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Abstract

Throughout an NFL season, 512 games are played in 17 weeks. For a given fan that
follows one team, only 16 of those games usually matter, and the rest of the games carry little
significance. The goal of this research is to provide substantial reasons for fans to watch other
games.

This research finds the easiest path to a division championship for each team. This
easiest path requires winning the least number of games. Due to NFL’s complicated tiecbreaker
rules, games not involving the fan’s team can have major implications for that team. The
research calls these games critical because if the wrong team wins, then the fan’s team must win
additional games to become the division champion.

To identify both the easiest path and the critical games, integer programming is used.
Given the amount of two-team, three-team, and four-team division tie scenarios that can occur,
31 separate integer programs are solved for each team to identify the easiest path to the division
championship. A new algorithm, Shortest Path of Remaining Teams (SPORT) is used to
iteratively search through every game of the upcoming week to determine critical games.

These integer programs and the SPORT algorithm were used with the data from the
previous 2 NFL seasons. Throughout these 2 seasons, it was found that the earliest a team was
eliminated from the possibility of winning a division championship was week 12, and occurred
in 2012 and 2013. Also, throughout these 2 seasons, there was an average of 65 critical games
per season, with more critical games occurring in the 2013-2014 season. Additionally, the 2012
season was used to compare flexed scheduled games with the critical games for those weeks and

it was found that the NFL missed three weeks of potentially scheduling a critical game.
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Chapter 1 - Introduction

Sports fans everywhere root for their teams. In modern day sports, the relationship
between a fan and their team is quite passionate. However, throughout a season, fans usually
only watch their team, which is a fraction of the total games played in a particular sport. In the
majority of games where their team does not play, absence of attention is due to lack of interest.
However, if a rooting interest were provided, then those fans would have a reason to watch
another team play for one or more games. Answering the question what teams to cheer for in
certain games for fans of a specific team is the purpose of this research and is called the True Fan

Problem (TFP).

1.1 Money and the Importance of Fans

Money is everywhere in sports. Owners buy teams and are in control of every aspect of a
franchise, from ticket and concession prices to coach and player salaries. Teams in the 4 major
professional sports in the United States (football, basketball, baseball, and hockey) cost in the
hundreds of millions, and even some in the billions of dollars (Smith). These owners spend
hundreds of millions of dollars every year, and expect the team to perform up to a certain level
so the owners can hopefully gain a net profit from the success of the team. There are countless
revenue streams where an owner can recoup their investment into the team, but the most
lucrative revenue stream comes from the fans.

Fans are the most important client to a sports team. Without fans, nobody would watch
the games. If no one is watching, no one is buying tickets or merchandise, and TV ad sales
decline until the TV network decides not to pay the team to show games. Soon, the owner

cannot afford to pay the players and staff, and must sell the team or fold it into non-existence.



Thankfully, the world is full of fans that fervently cheer on their teams. Fans invest great time,
money, and emotional energy into experiencing the thrill of every victory and the agony of every
defeat. From a sports league perspective, the best way to make more money is to capitalize this
connection between fans and their teams. By creating reasons to watch other teams and games,
the league creates added viewership and interest, and fans are getting more reasons to watch the
sport. Creating these extra moments where fans have a vested interest in the outcome of a game,
reacting with extreme joy or despair on every play, would create more popularity for the league,
and thus generate more revenue. By giving the fans more reasons to watch, the fans in turn give
more to the league in terms of added potential revenue. This research provides knowledge

reasons for fans to care about games not played by their team.

1.2 The Importance of Quantitative Analysis is Sports

Beginning in the 1960’s, baseball took to statistics and mathematical simulations to gain
advantages on the field. Slowly but surely, sports analytics have gained traction across the
sporting community and now most sports are in a full-fledged analytic revolution. The rise in
popularity of fantasy sports has further spurred this revolution. Ardent fans of fantasy sports use
the basic statistics available to make roster decisions day in and day out. Soon, more advanced
statistics began to appear in fantasy sports, and many fans wanted those to be included in the box
scores of games as they portray a more accurate performance by teams and players. Currently,
these advanced statistics can be seen in most major sports in one way or another.

Major league baseball (MLB) has adopted an entirely new set of statistics with which to
judge players. These “new” statistics are not revolutionary in their mathematical makeup, but
rather in their application to validating how much a player is contributing. Gone are the days of

using batting average, runs batted in, and stolen bases determining who are the best offensive



players. Now, on-base percentage, slugging percentage, and wins above replacement (WAR)
shape a better picture of how good a baseball player is on offense. There are similar new
measurements for running, fielding, throwing, and pitching. By using the data available, new
insights and powerful simulations can be created to more accurately analyze the value of a
player.

The National Basketball Association (NBA) has installed advanced tracking cameras in
every arena. These cameras track touches, shots, passes, distance traversed by players; they
capture almost every movement on the court. These movements are then processed into
statistical measurements of efficiency that reveal, among many things, the shooting tendencies,
defensive shifts, and rebounding rates. By knowing what is likely to occur given the placement
and tendencies of players, it will help to create better diagrammed offensive and defensive
schemes to maximize the talent of the players on the court.

The NFL has developed new ways to gauge quarterback performance and measure win
probability based on field position and play-call selection. These new statistics have created
better ways to assess a quarterback’s performance throughout a game, not just at the end.
Additionally, probability charts are being used to help determine play calls in specific situations.
These insights have led to better and more informed decisions throughout games, during drafts,
and when weighing trades. Consequently, a better team is assembled (hopefully), a better game

plan is created, and the probability of winning games increases.

1.3 Playoffs and Tie Breakers

For the fans, the use of advanced statistics by teams is a great positive. The ability to
make more informed decisions about players and plays should create a better chance of winning,

which is the primary concern of the fans, players, and personnel. Everyone cares about winning



because winning gets a team to the playoffs, and only teams that make the playoffs have a
chance to win the league championship, which is the ultimate goal for each team. However,
playoff format and determining which teams make the playoffs is quite different in each sport.

The National Hockey League (NHL), NFL, MLB, and NBA all have different playoff
formats, and the goal of the playoff games is to determine the two best teams that play for the
championship. The NHL, MLB, and NBA all have the playoff games between two teams played
in a series, usually best of 3, 5, or 7 depending on the sport and playoff round; the NFL consists
of single game elimination rounds. Seeding in the playoffs is determined by different factors.
All of the previous sports leagues use a division format to determine some of the playoff
qualifiers, with the best team in each division automatically qualifying. Other teams qualify for
the playoffs through league specified rules, usually called wildcard teams, and involve division
and conference dominance stipulations. There may come a point when determining which teams
have qualified for the playoffs when two teams are tied in one or more playoff-qualifying
categories. When this occurs, each league has a unique way to handle these tiebreaker scenarios.
The NFL is a particularly interesting league for tiebreakers. The league has so few games that
tiebreakers frequently determine division and champions and wildcard teams.

The NFL currently has 32 teams in 8 divisions which are mostly established based on
geography, with each division containing 4 teams. The NFL also has two conferences, with each
conference comprising of 4 divisions, for 16 teams per conference. The NFL does not have
every team play every other team, but instead uses a rotating 4-year schedule. The only games
guaranteed every year for every NFL team are the 6 games against the other 3 teams in its
division. For the playoffs, the NFL takes the best team in each division, based on Win/Lose

Percentage (WLP), and those teams automatically make the playoffs. An example of WLP is for



a team that has 10 wins and 6 losses has a WLP of .625 (10/16). However, if two or more teams
are tied in their WLP, then a series of tiebreakers are applied until only one dominant team
remains able to qualify for the playoffs. Given the NFL’s small sample size of 16 games, there is
a higher probability, compared to other sports, for teams in a division to finish with similar
records. Additionally, since 6 out of 16 games occur within a team’s division, there is a great
emphasis placed on those games, and this is reflected in the NFL’s tiebreaking procedures. A
few of these tiebreakers are head to head, division, conference, and games played in common
WLP.

As an example, team a is currently in first place in their division and team b is currently
in third. Team b is playing second place team c this week, which is only one game behind team
a, and team c has beaten team a once already. In this scenario, team a would want team b to beat
team c for two reasons: first, team c losing would add a loss and hurt its chances of tying team a
for the division lead, and second, in the event of a division leading tie, this loss also hurts team
C’s in division record, giving team a yet another opportunity to win a tiebreaker. Extending this
example, knowing all teams to root for every week or series in a sport so that one’s favorite team
(team a) would have an easier path to the playoffs would significantly add interest and intrigue
for fans of those teams. Determining these games and associated division champions is the NFL
True Fan Problem and is the focus of this research.

The research in this paper aims to help a true fan root for their team in the NFL each
week by identifying the easiest path to winning the division, and what games are critical to that
path. These critical games are defined as games for the upcoming week that would negatively
affect the easiest path to winning the division. These are games outside of the team’s control, so

the fan must rely on cheering for certain teams to beat other teams to aid in the easiest path



possible to win the division. It is important to note that no game would ever positively affect the
easiest path as that would contradict the given fact that the easiest path was already found.
Again, the NFL is being used primarily due to the unique nature of its division tiebreakers and
season schedule. Additionally, the NFL is far and away the most popular sport in the United
States both in terms of revenue generated and TV viewership. This is easily evidenced by the
fact that the National Football League brought in $9.5 billion in 2012, $2 million more than the
second-place MLB (Statistic Brain), and the top 8 most-watched shows in 2012 according to the

Nielsen ratings were NFL shows or games (Nielsen).

1.4 Research Motivation

In every sport at every level, rivalries exist among teams. A rival could be that cross-
town, same state, same division, or historic matchup team that every fan gets especially excited
for. The most famously touted rivalry is the Boston Red Sox and New York Yankees from the
MLB. These two teams have played each other 2,121 times since 1901, with the Yankees having
a .543 winning percentage, which makes it a very competitive rivalry. This rivalry is also one of
the oldest, having been around for 113 years, which lends itself to generations of fans being
raised to love one team and hate the other. The NBA and NHL also have storied rivalries of their
own, most notably the Boston Celtics vs. Los Angeles Lakers for the NBA and the Philadelphia
Flyers vs. New York Rangers for the NHL. However, unlike the MLB, NBA, and NHL, the
NFL rivalry scene is very unique.

As noted earlier, the NFL’s divisions are largely divided by the geographic proximity of
the teams in the divisions. Intra-division games are very important to each team hoping to
qualify for the playoffs as a division winner. Unlike the MLB, NBA, and NHL where each team

plays every other team multiple times, each NFL team does not play every other team, playing



only 42% of the possible teams each season. Additionally, since only divisional teams play
every year, intense rivalries have developed for almost every team in the NFL within their
divisions. The last thing most fans do is cheer for a rival team, no matter what; however, given
the NFL tiebreaking procedures for multiple teams being tied for the division championship,
cheering for a rival might be the best thing to do in certain scenarios.

For even the casual fan, the NFL TFP aims to find teams to cheer for other than one’s
favorite team in the hope that the other team ultimately aids the favorite team’s chances of
qualifying for the playoffs. The surest way to make the playoffs is to win every single game, but
that task proves very difficult over a 16 game season. In fact, only one team has managed an
undefeated regular season since 1978, and only four teams have ever accomplished this feat.
The objective becomes how to win the least amount of games, but still win the division
championship and qualify for the playoffs. By winning the least number of games possible, the
path to the playoffs usually goes through many tiebreaker scenarios. Given the NFL’s emphasis
on intra-division games, the best result in most games is for a rival to lose; however, given that
head-to-head WLP, division WLP, strength of opponent WLP and strength of schedule WLP are
all playoff tiebreaker factors, having the rival win as many games as possible and not win the
division is one of the easier paths to the playoffs as a division champion.

This research into the easiest possible path to win a division in the NFL and which games
are considered critical week to week had many motivating factors. One factor is that for any fan
of a team, it would make the NFL much more meaningful if the list of teams who needed to win
and lose each week was available. Usually, people watch their favorite team, and then do not
pay as much attention to the other games or have minimal rooting interest in the other games.

Giving fans another reason to deliberately watch football can only be good thing for the NFL.



Instead of having other games on in the background or paying little attention to them, fans would
know which games to watch and who to cheer for. A direct result of having more fans intently
tuned in to more football games is that the NFL should have more fans watching its product.
Having more fans watching means more people are seeing ads, which the NFL as a business can
leverage the increased popularity for higher prices on TV contracts.

More money into the league means more opportunity to improve the league and the
product on the field, which leads back to better fan interest. Additionally, knowing how a team
can make the playoffs the easiest way possible is a new take on how to make the playoffs. There
may be only a small chance for a team to make the playoffs, but knowing that one exists surely
give fans hope for that dream scenario. This research aims to minimize that effort and difficulty

my focusing on the easiest path, not the most difficult.

1.5 Research Contribution and Significance
This research introduces the NFL TFP. As stated earlier, the NFL TFP aims to determine which

games are critical for each week for each team. A SPORT (Shortest Path of Remaining Teams)
algorithm was developed to solve the TFP. This algorithm solves 3linteger programs to
determine whether or not a game is critical. These 31 integer programs comprise every possible
scenario of two-team, three-team, and four-team divisional ties for playoff qualification. Each
integer program (IP) determines the easiest path to winning the division and thus qualify for the
playoffs for a given team. The integer program also determines the number of wins that
correspond to the easiest path. The integer program takes into account all possible NFL division
tiebreaker scenarios up through strength of schedule to determine the easiest path. Among the 31
IPs, the minimum solution and corresponding divisional tie scenario are isolated. The SPORT

algorithm uses them to determine critical games, if any exist.



The critical games are determined by changing the results of each game for the upcoming
week, and then re-solving the easiest path integer program. If the solution changes, that game is
a critical game since a change in the outcome of that game requires additional wins or ties by the
desired team.

The developed algorithm SPORT uses CPLEX 12.5 (CPLEX) to solve the IPs. On
average, SPORT requires only about 70 minutes to determine all of the critical games in a given
week for every team. The analysis showed that in the 2012 season the NFL had 67 critical
games. Furthermore, every week had at least one critical game and week 15 had the most critical
games with 10. Comparing the second half of the 2012 season to the second half of the 2013
season, similar results were obtained. The 2013 season featured many more critical games in
that span than the 2012 season, but did not have as many teams eliminated throughout the second
half of the season.

As has been previously touched on, there are significant benefits that solving the True
Fan Problem can deliver for the NFL. One obvious benefit is the ability to better market and sell
games. For a given week, if one or two games pop up as critical for many teams, it would be in
the NFL’s best interest to hype those games and sell the fact that the game has many implications
for many teams’ playoft hopes. This idea would help all teams across the league. Some of the
less popular teams by television market such as the Jacksonville Jaguars and Buffalo Bills, and
even more popular teams, such as the Dallas Cowboys would receive a boost in viewer interest
in unrelated television markets when they are involved in a critical game (Klis). For some games
that are not “big” games to the general viewing public, having the ability to sell the game with

certain playoff implications would create additional interest to otherwise ambivalent fans.



Currently, the NFL sells its weekly games to the NFL Network for one Thursday night
game per week, ESPN for one (two on opening night) Monday night game per week, NBC for
one Sunday night game per week, and CBS and FOX for the remaining games, with televised
games being based on region. Beginning in Week 11, the NFL uses a flex schedule, where it can
place any Sunday game into the Sunday night primetime slot. The advantage of this slot is that it
is the only night game on Sunday, and it is on a basic cable network, allowing the most people to
watch without any other games to worry about. If the NFL used the SPORT Algorithm, it could
determine which matchup had the most critical game implications, or which teams were in a
must win scenario. With this knowledge, a more informed decision could be made as to what the
best game for the Sunday night primetime slot would be. A better game with more people
watching creates a more attractive product to viewers, which will only increase the value of the
NFL. Even thinking beyond just the NFL, knowing critical games for playoff hopeful teams

would be significant knowledge for fans, teams, and the league.

1.6 Thesis Outline

Chapter 2 contains background information to help grasp the contributions of this
research. It describes a generalized sports league in a formal manner, as well as prior research
contributions to sports in various mathematical disciplines. Some background research is
presented on general applications to sports, sports scheduling, and playoff qualification.

Chapter 3 starts with a description of the NFL True Fan Problem. The descriptions of the
31 different integer programs that are used to solve this problem are presented. The chapter
concludes with the SPORT algorithm which iteratively identifies the critical games.

Chapter 4 describes the computational results. First, the results for the previous 2 years

of the NFL are summarized by week. Significant results for each year are also given. Along

10



with year by year results, specific scenarios are selected and discussed in detail as being
particularly interesting.

Chapter 5 gives the final conclusions from the research, the insights gained from the
research and findings, and results of the NFL True Fan Program. Also, future work is discussed
to provide other researchers with additional ideas and concepts on how to further this research or

apply it to other areas.
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Chapter 2 - Background Information and Prior Research

This chapter describes the background information necessary to understand the
contributions of this thesis. The first section provides a formal description of a sport’s league.
The second section describes prior Operations Research as applied to sports. The final section

has a detailed explanation of the NFL tiebreaker procedure.

2.1 Sports Leagues

All sports leagues have a number of teams. This set of p teams is denoted by T = {ty,...,

to}. Frequently these teams are partitioned into divisions, denoted by 7= {D%...D". Itis

assumed that UZ_, D* =T and that D*N D =@ for all u, v e {1,...,q} and u#v. Several

divisions can be combined together to make a conference ¢= {C*,...,C"} where C' ¢ Z’for each

v=1,...,r. Furthermore, c*Nc¥ =@ and U’_, c” =7Zforallu, v e {1,...,r} and u#v. For

notational convenience D; and C; will denote the division and conference that team i plays in,
respectively.

The NFL in 2013 is used to help clarify this notation. The NFL contains 32 teams as
shown in figure 1 and T = {ty,...,t3p}. For convenience, team 1 is the Baltimore Ravens, further
known as t1 = tga = teartimore = travens aNd similar notation is used for the other teams. These teams
are grouped into 8 divisions {D,...,D%} of 4 teams each as shown in Figure 2. These divisions
are further grouped into 2 conferences {C*7¢, C"F°} with C*F°={D!, D? D? D*} and C"F°={D",
D®, D, D®}. As noted Dgy= D*C N = D'and Cga= C*F¢ =C. For the NFL, the conferences

and divisions are shown below in Table 2.1.
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are played.

Table 2.1-1. The National Football League by Conference and Division

AFC Conference Teams

NFC Conference Teams

Team Logo |Abbrev| Division Team Logo Abbrev| Division
Baltimore | Ravens | BAL [AFC North Chicago Bears CHI [NFC North
Cincinnati | Bengals | CIN |AFC North Detroit Lions DET |NFC North
Cleveland | Browns | CLE |AFC North Green Bay Packers GB [NFCNorth
Pitssburgh [ Steelers| PIT |AFCNorth Minnesota Vikings MIN [NFC North

Houston Texans | HOU |AFCSouth Atlanta Falcons ATL |NFCSouth
Indianapolis | Colts IND |AFCSouth Carolina Panthers | CAR |NFCSouth
Jacksonville | Jaguars | JAX |AFCSouth New Orleans Saints NO |NFCSouth
Tennessee | Titans TEN |AFCSouth Tampa Bay |[Buccaneers| TB |NFCSouth

Buffalo Bills BUF | AFC East Dallas Cowboys DAL | NFCEast

Miami Dolphins| MIA | AFCEast New York Giants NYG | NFCEast

New England| Patriots NE AFC East Philadelphia Eagles PHI NFC East
New York Jets NYJ | AFCEast Washington | Redskins | WAS | NFC East

Denver Broncos [ DEN | AFC West Arizona Cardinals ARl | NFC West
Kansas City | Chiefs KC | AFC West St. Louis Rams STL | NFC West

Oakland Raiders | OAK | AFC West San Francisco 49ers SF NFC West

San Diego |Chargers| SD |AFCWest Seattle Seahawks | SEA | NFC West

Using this notation, the AFC divisions are DA7¢ N = {tg. tein, teie, toic, DFC U =

tohi, twas}, and DVFC Wt = Lian toy, tsf, tsea}

{tHou, tind, Tiax, tTen}1 DAFC Fast = { teuf , tmia, tNe, tNyj}, and DAFC West = {tDen, tke, toak, tSd}- The NFC

diViSIOnS are DNFC North = {tchla tDet, thv tMin}, DNFC South = { tAth tCar, tN01 th}a DNFC East = {tDaI, tNyga

Every sports league has certain dates and times when games are played. The days or

13

potentially hours in a day that a game can be scheduled is called a slot. In general, slots that the
games can be played are denoted by S= {/,...,s}. Given the available slots S in a league, the
league creates a schedule. This schedule is usually repetitive in terms of days of the week games
Overall, the schedule is a collection of games G= {/,...,g} with each game
occupying exactly one slot k ¢ S. Each game takes a 4-tuple form of (t;, tj, k, 0) where this
indicates that team i plays at team j in slot k with outcome 0. The value of o is dependent upon

the league and places the value of a win, loss or draw based upon the outcome of the game




between tjand t;, in slot k. If the game is yet to be played, then o=-1. For the NFL, awinis 2, a
tie is 1 and a loss is 0. The schedule for team i, Gi= {(ta,t,50): either t, or t, =t;}. Clearly

UP_,6,=G.

2.2 Operations Research and Sports

Mathematics and sports have gone hand in hand since modern sports have existed.
Statistics, in some form or another, are available for even the earliest of baseball, football,
soccer, and basketball games. Most of these sports have kept the same core of basic statistics to
report to fans, though some have changed and been updated. One branch of mathematics that
has been applied in many ways to sports is Operations Research (OR). As a studied topic, OR
has been around since the mid 1940’s (OR Journal). OR as a field has been applied to countless
problems covering massive subjects and disciplines, and eventually the applications of OR found
their way into the world of sports.

One of the earliest applications of OR applied to sports was in by Benjamin L. Schwartz.
Schwartz (1966) studied baseball and the divisional pennant race. His research answered the
question of, “Is a given baseball team eliminated from the pennant race (playoffs)?” Schwartz
used network flow for a single team to show if a team was eliminated or still in contention. Soon
after this work was published, OR began to appear in many fashions in more sports-related

topics.

2.2.1 Mathematical Applications in Sports

While Operations research is useful in answering hypothetical questions regarding
optimality in some sense for a team, most of what a team uses in decision-making analysis is
outside of the OR discipline. The most basic of decision-making criteria comes from gaining

information for evaluation amateur talent. Most leagues have a draft in which teams rotate a set
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order and draft amateur athletes to their team. Prior to a draft, the league usually hosts a
combine, which is a combination of events over a few days, in which prospective and hopeful
athletes participate in strength, speed, quickness, agility, and other drills. The purpose of these
drills is to showcase their athletic prowess to the scouts and general managers of teams in the
hopes of proving they have the talent to be drafted. The scouts in attendance take the
performance numbers back to their team and assess many things. They look at the athletic
numbers and determine a proper fit in the sport; quite a few collegiate football athletes make the
team in a different position than the one they played in college. Additionally, scouts look at how
those numbers stack up against the veterans already in the league. In the NFL, if a lineman was
average in college, he might be way too small for the pros and not worth drafting. Or a wide
receiver was moderately fast in college, but in the NFL, usually only the fastest athletes play
wide receiver. By no means do these decisions require advanced modeling or intense
mathematical formulation, but they are basic statistics used to determine potential talent.

One of the pioneers who made the idea of using advanced statistics to draft, sign, and
trade players was Billy Beane of the Oakland Athletics (Lewis). Under general manager Billy
Beane, the Oakland Athletics became a baseball sensation in the late 1990’s and into the 2000’s
thanks to the statistical analysis Beane and his front office brought to the team. Beane put more
stock in numbers and advanced statistics that told a truer story about a player than most general
managers were using. With these tools in hand, Beane crafted playoff teams at a fraction of the
cost of the big-money teams. Beane’s teams consistently ranked in the bottom one-third of the
league in terms of payroll, but were consistently at the top of the wins category. This largely

went against the “at the time” idea of great teams needing to spend over $100 million easily if
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they wanted to compete. At the time, and still today to some extent, it is truly astounding to see
a low payroll team compete with the top payroll teams.

The NBA has only recently begun to embrace advanced statistics. The once rare
plus/minus is now commonplace in box scores. Usage rate and points per possession are quickly
catching on as ways to measure a player’s efficiency on offense. Most recently, a model has
been created by Cervone and D’ Amour (2014) from Harvard that shows the expected possession
value (EPV) at every instant of a possession. This EPV model uses the vast amount of data
collected by SportsVU cameras in every NBA arena to build the model. The EPV, for the first
time ever, can measure the expected value or points of that possession based on every player’s
movement on the court. Every screen, every roll, every pass, every move affects the EPV. The
results and insights from this knowledge are largely untapped, but there exists great potential to
create incredibly efficient basketball possessions.

Statistics play a large role in the day-to-day, minute-to-minute, and even second-to-
second analysis of understanding sports and what is happening. But there is little in terms of
answering unknown questions that need optimal or for sure answers. Looking at another aspect
of sports, scheduling a sports league, creating hundreds of match-ups with innumerable
constraints at play, or determining a schedule by hand is nearly impossible. Thanks to
breakthroughs in the OR field with the theory of scheduling sports leagues, OR has become a

very popular way to continue to schedule and improve upon existing scheduling methods.

2.2.2 Operations Research in Sports Scheduling

In solving scheduling problems, most assume a round robin schedule. A round robin is
where every team plays every other team exactly once. A more balanced schedule that is also

used is a double round robin, where each team plays every other team exactly twice, once at
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home, and once away. The initial problem in sports scheduling dealt with breaks in a schedule.
As defined by Schreuder (1980), a break is when a team has two consecutive home games or two
consecutive away games. The goal was to minimize the number of breaks in a schedule. Using
graph theory and the idea of hard and soft constraints, Schreuder proved that the minimum
number of breaks for a league of n teams with n-1 rounds is n-2 breaks. Once Schreuder proved
the minimum number of breaks, attention turned toward efficiently and quickly finding feasible
and hopefully optimal schedules for different leagues of different sizes.

Regin (1998) took the same round robin model used by Schreuder and attempted to solve
the model for different sizes of n (n=4,6,8,...) by using constraint programming to prove the n-2
breaks in an efficient time. For teams up to 60, Regin successfully proved that n-2 is the
minimum number of breaks in only seconds. However, for fully constrained problems that more
accurately reflect real-world scenarios, for n>12, there is no efficient method to create a schedule
using constraint programming.

Nembhauser and Trick (1998) were tasked with finding a feasible and acceptable schedule
for ACC basketball. Nemhauser and Trick proposed a 3-step method to finding the best feasible
schedules. First, pattern sets of home, away, and byes are created that fit the number of teams in
the conference. Second, these pattern sets are assigned games that correspond to the pattern sets
created. Once the games are assigned, teams are assigned to the each set of games. One key
difference that is present in this model as opposed to other models is that no constraint or
combinatorial optimization is used. Instead, enumeration and integer programming is used to
search for the best feasible solutions. What makes this, or any specific conference schedule
especially difficult is the detailed constraints that come with the schedule. Given these special

constraints and the 3 step process used, Nemhauser and Trick successfully showed that this
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process is a major improvement over the meticulous strategy of constraint programming. While
no optimal schedule exists, a handful of very good and diverse schedules exist in an efficient
manner. A very similar problem to the ACC scheduling problem is the more generalized
traveling tournament problem where team travel is considered into a feasible, as balanced as
possible schedule.

Schaerf (1999) took a different approach to working with the round robin tournament.
Schaerf first uses 2n teams and 2n-1 periods (double round robin, not mirrored). Instead of
setting up constraint programming, Schaerf proposes first setting up a feasible schedule of
dummy teams, where no specific team is in any period, but a pattern is created that satisfies the
complementary constraints of a feasible pattern. A modified pattern is used that exists with 6n-6
breaks. Given this pattern, a bipartite graph is created with special attention given to the hard
constraints that cannot be violated and the soft constraints that are trying to be minimized.
Schaerf found that although specific cases could be solved this way, there is no way to ensure an
optimal solution exists in the general case. Further, the general case and the two-step solution
are both NP-complete problems. Similar to the round robin and double round robin tournaments
are the round robin with no set venues or multiple venues (no permanent home stadiums for
teams). This added wrinkle creates an entirely new type of problem to solve using the same
types of tools.

A further approach to the round robin problem was undertaken by Hamiez and Hao
(2000), and involved tabu search heuristic. Hamiez and Hao’s idea was to use tabu search on
constraint programming solutions as opposed to filtering algorithms and the inefficient branch-
and-bound technique. These authors again look at the same round robin tournament from earlier.

An initial solution is constructed using graph coloring techniques. From here, two out of the
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three hard constraints have been satisfied for the round robin tournament, the constraint that
every match is different (ALLDIFF), and the constraint that every team must play every week,
and exactly once every week (WEEK). The tabu search aims to satisfy the third constraint,
which is that no team can appear more than twice in the same period throughout the tournament
(PERIOD). Through their specific tabu search, solutions were instanced for n=40 and below,
although it was noted that for n>28 the search time and instanced solutions are not efficient and
no optimal solutions were approached.

The traveling tournament problem was researched extensively by Easton, Nemhauser,
and Trick (2001). In the traveling tournament problem, a feasible acceptable schedule is sought
out that satisfies the necessary constraints while also paying special attention to the travel
patterns of teams. It is inherently unfair for a team to continuously fly across the country to play
home and away games. As opposed to previous tournament problems, this problem is not
concerned with minimizing breaks, but travel. What makes this problem truly unique is that it
tries to balance a well-studied problem in balancing home and away patterns with another well-
studied problem in the traveling salesman, which seeks to minimize travel distance. However,
the combination of these two problems creates quite the complex scenario. A main tactic used in
this process is to find the minimum lower bound each team must travel, regardless of any other
constraints. Given these lower bounds, the next step is to find subsets of the minimum costs that
include every city for each team. By taking each team’s minimum path and adding them, the
overall lower bound on the traveling tournament is established. From here, constraint
programming is used to find feasible schedules based on the number of trips in a schedule. Now,
a good set of feasible schedules has been created. It is also noted that integer programming can

be used. The integer program requires full generation of all travel possibilities, but given the
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additional constraints that go along with the integer program, the run time is drastically improved
from constraint programming.

Urban and Russell (2004) tackled the issue of multiple venues using a two phase
constraint program. The multiple venue criterion adds the fact that where teams play is added to
the decision making process in choosing a schedule. As such, the problem becomes more
difficult. Initially, Urban and Russell used integer programming to solve optimally the problem,
but did not find optimal solutions for n>10. Further, with the addition of the necessity to
designate a home and an away team, integer programming became an inefficient model to use.
Constraint programming is used to solve this problem more efficiently. The constraint program
takes two phases. Phase one is assigning teams to pairs (games) and those pairs to venues.
Phase two attempts to balance the home and away constraint to create an optimal schedule.
Using these two phases, optimal solutions for n=8, 10, 12, 14, and 16 were all found in an
efficient manner, which was a major improvement over the integer programming method. Along
the lines of assigning home and away teams, scheduling for specific leagues can prove to be an

incredibly difficult challenge when looking at all of the constraints that exist.

2.2.3 Clinching playoffs

Soon after research began to surface on applied OR to sports schedules, another large
topic was addressed, which was when a team is eliminated from the playoffs or when a team has
made the playoffs. This research and their subsequent findings are closely related to the research
and results proposed in this thesis. This type of research uses existing sports schedules and
leagues, as well as each sport’s unique playoff qualification system to determine when a team
has either qualified for the playoffs or been eliminated from the playoffs. OR comes into play

because these problems determine the earliest qualification or elimination and in some they even
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give the scenarios that exist for the desired outcome. Along with the standard playoff
qualification, many leagues have tiebreakers in place for when two or more teams tie for a
playoff qualification spot. Certain OR playoff models even include one or more tie scenarios
where tiebreakers are included in determining optimal playoff conditions.

To start, Gusfield and Martel (1999) analyzed many different sports scenarios and their
mathematical playoff models with the idea of a minimum threshold (idea from Kevin Wayne
(1999)) being used. They show that a generalized threshold idea exists for every playoff sport
where after a certain point, a team cannot attain the minimum threshold required to qualify for
the playoffs. At that point, the team is mathematically eliminated from playoff contention.
Gusfield and Martel go on to show that this generalized threshold has no immediate connection
to any sort of network flow or cut. Additionally, this research shows how network flows can find
an undisputed champion in a group by finding the minimum number of games necessary to win
outright by winning exactly the minimum number threshold.

Another conclusion drawn is that determining if a given team can be a wildcard team is
NP-Complete in the general sense. Given a finite number of teams and divisions, a wildcard
threshold is determined, and division-eligible teams are not included in the determination of the
wildcard threshold.

The research by Gusfield and Martel shares a few common elements to the research
presented here, but there are major differences. Gusfield and Martel dealt mainly with one large
division and for each team determined its minimum threshold. They also discuss a one-division
undisputed winner. Finally, they touch on the possibility of solving for a wildcard threshold in
certain situations. The research presented in this paper deals with a multi-division, many-team

league. The NFL also has a complicated tiebreaker system involved in determining the
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possibility of an undisputed champion within a division. This research does not implicitly
determine a minimum overall threshold for each team, but instead determines a minimum points
needed by each team at that particular point in time. Each team has its own threshold that it is
striving for, and at some point they will not be able to attain the minimum points to clinch the
division and are thusly eliminated. So, while the elements of threshold and elimination and
undisputed winner exist in both types of models, the ideas of those objects are used very
differently.

Another approach was taken by Delle Donne and Marenco (2011), who used mixed-
integer programming to determine when a racecar driver had qualified for the playoffs. The
authors focused their attention on the Argentine TC racing series. In the Argentine TC series, 42
racers compete over 11 races to qualify for 12 playoff spots. The playoff spots are awarded to
the 12 drivers with the most cumulative points at the end of the racing season. The points are
awarded at the end of every race with first place getting the most, second getting the second
most, and so on and so forth. After tenth place, racers are grouped together and awarded points
based on finishing position. Over the course of 11 races, each racer’s point totals add up and
slowly the playoff picture becomes clearer.

Delle Donne and Marenco used mixed integer programming to determine the minimum
points a driver needed to secure a position in the playoffs, regardless of the other drivers’
positions. The first MIP determines if a racer can win the maximum points possible in the
remaining races and not qualify, meaning the racer is fixed at position 13 or worse. The
conclusion was that in order for that to occur, the other 12 drivers must all be qualified. The

second MIP determines the worst possible position for a driver given a fixed amount of points.
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A binary search procedure was used to determine the possible positions for a driver with a fixed
amount of points, and through those possibilities, the minimum was found.

The research of Delle Donne and Marenco is again somewhat similar to the research
presented in this paper, though differences are apparent. Delle Donne and Marenco deal with
playoff scenarios, analyzing the best a racer can be and miss the playoffs, and the worst a racer
can be and make the playoffs. Also, they use MIPs to solve their research questions. However
auto racing presents fundamental differences from the research presented here. First, auto racing
cannot have ties within races; every driver gets a placement and rewarded points accordingly.
Also, there is no winning, losing, or division/conferences, just a scale of points. Also, if two
racers finish the season with the same number of points, there are no tiebreaker scenarios in the
model to deal with assigning. While Delle Donne and Marenco’s research touches on the topics
of playoff scenarios using MIPs, the difference in sports creates vastly different research
findings.

In 2008, Cheng and Steffy developed an integer program to determine if a team had
clinched or been eliminated for the National Hockey League. The authors used MIPs to solve
this playoff qualification/elimination query. First, for the interested team (they use team k), their
upper bound on points is capped at the lowest possible, to determine the worst possible finish for
k and still make the playoffs. Next, Cheng and Steffy also analyzed the maximum points team k
could have and miss the playoffs; however, they found this question too computationally difficult
to discern a solution of real value. Finally, the authors use a tiebreaker scenario and determine
whether team k can qualify for the playoffs with a subset of tied teams.

Their research showed that in the entire 2004 season, only once could the IP determine

that a team was eliminated and one team had qualified for the playoffs prior to the sportscaster’s
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simple math of games remaining. No results were determined using the subset of tied teams
although a formulation was given, and no results were determined using more than the simple
tiebreaker of most points. Additionally, in any case but the extreme (when one team is doing
great or poorly), it is difficult to determine the possibilities among the closely placed teams due
to the large number of possible finishes available. Given these extreme and rare results, their
research is in little way similar to the research presented in this thesis.

Another NHL paper, by Russell and van Beek, (2011), looks at the NHL Playoff picture
from a constrained programming and network flow perspective, with the program solving
multiple phases to build to a solution. Two main problems analyzed by the authors are
determining the minimum number of points needed to guarantee a playoff spot, and determining
the minimum number of points that could possibly qualify for a playoff spot. Russell and van
Beek also incorporate the tiebreakers that the NHL has to determine the solutions to their two
problems.

Russell and van Beek’s research returned results that improved upon the current paper
sports media’s methods. Their research was the first complete NHL playoff qualification, and
thus elimination, problem. Like the research presented in this thesis, Russell and van Beek found
solutions for every team at any point in the season as to what their minimum points needed was.
Also, the topic of “must win” games was addressed, as the same “critical” games idea is
addressed here. However, Russell and van Beek avoided division leaders, did not give a
complete schedule of how the results could play out, and used a 3-phase solving method to

ultimately find a solution.
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2.3 The NFL Playoff Problem

The NFL uses a complicated process involving 12 tiebreakers to determine playoff teams.
Teams can qualify for the playoffs by winning their division or winning one of the wildcard
spots. This complicated process eliminates the lowest or worst team from contention based on
the NFL’s qualification procedures. Usually, the team with the best record wins the
qualification, but there have been many times where two or more teams are tied with the best
record. Based on the NFL’s rules for breaking these ties, all tied teams move through the
qualification procedure until one team is eliminated. Then, if more than one team still remains,
the process starts back over from the top until only one team remains. Given the possibility that
multiple teams tie in multiple qualification categories, iterating through many tie-breaker
procedures is an extensive process.

In the NFL, each division has a division champion (the team with the best record). Each
of these 8 teams automatically qualifies for the playoffs. There are also two wildcard teams in
each conference that qualify for the playoffs. The wildcard teams are two teams in the
conference that have the best records among remaining teams (not division champions).
Throughout the season, two or more teams in a division may have a similar record, which creates
a problem with determining a division champion since there is no clear winner. However, if two
or more teams are still tied in division, the NFL has created a tiebreaker system to determine
which team is the division champion.

The NFL set of tiebreakers mainly uses the idea of Win-Loss Percentage (WLP), which
was introduced earlier. The comprehensive list of all 12 NFL tiebreakers, in descending order
are: best WLP head-to-head, best WLP in division games, best WLP in common games, best
WLP in the conference, best average WLP among victories, best average WLP among all teams

played, best combined ranking among conference teams in points scored and points allowed, best
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combined ranking among all teams in points scored and points allowed, best net points in
common games, best net points in all games, best net touchdowns in all games, and finally a coin
toss. If two teams are involved in the tiebreaker, once one team has an advantage that team is
declared the division champion.

Different rules apply when three or four teams are tied for the division lead. When three
or four teams are involved in a tiebreaker, the process is to drop the worst team and restart the
process. One team must be completely dominated by the others to be dropped. Once dropped,
the remaining teams begin back at the first tiebreaker and proceed until only one team is declared
the division champion. For example, three teams are tied overall in WLP head-to-head (with
team a>team b>team c>team a), and team a and team b dominate team c in division record, then
team c is eliminated, and team a and team b revert back to the head-to-head tiebreaker, where
team a would dominate team b and claim the division championship.

Starting with the first tiebreaker, for the best head-to-head WLP tie, the process to
determine the winner is straightforward. For this and all subsequent descriptions of tiebreakers,
team a is the desired team of the fans. If team a has a better WLP in games played against team
b, then team a wins the tiebreaker. If three teams are involved, the scenario would assess how
team a performed against team b and team c, b against a and c, and ¢ against a and b. So, if team
a lost twice to team b, but beat team c twice, its WLP is .500. If team b and team c both also
finish with a .500 record, even though team a lost to team b head-to-head, since all three have
equal WLP, then all three would advance to the next tiebreaker, which is best WLP in division
games.

Best WLP in division games moves from strictly head-to-head matchups to all division

games played by team a and team b. So now team a’s WLP includes all division games and this
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record is compared to how team b did against the same division teams. For three teams, each
team’s WLP in division is compared. It is important to remember in a three or four way tie, one
team must be completely dominated to be eliminated. For example, if team a has a .750 WLP in
division against team b and c, and team b and c each have a .500 WLP, there is no way to
determine if team b or team c should be eliminated. So those two teams move on to the next
tiebreaker, WLP in common games.

Best WLP in common games looks at the opponents that the tie breaker teams have in
common and compares how each team fared against those common opponents. So if team b and
team c each reach this tiebreaker, and team b has a better WLP in common games, then team b
would win this tiebreaker and team ¢ would be eliminated. The tiebreaker process would start
over between team a and team b with head-to-head WLP. However, if team b and team c have
similar WLP in common games they would advance to the next tiebreaker: WLP in conference
games.

The best WLP in conference compares the games each team played in the conference.
These games include all games in division (b and c are equal), as well as all games outside of the
division but in the conference, an additional 6 games. If b and ¢ have a similar WLP in
conference games, they advance to the next tiebreaker, which is WLP among victories.

WLP among victories (strength of victories) looks all the teams each tiebreaker team
beat, and averages the WLP of those defeated teams. So if team b and team c each had 10
victories, then each 10 defeated teams’ overall WLP would be averaged and compared for team b
against team c. If team b’s defeated teams had a .750 WLP, then clearly team b played a very

difficult schedule and beat very good teams. And if team c’s defeated teams only had a .650
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WLP, then team b would win the tiebreaker. But, if each team has the same WLP, then the tied
teams would move on to WLP among all teams played.

WLP among all games played (strength of schedule) now incorporates all teams played,
not just teams that were defeated by a team. Now, if team b beat teams with a .750 WLP, but
lost to teams with a .125 WLP, then team b had good wins but bad losses, and its WLP among all
games played would even out to an overall average of all teams on the schedule. So, if team b
and c were tied coming into this tiebreaker, then the deciding factor comes down to which team
played a tougher schedule. If both teams had the same strength of schedule, both teams would
advance to comparing offensive and defensive rankings within the conference.

After strength of schedule, WLP no longer matters. The next tiebreaker looks at each
team’s ranking within the conference in terms of points each team scored by over all games and
points allowed by each team over all games. If team a was 15" in points scored (next to last in
conference), and 1st in points allowed, team a’s combined ranking would be 16. Each team in
the conference would need to have its combined ranking totaled, and those totals are ordered
lowest (best) to highest. Comparing this with team b’s combined ranking would determine the
winner. If both teams are tied in combined offensive and defensive rankings within the
conference, the next tiebreaker expands this criterion to include the entire league.

Expanding the combined ranking to include the entire league allows for 32 possible
rankings for offense and defense, making the opportunity for a tie even slimmer than in the
conference. The same comparison rules and scenarios apply here as in the previous tiebreaker.
So now instead of having 16 teams ordered and ranked, all 32 teams are ordered and ranked.

Again, if both teams have the same combined ranking, they advance to the next tiebreaker.
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The next tiebreaker is comparing the teams by best net points in common games. Net
points in a game is defined as the desired team’s score minus the opponent’s score. For example,
if team a played team d, and the score was 21-17 respectively, team a would have net points of 4.
If team d was the desired team, team d would have net points of -4. This tiebreaker compares
team a versus team b’s combined net points for all games in common with each other. If team a
and team b are still tied up to this point, the tiebreaker of best combined net points in common
games is expanded to include all games played.

Expanding the previous tiebreaker to include all games takes into account all wins and
losses a team had throughout the season. The idea of determining net points remains, except
now team a’s combined net points is compared to team b’s combined net points for all games
played. If both teams have the same combined net points in all games, they advance to the next
tiebreaker.

The next tiebreaker narrows the net points tiebreaker down to net touchdowns. Net
touchdowns is defined as touchdowns scored in a game minus touchdowns allowed in a game.
For example, if team a scores 3 touchdowns in a game and 24 points overall, and team d scores 2
touchdowns and 26 points overall, team a would have -2 net points, but +1 net touchdowns. And
since this tiebreaker is only concerned with net touchdowns, the net points no longer matter (net
points was previously used as a tiebreaker). This tiebreaker is compared for each team in the
tiebreaker across all games played, so all of the touchdowns scored by and allowed by team a are
compared against all of the touchdowns scored by and allowed by team b. If both teams are still
tied after this tiebreaker, both teams advance to the final tiebreaker.

The final tiebreaker has involves no statistics or records. At this point, a coin flip is used

to determine which team is eliminated from the playoffs. For two teams, after the coin flip, one
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team is eliminated and the other team automatically wins the division. For three or four teams,
each team involved in the tiebreaker privately chooses heads or tails. The loser or losers are
eliminated. The remaining teams revert back to the first tiebreaker, and if only one team
remains, that team wins the division. If all teams choose the same side of the coin, the coin flip
is performed again until one or more teams are eliminated.

Throughout the NFL’s history, there have been no playoff scenarios that have gone past
the strength of victory tiebreaker. This has occurred three times since the NFL adopted its
current format of tiebreaker procedures in 2002, according to nfl.com. The strength of victory
tiebreakers have also only ever been used in wildcard scenarios, never in a divisional
championship scenario. The furthest divisional tiebreaker is the best WLP within the
conference, which has also occurred only three times. Given that it is extremely rare that any
tiebreaker would ever advance past the best strength of schedule tiebreaker, this research does

not analyze any possible scenarios or outcomes beyond this tiebreaker.
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Chapter 3 - The NFL True Fan Problem and SPORT Algorithm

This chapter describes the true fan problem and develops integer programs to determine
the solutions. These integer programs are combined into a SPORT algorithm, which determines
the minimum path to the division championship. Once the minimum path is determined, SPORT
finds any critical games. These critical games are used to determine the games and teams that

enable the easiest road to the playoffs.

3.1 The True Fan Problem

Every fan wants their team to be the champion and thus the fan’s team must qualify for
the playoffs. For this chapter, assume that the fan’s team is team a and that the other teams in
division are team b, team c, and team d. For a casual fan, rooting for teams b, ¢, and d are
frowned upon as they are the main opposition to team a winning the division. However, a true
fan sets aside that culture of unsupported distaste for the other teams when it is in the best
interest of team a. For example, a fan of team a may root for a rivalry team to win a game (e.g.
team b), if it helps team a qualify for the playoffs. Determining what teams have to win which
games in order for team a to become the division champion is the NFL True Fan Problem

The concept of a minimum playoff path is vital to the NFL True Fan Problem. Given the
outcomes for games already played, the minimum point division championship (MPDC) for
team a is defined as the minimum number of points (2 points for a win, 1 point for a tie) required
for team a to become the division champion. Any collection of outcomes to all the remaining
games where team a earns MPDC points and is declared the division champion is called a
minimum point path (MPP). If no such MPDC exists, then the team is eliminated from playoff

contention.
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Observe that MPP may not be the most likely path to become division champion. For
instance, a team could make the playoffs by defeating a team that is undefeated or win two
games versus teams that have not won. While the second scenario may be more likely, the first
scenario is defined as the MPDC.

Knowing that an MPDC exists provides fans with a glimmer of hope that their team
could still qualify for the playoffs. An excellent example happened in 2002 in the AFC East.
The New York Jets, New England Patriots, and Miami Dolphins all finished with a 9-7 record.
With four games left in the season, the Dolphins were at 6-6, the Patriots at 7-5, and the
Dolphins at 7-5. The Jets finished by winning two common games with the Patriots and
Dolphins, and also beat the Patriots. The Patriots finished the season by winning two division
games, including one against Miami, but lost to the Jets. The Dolphins finished the season by
winning two common games with the Jets and Patriots, but losing to the Patriots. The final week
of the season included the Patriots over the Dolphins in overtime and the Jets over the Green Bay
Packers. Again, all three teams finished with a 9-7 record, but the Jets ended up winning the
division. All three teams tied in the head-to-head category, Miami was eliminated by the
division record category, and New York beat out New England in common games record. All of
these tiebreak outcomes were decided in the final couple of weeks, with there being a very
limited number of ways each team could win the division.

A key component of the above example was that the Jets had won the “appropriate”
games to hold the tie breaker over New England and Miami. These “appropriate” games are
called critical games. A game between any two teams is critical if changing the outcome of the
game in every MPP increases the required points for team a to become division champion. More

formally, a game g between team i and j is said to be critical for team a if one of the two
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scenarios happen. If team i beats team j and team a’s MDCP increases, then the game is critical
and the true fan must root for team j. Alternately, if team j beats team i and team a’s MDCP
increases, then the game is critical and the true fan must root for team i.

The concept of a critical game is vital to the NFL True Fan Problem. A great case of
making the playoffs with a low number of wins is the NFL season of 2010, where the Seattle
Seahawks made the playoffs by winning the NFC West division with a record of 7 wins and 9
losses. Meanwhile, the New York Giants and Tampa Bay Buccaneers, both in the NFC finished
with 10 wins and 6 losses, but did not make the playoffs. Additionally, the St. Louis Rams, also
of the NFC West, also finished with 7 wins and 9 losses. However, due to the NFL tiebreaker
rules in place, Seattle won the division based on a better division record. Seattle only needed to
win 7 games to win the division, and 4 of those 7 came in the division. Other division winners
needed 10, 11, and 13 wins for the NFC East, North, and South respectively. Clearly, Seattle
had the easiest path to the playoffs by only needing 7 wins. For good measure, in the playoffs
Seattle beat an 11 win New Orleans team in the first round. Had Seattle won 10 or 11 games,
they would have played the Green Bay Packers, the eventual Super Bowl® champions that year.
So, for teams and fans alike, knowing the easiest path to the playoffs can help spur added
excitement to the NFL season.

To solve for MPDC and to find MPP, several integer programs are created along with the
SPORT algorithm, which identifies the critical games. The SPORT algorithm should be applied
once game results are known. Thus, as results of games are obtained, new critical games may
appear in a team’s schedule. The next section describes the integer programs associated with

SPORT.
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3.2 IPs Associated with MPDC

To solve for MPDC, 31 integer programs are used. These integer programs look at every
possible scenario for team a to become the division champion. These 31 IPs exhaustively
evaluate all possible scenarios where team a could be the division champion. The following
arguments describe these exhaustive cases.

An assumption is now made that in the final week, a divisional could score an arbitrarily
large number of points. Thus, if team a were tied with another team through the first 7
tiebreakers, the other team could hold the 8" tiebreaker (point differential). Consequently, team
a must win the division championship prior to the 8" tiebreaker and these models reflect this
assumption.

Team a is declared the division champion if team a has a higher tie break against every
single divisional team. The IP in Section 3.2.1 describes this IP. All other scenarios must have
team a not having a tie breaker advantage over every other team in division.

In a three way tie, team a can be division champion and still lose a head to head tie
breaker with one of the three teams. For this scenario to occur, each of the three teams holds the
tie breaker, but their overall record among these three teams is equal. As tie breakers continue,
the team that holds the head to head victory over team a must be the first team eliminated. Then
team a holds the head to head advantage over the other team. This scenario can happen six times
and is discussed in Section 3.2.2

The final 24 integer programs deal with the 4 types of 4-way head-to-head ties that can
occur. Each of the 4 ways again has 6 different scenarios (4x6=24) of which teams among a, b,
¢, and d advance or are eliminated. These cases are exhaustive and more discussion is provided

with each specific scenario.
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The integer programs seek to minimize the number of points team a needs to earn for the
season in order to secure the division championship. These points are derived from wins and ties
throughout the season. The MPDC often involves team a beating one or more teams in one of
the NFL division championship tiebreaker scenarios. The outcomes of these scenarios are
determined by the integer programs, and reported as part of the MPP. Along with MPP, these
integer programs are utilized in the SPORT algorithm to determine the critical games for each
week.

The first of the 31 integer programs deals with team a defeating teams b, ¢, and d
separately in one or more tiebreakers to become the division champion. For this scenario, b, c,
and d must not have WLP greater than a. Team a can win on overall record and forgo dealing
with the tiebreaker scenarios, but this is rarely the case since the goal is the minimum path to the
division championship. The integer program takes care of which tiebreakers team a beats each

of the other teams j on, and makes sure team a is the division champion.

3.2.1 Dominant Performance IP for Fan’s Team

One integer program is the strictly dominant performance by team a versus each of the
other teams in the division. Team a is strictly dominant in this integer program because team a
is never worse in any tiebreaker scenario to every other team. This allows team a to be tied with
more than one team in overall record, head-to-head, in division, etc. This means that even
though all four teams may be tied in many tiebreakers, team a is better than every other team.
Thus, team a is never eliminated. Once each team has been eliminated, team a is then the de
facto champion since it dominates each of the other teams in at least one way. This integer

program forces team a into this exact situation thereby guaranteeing that the minimum number of
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wins to be division champion is correct. This model also serves as the basis for the integer
programs in the next sections.

Single Team Dominance Integer Program

To model the NFL true fan problem, the following decision variables are used.

Decision Variables

pije {0,1,2,3,4} = the points that team i earns against team j for all i,jeT

dijw € {0,1,2}= the points that team i earns against team j in week w for all weW, i,jeT

rijx €{0,1}= 1if team i is equal or better than team j for tietype keK for all i,jeT

vij € {0,1} = 1 if team i beat team j for all i,jeT

sij = the points that team i earned towards is strength of victory by beating team j for all i,jeT
Parameters

TV, is the value assigned to tiebreaker k. Its value is 10%*

gijwe {0,1} = 1 if team i plays team j in week w; O if not, for all weS, i,jeT

NCijm € {0,1} = 1 if team i and team j both play team m; O if not, for all i,j,meT

Cijm € {0,1,2} = 2 if team i and team j both play team m twice; 1 if team i and team j both play
team m once; and O if not, for all i,j,meT

Oij € {0,1} = 1 if team i plays team j; O if not, for all i,jeT

NFL MPDC Two-Team Dominance Integer Program

Min Z] e T:j#a pa,j

Subject to

Ziek TVkFajk=>2Zkek TVk rjaxtlforall j. D, and j#a (2)
Zwew Gijw=pij forallij.T ®)
Qijw + Qjiw = WOijw + WO;iw forallij.T, wW (4)
pij-l<M*yforallij.T ®)
2*vij<pijforallij.T (6)
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Sij<M*vy; forallij.T

Sij<Zket Pk forallij.T

Sij > 2ket Pik -M* (1-v;;) forall ij . T

Zier Zwew Giiw =0

Zier Pij- Zier Pji IS Mrijq foralli,j.Da

Zier Pji - Zier Pij TI<Mrji1 foralli,j.Da,

Zier Pij- Zier Pji TIS M (1-151) for all i,j . Da

Zier P = Zier Pij TISM (L-rijq) foralli,j. Dy

Pij - Pji +1<Mrjj.forallij.D,andi#

Pii - Pij +1<Mrj;,forallij.Dsyandi#

Pij - Pji <M (1-1i2) foralli,j. D, and iz

Pii - Pij <M (1-rij2) foralli,j. Daand i

Ziep, Pij = Zien, Pji + L <Mrijsforallij.Daand i#

Ziep, Pji = Zien, Pij + 1 =Mrjisforallij. D, and iz

Zien, Pij - Zien, Pii <M (L-1ji3) for all i,j. Da and i

Zien, Pji = Zien, Pij <M (1-rij3) forallij. D, and i#

Zinet (NCijm Pim)- Zmet (NCjim Pjm)+1<M ;s for all i,j . Da and i#f
Znet(NCjim Pim)-Zmer(NCijm Pim)+ 1< M 15 for all i,j . D, and i%j
Zinet(NCij,m Pim)-Zmer(NCjim Pjm) <M (1-rj,i5) for all i,j . Da and i/
Zinet (NCjjiom Pjm)-Zmer(NCijm Pim)< M (1- rijs) for all i,j . Da and i#f
Ziec, Pij - Ziec, Pji + 1 <Mrijsforallij.Daand i

Zicc, Pji - Zicc, Pij +1<Mrjisforallij.Daand i

Ziec, Pij = Ziec, Pii <M (1-1ji4) for all i,j . D, and i

Ziccy Pii = Ziec, Pij <M (1-rija4) foralli,j. Da and i

Zner Sim = Zmer Sjm + 1 <Mrjeforall i,j. Daand i

Zner Siym = Zmer Sim + 1 <Mrj;eforalli,j.D,and i

Zner Sim = Zmer Sjm <M (1-1j) for all i,j . Da and i

Zmer Sjm = Zmer Sim <M (1- rije) for all i,j . Dy and i#f

Zmet Oim Znet Pmn = Zmet Ojm Znet Pmpn + 1<Mrij7 forall ij. D, and i
Zimet Ojm Znet Pmpn = Zmet Oim Znet Pmn + 1<M 17 forall ij . D, and i#f
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Zinet Oim Znet Pmn = ZmeT Ojm Znet Pmn <M 137 foralli,j. Da and i (17¢c)
ZmeT Ojm Znet Pmn = Zmet Oim Znet Pmn <M rij7 forall i,j. Daand i (17d)
rijx €{0,1} forall i,j,k

0ijw € {0,1,2} for all i,j,w

pije {0,1,2,3,4} for all i,j

vij €{0,1} for all i,j

sijeZ" forallij

where M is an arbitrarily large value.

The objective function minimizes the total number of points that team i needs to gain
from all other j teams. The constraints force that team i is the division champion. Thus, this IP
seeks the minimum number of points that enable a team to be the division champion by
dominating each team in its division on a tiebreaker.

The team must win the division over a set of tiebreakers (2), but does not have to win on
any specific tiebreaker. Therefore, the team’s tiebreaker score must be larger than every other
team in its division. This is shown through the idea that the sum of the tie rankings multiplied by
each ranking’s value for the team must be greater than or equal to one plus each opponent’s sum
of its tie rankings multiplied by each ranking’s value, thereby ensuring that the team’s overall tie
score will be larger, meaning it will be the division winner. This constraint does not force any
tiebreaker score to happen, it simply forces one (or more) of the tiebreakers to occur in favor of
team a over each team in the division.

Critical to this formulation is the value assigned to tie rankings. The highest tie ranking
value must have a value that is strictly larger than the sum of all other tie ranking value. Thus,
assigning a tie ranking value that doubles each time is sufficient. That is, tie ranking 6 has a
value of 1, but tie ranking 1 has a value of 64. Thus, having all lesser tie breakers can never

overcome the highest ranked tiebreaker.
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Constraint set (3) shows the relationship between points (simply points i earns from j)
and weekpoints (points i earns from j in week w). This constraint simply states that the sum of
the weekpoints of i from j across all weeks should equal the total points i earns from j. While
these variables could be removed, having this variable enables a simpler explanation of the
model.

This fourth constraint shows that if two teams play each other, the most points they can
earn for weekpoints is equal to 2. So, for each week w, if team i and j play, then there are exactly
2 weekpoints available; otherwise, each slot w in the g array gets assigned a 0 since i and j did
not play. Constraints (5) and (6) ensure that v;; only equals 1 when team i beats team j.
Constraints (7), (8), and (9) tie together v;; and s;j. These constraints force s;; to be exactly equal
to the sum of the number of points of each team that i beat. Constraint (10) simply states that
team i cannot earn any weekpoints from itself, because it does not play itself.

To replicate the tie breakers in the NFL into and IP format, a collection of four
constraints are used. The equations consist of a left hand side that finds the difference between
two teams based on the particular tie breaker, such as total points, points in division, or points in
conference. The combination of the four right hand sides force the specific r;; value based on
the difference value on the left hand side. For each set of tie breaker constraints, three possible
outcomes are created. First, if team i value — team j value is positive, team i gets a 1 for the
corresponding ri;x and team j gets 0. Conversely, if team i value - team j value is negative, team
J gets a 1 for the corresponding r;;« and team i gets 0. Lastly, if team i value - team j value is O,
both teams get a 1 for the corresponding i k.

This set of constraints (11) sets up the first available tie-breaker between two teams,

which is that team i has a better record than team j. To create this, four constraints are used.

39



Assume team i has more points than team j. The left hand side of the first constraint is positive
and ri;1 must be 1. The left hand side of the second constraint is positive and r;j;i; must be 0.
The left hand sides of the third and fourth constraint are 0 or negative, thus rj;1 and r;; can be
either 0 or 1. Based on this scenario, rij. is 1 and rj;1is O, which is correct.

Now, assume team j has more points than team i. The left hand side of the first constraint
is 0 or negative and the r;j: can be 0 or 1. The left hand side of the second constraint is negative,
and the rj;, can be 0 or 1. The left hand sides of the third and fourth constraints are strictly
positive, and thus the rj;1is 1 and the ;1 is 0. For this scenario, rij1 is 0 and rj;is 1.

Finally, assume team i and team j have equal points. Now, the left hand side of the first
equation is positive, and the rij1 must be 1. The left hand side of the second constraint is 0, and
the rj;1can be 0 or 1. The left hand side of the third constraint is positive, and the r;j;,; must be 1.
The left hand side of the fourth constraint is 0 and the r;;;1 can be either 0 or 1. For this scenario,
both rij1 and rj;,are 1.

The second set of tie breaker constraints (12) follows the same logic as the first set except
this set deals with points only earned between team i and team j (head-to-head points). Thus,
the left hand side of these constraints involve p;; - p;;, the points that team i earned from team j.
There are no teams being summed over here as this constraint only deals with team i versus each
team j.

The third set of tie breaker constraints (13) follows previous logic and deals with points
team i earned in the division versus team j’s points in the division. For these constraints, the left
hand side is concerned with points team i has earned from all teams in its division against the

points team j earned against all teams in the division. So, the constraint still has p;; — pj, except
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team j is summed over all teams in the division (D;). Now, the difference in points between
teams i and j reflects the difference in points earned in the division.

The fourth set of tie breaker constraints (14) follows previous logic and this set deals with
points team i earned in games in common with team j, and points team j earned in games in
common with team i. For this set of constraints, the left hand side compares p;; — p;,i with j being
summed across games in common with i. A game in common is from the NC;;, data. For team
I, if both team i and team j both have a game in common with team m, then the NC;; , becomes a
1, and this is multiplied by the points team i earned from team m. Thus, if team i played and beat
team m, but team j did not play team m, then despite team i earning 2 points from team m, the
NC;;m factor would be 0, and the overall effect would be a O for team i’s left hand side.

The fifth set of tie breaker constraints (15) follows previous logic and this set of four
constraints deals with points team i earned in the conference versus each team j’s points in the
conference. For these constraints, the left hand side is extended to include all teams played in
the entire conference, not just games in the division and games in common. The left hand side
shows this by having the points team i earned from all teams j in the conference and comparing
the points earned to team j’s points earned against all teams in the conference as well. The
comparison is now pjj — p;,i with the j being summed across all teams in the conference.

The sixth set of tie breaker constraints (16) follows previous logic and this set deals with
points earned from every team that team i defeated (strength of victory) against points earned by
every team that team j defeated. For this set of constraints, the left hand side compares s;x — Sjx
with k being summed across all teams. Victory points are the total points team k ends the season

with, and are added to team i’s strength of victory only if team i beat team k during the season.
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If team i has more victory points than team j, and thus a better strength of victory, team i is
rewarded with the tiebreaker points for this tiebreaker.

The seventh set of tie breaker constraints (17) follows previous logic and this set deals
with strength of schedule. Strength of schedule is similar to strength of victory, except these
constraints take into account all teams played, not just teams beat. The left hand side, pyn, l00ks
at every opponent m that team i plays, O;n, and sums the points earned, 2., by every opponent
of team i, regardless if team i beat that opponent. This is compared to the points that every
opponent of team j plays, Ojm. If team i has a better strength of schedule (team i’s opponents
have more combined points than team j’s), then team i is rewarded the tiebreaker points for this

tiebreaker.

3.2.2 Three-Way Tie Scenario IP

Once three teams are allowed to tie in division, the tiebreaker determination process
becomes quite complicated. The NFL employs a last team standing approach where one by one
each team is eliminated until only one team is left. This method is different than, say, finding the
first team to dominate the other teams in a tiebreaker. For the 3-way integer programs used,

team a can no longer dominate each team directly, as this was covered in the previous case.
Table 3.2.2-1. Three Way Tiebreaker Case

3 Way Tie
alb|c|d

alo oo
RO |X

40| 3
x|4]3
Ofx |3
1] 1|x
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For symmetry, assume teams b and c are tied with team a. This case has team a losing a
head to head tiebreaker to a tied team and yet still being declared the division champion. This
occurs if teams a, b, and c are all tied in win-loss-tie record and head to head. Team a dominates
team b head-to-head, team b dominates team ¢ head-to-head, and team ¢ dominates team a head-
to-head. If team c is eliminated first, then team a dominates team b on head-to-head. Thus, team
¢ must be eliminated first, requiring both team a and team b have tiebreaker advantage over team
c after the head-to-head tiebreaker. The following IP presents this case.

Three-Way Tie Scenario Integer Program

Min Z] e T:j#a pa,j

Subject to

Zwew Qijw=pij forall ij.T (3)
Qijw + Qjiw = WOijw + WO;iw forallij.T, wW (4)
Pijfl<M>*viforallij.T (5)
2*vij<piforallij.T (6)
Siji<M*vy; forallij.T 7)
Sij<Zket pjk forallij T (8)
Sij > 2ket Pik -M* (1-v;;) forall ij . T (9)
Zier Zwew Giiw =0 (10)
Ziey Pij - Zien, Pji + L <Mrijsforall ij. D, and i (13a)
Ziep, Pji = Zien, Pij + 1 <Mrjisforallij. D, and i# (13b)
Zieny Pij = Zien, Pii <M (1-T1ji3) for alli,j. Da and i (13c)
Zien, Pji = Zien, Pij <M (1-rij3) foralli,j. Daand i# (13d)
ZineT (NG jm Pim)- Zmet (NCjimPjm)+1<M ;s for all i,j . Da and i# (14a)
Zinet(NC;im Pjm)-Zmet(NCijm Pim)+ 1< M ;s for all i,j . Da and i (14b)
Znet(NCijm Pim)-Zmet(NCiim Pim) <M (1- 1ji5) for all i,j . Da and i/ (14c)
Zinem (NC;im Pj.m)-Zmet(NCijm Pim)< M (1-1ij5) for all i,j . Da and i#j (14d)
Ziccy Pij - Ziec, Pji + 1 <Mrrijaforalli,j.Daand iz (15a)
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Zicc, Pji -
2iec, Pij -
2iec, Pji -
Zmer Sim -

2mer Sj,m -

Ziec, Pij + 1=<Mrjiaforallij. D, and i

Ziec, Pii <M (1-1j:4) for all i,j . D, and i
Zicc, Pij <M (1-rij4) foralli,j. D, and i
Zer Sim + 1 <Mrjjeforall i,j. Dy and i

Zer Sim + 1 <Mrjieforall i,j. Dy and i#

Ziner Sim = Zmer Sjm <M (1-1j6) for all i,j . D and i#j

Z‘meT Sj|m -

Zmer Sim <M (1-rije) for all i,j . Dy and iz

ZmeT oi,m ZneT pm,n - ZmeT Oj,m ZneT pm,n + 15 M r'i,j,7 for all |,] € Da and 13&]

ZmeT Oj,m 2neT Pmn - 2meT Op,m 2neT Pmn t+ 1<M rj,i,7 for all i1j € Da and 175]

ZmeT Oi,m 2neT Pmn - 2meT Oj,m 2neT Pm.n <M r'j,i,7 for all i,j € Da and 175]

Zinet Ojm Znet Pmn = Zmet Oim Znet Pmn <M rij7 forall i,j . Dy and i
ek (TViToek) = Zker (TVicFepk) +1

Zkek (TVkTack) = Zikek (TViFeak) +1

Zien, Zjen, Tij1=1 for all i,j #d

Zien, Zjep, Tij2 =1 forall i,j #d

2er (pa,j —Pej ) =0
Zjer (Po,j— Pej) =0
2ier Pdj < Zjer Paj -1

Pab > 3
Pb.c > 3
Pea> 3

Pajb— Pbc =0

Pca—Pap =0

rijx €{0,1} for all i,j,k
dijw € {0,1,2} for all i,j,w
pije {0,1,2,3,4} for all i
vij €{0,1} for all ij

sijeZ" forallij

where M is an arbitrarily large value.
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This IP is similar to the two team dominant IP from the previous section. The constraints
for the WLP tiebreaker (constraint set 10) and the head-to-head tiebreaker (constraint set 11) are
removed, and their variables are set to 1 for the appropriate teams to help force the 3-way time.
Additionally, constraint 2 has been removed as team a no longer needs to dominate every team
in overall tiebreakers. Several other constraints are added as well to force this scenario.

Constraints 18a and 18b allow one of the two teams not team a to be dominant in one of
the tiebreakers, allowing team a to then dominate that remaining team in head-to-head. Also,
team a must dominate the least of the three teams as well, as team a cannot be eliminated first.
This constraint exists so that team a has a team to eventually dominate in tiebreakers. If the
other two teams remain tied throughout all tiebreakers, then team a would never dominate or win
the division. The left side of the inequality is sum of the tiebreakers multiplied by each
tiebreakers value for the tiebreaker score of team b versus team c. The right hand side is the
same value, except for team c versus team b, plus 1. This inequality states that the total tie value
of team b against team ¢ must be at least 1 better than team c’s total tie value, ensuring team b is
better in at least one tiebreaker category. Similar logic follows for team a also dominating team
C.

The next set of constraints, 19a and 19b, force the tiebreaker variables for the first two
tiebreakers to be equal to 1 for the three teams involved in the 3-way tie. This is due to the fact
that constraint sets 10 and 11 from the two-team dominant IP were removed. Since these
constraints were removed, nothing was forcing a value for these first two variables and they
could then be a 1 or a 0 for no reason, which violates the validity of the model.

Following those constraints are constraints 20a, 20b. These constraints ensure that the

three teams in the tie scenario have the same overall record. The left hand side compares the
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sum of all the points earned by two of the three teams in the tie scenario, and the difference in
total points must be 0 to ensure that both overall records are equal. By the transitive property,
having two such equalities ensures all three teams are equal.

Constraint 21 forces the only team not in the tie scenario to be dominated on overall
points by team a, ensuring that a four-way tie scenario is not created. And by constraint set 20,
the other two teams will also dominate the fourth team. The left hand side of the inequality is the
total points that fourth team has earned, and the right hand side is the total points that team a has
earned. The inequality states that the total points of the fourth team must be at best 1 point worse
than team a’s total points, ensuring the fourth team is strictly worse on overall points.

The next set of constraints, 22a, 22b, and 22c force the head-to-head tiebreaker to be
equal across all three teams in the three-way tie scenario. This set of constraints deals with each
team earning at least 3 points from one of the other teams in the tie scenario. These constraints
are needed so that one team is not eliminated in the head-to-head tiebreaker and no three-way tie
exists. The left hand side of the inequality of the constraints is the points one team earned from
another team, with each team dominating a different team (a team cannot both dominate and be
dominated by the same team). The right hand side of the inequality is 3, since each team must
outright dominate one of the others in head-to-head.

The next set of constraints, 23a and 23b ensure that all three teams gain the same amount
from their non-dominated team in the three-way tie. The left hand side is the points difference
between two teams earned from their non-dominated team, and the right hand side is zero to
ensure that the points earned are equal between the two teams. Both constraints with the

transitive property ensure all three teams are equal. One team cannot gain 3 points from one
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team and have that team gain 4 from the third team; this would violate the equality constraint as

one team would have to finish with more points head-to-head.

3.2.3 Four-Way Tie Scenarios and IPs

This section provides an IP model that provides the division champion when all four
teams have the same W-L-T record at the end of the regular season. This scenario is unlikely
and has never occurred in the NFL. However, this scenario may still occur and could provide a
glimmer of hope for a team and thus it is included here.

The complexity involved with 4-way ties in division is evident by the four times increase
in the number of integer programs required to solve every situation from the 3-way tie scenarios.
Similar to the 3-way tie IP, the case presented here is when team d is eliminated first, then team c
and finally team b. Once such a scenario occurs, there are six ways to permute teams b, ¢ and d.

In this scenario, all four teams have the same WLP record and have the same head to
head, otherwise the scenario falls into either or the two previous cases. Since all four teams are
tied head to head, they must also be tied in division. There are four cases to consider under these
assumptions. Prior to giving these cases, the basic 4-way tie IP is given. Each case adds on a

few special constraints.
4-Way Tie Core IP

Min 2j . 724 Paj

Subject to

Zwew Gijw=pij forall i,j. T ©)
Qijw * Qjiw = WOijw + WOj;yw foralli,j. T, wW 4)
pij-l<M*viforallij,.T ®)
2*vij<pijforallij.T (6)
sij<M*vy; foralli,j. T (7
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Sij<Zket Pk forallij.T

Sij = ket Pjk -M* (L-vij) forall ij. T

Zier Zwew Giiw =0

Zinet (NCijm Pim)- Zmet (NCjim Pjm)+1<Mrijs for all i,j . Da and i
Zinet(NC;im Pj,m)-Zmet(NCijm Pim)+ 1< M 15 for all i,j . Da and i#
Znet(NCijm Pim)-Zmer(NCjim Pjm) <M (1- 1j;i5) for all i,j . D, and i
Zinet (NCjim Pjm)-Zmer(NCijm Pim)< M (1- 1ij5) for all i,j . Da and iz
Zicc, Pij - Ziec, Pii + 1 <Mrijaforallij.Daand i#

Zice, Pji - Ziec, Pij + 1 <Mrjiaforallij,. Daand i#

Ziec, Pij = Ziec, Pji <M (1-1j;4) for all i,j . D, and i

Ziec, Pji = Ziec, Pij <M (1-1ijq) forall i,j. Daand iz

Zmer Sim = Zmer Sim + 1 <Mrjjeforalli,j. Daand i

Zner Sjm = Zmer Sim + L <M rjieforalli,j. Daand iz

Zner Sim = Zmer Sjm <M (1-1ji6) for all i,j . Dy and i

et Sim = Zmer Sim <M (1-rijg) for all i,j . Da and i

Zimet Oim Znet Pin = Zmet Ojm Znet Pmn + 1<Mrije foralli,j. Dy and i
et Ojm ZneT Pin = ZmeT Opm Znet Pmn + 1<Mrji6 forall ij . D, and i
Zmet Oim Znet Pin = Zmet Ojm Znet Pmn <M 1ji6 foralli,j. Da and i
Znet Ojm Znet Pin = Zmet Oim Znet Pmn <M rije foralli,j. Da and iz
ket Pik= Zier Pjk foralli,j. D, and i#

2keny Pik = Zkep, Pjx foralli,j. Daand iz

riji=1 forall i,j . D and i#j

rij.=1forall i,j . Da and i#

rijs=1 forall i,j . Da and i#

rijx €{0,1} forall i,j,k

dijw € {0,1,2} for all i,j,w

pije{0,1,2,3,4} for all i,j

vij €{0,1} for all ij

sijeZ" forallij

where M is an arbitrarily large value.
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The only difference in the 4-Way Tie IP from the Dominant IP is that there is no tie
breaker for W-L-T (constraint set 10), head-to-head (constraint set 11), or division record
(constraint set 12). Rather constraint (24) requires all teams in division to have the same W-L-T
record and (25) forces the same head to head and division record. The final added constraint set,
26a, 26b, and 26c¢, is so that all teams’ first 3 tiebreaker variables are set to 1. Additional
constraints are added to this IP to force certain scenarios. The different cases of eventual
dominance are given in Table 3.2.2-2. For simplicity, the cases presented in this table do not
consider ties. However, the IPs do allow for the tie scenarios by having points greater than or
equal to 3. The cases below describe the exact order of how teams must be eliminated to assure
that team a is the division champion. Any deviation from this order would result in an alternate

division champion.

Table 3.2.2-2 Four-Way Tiebreaker Cases

Case 1. Case 2.
alblc|d alblc|d
alx|4[2(0 a|0]4|0(2
b|0[x|4]|2 b|0[x|4]|2
c|2|0[x (4 c|4|0[x |2
d|4]2]0[x d|2|2|2|x
Case 3. Case 4
alblc|d alblc|d
alx|4f0f2 alx|2]2[2
b|0[x|4]|2 b|2(x|4|0
c|4|0[x |2 c|2|0[x (4
d|2]|2]2[x d| 2| 4| 0|x

Case 1 shows that each team dominates exactly one other team in head-to-head. In this
case, team a wins the division if team d is eliminated first, because team c is then eliminated next
due to only having 2 points in the head-to-head. Finally, team b is eliminated since it loses head-

to-head. This scenario is modeled by adding the following constraints to the 4-way tie core IP.
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Pap > 3 (273-)

Ppec >3 (27b)
Pca > 3 (27C)
Pda> 3 (27d)
Pab — Ppc =0 (27¢e)
Pb,c — Ped =0 (271)
Pc.d — Pd,a =0 (279)
Pac— Pobd =0 (27h)
Pb.c — Pad =0 (27h)
Zrex (TViFidk) = Zkex (TViraik) +1 for all i. D\{d} (28)

The first 9 constraints force Case 1 according to table 3.2.2-2. Constraints set (23) forces
team d to be worse than every other divisional team on tie breakers and thus, it is eliminated first.
Team a is then the division champion since d is eliminated first.

Case 2 shows a scenario where each divisional team beat team d once, and dominated one
other team in head-to-head. For this case, if team d is eliminated first, the remaining teams are
all still tied in head-to-head with 4 points. Next, team ¢ must be eliminated by a tiebreaker
further down the line. Once team c is eliminated, team a dominates team b in head-to-head and

is declared the champion. For Case 2, the following constraints are added to the 4-way Tie Core

IP:

Dap >3 (29a)
Doc >3 (29b)
Pca>3 (29¢)
Pab — Pb,c =0 (30a)
Pb,c — Pea =0 (30Db)
pi,g=2 for all i . D, and i#d (31)
Zkek (TViTedk) = Zrex (TViFaex) +1 (32a)
2kek (TViFack) = Ziex (TViFeak) +1 (32b)
Zkek (TViIbek) = Zirex (TViFepi) +1 (32¢)

The first 6 constraints help force Case 2 as shown in Table 3.2.2-2. Constraints 32a, 32b,
and 32c ensure that team d is eliminated first, and that team c is eliminated second so that team a
will dominate team b in head-to-head tiebreaker once they are the only two teams left. This

happens because team ¢ dominates team d and team a and b both dominate team c, so they also
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will dominate team d.  Thus, team a is the division champion since team d was eliminated first
and team c was eliminated second.

Similar to Case 2, Case 3 shows that each team beat d once, and dominated one other
team in head-to-head. For this case, team c is eliminated first. From here, team b would be
eliminated next due to having the worst head-to-head record. Team a and team d would be left
with similar head-to-head records, so team a would need to dominate team d in some other
eventual tiebreaker to win the division. To create Case 3, the following constraints were added

to the 4-way Tie Core IP:

Pap > 3 (33a)
Poc >3 (33)
Pea>3 (33c)
Pab — Poc =0 (34a)
Pb.c — Pca =0 (34b)
pig=2 for all i . D, and i#d (35)

Zkek (TVkTack) = Zikek (TViFeak) +1 (36a)
Zkex (TViIbek) = Ziker (TViFepk) +1 (36b)
Zkex (TViTack) = Zrer (TViFeax) +1 (36¢)
Zkek (TVkTadk) = 2k (TVkgak) +1 (36d)

The first 6 constraints help force Case 3 as shown in table 3.2.2-2. Constraints 36a, 36b,
36¢, and 36d ensure that team c is eliminated first, and that team b is eliminated second. Once
team b is eliminated, team a will need to dominate team d so that team a is the only team left.
This case differs from Case 2 in how the case plays out since team c is eliminated first, not team
d. However, team a is still the division champion in this case since team c is eliminated first.

Case 4 differs from the previous two cases in that team a is now the team that has split
with every other team. For this case, any team b, c, or d can be eliminated first. Once one of

them has been eliminated, one of those remaining two will be eliminated by having the worst
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head-to-head record with only 2 points. Finally, the remaining team and team a will have
identical head-to-head records, and team a will need to dominate that team in some other
eventual tiebreaker to win the division. For this case, the following constraints were added to the

4-Way Tie Core IP:

Poc >3 (379)
Dea >3 (37b)
Pap >3 (37¢)
Pbc — Peg =0 (384)
Pc,d — Pdb =0 (38b)
pio=2 for all i . D, and i#a (39)

Zrek (TViTagk) = Ziek (TVkFgak) +1 (40a)
Zrek (TViTodk) = Ziex (TViFapk) +1 (40b)
ek (TViFedk) = Ziex (TViFaex) +1 (40c)
Zrek (TViTapk) = Ziex (TVkMpak) +1 (40d)

The first 6 constraints help force Case 4 as shown in table 3.2.2-2. Constraints 40a, 40b,
40c, and 40d ensure that team d is eliminated first, and that team c is eliminated second. Once
team c is eliminated, team a will need to dominate team b so that team a is the only team left.
Once team a dominates team b in tiebreakers, team a is then the division champion in this case,
since team d is eliminated first.

Due to permutations, this section has described 31 different IPs that are solved to find
solutions to the NFL True Fan problem. The next section describes the SPORT algorithm that

manages these 31 IPs to identify answers.

3.3 The SPORT Algorithm

This section provides the pseudo code for the Shortest Path Of Remaining Teams
(SPORT) Algorithm, which solves the NFL True Fan Problem. The SPORT algorithm is a new

algorithm that solves each of the 31 integer programs and, using the resultant MPDC and MPP,
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determines the critical games for the upcoming week for team p. Based upon the solution of the
IPs, SPORT adjusts and reports solutions MPDC and MPP. Part of the reporting is a list of
critical games for each of the 32 NFL teams, which is a solution to the NFL True Fan Problem.

The SPORT Algorithm requires many inputs which allow it to run. One input is the
week, w, in question. Another input is the result of all completed games. In putting the result of
a game, the score is irrelevant and only a win, loss or tie must be recorded. Finally, SPORT
requires the schedule for all teams.

For each team, SPORT seeks to determine the critical games. As each team becomes the
desired team, the core component of SPORT solves numerous IPs. These models are loaded
based on a counter, countl, with the initial model being loaded each time a new desired team is
chosen. After 31 IPs are solved, SPORT identifies the MPDC for the desired team and identities
which IPs provided an MPP.

For each unplayed game in week w, SPORT assigns one team as the winner and checks
MPDC. This check is made by verifying whether or not MPDC has increased in all models that
had an MPP. This process is repeated with the other team winning. A final case is tested where
the teams tie. Thus, for any given week, assuming no byes, SPORT solves up to 1,519 IPs for a
single team in a single week. Thus, SPORT could solve over 48,000 IPs per week.

Once the SPORT Algorithm has run to completion many results are reported. The most
important result is the critical games for the upcoming week w. For this week and for each team
a, the critical games are reported as which teams i need to beat which teams j. Additionally, the
specific IP model scenario that forces the critical game is reported, which can be a two-way,

three-way, or four-way tie scenario. Also, if no solution is found for a team a, then the algorithm
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reports “No Solution” for that team, as that team is eliminated from divisional championship
contention.

Another helpful output that goes along with the IP model scenario is the solution that the
IP model gives, the minimum points that team a needs to win the division. The current points for
team a are also calculated during the SPORT Algorithm’s run and are reported with the
minimum points. Finally, an MPP is reported so that fans have a clear path to a division
championship.

Formally, the pseudo code for SPORT is as follows.

The SPORT Algorithm

ForeachaeT
Zmin é M
For each IP model from Chapter 3
Solve IP model,
if ZMODEL < Zmin1 then
unflag all models
flag this model
Zmin é ZMODEL

Solution € model’s solution

else
If ZMODEL - Zmin
flag model
End if
End Else

End if
If Z™" < M, then
Report Z™" as the MPDC and Solution as the MPP

For each to be played game g = (t;, tj, w, -1) in the upcoming week
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test <0
For each flagged IP model
Create model’ by adding the constraint g = 2 to model
Solve model’
If model is feasible and 2% = z™" then
team i beating team j is not critical for team p.
test < 1
exit for loop
End If
End for
If test = 0, then
report team i beating team j in slot k is critical for team a.
test < 0
For each flagged IP model
Create model ’” by adding the constraint g;iw = 2 to model
Solve model’’
If model’” is feasible and 2% = 7z™" then
team j beating team i is not critical for team a
test < 1
exit for loop
End If
End for
If test = 0, then
report team j beating team i in slot k is critical for team a
test < 0
For each flagged IP model
Create model *”” by adding the constraint ;w = 1 to model
Solve model’”’
If model””” is feasible and %"= z™" then
team i tying team j is not critical for team a
test < 1
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exit for loop
End If
End for
If test = 0, then
report team i tying with team j in slot k is critical for team a
End For
End If
End For
End For

Although SPORT theoretically solves the NFL True Fan problem, there is no guarantee

that SPORT is a computationally tractable algorithm. SPORT solves many IPs and all it takes is
one truly complex IP for SPORT to report neither an MPDC, nor MPP, nor critical games. The
next chapter provides computational results, which demonstrate that SPORT is indeed a practical

method to solve the NFL True Fan problem in most instances.
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Chapter 4 - Computational Results

This chapter gives the computational results obtained from running the SPORT algorithm
for the 2012-2013 NFL season. These results were obtained from running OPL through CPLEX
12.4 (CPLEX) on a Dell XPS with a 3.40 GHz Intel Core i17-3770 processors with 8GB of RAM.
The results obtained include run time, number of critical games for each week, and number of
teams eliminated for each week. Finally, this chapter gives several interesting instances to show

the use of MPDC and MPP.

4.1 Instances Run

For the 2012-2013 season, instances were run for weeks 2 through week 17. Week 1 was
not included as every team has the exact same solution at that point. The solution is 3 wins, one
over every team in the division, and one tie over some other team. The results do not start to
change until week 2, so week 2 is where the instances began. For all instances ran, the results
are summarized in Table 4.1-1. Weeks 2 through week 5 had no significant results in terms of
possible three-way tie and four-way tie scenarios and teams eliminated from the division
championship. Most tie scenarios either are not the easiest possible path this early or those
scenarios are eliminated by the results of the games from those weeks.

There are no team eliminations early, because the earliest a team can be eliminated from
the division championship is after week 8. This is due to the fact that one team can have 8 wins
and 0 losses, and another team can have 0 wins and 8 losses. Both teams can finish with 8 wins
and 8 losses, and once tiebreakers are factored in, either team could lose out on the division
championship. Thus, week 8 is the earliest one team could be eliminated from the division

championship.
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Week 6 is the first week with interesting results. In this week, the Baltimore Ravens,
have 10 models all with the minimum path possible. One way is the dominant model, one is a
three-way tie scenario, one is a four-way tie, case 1 scenario, two are four-way tie case 2
scenarios, two are four-way tie case 3 scenarios, and three are four-way tie case 4 scenarios.
This is by far the most models any team has throughout the season. Four of these ten models
have the same critical game as well; however, all of these models drop out for week 7.

Week 7 through week 10 again have few results of significance. These results were the
critical games for the weeks, with no teams being eliminated from the division championship
race. Week 9 has the Baltimore Ravens, with a three-way tie scenario possible, which is
interesting since this scenario is still possible this late in the season. This is also the last week
where any scenario other than the dominant model scenario is possible for any team.

Critical games appear when a team is near elimination. In many scenarios, the team must
win and have the current division leader lose to retain a glimmer of hope for the championship.
In these scenarios, such games for team a are critical. However, team a may be behind by five
games with six to play. Most likely, there are no critical games. If team a loses and the leader
wins, then team a is eliminated even though there was not a critical game.

Week 11 is the first week where critical games start carrying important implications for
teams since week 11 is where teams are first eliminated from division championship contention
if they do not win. Week 11 features three such games, with the Cleveland Browns, Jacksonville
Jaguars, and Carolina Panthers all needing to win their week 11 game. None of them do,
however, and they are all eliminated from their division championship race. These eliminations

show up only when running the instances for week 12, so once teams are identified as being
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eliminated, it is straightforward to know that their game in the previous week was clearly a
critical game.

Beginning with week 12 there is at least one team eliminated from their division
championship race every week. Week 14 has the most teams eliminated in one week with eight
teams being eliminated. Week 13 has nine critical games, and three teams being eliminated. In
addition to week 14 having eight teams eliminated, it also has three critical games, only one of
which involves a team potentially being eliminated from its division championship race.

Week 15 has one team eliminated from its division championship race, and has 10 critical
games, which is the most for any week in the season. These 10 games are due in part to week 16
having five teams eliminated from their division championship race. That leaves five games that
are critical to teams that still have a chance to win their division even if they lose. Three of these
games involve teams who are currently in the lead in their division. These games are critical
because if they win, it forces their minimum path to increase. So these games are basically
games that the division leader can afford to not win and its division lead will not be affected.
The other two games involved teams that were not facing elimination from their division
championship, but also had almost no slack left in terms of how much larger their minimum path
could be before being eliminated. These games are critical as the result keeps these teams in the
hunt for their division championship with the minimum possible points.

Week 16, in addition to its 5 eliminated teams, also has seven critical games for its week.
The final week before the end of the season, week 17, has three critical games, each of which

involves a team that will lose out on its division championship if they lose in week 17.
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The 2012-2013 NFL season features one team, the Cincinnati Bengals, who ties with

their division champion, the Baltimore Ravens. However, the Bengals lost to the Ravens on

division record so the Bengals did not win their division.

Table 4.1-1 2012-2013 Results Summary

Week Critical Games |Eliminated Teams [Run Time (in minutes)
2 4 0 60

3 3 0 68

4 3 0 68

5 2 0 65

6 5 0 85

7 1 0 54

8 1 0 69

9 4 0 76

10 3 0 74

11 4 0 65

12 5 3 87

13 9 3 86

14 3 8 69

15 10 1 76

16 7 5 61

17 3 3 58

Sum 67 23 1121
Average 4.19 1.44 70.06
Average Over Last Half of Season 5.33 2.56 72.44

4.2 Comparison to the 2013-2014 NFL Season

For comparison, results for week 9 through week 17 of the 2013-2014 NFL season were

computed. These results are summarized below in Table 4.2-1. Run times for this season were

not included as the same integer programs and SPORT algorithm were run on the same

computers as the 2012-2013 season and had similar times. This NFL season featured almost as

many critical games in its final nine weeks as the entire previous season had total. It was

interesting to note that for both seasons, week 12 was the first week that a team was eliminated
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from its division championship race. Both seasons had similar results for the average number of
teams eliminated over the last half of the season at about 2.5 teams.

The 2013-2014 season featured three weeks with critical game totals that totaled at least
as much as the highest total in the 2012-2013 season. Week 10 of the 2013-2014 season was a
very interesting week for two reasons. First, this week featured two critical games for teams that
were not playing in those games. Further, these games were between division opponents, so the
teams needing these critical games would have had to root for a division rival to win. The
second interesting result was that the Tennessee Titans had two MPDC paths with a 4-way tie,
case 4 scenario. For being 10 weeks into the season with two of these two paths still possible is

rare as it was the only team across two seasons to have these paths occur.

Table 4.2-1 2013-2014 Results Summary

Week Critical Games |Teams Eliminated
9 5 0
10 7 0
11 4 0
12 2 2
13 12 1
14 11 7
15 6 6
16 10 0
17 3 4
Sum 60 20
Average 6.67 2.22

In terms of flex scheduling, the critical games found for the 2012-2013 season were
compared to what the NFL determined to be the best choice for their flex game. Two games
were flexed into the Sunday Night slot, the 49ers at Seahawks in week 16 and the Cowboys at
Redskins in Week 17. Week 16 featured seven critical games, one of which was the 49ers-

Seahawks game the NFL chose. Week 17 featured three critical games, one of which was the
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Cowboys at Redskins game the NFL chose. Out of the seven weeks of flex scheduling possible
(week 11 through week 17), the NFL only flexed two of those games. The other five featured
games that were not a critical game for that week, despite each week having at least one critical
game. The NFL could be considered fortunate since week 12 and week 15 happened to have
critical games already scheduled, but that leaves three weeks (weeks 11, 13 and 14) in the last
half of the season that could have featured critical games, but did not. Had the NFL utilized the
SPORT algorithm on its schedule for those weeks, they could have noted the potential interest in

those games and considered using its flex scheduling on those games.
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Chapter 5 - Conclusions and Future Work

In the NFL, each team’s desire is to win their division and qualify for the playoffs. Given
the complex nature of the NFL’s tiebreaker procedure for playoff qualification, there are
numerous ways that a team can qualify for the playoffs. Ideally, a team would like to qualify for
the playoffs by taking the easiest path to the playoffs. This easiest path is given as winning the
least number of games possible. By using the NFL’s tiebreaker procedure to find each team’s
easiest path, many games throughout the season arise that can potentially affect a team’s easiest
path. These games are identified as critical games as those games can possibly change the
easiest path of a team, making the easiest path more difficult by requiring additional wins or ties
later in the season. Identifying these games is called the NFL True Fan Problem and is formally
defined in the introduction.

The task of identifying the critical games and the easiest path of each team was
accomplished using integer programming. In total, 31 integer programs were used to encompass
every two-team, three-team, and four-team division tie scenario. Once the easiest path was
found from these scenarios, a new algorithm, Shortest Path of Remaining Teams (SPORT), is
used to find the critical games for the upcoming week.

By solving the integer programs and implementing the SPORT algorithm, results for two
NFL seasons were obtained. Both seasons showed that week 12 was the earliest a team was
eliminated. The average number of critical games for both seasons was 65 games per season.
Finally, the 2012-2013 season’s critical games were compared to the NFL’s flex schedule and
found that three weeks could have featured a critical game in the flex slot, but the NFL missed

out on its opportunity to feature the critical games in those slots.
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5.1 Future Research

The primary extension of this research should consider the critical games for the NFL
wildcard teams. A wildcard team is a team that qualifies for the playoffs, but does not win their
division championship. These are the two teams in each conference with the best record after all
the division champions have been decided. A portion of this research attempted this problem,
but the dominant IP did not solve within a few days. This lack of a solution is believed to be due
to the number of teams (12) that could tie and the complexity of having the team be the second
or third worst team in the division. When coupled with all of the numerous tie scenarios, the
number of IPs that would need to be solved would be excessively numerous. A new approach
would have to be created to solve this interesting and important problem.

For the NFL, there is also more work to be done in the MPDC and MPP area. The
integer programs presented do not perfectly represent the strength of victory since proper weight
cannot be applied when an uneven number of unique opponents is applied. For example, one
team beats seven teams while beating one of those seven teams twice (6 unique opponents, 7
victories), and another team beats seven unique opponents (7 unique opponents, 7 victories).
Currently there is no way to illustrate the fact that the total points from beating those opponents
should be averaged to create an accurate portrayal of strength of victory and still have a linear
model.

Applying the SPORT Algorithm to other sports may create similar benefits for those
sports. For the NBA, there are certain TV nights where major networks carry NBA games.
Knowing which games are more important coming up would aid in creating a better TV schedule
in terms of getting more important and exciting matchups on TV. The same idea can be applied
to the MLB. Usually a single game in a series is picked up for a primetime game on TV. Being

able to look forward into the schedule and determining which series” and which games in a series
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are most impactful and important would help put a better TV baseball schedule together. With
the rise of Major League Soccer (MLS) in the United States, the MLS could look at this as a way
to place marquee matchups on TV and attract a wider audience with an underlying rooting

interest in the outcome.
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