (I)
6-10 (I)
11-15 (1)

16=-20 (I)

21-25 (I)

26-30 (I)

31-35 (I)

36=40 (1)

NMBPTS:

NSPRM:

NBBPTS:

NSPRB:

Material Properties (Cne

Cols. 1-10 (F)

11-20 (F)

Modulus

(See pg. 34 for some options)

Number of plate elements
Number of beam elements (stiffeners)
Number of nodal points

Number of loaded nodal points for in-
plane analysis

Number of nodal points with displacement
boundary conditions for in-plane analysis

Number of nodal points with elastic
springs for in-plane analysis

Number of nodal points with displacement
btoundary conditions for out—of-plane
buckling snalysis

Number of nodal points with elastic
gprings for out-of-plane buckling analy-
sis

card) (See pg. 34 for some options)

of Elasticity

Poisson's Ratio
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Nodal Coordinate Generation (Straight lines)

Cols.

(1)
6-10 (1)

1-5

11-15 (I)
21-30 (F)
31-40 (F)
L1-50 (F)

51-60 (F)

Node I of straight line

Node J of straight line (J2I)

Nodal point increment (INCRN)

Global x
Global y
Global x

Global y

cocrdinate

coordinate

coordinate

coordinate

of point I; (X1)
of point I; (Y1)
of point J; (X2)

of point J; (Y2}

The straight line is divided into (J-I)/INCRN egual parts and the

intermediate global nodal coordinates are computed.

If only a single point is input, J, INCRN, X2 and Y2 may be left

blank.

Note:

must be taken to generate the nodal coordinate of the last node number in

the last card.

B

Generstion stops if I or J is equal to NUPTS.

Nodal Point Rumber System Generation for Quadrilateral Plate

Elements (No card is needed if NUMEL = O)

Cols.

(1)
6-10 (1)

1-5

11-15 (1)
16-20 (I)
21-25 (1)
26-30 (I)
31-35 (I)
36-40 (I)

From element number (N1)

To element number (XN2)

Nodal point number increment (INCRN)

Element number increment (INCRE)

Hode number I of element N1

Node number J of element N1

Node number K of element N1

Node number L of element N1

Nodal points are generated for quadrilaterals N1, K1 + INCRE, N1 +

2*INCRE,....N2 with nodal point increments of INCRN.

If an individual

element is input, N2, INCEN, and INCRE may be left blank.

Therefore, card
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Note: Generation stops when K1l or N2 is equal to NUMEL.
7. Nodal Point Kumber System Generation for Beam Elements (Stiffeners)
(No card is needed if NUMBM = 0)
Cols. 1=-5 (I) From element number (N1)
6-10 (I) To element number (N2)
11-15 (I) Nodal point number increment (INCRN)
16-20 (I) Element number increment (INCRE)
21-25 {I) Node number I of element N1
26-30 (I) Node number J of element N1
Nodal points are generated for beams K1, N1 + INCRE, N1 + 2*¥INCRE,....
K2 with nodal point increment of INCRN. If an individual element is input,
then N2, INCRN and INCRE may be left blank. Stiffeners should have their
own independent numbering system starting from 1.
Note: Generation stops when N1 or N2 is egual to NUMEM.
8. Generstion of the Properties of Quadrilateral Plate Elements
(No card is needed if NUMEL = 0)
Cols. 1-5 (I) From element number (N1)
6-10 (I) To element number (N2)
11-15 (I) Element number increment (INCRE)
21-30 (F) Thickness of plate element
If an individual element is input N2 and INCRE mey be left blank.
Note: Generation stops when K1 or N2 is equal to NUMEL.
9. Generation of the Properties of Stiffener Elements
(No card is needed if NUMBM = 0)
Cols. 1-5 (I) From element number (N1)
6-10 (I) To element number (N2)

11-15 (I) Element number increment (INCRE)
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21-30 (F) Thickness of stiffener
31-40 (F) Width of stiffener
If an individual element is input, N2 and INCRE may be left blank.
Note: Generation stops when N1 or K2 is egqual to NUMBM.
10. Generation of Nodal Point Loads
(No card is needed if NLPTS = 0)
Cols. 1-5 (I) From node (I)
6-10 (I} To Node (J)
11-15 (I) Node increments (INCEN)
21-30 (F) Load in x~direction
31-40 (F) Load in y-direction
11. Generation of Specified Boundary Conditions for In-Plane Analysis
(No card is needed if NMBPTS = 0)
Cols. 1-5 (I) From node (I)
6-10 (I) To node (J)
11-15 (I) Node increments (INCRN)
16-20 (I) Displacement in x-direction (u)
If = 1; x-displacement is specified
If = 0 or blank; free to displace
21-25 (I) Displacement in y-direction (v)
If = 1; y—displ&cement is specified
If = 0 or blank; free to displace
31-40 (F) Specified value of x-displacement
41-50 (F) Specified value of y-displacement
12. Generation of Elastic Spring for In-Plane Analysis
(No card is needed if NSPRM = 0)
Cols. 1~5 (I) From node (I)

6-10 (I) To node (J)

11-15 (I) Node increments (INCRN)



21-30 (F)
31-k0 (F)

13.

x-spring constant

y-spring constant

Generation of Boundary Conditions for Out-of-Plane Buckling

Analysis (No card is needed if NBBPTS = 0)

(I)
6-10 (I)

Cols. 1-5

11-15 (I)
16-20 (I)

21-25 (1)

26-30 (I)

1k,

Generation of Elastic

From node (I)

To node (J)

Node increments (INCRN)
Displacement in z-direction (w)
If =1, z-displacement is zero

If = 0 or blank, free to displace
Slope about x-direction (e )

If = 1; slope is zero
Ir 0 or blank; free to rotate

Slope about y-direction (8 )
If = 1; slope is zero
If 0 or blank; free to rotate

Springs for Out-of-Plane Buckling Ansalysis

(No card is needed if NSPRB = 0)

(1)
6-10 (I)

Cols. 1-5

11-15 (I)

21-30 (F)

31-k0 (F).

41-50 (F)

From node (I)

To node (J)

Node increments (INCRN)

z-spring constant (latersal)
Rotational spring constant about x

Rotational spring constant sbout y

15. Initiasl Mode Shape Generation (Eigenvector)

(X
6-10 (I)

Cols. 1=5
11-15 (1)
21-30 (F)
31-L0 (F)

41-50 (F)

From nodal point 1

To nodal peint J

Nodal point increment (INCRN)
Lateral deflection

Rotation about x (ex)

Rotation about y (By)
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The iterative process used to find the eigenvalue usually closes
faster if the approximate buckling shape is input. In general, however,
all displacements and rotations are assigned a value of unity.

Note: Generation stops if I or J is equal to NUPTS.

16. Iteration Control Data Card (One card)
Cols. 1-5 (I) Maximum number of shifts to be made (JMAX)

6-10 (I) Maximum number of cycles before a new shift
is made (IMAX)

11-20 (F) A factor (51.0), which is to be multiplied by
the current eigenvalue each time JMAX is
increased, and is used as a shift for the
next IMAX number of cycles

21-30 (F) Estimated eigenvalue--shift

Iterations close much faster if the approximate eigenvalue (buckling
stress) is known, otherwise it is safer to input zero as & shift. Over-
estimating the shift value may lead to the czlculation of an eigenvalue
and thus a buckling stress higher than the lowest one. After the first
IMAX number of iterations, the current calculasted eigenvalue is multiplied
by FAC, and used as a shift for the next IMAX number of iterations. This
continues until either the convergence criteria is satisfied or when
JMAX*IMAX iterations are completed. There is no general rule for an
optimum JMAX, IMAX, and FAC combination, but experience has shown that
JMAX = 3, IMAX = 10, FAC = .8 is a fairly safe set of values to use.

If the eigenvalue obtained is negative, then the solution corresponds
to the case where the input loading is reversed. This will be a valid
solution only if the beam is perfectly symmetric about the longitudinal (x)
axis. If the solution is not valid then a shift other than zero should be

used. A good rule is to use a shift equal to the absolute value of the

negative eigenvalue.
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Any number of problems may be solved in & single run. Esach problem

requires a separate data deck beginning with & Problem Identification Card

and ending with an Iteration Control Date Card. Put & blank card at the

end if no other problem is required.

OPTIOKRS - BASP

Torsional buckling opticn for beam effects
If = 0; no torsional buckling of beam elements is considered

If = 1; torsiocnal buckling of beam elements is considered

A. On the "Control Data" Card
Column 45: QOutput option¥®
If = 0; long output is printed
If = 1; medium output is printed
If = 2; short output is printed
Column 50:
B. On the "Material Properties" Card
Column 35:

Mode shape plot option for I-beam and narrow rectanguler
beams

If = 0; no mode shape is plotted

If = n; mode shape is plotted, where n = no. web plate
elements over the depth of the beam

*
The short output prints the input data, the final eigenvalue and the

buckled shape.

The medium output, giver. in eddition to the above, the coordinate system,
the in-plane stresses, and the eigenvalue at each iteration.

The long output gives all of the above plus the buckled shape at each

itersetion.



35

CHAPTER IV - RESULTS OF ANALYSIS

Problems for which classical solutions are available were selected

as examples s¢ that the accuracy of the finite element program could be

checked.

The results computed by the BASP computer program are compared

to the analytical solutions of Timoshenko (25) and, when available, to

results determired by another computer program (18).

4-1 Numerical Examples

The following numerical examples, which were worked using the BASP

computer program, are presented in this report:

Problem 1:

Problem 2:

Problem 3:

Problem U:

Simply Supported Wide-Flange Beam Under Concentrated Load
at the Midspan.

case (a): applied load on top flange. (Fig. III-la)
case (b): applied load on centroid of beam. (Fig. III-1b)

case (c): applied load on bottom flange. {Fig. III-lc)

Simply Supported Wige-Flange Beam With Uniform Load.

case (a): applied load on top flange. (Fig. III-2a)

case (b): applied load on centroid of beam. (Fig. III-Z2b)
case (c¢): applied load on bottom flange. (Fig. III-2c)
Cantilever Wide-Flange Beam Under Concentrated Load at
Centroid at Free End.

case {a): wuse 150 inch length. (Fig. III-3a)

case (b): wuse 300 inch length. (Fig. III-3c)

Simply Supported Wide-Flange Beam With Lateral Constraint
at the Ends.

case (a): applied concentrated load at centroid at
midspan. (FPig. III-ka)
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case (b): applied uniform load on centroid of beam.
(Fig. III-Lb)

Problem S5: Simply Supported Wide-Flange Beam With Intermediate
Lateral Support.

case (a): applied a concentrated load at centroid at
midspan. (Fig. III-5a)

case (b): applied uniform load on centreid of beam.

(Fig. I1II-5b)

Problem 6: Simply Supported Wide-Flange Beam Under Constant Moment.
(Fig. III-6)

The beam cross-section properties and the discretization used in the
above examples are shown in Fig. 17. The necessary values for solving
Timoshenko's equations are also shown in Fig. 17, in which: 1) E =

Young's modulus; 2) u = Poisson's ratio; 3) G = shear modulus = E/2{1+u);

4) J = torsion constant = t3(2b+h)/3; 5) C, = varping constant = th2b3/2h;

6) C = CJ = torsional rigidity; 7T) C, = EC

- warping rigidity; 8) Iy =

the moment of inertia of the cross section about y axis.

Table 1 gives the input boundary conditions used in the examples
studied using the BASP computer program. The notations u, v, w, ax, and
ey are the displacements in the x-, y-, and z-directions and the rotations

about the x- and y-axes, respectively.

L-2 Specification of the Load for Input in the BASP Computer Program

() Simply Supported Beam Under Constant Moment.
Consider & beam subjected to constant moment, as shown in
Fig. 18. The end moments can be replaced by a couple of
magnitude P = M/d where d is the distance between the centroid

of the flanges (12).
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(b) Beam Subjected to Uniform Load.
A uniform load is idealized by concentrated loads
P = wi/n at internal nodal points and P = wt/2n applied at
the end nodal points, as shown in Fig. 19, where w is the
lcad per unit length, £ is the length and n is the number of

horizontal divisions.

4L-3 The Critical Load

The results obtained from the BASP computer program and the theoret-
ical results computed by equations given in Timoshenko (25) are shown in
Table 2. As can be seen in this table, the results of the BASP computer
program compare favorably with the solutions given in Timoshenko.

Three of these solutions are available in Johnson's paper (18). For
problems la and lb, Johnson, using 117 nodal points and 96 elements for
a half beam analysis, found the critical loads of 146 kips and 198 kips
as compared to the BASP computer program results of 147 kips and 196 kips,
respectively. For problem 3a, Johnson used the same mesh as above, but
considered the whole beam, and found the critical load of 308 kips as
compared to¢ the BASP computer program resuit of 315 kips. Although both
results are close to the theoretical results computed from Timoshenko,
the BASP computer program simplifies the coding of the required data and
the computation time for a given problem is reduced.

It is important to note that the problem has to be rerun to cbtain
higher eigenvalues if the initial solution gives a negative eigenvalue,
except for beams which are perfectly symmetric about the longitudinal (x)
exis., This is accomplished by using the absolute value of the negative
eigenvalue as input data (instead of zero) in the shift position on input

card number sixteen. (page 33)
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M M

P = M/d P = M/d

P = M/dj _» P = M/d
o

Fig. 18 - Simply Supported Beam Under Constant Moment
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Fig. 19 - Beam Subjected to Uniform Load
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A subroutine in the BASP computer program uses the Calcomp Plotter
to graph the buckled mode shape of the beams. These graphs show the
normalized lateral displacements of the top and bottom flanges and the
centroidal axis. The buckled mode shapes of the thirteen examples are
presented in Appendix III.

An IBM 370/158 computer system was used to solve sll the numerical
examples presented in this report. Table 3 is included to give an indi-
cation of the running time and costs inveolved in working these protlems.

Three different output options may be selected when running the
BASP computer program. The medium and short cutput for the beam sub-

Jected to constant mcment (problem 6) are given in Appendices IV and V.
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CHAPTER V - CONCLUSIONS

The finite element procedure and a computer program for beam buckling
have been presented. Comparison of the results of the BASP computer
program to the results computed from Timoshenko's equations show that
excellent accuracy may be obtained.

The BASP computer progrem may be applied to simply supported wide-flange
beams with stiffeners, lateral restraints, and various rotational
restraints against lateral buckling.

The point of application of the load over the depth of beam, as it
influences buckling, may be determined as evidenced by problems 1 and

2. It is interesting to note that the critical load is less when
applied on the compression flange than when applied on the tension
flange.

Applying a lateral constraint on a beam will give higher buckling load
than a beam without lateral constraint. This result is shown in problems
4 and 5.

The BASP computer program is limited to linear elastic buckling. Lateral
torsional buckling was evident in all examples presented.

The results of the BASP computer program compare favorably with the
results of another computer program {18) where the beam is idealized

as an assemblage of two-dimensional finite elements as shown in Fig. la.
The advantages of the BASP computer program is that it uses a one-
dimensional beam element for the flanges which simplifies the coding

required and the computation time for a given problem is reduced.
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APPENDIX I - THE DIRECT STIFFNESS METHOD

(a) Derivation of element force-displacement equation

For each element, relationships between forces and displacements at
the node points can be derived in matrix form referred to the local
coordinates:

{r} = [R1{s)
where {f} and {§} are column matrices of forces and displacements respect-
ively at the nodes, and [K] is a square, element stiffness matrix referred
to the local coordinate axes.

(b) Transformation of the element stiffness matrix

Each element stiffness matrix is then transformed from the local
coordinate system to the global coordinate system of the complete structure
(21) by the transformation equation.

(x] = [r17[x1lT] FLar]
where [K] is the element stiffness matrix referred to the global co~
ordinates, [T] is the transformation matrix relating the local coordinates
and the global coordinates, and ['I']T is the transpose of [T].

{c) Assembly of the total stiffness matrix

The element stiffness matrix can be expressed as

Ky Ki

ii
k] = (1-2)

TR
for each element. The superscripts refer to the element number and the
subscripts are referred to the joint name as shown in Fig. I-1. For the
entire structure, the total stiffness matrix is obtained by superposition

of each of the element stiffness matrices which gives
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K=|o0 K_id K‘E_k 0 0 (1-3)
0 KiJ 0 Kfl 0
L ?
I o 0 T ol

It is easy to visualize that member 2 connecting joints J ané k will only
influence the equilibrium equations of these two joints, and therefore
3 -
will only affect the elements KJJ’ Kjk’ Kkj’ and Kkk of the complete
structure stiffness matrix.
The force-displacement relation for the entire structure is then

{r} = [KI{U} + {F_} (I-4)

Fig. I-1 Element Assembly
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vwhere {F} is the column matrix of applied external loads including reactions,
Fo is the column matrix of nodal forces introduced to maintain the initial
structural shape in the presence of thermal gradients or equivalent effects,
[K] is the total stiffness matrix, and {U} is the column matrix of actual
nodal displacement of whole structure.
(d) Determination of nodal displacements

The complete structural stiffness matrix [K] is singular and cannot
be inverted. However, the set of Egs. (I-l) can be arranged and partitioned

in the form

K., | K
F' 11 | 712y} u'
S T P S cing [P (e {I-5)
{R} EEliKQ;HC}

where {F'} are the specified loads applied to the structure, {R} are the
reactions at points of support or constrained deflections, {U'} are the
unknown displacements, and {C} are the specified displacements (zero for
undeformed support peoints). For the case where thermal gradients are

present, the column matrix of left side of Eqs. (I-L) includes Fo' l.0.4

F' = F - Fo. The unknown displacements may then be found as

{v}=IK

=1 .
0 Il (6.0 IR ¢ R EE (1-6)

The reactions can be cbtained in terms of the nodal displacements as,

(R} = [, {u'} + [k, ]{c} (1-7)

(e) Determination of stresses
In each element, stresses (or internal forces) may be found directly
from the nodal displacements (21):
{a} = [s]{8} (1-8)

where [S] is the stress matrix for the elements.
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APPENDIX II - STATIC CONDENSATION PROCEDURE

The term condensation refers here to the contraction in size of a
system of equations by elimination of certain DOF. The condensed equations
are to be expressed in terms of preselected DOF {dc} that are to be re-
tained, together with the surplus DOF {Ab}, to comprise the total original

DOF set. The original equations of the form

e

are to be condensed to the form
[ch] (a} = (F} (1I-2)

An approach to condensation is adopted that employs the concept of a
coordinate transformation. Thus, the objective is to construct the

relationships

{Ab} = [To]{Ac} (17-3)

4
¢

where [TO] is the desired transformation matrix. To do so we first solve

the upper partition of Eq. (II-1):

- -'l -l o
{a} = - [k, ] [chc]{ac} + [xbb] {F} (1I-4)
Since the seccnd term on the right-hand side is constant for given loads,
the stiffness relationship between the DOF ({Ac} and {Ab}) is given by
-1
-[Kbb] [Kbcl' Noting also that {a_ } = [I]{Ac}, the following trans-
formation of coordinates can be written:

B |l IR

= I {Ac} = [To]{Ac}

A
c
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Applyirg this to Eq. (II-1l) in the manner of a conventional co-

a~

cordinaste transformation, ch and Fc of Eq. II-Z2 becomes

" -1
k_J = Erccc] - KK, ] ucbcil —_—

Ty

(F ) = [z, e 1= () - K] (K17 (F,) (11-7)
Note that this transformation, constructed on the basis of the relationship
between the DOF alone, serves also to transform the right-hand side vector.
These results would, of course, have followed directly by substitution
of Eq. (II-k) into the lower partition of Eq. (II-1). However, the notion
of condensation by means of & transformation of the DOF ([To]) proves
extremely valuable in dynamic and elastic stability analyses and may even

prove convenient from a programming standpoint in a linear static analysis.
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THE RORMALIZED BUCKLED SHAPE OF PROBLEMS
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INPUT DATA AND COMPUTER OUTPUT OF
PROBLEM 6 (Medium Output)
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EASP e 8 &
EXAMPLE PROBLEM.sss CHECKED B8Y Y.H.HWANG.
PRCB
113 $5 WF BEAM UNDER UNIFURM MOMENT {WFCLE BEAM) 2X2€ DIVISICNS
NUM OF ELEMENTS 52
NUM OF STIFF ELEMENTS 52
hUM OF POINTS gl

NUM CF LCADED POINTS 4
NUM OF MEMBRANE BCUNDARY PTS 2
NUM CF ELAST SPRINGSIIN-PLANE} 0
NUM OF SENDING BUUNDARY PTS 6
NUM OF ELAST SPRINGS(BUCKLING) 0

NOTE.«s SHCRT CUTPUT CPTICN IS USED easee

NOTE... GECMETRY FLCT CPTICN = 1]
+e« STRESS PLGCT CPYION | = Q
see BUCKLED SHAPE PLCT GPTICHN = 2

MOD OF ELASTICITY 0.300E 0%

PCISSCNS RATIC 0.300E 00

INPUT.es NODAL POINT CCORDINATES scae
FRQM..TGI .lNCRlocxlo .Yl..xz..?z..

-0.105E 02 0.3C0E €3 -C.1C5€ Q2

)3 79 3 0.0
2 8C 3 0.0 0.0 0.200E C3 c.C
3 -3 3 0.0 0.105E 02 0.300E 23 0.105E 02

INPUT.. NODAL PGINT NUMBER SYSTEM FOR QUADS ...
FROM ELEM..TO ELEM..NODE INCR..ELEM IANCRe«ellsl2/13,14...

1 51 3 2 1 4 5 2
2 52 3 2 2 5 6 3

INPUT... NODAL PCINT NUMBER SYSTEM FOR BEAMS, ...
FROM ELEM..TC ELENM,.NCDE INCR..ELEM INCRso..I1,[2.,



1 51 3 2 1 4
2 52 3 2 3 6

INPUTaae PROPERTIES GF QUADS coees
FRGH ELEMI..TO ELEH‘-.[Nch."THICKNESS...

1 52 1 0.100E 01

INPUT .o . PROPERTIES OF BEAY ELEMucee.
FROM ELEM..oTD ELEM.e e« INCR. 2o o THICKNESSas oW IDTHaw o

1 52 1 C.100E 01 C.100E Q2

X-COORDINATE Y-CCORDINATE
1 0.0 -0.1C5€ 02
2 0.0 0.0
3 0.9 0.105€ 02
4 0.11SE 02 -0.105E 02
5 0.115E 02 0.0
6 0.115€ 02 0.105€ 02
7 0.231E 02 -0.105E 02
8 0.231E 02 0.0
9 0.231€ 02 0.10SE 02
10 0.346E€ 02 -0.105€ 02
11 0.34&E 02 0.0
12 0.346E 02 C.105E 02
13 0.462E 02 -0.105€ 02
14 0.462E 02 0.0
15 0.462E 02. 0.105€ 02
16 C,577E 02 -0.105E 02
17 0.577€ 02 0.6
18 C.577E 02 0.105€ 02
19 0.692E 02 -0.105€ 02
20 0.692€ 02 0.0
21 0.6$2€ 02 0.105E 02
22 0.808E 02 -0.1058 02
23 0.808E 02 0.0
24 0.8C8E 02 0.105E 02
25 0.923E 02 -0.108€ 02
26 0.923E 02 0.0
27 0.922E 02 0. 105 02
28 0.104E 02 -0.105E 02
29 G.104E 03 0.0
30 0.104E 03 0.105E 02
31 6.115E 03 -0.105€ 02
32 0.115€ 03 0.0
33 C.11S5E 03 0.10SE 02
34 0.127E 03 -0.105€ 02
35 0.127E 03 0.0
36 0.127E 02 0.105E 02
37 C.138E 03 -0.105E 02
38 C.138E 03 0.0

39 0.133E 03 0.105¢ Q2



N=OOO=N0WwdWN -

ol

0.150E 03 -0.105E 02

C.150E 03 0.0
C.15CE 03 0.105E 02
C.16E 03 -0.105€E 02
0.162E 03 0.0
0.162E 03 0.105€ 02
0.173E 03 -C.105E 02
C.173€ 03 0.0
0.173E 03 0.105E 02
0.185E 03 -C.105E 02
0.182E 03 0.0
0.185E 03 0. 105 02
C.196E 03 -0.105E 02
C.15&E 03 0.0
0.196E 03 0.1G5E 02
C.208E 03 -0.105E 02
0.20BE 03 0.0 '
0.2C8E 03 C.105E 02
0.219€ 03 -0.105E 02
0.219E 02 0.0
C.215E 032 0.105E 02
0.231c 03 -0.105E 02
0.231€ 02 0.0
0.231E 03 0.105€E 02
0.242E 03 -0.133E 02
0.242E 03 c.C
C.242E 03 0.105€ 02
0.254E 03 ~-C.105E 02
0.254E 03 0.0
0.254E 03 0.105€E 02
0.265E 03 -C.105E 02
C.265E 03 0.0
0.265E 03 0. 135 02
0.277€ 03 -0.105E Q2
C.277E Q3 c.0
0.277E 03 0. 105 02
C.288E 03 -0.105E 02
C.288E 03 Cc.0
0.288E 03 C.105€ 02
C.300E 03 -0.105E 02
0.300E 02 0.0
0.300E C3 0.1C5E 02
ELEM NOCES (1,J,K,L) - THICKNESS
1 4 5 2 C.100€E
2 5 6 3 C.100E
4 7 8 5 C.lC0QE
5 8 9 6 C.100€
7 10 11 g 0.103€
8 11 12 S C.100E
10 13 14 11 0.100E
11 14 15 12 0. 100E
13 16 17 14 C.100E
14 17 1 §:) 15 0.100E
16 19 20 17 G.1C0E
17 20 21 18 C.10CE



PLATE STIFFENERS...

O @~ b

£V R o B O VU

10

13
15
16

19
21
22

22
23
25
26
28
29
i1
32
34
35
37
38
40
41
43
44
46
47
49
50
52
33
55
56
58
59
€l
62
(-2
&5
&7
&5
70
Tl
73
14
76
17
19
80

NCDES {I4J)eee THICKNESS...

0.100€
0.100E
0.1C0E
0.100E
J. 130E
0.10CE
0.100E
0.1G0¢t
0.1COE
0.10CE
O.1CCE
0.100E
G.190E
0.1C0E
0.100E

C.100€E
C.1CCE
C.100€E
C. 100E
C.100E
C.100E
C.100E
0.100€
C.100E
€. 100E
C.100E
C.1CQE
0.100E
C.100E
C.100E
0.100€E
€. 1CCE
C.10GE
C.130E
C.10GE
0.100E
3.100€E
C.1QQE
C.100E
€. 100QE
C.100E
C.100E
(. 1CCE
C.100E
C.100E
C.100€
0.100E
C.10CE
C.100E
C.100E
C. 1CGE
0.100€
C.100E
C.100E
0.100E

0.lQ0E
0.100E
C.100E
0.100€
0.102E
0.130E
0.1C00E
- 0.1CQE
0.10CE
0.100¢E
C.1C0OE
0.1CCE
3.103E
G.1CCE
0.1C0E

WICTFaouae

c2
D2
02
02
02

68



16 24 27 C.1G0E Gl 0.1C0E C2

17 25 28 G.100E 01 0.100E 02
18 27 30 C.1Q008 Cl C.lC0E G2
19 28 31 0.100E 01 C.100E C2
20 30 33 0.100E 01 0.100E& 02
21 31 34 0.100€ Cl1 C.1C0E 02
22 33 26 0.1Q00€ 0Ol 0.100€ 02
23 34 37 0.130E 0Ol 0.100€ 02
24 36 39 C.1GO0E C1 C.1CO0E 02
25 37 40 C.100E 01 0.100E 02
26 39 42 0.l00E Q1 0.1CQ0E c2
27 40 43 0.100E 01 0.100E C2
28 42 45 0.100E 01 0.10Q0E Q2
29 43 46 C.10CE Cl1 C.100E C2
30 45 48 0.10CE Ol 0.100E 02
31 &é 49 C.1C80E 01 0.103E 02
32 48 51 0.1C0E ClL 0.100E 02
33 49 82 0.100E 01 C.100€E C2
34 51 54 C.1C0E 0l G.1C0E C2
35 52 55 0.100E Q1 C.1GC0E C2
36 54 57 0.100E 01 0.100E Q2
37 55 58 0.100E Q1 C.100E C2
38 57 60 J0.10CE C1 C.100E 02
39 58 61 0.100€ 01 0.190E 02
40 60 63 0.1CCE Cl 0.1COE Q2
41 61 €4 0.10CE 01 0.100E 02
42 63 66 0.100E 01 C.1C0E C2
43 64 &7 0.100E 01 C.10CE C2
44 66 &9 0.100E Ol 0.100E Q2
45 67 10 0.1CGE C1 C.1Q0E C2
46 69 72 0.1CO0E 01 0.100E Q2
47 70 13 J.1C0E 01 0.100E 22
48 T2 15 . 0.10CE C1 0.100E C2
49 T3 76 0.100& 01 0.1l00E 02
50 75 78 C.1CCE 01 0.1CCE C2
51 76 19 0.100E 01 0.1CO0E C2
52 T8 8l 0.100E Q1 0.100E Q2

INPUT.. APPLIED LGCADS...
FP\GH NDDE..-TQ NOCE...INCR...X—LCADQ..Y-LC#\U..-

1 1 1 -0.100€E 02 0.0
3 3 1 0.100E 03 0.0
79 19 1 0.100E 03 0.0
81 81 1 -0.100E 032 0.0

INPUT ... IN—PLANE BOUNDARY CCNDITICNS...
FROM NODEaeoTG NCDEwasoeINCReesCEFLXe e e CEFLYw e e VALUEX e o o VALUEY 2w e

0.0
0.0



aves ELAPSED TIME BEFORE IN-PLANE SCLUTIGCN STARTS(SEC)=

«»=-ELAPSED TIME FGR IN~-PLANE SCLUTICNI(SEC)=

CGMPUTED NODAL PCINT DISPLACEMENTS,

NGDE

W m=~o WS-

X-DIRECTION

0.0

0.3673134E-01
0.7347828E-0C1
C.2839234E-02
0.3673128E-01
0.7063085E-01
0.5676340E-02
0.3673205E-01
N.6778783E-01
C.3510381€-02
C.3672G992E-01
0.6494545E~(01
0.1124C9€E-01
0.3672773E-01
0.621146EE-01
0.141682¢€8-01
0.36725615C1
0.5528319E-01
0.1659257E-01

.0.36723588~C1

C.564548CE-01
0.1581417E-01
0.3672157E-01
0.5362922E-C1
0.22€6334£E-01
0.36T1S63E-01
0.53E80628E-C1
0.2545075E-01
0.3&7178CE~O1
0.4798510E-01
C.2B826653E-01
0.3671605E-01
0.451€5683E-01
0.3108114E-01
0.367143701
0.4224789E-01
0.3389502E-01
Je3671274E-11
0.395309CE-01
C.3670868E-01
Q.3671130E-01
C.3671441E-01
C.3952255E-01
0.367101GE~-01

Y-DIRECTIGN

0.0
-0.370228CE-C3

0.2379896E-04
-C.3878140E-Cl
-0.3917250E-C1
-0.3878500€-C!
-C.T446116E-C1
-0.7484770E-01
=0.7446351E~01
~-0.107CL91lE CO
-2.1074955€ GO
-C.1C7C178E CO
-0.1364629E 00
-0.13684E7E CO
-C.1384617E CO
-0.1627963E 00
-0.1631817€ CC
-0.1627951E CQ
-0.13€3231€ CO
-C.1864C8LlE CC
-0.1860220€ Q0
~-0.2061464E Q0
-0.2065310E GO
-0.2061452E 00
-0.2231691E (O
-0.2235537¢€ CO
-0.2231681E 00
~-C.237C939E (¢
-0.2374T82E GO
-0.,2370930E 00
-0.241922%9E 00
-0.2483069E 00
-0.2479221E CO
-0.2556576€ CO
-0.2560415E 00
-0.255¢&5E7E CO
-0.2602990E Q0
-0.26C€&830E CO
-0.2602983E CO
-0.2561€482E QO
-0.26222Z1E CC
-0.26186476E COQ
-0.260321)53¢€ 00
-0.2606364€ COC

0.50

1.36
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0.3385802€E-01
0.42337106-01
C.3670894E~01
0.3108120€E-01
0.45152T¢E-01
0.35670788€E-01
0.282€345E-Cl
0.47S7COBE-01
0.367C705E—-01
0.2544444E-01
0.5073946E-0G1
0.3670636E-01
0.2262361E-0C1
0.5361131E-01
0.3670574E-01
0.15930054E-01
0.5643593E~01
0.3670523E-01
C.1657487E-01
0.5926368E-01
0.36T0485E-C1
0.1414631E-01
0.6209486E-C1
C.3670456E-01
C.1121453E-01
0.6492972E-C1
C.3670432E-01
0.8479260E-22
0.6776845E-01
C.367C434E-01
J.56403096-G2
0.7C61070E-01
0.3670681E-01
0.2796604E-02
0.7345623¢E-C1
0.3570652E-01
=0.5102914E-04

-0.2603047E
-G.25567C2E
-0.2560542¢€
-0.25564517E
-C.2475416E
-0.2433259E
-0.2476411E
-0.2371182€E
-0.2375329¢
-C0.2371176SE
-0.2231984E
-0.2235833E
-0.2231S81E
-0.2061793E
-0.20€5646E
-0.2C617S0E
-J.1860581¢E
-0.18B644328E
-0.1860579E
-0.1628316E
-0.15822178E
-0.1628315¢
-0.13645¢€4E
-0.136E83CE
=0.13649¢£2E
~C.1070484E
-0.1074358E
-0.1070483E

Ga

—0.7448375E-C1

—-D.T487124E-

o1

-0.7448429E-C1
-0.3879423E~-C1
~-C.32618636€E-01
-C.38767528-C1

0.0

-0.37063%8E-03

0.22€65653E~

COMPUTED STRESSES IN PLATE ELEMENTS ...

QUAD NUMeaoLCCAL NODES<.+«oGLUBAL NUDESe s eSIGXeeaSIGYeaaSICGXY uaus

NN N = et

w W

Ll T W

-

0.7BE
0.77E
-0.37E
"‘00355

AN B S

0.37E
0.37€
-0.78E
-0.73E

UVaowmr

0.77E
0.77E

-

ol
01
co
o]8

co
Ccl
ol

gl
ol

G.13E Q1
0.12€ 01
-0.12E Cl
-0.12E 01

0.12E 01
C.12E 01
-0.12E C1
-0.12€ 01

0.12E C1
0.12E Gl

C4

0.12E-01
C.12E-01
0.125-01

0.LiE-01
C.11€-301
0.11E-01
D.11E-01

0.83E-02
C.83E-92
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10
13
14
it

i3
16
17
14

14

1
IS

18
15

-0.36E

0.37E
0.37E
-0.78E

0.7TE
0.7TE
-0-37E
-0.37E

0.36E
0.35E
-O'TTE
=Q. 775

Ce 7TE
0.77TE
-C.37E
-0.37E

0.36E
0.36E
-0-775
-0.77E

Q0. 77E
0.77E
-OQBTE
-0.37E

0.36E
D.36E
-0I77E
=2.77E

Q.7TE
0.7TE
=-0.37E
-0.37E

J.36¢E
0.36E
-0.77E

0.77E
0.77E

00
06

00

01
Cl

o1
ol
0o
00

oo
ca
o1
ol

gl
Cl
co
a0

90

031
cl1

01

cc
Go

oo
o
o1
ot

03]
o1
00
0¢

[e]¢]
00
o1

ol
al

~-0.12E
-Otle

0.12E
0.12E
-O-IZE
=0 125

0.12E
C.12E
-0-125
-0 12&

0.12E
C.12E
=C.12E
-OIIZE

0.12E
C.12E
-0-125
‘OQIZE

O.12¢
0.12€
-0.12E
-C.12E

J0.12E
C. 12E
-0.12E
=-J. 12E

0.12¢t
C.12E
-0.,12E
-0.12E

0.12E
C.12E
~De le
-0. l2E

0. 12€
0.12E
-0.12E
-0-12E

Ce 12E
0.12E

ol
o1

01
ol
Cl
Gl

Ci

~
-

c1
ot

Gl
01
01
€1

Q1
a1

C.B83E-C2
0.83E-02

0.15e-01
C.15E-41
G.15e-0Q1L
0.15E-01

0.11E-01
C.11E-D1
C.l11E-01
0.11E-01

0.11€-01
C.11£-01
C.11E=-01
0.11E~-01

0-[05-01
C.10E~C1
0.10E-QL
0.10E-01

C.l11E-01
0.11E-01
0.11E-01
JellE=31

0.97E-32
C.97E-02
OOQ?E-OZ
C.G7E-0Q2

Q.99€E-32
€.99E-02
O-QQE-GZ
C.99E-02

0.89E-02
0.8%9E~02
0.3%E-02
C.8SE-C2

C.90E-C2
C.90E-G2
0.90E-02
C.G0E-C2

C.79€E-C2
0.79E-Q2
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13
13

14
L4
14
14

16
16
l6
16

17
17
17
17

18
18
18
18

20
20
20
20

21
21
21
21

22
22
22

23
23

W e W WM N TN S W SWN - E Ny N e HWN - £ ow

N -

23
26
27
24

26
29
30
27

28
21
32
29

29

K|
-

33
30

21
34
35
32

~-0.37E
-0.37E

0«.36E
0.36E
-0.77E
-0.77E

0.77E
0.77E
-00315
_0-375

0.36E
0.36E
-O-TYE
-0.77E

0.77E
0.77E
-0.37E

0.36E
C.36E
-0.7T7E

0.77E
0.77E
-0.37E

0.36E
D.36E
-0.T7E
-0.77E

0.77E
0.77E
‘00375
-0-37E

0.36E
O.36E
~0.77E
-0.7TE

0.77€
Q.77E

00

(s}
%)

01
Ci

ot
oo

b]]

00
ao
01

01
01

-00125
'O.IZE

0.12¢
C.12E
-0.12¢E
-OIIZE

C.l2E
0.12E
-0.12¢
-0.125

0.12E
0.12E
‘0-12E
-0.12E

0.l2E
0.12E
—0-12E
-0.12E

0.12E
0.12€
—Oole
'0.12E

0.12E
0. 12E
=-0.12E
=-0.12E

0.12E
0.12€
-0.12E
_OCIZE

0.12E
0.12E
‘0.125
-0.12E

0.12E
C.128
-0.12E
-0.12€

0.12€
0.12E

o1
Ccl

c1
o1
cl
al

ol
a1
01
a1

ol
01
cl
ol

o1
ol

cL-

ol

01
ol
ol
ol

ol
cl
oL
ol

C.79E-02
C.79E-02

0.82E-02
d.82E-02
t.82E-C2
0.828-02

0.£7E-02
0.67TE=-02
C.67E-C2
0.67E=-02

C.70E~-02

-0.70E-22

C.70E-0C2
G.70E-0Q2

0.56€-02
0.56E-32
C.5&E-02
0.56E~-02

0.59€E-02
0.59E-02
0.59E-32
0.59E-02

0.44€E-02
J.44E-22
0.44E-02
C.44E~-02

0.47TE-Q2
C.471E-C2
0.47TE-02

0.32€~02
£.326-02
0.32E-02
0.32€-32

C.36E-J2
C.38E-02
0.36E-02
0.36E-02

0.19E-02
C.l8E~-02
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23
23

24
24
24
24

26
26
26
26

WA e £l B e SN - S WN = PNV ] WY e oW

£

N

M-

W

a8
a5

35
38
39
36

40
43
44
41

41
44

42

43
46
47
44

47
48
45

46
49
<0
47

47
50

48

49

s
-

-O.3TE
-0'376

0.36E
0 .36E
*0.775
-0.77E

0.7TE
Q.77E
‘0.37&
-0.37E

0.36E
0.36E
_O-TTE
-0.77TE

0.77E
0.77E
-00375
‘0-3?E

0.36E
0.36E
-0.77E
~0.77TE

0.77E
0.77E
-0.37E
-0037E

0.366
0.36E
'0.775
-0.77E

0.T7E
0.77E
—0.3TE
-0u36E

0.36E
0.36E
-QQTTE
-0.77E

0.77E
0.77E

00
00
01
o1

0o
oo
oL
01

-0-125
-OOIZE

0.12€
0.12€
-OOIZE
-0.12E

C.1l2E
0.12E
—O.IZE
‘00125

0.12E
0.12E
-Dtle
‘OtLZE

0. 12E
0.12E
—OQIZE
-0.12E

0.12E
D.12E
-0-12E
’0012E

0.12E
0.12¢£
~C.12E
-0.1ZE

0.12E
~C.12E
—Ocle

0.12E
0.12E
-G.12E
-OOIZE

0.12¢
0.12€
-OOIZE
-0.12E

0.12€
0.12E

01
21
al
Q1

cl
o1
Gl
0l

0.19€-22
0.15E-02

0.22E~-C2
0.22E-02
0.22E-02
C.22E-02

0.56E-03
0.56E-03
0.56E-33
0.56E-012

C.S9E-03
0.99£-03
0.99E-03
0.99E-C3

-C.11E-C2
-0.11E-Q2
-0.11E=02
-0.11E-02

~0.60E-03
-0.560E~-03
-0.,6CE~-03
~0.60E-013

“C-ZEE“QZ
-0.26E-02
-0.26€-02
-0.26E-02

~0.21E-02
‘00215—02
—-Q.21E-02
-0.21E-02

-0.39E-02
~-0.39E~D22
~0.39E-02
-0.39E~02

-0.36E-02
-3.36E~22
=-0.36E~02
~0.36E-02

-0.53E-02
-3.53E-32

Th



33
33

34
34
34
34

38
38
38
38

39
39
39
39

49
40
40
40

&1
41

41

42
42
42
42

43
43

W

SN Lo N - SN N - SN FR U N N - S WN -

N ke

Fo Ny N

53
50

50
53
54
51

52

56
53

53

57
S4

55

59
56

56
59
&0
57

58

62
59

59
62
&3
60

61
&4

62

&2
&5
&6
&3

&4
&7

-0.36E
-0.356E

0.36E
0.36E
-0.7TE
-0.77E

0.7T7E
0.77E
-0.36E
—0.36E

0« 36E
O.36&E
-OOTTE
~0.77E

0.77E
0.77E
=-0.356E
-0.36E

0.356E
0.36E
-0.77E
-0.77E

0.77E
0.77E
=0.36E
—-0.36E

0.36E
0.36E
0. TTE
-0.77E

0.T7E
0.77¢E
-0036E
~0.36E

0.36E
0.36E
-0.77TE
-0.77E

0.7T7E
0.77€

00
00

00
00
03 §
o1

01

00
02

00
]
01
01

gl
ol
oo
oG

oo
00
c1
gl

o1

0o
0G

00
oc
ol
01

o1
01
0a
00

ao
ol
01

ol
01

-0.12E
-G.12E

0.12E
C.l2E
-Unle
-OQIZE

C.12E
C.1l2E
-0.12E
-0.12E

0.12E
0.12E
-0012E
-O-IZE

‘0.12E
0.12¢t
-0.12E
'Oole

0.12E
0.12E
*OOIZE
-0.125

0. 12E
C.12E
-0. 12E
-0-12E

0.12¢
0.12E
_00125
‘Oule

0.12E
0.12¢
“ODIZE
-0.12E

0.1Z2E
0.12E
-0.12E
-0.12E

0.12€
0.12E

a1
o1
01
Cl

Ccl
01
a1
c1

C1
01
g1
01

01
ol

-O-SBE-OZ
-0.535-32

-J3.49E-22
-C.49E-02
~0.49E-02
-O.AQE—OZ

~0.67E-02
-0.67E-02
~0.67E-02
-0.67E-22

-0.63E-22
—-0.53E-02
~0.53E-02
-0.83E-02

-J.78E-02
-0.78E-02
-0.78E-02
-0.78E-02

-0.75E-02
~-0.75E-Q2
-0.75€E~02
-0.75E-0Q2

~-0.B88E-Q2
-C.88E-Q2
-0.88E-02
-0.8BE-0Q2

-0.84E-C2
-0.84E-0Q2
-0.84E-02
-C.84E-G2

-0.58E-02
-0.98E-02
-0.98E-322
-0.$8E-02

-G.95E-02
~0.95E-02
-0.95E-22
~0.95€E-02

-0.11E~-01
-OsllE-Ol



43
43

44
44
44
44

45
45
45
45

&6
46
46
46

47

47
47

48
48
48
48

49
49
49
49

51
51
51
51

COMPUTED STRESSES 1IN

BN U N e T N DU e PR VLN SR W N e £ WN - N - S w

N TV

68
65

85
638
&9
&6

7l
T4
715
12

16

- 719

ao
77

77
B0

18

_0o36E
_0-3ﬁE

0.36E
Q.36E

-C.7TE

-0.77E

C.TTE
0.77E
-00375
?°t365

0.35E
0. 356E
-0.77E
-0.77E

0.77E
0.77E
-0.358E
-0'36E

0.36E
0.36E
-OUTTE
-0.77E

0.78E
C.78E
—0036E
-0.36E

0.3TE
D.37F
-0.78E
-0. 78E

0.78E
C.7BE
-0.35€
'D.37E

0.37E
0.37E
-0.78E
‘OoTBE

co
00

00
00
o1
ol

ot
ol
ac
0d

oo
fo3¢]

0l

01

00
09

el

ol
Q1

(0] §
o1
00
00

01
ol
cQ
o0

04
Q¢
o1
ol

-0.12E

0.12E
0.12E
-0.12E
‘0-125

0.12€
0.12E
'GCIZE
-Dole

0.12E
0.12E
-0-12E
-0.128

0.12E
0.12£

.-OCIZE
=0.12E

0.12E

O.12¢E
-0.125
-0.12E

0.12E
0. 12EF
-C.1l2E
-OOIZE

D.12E
0.12E
-0.12E
-0-125

0.12E
C.13E
-00125
“O.lZE

0.12E
C.12E
-G-IZE
'0.125

BEAM ELEMENTS.cee

al
01

o1
o1
C1
01

01
a1
cl
o1

21
cl
01
cl

-0.11E=Q1
'O.IIE-OI

-0.10E-01
~J.10E-J1
-0.10E-01
-0.10E-01

-DIILE-OI
=-0.11E-01
~0.11E~Q1
-0.11E-01

-0.11E-01
-0.11E-31
-0.11E-Q}
-0.11£-01

-0.12E-01
-0.12E-0L
-0.12E-Q1
-0.,12E-0}

-0.12E-01
-0.12E-C1
-0.12E-01
-0.12E-21

-0.98E-02
-0.98E-G2
-0.98E~02
-0.98E-02

-OQISE_Jl
-C.15E-01
-0.15E-01
-0.15E-01

-0.15E-01
~-0.15E-01%
-0.15E-01
-0.15E-91

-0-985'02
-0.98E-02
-0.98E-02
-0.S8E-02

T6



BEAM NUM.eoSTRESSeues

1 0.74E O1
2 =Q0.74E Q1
3 0.74E 01
4 -0.74E 01
5 0.74E 01
5 -C.74E 01
7 Q.74E 01
8 ~-C.74E Q1!
g C.74E Ol
10 -0.74E 01
11 0.73E 01
12 -C.74E Q1
13 0.73E 0Ot
14 -0.73E 01
15 0.73€ 91
16 -0.73£ Ol
17 C.73E 01
B =-0.73€ 01
19 C.73E 01
20 -C.73E 01
21 0.73E CL
22 -0.7T3E 0l
23 0.73€ 01
24 -0.73E 01
25 0.73E Q1
26 -0.7T3E 01
27 0.73E 01
28 -C.73E 01
29 C.73E 01
30 -Q.73E 01
31 0.73E 01
32 -0.73E Q1
33 C.7T3E 01
34 -0.73E Q1
35 0.73E 01
35 -C.73E 01
37 0.73E Gl
38 -C.T3E 01
39 0.73E 4Ol
40 -0.73E 01
41 C.74E 01
42 -Q.74E Ol
43 C.74E Q1
44 -0.74E 01
45 0.7T4E 01
46 -C.7T4E 01
47 0.74E 01
48 -0.74E 0!}
49 0.74E Q1
50 -0.74E 01
51 0.74E 01
52 -C.74E Ol

INPUT...BENDING BCUNCARY CCNOITIONS.s.s
FROM NODEeeeTO NODZeweINCRweoDEFLZe e e THETAX .o aTHETAY. v
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1 3 1 1 o
79 g1 1 H 0
»sss ELAPSED TIME BEFCRE EIGENVALUE SCGLN STARTS{SEC)=
INPUT MODE SHAPEsases
1 81 0.100E 01 0.100E 01 0.100E Q1

JMAX= 3 IMAX= 10 FAC= 0.800E 00 SHIFT=
SHIFT= (.0 TIME FOR THIS ITERATICNI(SEC)=
FOR JJ= 1 1= 1 EIGENVALUE= -0.82565E 01
SHIFT= Q.0 TIME FOR THIS ITERATICN(SECI=
FCR JJ4= 1 Ii= 2 EIGENVALUE= -0.25375E 01
SHIFT= Q.0 TIME FCOR TRIS ITERATICNISEC)=
FCR JJ= 1 If= 2 EIGENVALUE= -C.5624¢EE 01
SH1FT= Q.0 TIME -FGR THIS ITERATICNISECI=
FCR JJd= 1 II= 4 EIGENVALUE= -C.27233E 4O}
SKIFT= Q.0 TIME FOR ThlS ITERATICNISEC)=
FOR Ju= 1 I1= 5 EIGENVALUE= -0.96824E 01
SHIFT= 0.0 TIME FGR THIS ITERATICKISEC)=
FOR JJ= 1 IiI= & EIGENVALUE= -0.27459E 01
SHIFT= 0.0 TIME FGR THIS ITERATICN{SECLI=
FOR JJ= 1 1= 7

EIGENVALUE= -C.56665E 01

10.5¢

0.0

2.14

0.35

V.44

0.46

J.39
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SHIFT= 0.0
FOR JJ= L Ii=
SHIFT= 0.0
FOR JJ= 1 tl=

SHIFT= 0.0

FOR JJ= 1 11=

SHIFT= -0.22052E ¢l

FOR JJ= 2 Il=

SHIFT= -0.22052E 01

FCR JJ= 2 Ii=

SHIFT= -0.22052E Cl

FOGR JJ= 2 II=

SHIFT= -0.22052E 01

FCR Jd= 2 Ii=

SHIFT= -0.22C52E 01

FOR 4= 2° 1=

SHIFT= -£.22052E 01

FCR JJ= 2 II=

SHIFT= =0.22052E Cl

FOR JJ= 2 Ii=

1o

TIME FOR THIS ITERATICN(SEC)=

EIGENVALUE= -0.27513E 01

TIME FOR TRIS ITERATICN(SECi=

EIGENVALUE= -0.$543S5E 01

TIME FCR THIS ITERATICNISEC)=

EIGENYALUE= -C.2756EE 01

TIME FGR THIS ITERATICNISEC}=

EIGENYALUE= -0,&6117E 01

TIME FCR THIS ITERATICN(SEC)=

EIGENVALUE= -0.46S88E 01

TIME FGR THIS ITERATICN(SEC)=

EIGEANVALUE= -0.53831E 01

TIME FOR THIS ITERATICNISEC)=

EIGENYALUE= -0.50SS7E 01

TIME FOR THIS ITERATICNISEC)=

EIGENVALUE= -0.52137E 01

TIME FCR THIS ITERATICN(SEC}=

EIGENVALUE= —0.51£7EE Q1

TIME FCR THIS ITERATIENISEC)=

EIGENVALUE= -G.51860E Q1

d.43

0.29

0.45

D.41

0.42

0.25%
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SHIFT= -0.22052E 4l

FOR JJ=

2 IlI= &8

SHIFT= -0.22052E 01

FGR JJ=

SHIFT=

FOR JJ=

SHIFT=

FOR JJ=

2 1= ¢

-C.22052E 01

2 II= 10

-0.41443E Q1

3 I1= 1

SHIFT= -0.41443E Cl1

FOR JJ=

3 1= 2

TIME FOR THIS ITERATICNI(SEC)=

0.%1

EIGENVALUE= -~0.51786E 01

TIME FCR THIS I[TERATICN{SEC)=

U.37

EIGENVALUE= =-0.51816E 01

TIME FOR THIS ITERATICN{SEC)=

EIGENVALUE=

TIME FOR TrIS ITERATICN(SEC)=

-0.S1804E 01

2.11

EIGENVALUE= -0.51858E 01

TIME FCGR THIS ITERATICNISEC)=

0.3C

EIGENYALUE= -C.ES1857E 0l

NORMALIZED MODE SHAPE IS ceveese

NODE

[y
~OVOM=NC NS WM -

N bt bl ot s et ot s
CVO~NoCWVMSWN

NN
W N

LATERAL DISPL

0.1206¢&E 00
0.78632E-01
0.3685C0E-01
0.23%55E Q0
J.15610E 00
0.73155E-01
0.35492E 00
J.23127E 0OC
0.10838E 00
0.465CSE 00
0.30305E 0C
0.14201E 0O
0.56d45E 00
0.37038E CC
J.1735¢€E 00
2.66350E 20
0.4322SE 00
0.20255€E C¢C
0.74884E QO
0.48787E 0C
0.2285S€E 0GC

THETA-X

0.0

6.0

2.9
~0.40054E-02
-0.4C233€E-02
-0.3955%9E~-C2
-0.79527E-C2
-3.75481€E-02
-0.78533€E-C2
-0.11784E-0Cl1
-0.,11777E-C1
-0.11635E-0C1
-0.15433E-C1
-0.15246E-01
-0.1E878E-01
-0.188¢&3E-01
-0.18635E-01
-0.22036E-C1
-0.22%18E-C1
-0.21750E=-01
-0.24873E-C1
~0.24851E-01
-0.24247E-01

THETA-Y

~-0.10483E-Cl
-0.68289€E~G2
~0.22016E-C2
~0.10406E-CL
-3.67732€E-02
=-0.21779E-C2
-0.10176E~0C1
-J.,66282E-02
-0.31073E-C2
=0.97976E-C2
-0.563804E-C2
-0.29911E-02
-3.92757€E-02
-0.604G6E-02
-0.28311E-02
-0.86183E-92
-0.56115E-0Q2
-0.26299€E-C2
-3.78355E=-02
-0.51C1l3E-C2
=0.23926E-32
-0.69351E-C2
=J.45173E~C2
-0.21167E-32
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0.82324E 00
0.53633€E 00
0.25129E CC
0.885864E 00
0.57656E 00
0.27032F 00
0.93513€ 0C
0.6091SE 00
0.28541€ 00
0.STQGSE 20
0.63255E ©C
0. 29635 0OC
0.99212E CQ
0.646T0E 0O

-« 20298 CC
0.10000E 01
J.£5144E 0O
0.33520& 00
0.99272€ 0OC
0.6467CE QC
0.30298E 0OG
0.97098& 00
D.63254E 0C
0.29635E CC
0.9351CE 00
0.87517E 00
0.28541E 00
0.88560E OC
2.57654E 20
0.27032E 00
0.82318E CC
0.53629E 0OOC
0.25128E 0¢C
0.764878E 20
0.487T82E 00
0.22358E OC
0.66341E 20
0.43222E 00
0.20254E Q0
0.586837E 04
3.37031E 00
0.17354E 0C
0.46502E 0OC
0«.30299E 0O¢C
2.141%9E 2C
0.35486E COU
P.23123E 0OC
0.,10837E 0Q
0.23951E 00
0.,15638E OC
0.73146E-01
0.12064E OC
J.78621E-01
0.36845E-01

oo

« 0
«Q
Io

-0.27347E-01
—0.27320E~-01
-0.26%585E-C1
-0,29422E-01
-0.25261E-901
-~0.29030E-01
-0.31068E-01
-0.31034E-C1
-0.30652E-01
~0.32260E-01
~0.32225€~01
-0.31828E-0!
-0.32582E-C1
~0.32946E-01
~0.32540E-01
~0.32224E-C1
~0.33188E-01
~0.,327T78E-C1
~0.32581€E-01
~0.32946E-01
~0.32540E-C]
~0.22259E-0C1
~0.32224E-01
-0.31827E-01
~0.31066E~01
~0.21033E~01
~0.30&50E-01
~0.29420E~01
~0.253489E~C1
~0.29028E~CL
~-0.27345E~Q1
~0.27318E~C1
-0.26982E-01
~0.24872E~-0Q1
~0.24847E~01
~0.24543E~01
~0.22036E-Q1
~0.22014E~Q1
~0.21744E~01
~0.18€T78E~-C1
-0.18860E~01
~0.18629E~-01
~0.15443E-01

~0.15430E-QL

-D.12242E~C1
-0.11783E~(1
-0.11774E-C1
-0,121832E~C1
-0.,79516E-02
=0.79467E-02
-0.768519E-C2
=0.40044E-02
-0.4C026E-G2
-0.39554E-02

0.0

O-O

0.0

-C.55423E-02
-J.38674E-0Q2
-C.1B125E-02
-0.48599E~02
-0.31634E-C2
-0.14823E~-C2
~0.372783E-02
-0.24139E-C2
-0,.11309E-02
-0.,2502%2E-02
~0.16284E-C2
-0.76312E-03
~C.12600E~-C2
-0,82012E~-03
=3.33436E-03
0.25T726E~-0Q6
0.87325€E~0s
=0.20954€E-07
0.12606E-0Q2
0.81979€E-03
C.38430£-03
0.25C28€E~-02
0.1633JE-Q2
0.7631C0E-C3
0.37090E-02
0.26146E-02
0.11310E-C2
0.48613E-02
Q.31635E~-C2
0.14826E-02
3.59437E-02
0.38658BE-C2
0.18129E-02
J.69403E-0Q2
0.45183E-C2
0.21172E-02
0.78360E-G2
0.51028E-C2
0.23909E-02
0.B86179E~C2
0.56109€E-Q2
J.26300E-Q2
0.92T45E-(2
0.50391E-02
0.283C3E-Q2
0.97960E-C2
0.,63790E-22
0.29907E-C2
0.10175E-01
J.66265E-02
0.31069E~-C2
0.10404E-C1
0.6TTT3E-C2
D.31775E~C2
0.10481E-01
C.68281E-02
0.32011€e-02
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APPENDIX V

COMPUTER OUTPUT OF PROBLEM &
(Short Output)
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BASP  caee
EXAMPLE PROBLEMaw«a. ChECKED EBY Y.H.HWANG.
PROB
113 55 wWF BEAM UNDER UNIFORP MCMENT (WHOLE BEAM) 2X2& CIVISICNS
NUM OF ELEMENTS s2
NUM CF STIFF ELEMENTS 52
NUM OF POINTS gl

AUM OF LOADED POIANTS

NUM OF MEMBRANE BCUNDARY PTS
NUM OF ELAST SPRINGS{IN-PLANE)
NUM CF BENDING BCUADARY PTS
NUM OF ELAST SPRINGSIBUCKLING)

COONS

NCTE«.e SHORT CUTPUT CPTICN IS USED eeee

NOTE... GEOMETRY PLCT CPTICN = o
see STRESS PLCT CPYIGN S
+oe BUCKLED SHAPE PLOT CPTICHN = " 2

MOD OF ELASTICITY 0.300E 05
PCISSCNS RATIC 0.300€ 00

INPUT... NOCAL PCINT CCCRDINATES sses
FROMe e TO o INCRe s e Xlua¥1le X200V 200

1 79 3 0.0 -0.105E Q2 0.300E Q3 -0.105E 92
2 8o 3 0.C 0.0 C.30CE €3 C.C
3 81 3 0.0 C.105€ 02 0.3C0E 03 C.105E 02

INPUT.. KNODAL PCIAT NUMBER SYSTEM FOR QUACS ...
FRGH ELEH--TD ELEM..NUDE INCRC.ELEM I!\ICRO.-II}IZIIBII!’.‘.

1 51 3 2 L 4
2 52 3 2 2 -]

oW
W

INPUT .. NOOAL PCINT NUMBER SYSTEM FGR BEAMSe...
FRCM ELEM..TC ELEM..NCOE INCR..ELEM INCReowollsl2e.
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1 51 3 2
2 52 3 2

W =
o

INPUT... PRCPERTIES CF QUADS ecess
FROM ELEM.eaTO ELEMeceINCRoeea THICKNESSse o

1 52 1 0.100E Q!

INPUT .. . PROPERTIES OF BEAM ELEMeses
FROM ELEMes e TO ELEMe e INCR oo e s THICKNESSae o HI0THaw o

1 52 1 0.100E 01 0.1J0€E 02

INPUT .. APPLIED LOACS...
FROM NODE...TC NCDE..s-INCR.. -X—LCAD---Y-LCAD- e

1 1 1 -0.100€ 03 0.0
3 3 1 0.10CE 03 0.0
79 19 1 0.100E 03 J.0
81 81 1 -0.100E 03 0.0

INPUT... IN-PLANE BCUNDARY CCNDITIONS...
FROM NODEaws TC NOCEewoINCPasoDEFLXe ooCEFLY . o o VALUEX o0 oVALUEY ..

(=R =]
(=N =]

(=N =]
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eees ELAPSED TIME BEFCRE IK-PLANE SCLUTICN STARTSI(SEC)=

«ses ELAPSED TIME FOR IN-PLANE SCLUTICNISEC)=

INPUT...BENDING ECUNCARY CCADITICNS cena

0.71

FROM NODEeesTD NOCEe s alMCRoeaeDEFLZe « e THETAX oo e THETAY .4

«s e« ELAPSED TIME BEFGRE EIGENVALUE SOLN STARTS{SEC)=

INPUT MOBE ShAPE..sss

JMAX=

SHIFT=

FCR JJ=

81

3

o]

& C.100E 01

IHAX= 10

«51857E 01

1 i1= 3

= -

FAC=

TIME FOR THIS ITERATICNI{SEC)=

EIGENVALUE=

NORMALIZED MODE SHAPE IS ceeesss

NODE

Yo le - e SV B VO g

[l
WA~ O

LATERAL DISPL

(=& =]
oo

0.36933E-01
0.78706E-01
0.12072€ 04
0.7332CE-01
0.15625E 0C
0.23967E 0C
J.,10862E 00
0.23148E 0C
0.35510& 04Q
3.14232€ 00
0.30332€ 00

THETA-X

00
o000

0.39551E-02
0.40023E-32
0.40042E-02
0.78515E-02
C.794£CE-C2
0.79504E-0C2
0.11632E-01
0.11773E-0CL
0.11781£-01
0.15243€E-01
0.1542%E-01

C.100E Q1

C.30CE 0O

0.100E C1

SHIFT=

0.51SB2E 01

THET A=Y

-0.32088€-02
-3.68353E-C2
-0.10488E-C1
-0.31350E-02
-0.67846E-02
-0.10411E-Cl
~J.31142E-02
-0.66341E-02
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ABSTRACT

A finite element procedure for determining the critical buckling
load for wide-flange beams is described. The basic characteristics of
three types of conventional element stiffnesses and geometric element
stiffnesses (quadrilateral, rectangular and beam element) are reviewed.

A finite element computer program, which was develcoped in the
University of Texas at Austin, was used to analyze the buckling of wide-
flange beams having equal flanges. This computer program is applicable
to structures whose instabilities involve small displacements and elastic
behavior, i.e., linear elastic buckling. Local gnd overall structural
instabilities may be treated together with complex loadings and support
conditions.

The smallest eigenvalue corresponding to the smallest buckling load
is determined by an inverse iteration procedure. The accuracy of this
finite element computer program is evaluated by compariscon with a number

of problems for which classical solutions are available.



