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CHAPTER ONE

INTRODUCTION



The constrained mathematical optimization problem has had an important
role in the analysis of complex systems. Use of linear programming is common
in the management decision process. 1Its significant success leads to the
development of more sophisticated nonlinear models that attempt to describe in
more detail the intricacies of the system.

In the past two decades the barrier to nonlinear programming research was
the absence of computer coded algorithms. Today, modern technology has blessed
(some may prefer to say burdened) us with the necessary computer hardware and
software for coding and executing in reasonable time the procedures needed to
attack the nonlinear programming optimization problem. With reasonably simple
computer languages such as FORTRAN, ALGOL, and PL-1 the researcher, or systems
analsyst has the ability to express his specialized algorithm in computer code.
Ideally then, most of the time of the problem solving process can be devoted
to the problem analysis and not to its computational aspects.

In the case of linear programming the application of the computer for
computation is a simple process when compared to the modeling process. The
systems analyst is allowed to devote practically all of his effort into the
problem definition and analysis. More time is available for redefining the
assumptions and measuring the resultant reaction of the system. For this
reason linear models are often developed in spite of nonlinearities.

In contrast, the development of nonlinear programming has been hampered
by theoretical difficulties, The problems of nonconvex sets and local optima
are encountered and prevalent. Consequently, the coding of existing algorithms
has been limited to special cases for which the behavior of the functions are
predictable. Indeed, the algorithm superior to all algorithms is probably
nonexistent.

The point is that in a study involving constrained nonlinear optimization



fhe modeling process 1s often secondary to the computational aspects of the
problem. Efficient algorithms are either not available in computer code or

are unknown. A solution may then be achieved by some obscure, problem oriented,
possibly inefficient technique that is knownm only to a few experts in the field.
This makes it difficult for others to verify or extend work. It is this
difficulty that obscures academic progress, hinders project evaluation, and may
cause relevant and important studies to be ignored. For this reason it is
important to realize existing and efficient nonlinear programming codes of
algorithms that are well based theoretically. When a particular known code can
be applied to a problem it should be used in lieu of attempting to develop a
new technique.

It is the purpose of this thesis to study in depth two existing and
apparently efficient computer coded nonlinear programming algorithms. The
rational is that thia is another small step in the collection and presentation
of information that is vital to the individual involved in constrained non-
linear optimization.

The separable programming method is a special purpose procedure in non-
linear optimization. It is an extension of the simplex method of linear
programming. This is important because of the overwhelming success of coded
simplex procedures. The separable programming method is, for this reasonm,
very reliable. )

One linear programming code that contains the separable programming
method as an option is the Mathematical Programming System/360 (MPS/360)[37].
The usage of the code along with the theoretical development of separable
programming is discussed in Chapter Two. The method requires much arithmetic
in the formulation of the problem in the format acceptable by MPS/360. This

necegsitates the development of supplementary programs to generate the separable



programming data. For this reason a FORTRAN program is presented that aids

in the usage of MPS/360. Several examples are worked including a very interest-
ing extension. The application of separable programming to the geometric
programming dual problem with N degrees of difficulty is discussed. This may
be important to the nonlinear programming layman who has occasional experiences
with nonlinear problems.

One important aspect of a simplex related nonlinear method is the potent-
ial for sensitivity analysis. Of course, MPS/360 contains any procedure desired
by the user for such analysis and they can be applied to the separable program-
ming option. It is this aspect coupled éith the reliability of the separable
programming method that warrants its presentation in Chapter Two.

The generalized reduced gradient (GRG) method is an elaborate extension
of the hill-climbing gradient techniques. It is, therefore, limited to appli-
cations containing continuous, differentiable functions. The method is designed
to optimize a variety of nonlinear programming problems and is, as suspected,
very complicated.

The method has been coded in FORTRAN in a program named GREG[30]. The
code is available but is still considered experimental in spite of its excellent
performance. Because both the technique and code are new, the remaining
chapters (three thru six) of this thesis are devoted to discussions on the GRG
theory and on the applicatiop of the GREG code. The theory is presented in
Chapter Three along with an illustrative numerical example. This is followed
in Chapter Four by introducing the usage of the GREG code. Applications are
discussed in Chapter Five in the form of numerical comparisons with previously
worked problems from the literature. The finally is the application of the

code to solve a multistage water quality management problem. 1In all cases the



superiority of the GRG method is apparent even with the minor shortcomings of
the GREG code which are accordingly pointed out. The GRG method promises to

remain an excellent nonlinear programming tool.



CHAPTER TWO

SEPARABLE PROGRAMMING



2.1 INTRODUCTION

Separable programming is a special class of nonlinear programming that
is adaptable to linear programming. The problems are constructed of separable
functions which have the form
, m
$()=} hi(xg) (1)
i=1
The separable programming problem can be defined as finding a set of

X4, 1=1,2, ..., m which maximizes (or minimizes)

i
c(® = ) fy(xg) (2)
i=1

subject to the constraints

a :
E gki (Xi) b bk’ k=1 yeseayP (3)
i=1

By approximating a nonlinear function of one variasble by a piecewise linear
function, the problem becomes a restricted linear programming problem, and
can be solved by a slightly revised simplex method.

This chapter reviews the separable programming theory used in the
Mathematical Programming System /369 (MPS/360) [37]. It shall be apparent
that the arithmetic involved in setting up a separable programming problem for
the revised simplex method becomes unbearably cumbersome. For this reason a
FORTRAN program is presented that does all of the necessary calculations and
produces input data for MPS/360. The program is logically simple and is exempli-

fied.



2.2 AN APPROXIMATION OF SEPARABLE FUNCTIONS

A continuous nonlinear function of a single variable, x;, can be
approximated be a piecewise linear function over a specified interval domain.
This is done by partitioning this interval domain into n; disjoint, but
contiguous, intervals. The (ni + 1) points of the partitions are represented
by the set

8 = { ;g, x%! xi, e s x?i}
There are two methods of representing the piecewise linear approximation
of a continuous nonlinear function of one variable. The method employed
in this chapter is known as the '"delta method." Both methods are developed

in G. Hadley's Nonlinear and Dynamic Programming [31]. The "delta method" uses

the differences of adjacent points of the set, S, and the differences of
the functional values at the adjacent points in developing the approximating

equation of a function, fi(xi)' The differences are represented by

j_ 3 J=1
ﬁxi - xi = xi 3
1=1,2,...,m
g % Lyl s sty (4)
j_ k| J=1

where the subscript refers to a function and/or variable such as Xy,
fi(xi), and gki(xi)’ and the superscript refers to a partitioning of
a variable. That is, fi(xi) is the value of fi(xi) at xy = xi. The
differences for adjacent points.and the corresponding functional wvalues
for a function with ny = 4 are shown in Fig. 2.1.

To represent the variable x; and the approximation of fi(xi), a set

k|

of variables, Di i J®™ls: 25 s n, o, is created that follows what is known

L]

as the "restricted-basis-entry rule." The rule is satisfied for any one of

the following conditions.
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£(x)

axl=xl-x? APLP(XI)‘FCXO)

RN s E60-£x)

D AF? F(x,) -R0Xp)
A% af, =‘°‘.(xi =f%)

Fig. 2.1. Linear approximation of fi(xi).



(1) 0 < Di

1

<1 iff

(ii) 0 s Di s 1 iff

(111)

o
0 < D1

iff

10

Di =0, § =2, 35000, 0

i
Di‘l. Eﬂl, 2’ |u.,j_1
and

ng =0, k =3+, ..., ng

ng =1,3=1,2, ..., ngy -1

where ny is the number of partitioning intervals for a variable xj. Dg

represents a special variable created for the partition j of variable xy.

L
Intuitively, for any 0 < D{ < 1 all previous D; variables (£ =1, ..., j=1)

must have a value of one and all following values (& = j+l,..., ni)

must be zero.

Example 1

Let ny = 4,

rule."

c

d

Note that in case d variable D4

Cases a, b, ¢, and d satisfy the 'restricted-basis-entry

. %y
1/2 0 0 0
1 1/4 0 0
1 1 7/8 0
1 1 1 2

i

does not have to be less than or equal to

one because it 1s the last variable in the set.

Using the 'restricted-basis-entry rule" the variable x

is represented by

1 in Fig. 2.1
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D, + &x_ D

- ik, D4 AP Dl 4 a0 D+ ax D
T T T T Y )

and the function £ (xi) is approximated by

= afl pl 2 p2- 3 3 b pl (6)
fi Afi Di + Afi Di + Afi Di + Afi Di

It is apparent that x;i is represented exactly and that fj (xi) is approximated

by what is essentially linear interpolation.

Example 2
Approximate fi (xi} = (xi)3 using three partitions over (0,2). Let

s = {0, 1/2, 1, 2 }.

x) =0 fi(xg) =0
xk = 1/2 £1(x3) = 1/8
x2 =1 fi(xi) =1
x =2 fi(xi) -8

The differences can now be calculated.

| 1 2 3
Axi 1/2 1/2 1
Afi 1/8 7/8 7

Using the differences, the exact equation for X, and the approximating

equation for fi(xi) can be written as

3

1 2 )
= 1/2 D; + 1/2 Di +1 Di

%
and

o 1 2 3
+ .
fi & 1/8 Di 7/8 Di + 7 Di
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Some sample calculations comparing the approximate and the exact representa-
tions of fi(xi) are given in Table 2.1. Notice that when x; is outside the
interval domain (xi = 4) the approximation becomes very poor.

The development so far has implicitly assumed xg = 0 and fi(xg) = 0.
This is not generally true. The general expressions for x; and fi(xi) given

that xg # 0 and fi(xg) # 0 with n, partitions are

i
n

= x0 4+ 1 A d pd
x; = x? +) Ax (7

SR LT

and

21

£, 02 £ (x2> + jzl Afi Di (8)

This is extremely important when working with logarithmic and exponential

functions.

Example 3
X

Approximate fi(xi) = e : with two uniform partitions over (0,2) (see
_ s
Fig. 2.2). ©Notice that when xg = 0 the value of e T s 1.0. The piecewise

linear approximation function must have the general form of equation (8).

The function values at the partition boundaries are

0 _ Ug

xi =0 fi (xi) 1
1 1, _

X, = 1 fi(xi) = 2.7183
2 o 2y .

x| 2 fi(xi) 7.3891

The differences are now calculated.

3 1 2

ij

i 1.0 1.0

sl 1.7183  4.6708
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(given xi) Di Di i(approxmate) fi(exact)
1 1 0 1 1
3 1 g - 27 -
T 3 0 sT7ha .563 e - .422
3 1 1 3
z ! 5 ‘2 ’%
4 1 3 22 64
Table 2.1. Sample calculations comparing some exact and approximate values.
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e

3 X;

Fig. 2.2. Exp(xi) with two uniform partitions over (0,2).
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The pilecewise linear functions are

1 2
= 1, + 1.
Xy 1.0 Di 1.0 Di
-and
Xy 1 2
e =z 1.0 + 1.7183 Di + 4.6708 Di

Now consider a constraint of the form
X
i
e j_bk
The above approximation is applied in the following mamner.
1 2
1.0 + 1.7183 Dy + 4.6708 Dy flbk
or

1 2
1.7183 Di + 4.6708 Di j_bk - 1.0

The constant term is moved to the right hand side of the inequality without

altering its net effect. The constraint is now a linear function subject
to the "restricted-basis-entry rule."
2,3 THE SEPARABLE PROGRAMMING PROBLEM

The separable programming problem as defined before is

maximize (or minimize)

m
c(x) = £, (x,) o (2)
121 171

subject to the constraints
m
L ogy (%) < by, k=1,2, ..., p (3)
i=1
X 2 0
The number of wvariables equalé ﬁ and the number of constraints, p.

If ni is the number of partitions for the variable Xy then the variable

x; and the approximations for the functions fi(xi) and i (xi) can be

written ss
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0 oy i i
x, =x + Ax; D (9)
i i =l i74
£,(x,) = £ (x Y + Z Afi pJ (10)
=1 1
By (%) = gy (x)) + { Agii Di (11)

k=1,2, ..., py and 1 =1, 2, ..., m

The approximate form of the problem becomes maximize (or minimize)
T T, 0

e= ] I'ag Dj + Z £, (x) (12)
i=1 j=1

subject to the constraints

I It agd, o D g, o
Ag). D < b - (x) , k=1, 2, ..., p (13)
L SR e N
ano
X, = ox, DY =x_, i=1,2, ..., m (14)
i jzl i ig 1
0 < Di <1, =1, 2 coymy (15
x, >0 (16)

If fi(xg) # 0 for any i value, equation (12) has a constant term,
v 0
Z fi(xi), which may be dropped without effect on the optimum solution.

If any gki(xg) # 0 then the bound, bk’ must be adjusted. This is important
because the problem changes if they are dropped. And finally, if xg #0
the grid equations, equation (14), will not be equal to zerc. The number
of original constraints equals p, the number of grid equations equals m,

and the number of constraints due to the piecewise linear approximation

3

13 < 1, equals E n The problem now has p + m + X n

funtions, D A
i=1 i=1

i

constraints.
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The separable programming problem represented by equations (12) through
(16) is now a linear programming problem that. is subject to the "restricted-
basis—-entry rule ." Any basis transformation cannot violate the "restricted-
basis~entry rule", hence, the origin of this title. Put simply, a variable
Di cannot enter the basis unless all of the previous Di values are equal to

one and all of the following Di values are zero. This rule insures that

the approximated functions are represented correctly.

Example 4.
A simple separable programming problem shall be solved. The problem is

maximize

c® = (2x, - (xl)z) + (x, - <x2>2)

subject to the constraint

A
(=

(xp? + 2x)? <

"
v
o
»
v
o

The functions of this problem are separable.

2 2
f = — = —
1(x1) 2x:L (%), £, (xz) %, (xz)
2 2
The variable domains are chosen as (0, 1) and (0, 1/2) for X, and X, s
respectively. The number of partitions for X is n, = 4 and for Xy is

n, = 2. The partitions are uniform for simplicity. The function values

at the interval boundaries and the calculated differences are given in

Table 2.2, The approximating equations are determined as



Function values

18

J j J J i j
1 1 T3 * 5 212

0 0 0 0 0 0

1 7 1 1 3 1

4 16 16 4 16 8

1 3 1 1 1 1

2 4 4 2 4 2

5 15 9

4 16 16

1 1 1

Function dif ferences
j j j j j j
Axl Afl Agll sz Af2 Aglz

1 7 1 1 3 1
4 16 16 4 16 8
1 S 3_ 1 1 3
4 16 16 4 16 8
1 3 5

4 16 16

1 1 7

4 16 16

Table 2.2.

The function values and differences for example 4.
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s Lol B 3250 02 &by
fl(xl) 7 D1+16 Dl+16 D1+16 Dl
. 3 1 2
£ 2 =D +==0D
20 F Rt
2
g(x)-—lD1+-§D +-=2p+ Lo
1 161 16 1 16 16 1
g (x)==pl+3p
12 2 8 2 8 2
The grid equations are
11,12 1.3 1.4
= = + = + = + =
A T M S T |
1.1 .12
==D +=D
2 T &2 4 2

It must be remembered that all Di < 1. This series of constraints must be

incorporated in the final L.P. problem. The final problem set-up is

maximize
c = I% Dy + -2 Di + 52 0] + I% D} + =2 D, + % D2
subject to the constraints
T%'Di*"fg' D%+ 1% D?_+ 'i% D?_+ % D% +% D%fl
x| - %-D% = % p? - % Di = % Di =0
x2 - % D; = % Di =0
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h |
0 f.Di.i 1, i=1, 2, i=1, ..., ni
x:L >0

This problem is easily solved by incorporating the 'restricted-basis- entry
rule" with any standard simplex tableau. The problem may be solved in

five iterations. The starting tableau is given for reference in Table 2.3.
In the starting tableau notice that slack wvariable S1 is for the original

constraint. Slack variables §,, i =2, ..., 7, are for the separable

i
variable conditions, Di_g 1. Also notice that it is imperative that the
first iteration involves Di or D;. If the first iteration involves D%

1 2 1
9? or D1 if Dl = 1. The iteration

process is given in Table 2.4. The final optimum solution is

then the second iteration can involve D
X = §-= . 75000
1 4

x. = L = ,45833
2 24

c(R) = %% = 1.17708

It is apparent that the total number of arithmetic calculations could
become astronomical for multidimensional problems involving many constraints.

An upper bound of the number of differences calculated is

=1 1 4= 1
where
m = number of variables used in separable functioms
n. = number of partitions for variable i
P = number of nonlinear constraints plus 1 (for a nonlinear objective

function)
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Iteration Vector into Vector out of
Number Basis Basis
1 D s,
2 p? 8
3 D, S
4 D} S,
5 D2 s

Table 2.4. Iteration process for the revised simplex algorithm.
no basis transformation violates the 'restricted-basis-entry

Tule "

22

Notice that



23

For the reliability problem [45] worked later invoiving'five variables, three
constraints, a nonlinear objective function, and n, = 11 for all i, the total
number of differences calculated for the given solution were 275. The problem
of arithemic is what justifies a FORTRAN routine to aid in separable programming
efforts.

2.4 A REVIEW OF IBM MPS/360 VERSION 2, LINEAR AND SEPARABLE PROGRAMMING

MPS/360 is a set of procedures designed to solve problems involving
linear and separable programming. The user controls the procedures by means
of a control language program. This section is to briefly review the
necessities with emphasis on problem formulation and data input.

Figure 2.3 shows an MPS/360 control language program which formulates the
problem. The statements shall be briefly discussed. The "PROGRAM" and
"INITIALZ" statements initiate and initialize the system. They are required
control statements. The "MOVE (XDATA, 'name')" statement defines the name of
the input data. Closely related is the "MOVE (XPBNAME, 'name')" statement.
"CONVERT" is the input procedure., It must be supplied with the name of the
data and the problem name by the two previous "MOVE" statements . The optional
procedure "BCDOUT" is a data echo check procedure. The next two "MOVE"
statements define the objective function (XOBJ) and the right hand side (XRHS).
They are required for linear and separable programming problems. "TITLE" is
an optional statement supplying page headings. The next procedure is 'SETUP."
This procedure transforms the problem into the form that can be optimized by
an optimization procedure. In this case the optimization procedure is
"PRIMAL." 1In "SETUP" a "BOUND" vector is defined as "SEPBOUND," The problem
is maximization since the parameter "MAX" is specified (default is minimization).

"SOLUTION" is the final output from "PRIMAL" and the program is ended with
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CCNTRCL PPOGRAM CCMPILER - MFS/360 VvZ-M3

(col : PRCGRAW

(Co2 INITIALZ

(Coé4 MOVE { XCATA,*DATA-SET?')
CC65 MOVE (XPBNAME s "EXANMPLE"®)
(Cceb CCNVERT

(cot BCODOUT

(cé68 MOVE(XCBJ,'CBJECT")
CCé9 MOVE (XRHS,"LINMITS")
(cvo TITLE{'EXAMFLE")

(c7l SETUP({*BOUNE ', *SEPROUND Y, *FAXK®)
(C72 PRIMAL

(C73 SOLUTION

(Q74 EXIT

(C75 PEND

Fig. 2.3. Listing of an MPS/360 Control Language Program.
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"EXIT" and "PEND." In review, the control language program shown in Fig. 2.3
defines a problem named EXAMPLE with input data named DATA-SET. The objective
function is OBJECT and the right hand side is LIMITS. This problem, titled
EXAMPLE, will have some of its variables bounded by a vector called SEPBOUND
and then it will be maximized.

The input data are delivered, for the purposes of this thesis, to MPS/360
in five sections. They are NAME, ROWS, COLUMNS, RHS, and BOUNDS. MPS/360
distinguishes each section by its name. They must be supplied in the given
order and each section is defined by the above names, left-justified, starting
in card column one. Each section follows a general card format.

Figure 2.4 shows the format for the general MPS/360 input data card. It
is divided into six fields with each field being designated for a special
purpose. TField 1 is the code field containing information relating to the
data on the card. If the data card happens to define a row then the code will
indicate N, L, G, or E for "objective function", "less than or equal to",
"greater than or equal to", or '"equal to", respectively. Fields 2, 3, and 5
are name fields. They can contain an alphabetic name that is 1-8 characters
in length and is left-justified. Fields 4 and 6 are numeric fields with a
FORTRAN format equivalent of F12.X.

The next two examples demonstrate the input data format. The 'MARKER'
cards necessary for distinguishing the special separable variables are

described in the second example.

EXAMPLE 5
This example describes how the data is formulated for the simple linear

problem of maximize y = 3Xl + xz



26

Field 1 Field 2 Field 3 Field 4 Field 5 Field 6
Columns 2-3 5-12 15-22 25-36 40-47 50-61
Eﬁ:eﬁis code name name value name value
Fig. 2.4. General card format for MPS/360 Linear and Separable Programming [37].
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subject to the constraints

X +X <2
1 2 =

0 j_Xl and‘X2 < 3/2

The input data are shown in Fig. 2.5 and consists of five parts: NAME, ROWS,
COLUMNS, RHS, and BOUNDS. The name of the data is defined in the NAME, section.
The ROWS section defines the rows of the L.P. problem to MPS/360. A row

is coded as N, L, G, or E (objective, fJ >, or =) and given a name. In this
case OBJECT is the objective function and ROW1l is the constraint. The

COLUMNS section defines the elements of the L.P. matrix by variable {(columm).
The RHS section defines the right hand side of the constraints. In this case
the RHS vector is named LIMITS. The last section is BOUNDS. The variables

are given upper bounds by UP and the BOUNDS vector is named BOUND. The input

data is concluded by ENDATA.

Example 6.
Example 4 is worked using'MPSI360. The control language program is

shown in Fig. 2.3. Figure 2.6 shows the MPS/360 data echo check. Separable
data are denoted by "MARKER' cards. A "MARKER', 'SEPORG' card occurs prior to
each set of separable variables as shown. Each set is given a name. They are
SET1 and SET2 in this example. At the end of all of the separable data

occurs a 'MARKER', 'SEPEND' card. This card tells MPS/360 that no more separ-
able variables follow. The 'MARKER' card name is contained in field 2, the
"MARKER' symbol is contained in field 3 and the 'SEPORG' or 'SEPEND' symbol is
contained in field 5. All linear data occur before or after the separable
data. The 'MARKER' cards are the only differences when using MPS/360 for

separable programming. The final solution is shown in Fig. 2.7,
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Columns
1 1 2 2 3 3 4 - 4 5 5 6
12345 0 3 0 5 0 3 0 5 0 5 0
NAME DATA-SET
N OBJECT
L ROW1
COLUMNS
X1 OBJECT 3.0 ROW1L 1.0
X2 OBJECT 1.0 ROWL 1.0
RHS
LIMITS ROW1 2.0
BOUNDS
UP BOUND X1 1.5
UP BOUND X1 1.5
ENDATA

Fig. 2.5. Sample MPS/360 input data. Data are assumed zero unless
specified otherwise,



NAME
RCOWS
N
L
| =

E
CCLU

RHS

BCUN
up
up
up
up
up
ue

ENDA

CRJECT
RNkl
GRIC1
GRIC2
MNS
X1

X2
SET1
D11
D11
D12
D12
D12
013
D14
Dla4
SET?
D21
D21
D22
D22
ENCSET

LIMITS
DS
SEPBOUNC
SEPROUNC
SEPBOUNE
SEPBOUNL
SEPRCUNC
SEPBOUNC
TA

Fig. 2.6.

EXECLTCR.

DATA-SET

GRIC1
GRID?
'MARKER*
OBJECT
GRID1
OBJECT
GRID1
NBJECT
GRID1
CBJECT
GRID1

' MARKER!
CBJECT
GRID2
OBJECT
GRID2
*MARKER!

ROW1

D11l
D12
013
D14
D21
D22

MPS/326C V2-M3

1.CCCCO
1.CCOCO

«43750C
+25CC0
«3125C
«25CCO
«1875C
«25CCO
«0€25C
«25CCC

«18750
«25CCQ
« 06250
«25CCO

1.€CCCO

1.CCCCC
1.CCCCO
1.CCCCO
l1.CCCCC
1.CCCCO
1.CCCCO

*SEPLRG?
RCW1

ROW1
RCW1
ROWL

*SEPCRG!
RCW1

RCull

tSEPFND?

Input echo check from 'BCDOUT".
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+ 06250
«18750
«31250

«43750

«12500

«37500
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2.5 A FORTRAN SUBROUTINE FOR GENERATING SEPARABLE PROGRAMMING DATA TO BE
USED WITH MPS/360

One difficulty in using the separable programming subroutine of

i, and Agii of equations (9),

MPS/360 is calculating the values of Axi, Af
(10), and (11) and punching these values in the input data format. This
section presents a FORTRAN program which performs the necessary calculations
and punches the data. The general flow chart is shown in Fig. 2.8.

There are three main loops within the flow chart logic. The first
loop controls the variable, xi, i=1, ..., m, and the computational
process on it. Each variable is admitted to the computational process
and is partitioned according to four input parameters. The first is xg,
the starting point. The next three parameters are used to partition a
predetermined feasible region uniformly. A partition is automatically
created between xg and a specified lower bound, unless the distance between
them is zero. From the lower bound to an upper bound the user specifies
the number of uniform partitions. So each variable requires xg, a lower
bound, an upper bound, and the number of uniform partitions. The second
loop controls the partitioning process of the variable, xi, and is con-
tained within the first loop. It is at this point that a special separable
variable is created, one for each partition. After the partition is
created the program punches the data according to the MPS/360 format.

The third loop calculates the function differences, Afi or Agii, which
are the coefficients for the special separable variables, Dg. Within
this loop a subroutine, named FUNC, defines the separable functions of

the problem. For the main program listing, refer to Appendix 1.

The general flow chart for FUNC is shown in Fig. 2.9. The subroutine



READs
number of
varisbles and
rows, Equations

(2) & (3).

READ:
Xy lower and
upper bounds, &
number of uniform
partitione for variable 1.

calculate the
uniform partition
stepsize

®

Fig. 2.8.

determine
the boundaries
E?r the j thuniform

partition.

uniform
partition.

calculate the
function value
at point J=-1.

The flow chart of the program that generates

t subroutine

FUNC

the separable programming data.

create the
o extra non-
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calculate the
function value
at peint J. _

difference of Afl

for partition § and'varieb

calculate the
or ASJ
ie i.

Yes

calculate the
grid vglue,
-dxi

PUNCH:

,As “"dx
for par%}tion 3
for variable i
k = lgo.o.P

PUNCH
the upper
bounds data

Fig. 2.8. (continued)

subroutine
FUNC
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Fig. 2.9.

go
to the
desired
funetlio

calculate
the
function
volue

RETURN

A
AN

celculste
the
function
vzlue

HETURN

celculate
the
function
value

hETURN

calculete
the
function
value

RETURN

Flow chart for the subroutine FUNC.
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contains the separable functions in the form of a matrix, F(I, J). The
first row of the matrix, I = 1, is for the objective function (or possible
the first constraint if the objective function is linear). The remaining
rows are for the constraint functions. The matrix colums represent funtions
for the variable, xl, vuay xm. Consider Example 4. Figure 2.10 shows the
separable function breakdown with row 1 as the objective function and row 2
as the constraint. When FUNC is called by the main program it is supplied
with the desired row and column number. FUNC returns the computed value for
that function. This may be done in several ways. A practical procedure is
to use a "locator function" and a computed GO TO statement to locate the
correct function. This is demonstrated inm Fig. 2.11. The arithmetic statement
(J - 1) *NROWS + I, where I is the row, J is the column, and NROWS is the
total number of rows in the matrix, will locate F(IL,J) when the matrix is
ordered linearly by columns. The main program supplies the desired row and
column numbers and the value of the dummy variable, x. FUNC returns the
desired function value. Figure 2.12 exemplifies the construction of FUNC
for Example 4. Note that it is not necessary to treat F(I,J) as a matrix,
but it aids the programmer.

The next item is the input data. The main program must be supplied two
parameter values for initialization purposes and four values for each
problem variable. The first two are the dimensions of the separable function
matrix, F(I, J). They are NFUN, the number of variables, and NROWS, the
number of matrix rows. They are read only once on the first data card. A
set of the next four values is needed for each variable. They are START,
INTER, ALOW, and UPPER. START is the initial starting point, Xg. Its value

is usually zero unless the user is working with a function not defined at



column 1 column 2
2 2
row 1 F(1, 1) = 2x; - (x;) F(1, 2) = x, - (x,)
2 2
row 2 F(2, 1) = (xl] F(2, 2) = 2(?'12)

Fig. 2.10. The matrix of separable functions, F(I, J), for examnle 4.
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SUBROUTINE FUNC(I,J,X,F,NFUN,NROWS)
DIMENSION F(50,50)
MM=(J-1) *NROWS+1I
GO TO(1,2,...) .MM
1 F(l,1)=
RETURN
2 F(2,1)=
RETURN
3 F(3,1)=
RETURN

END

Fig. 2.11. A proper construction of FUNC.
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SUBROUTINE FUNC(I,J,X,F,NFUN,NROWS)
DIMENSION F(50,50)
GO TO(1,2,3,4) ,MM

1 F(1,1)=2.0*%X-X**2
RETURN

2 F(2,1)=X%*2
RETURN

3 F(1,2)=X-X*%2
RETURN

4 F(2,2)=2.0%Y k%2
RETURN
END

Fig. 2.12., FUNC for Example 4.
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zero. The other three values are concerned with partitioning only the

region where the optimum solution is expected to be located. Between ALOW

and UPPER, the lower and upper bounds, there will occur INTER uniform
partitions. The total number of partitions will be either INTER or INTER

+ 1. If ALOW is not equal to START an extra partition is created between them.
The formats for the input variables are given in Table 2.5 and in the comment
section of the main program. It is not necessary but recommended that START

< ALOW < UPPER. Figure 2.13 shows some sample input data for Example 4.

The output of the program is given in three parts. The first and
easiest to identify is the data echo check. All of the input data are echo
checked for user convenience. The second part is the generated separable
programming data. It is punched in the correct MPS5/360 format. Lastly is
the bounds section of the data. This punched data is necessary to satisfy
the condition that the special separable variables, Di, must be less than
or equal to one. (The upper bound of the last special separable variable
of each set may be removed.) Figure 2.14 shows the echo check and a printout
of the data cards punched for Example 4. Notice that all of the 'MARKER'
cards are punched and that the bounds section is separated from the rest of
the deck by a line of asterisks for easy separation. ROW10l is the objective
function and ROW102 is the constraint. The matrix is always related to the

data as follows.

Matrix Data

row 1 ROW101
row 2 ROW102
row 3 ROW103
row N ROW1004N

N = # matrix rows = NROWS
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FORTRAN
SYMBOLS EXPLANATION FURMAT
NFUN Number of separable
variables
(215)
NROWS Number of matrix
(F(1,J)) rows
START Initial stagting
point (Xl)
INTER Number of uniform
partitions between
ALOW and UPPER
(F10.0,110,2F10.0)
ALOW Lower bound of the
uniform region
UPPER Upper bound of the

uniform retion

Table 2.5. Input data formats for the FORTRAN program.



Columns
1 2 3 4 5
12345 0 0 0 0 0
card 1. 2 2
+ +
(NFUN) (NROWS)
card 2. 0.0 4 0.0 1.0
card 3. 0.0 2 0.0 0.5
4 ) 4 4
{START) (INTER) (ALOW) (UPPER)

Fig. 2.13. Sample input data to generate separable data for
Example 4.
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006250
0.18750
0.,31250

0.43750

012500

0.,37500

SET101 *MARKER® *SEPORG®
P1001 ROWLOL 0e%43750 ROW1Q2
P1001 GRIDiO1 -0025000
P1l002 ROWI1O1 0e31250 ROW102
Pl1002 GRIDLO1 -0,25000
P1003 ROW101 018750  ROW102
P1003 GRID10O1 =025000
PLOO% POW1O1 006250 ROW102
P1004& CRID10O1 -0,25C00
SET102 "MARKER?® YSEPORG!
P1005 ROW1O01 0.18750 ROW102
P1005 GRID102 -0625000
P1006 ROW101 006250 ROW102
P1006 GRID10O2 -0,25000
ENDSET *MARKER® *SEPEND?®
e 7 9 se o e o e age ol e ok ade o o ¢ o ol ok afc o e e e o e e ek o ok o e e o o ode ok o ook ke o e o ok e ok ol ok e ool g e e ko ok
UP SEPBOUND P1001 1.0
UP SEPBOUND PLO0O2 1.0
UP SEPBOUND P1003 1.0
UP SEPBOUND P1004 1.0
UP SEPBOUND P1005 1.0
UP SEPBOUND P1006& l.0
ECHC CHECK FOR NFLN & NROWS
NFUMN = 2
MROWS= 2
ECHC CHECK FCR VARIABLE
START= Ce0
IMTER= 4
ALOW = C.C
UPPER= 1-CC
ECHO CHECK FCR VARIABLE
START= CeC
INTER= 2
ALCh = CeC
UPPER= OOSC
Fig. 2.14. FORTRAN output for Example 4. The Echo Check is

printed and the separable data is punched.
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The grid equations are GRID10l1 and GRID10Q2, The grid equation rows in

general are

variable 1 GRID101
variable 2 GRID102
variable m GRID100+m

m = # variables = NFUN

The special variables (Di) are P1001, P1002, etc. For each variable
there will be either INTER or INTER+1 special variables depending on the
values of START and ALOW.

With the program get-up and ready to go the user might want to know
approximately how many data cards will be punched.

An upper bound may be established.

+ (m +2)

m DY % m
the number of cards < ni{—] + 3 n,

=1 T gn
P = number of matrix rows (NROWS)
n, = number of partitions for variable i (either INTER
or INTER+1)

m = number of variables used in separable functions (NFUN)

* - rounded up to the nearest integer,
There are minor limitations on this program. They are
NFUN < 899, NROWS < 899

and

m
e < 8999
1=1
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This will allow a problem with 400 variables, averaging 20 partitions per
variable, and 400 constraints to be worked without altering the program
(except for increasing the dimension of F(50, 50) and Row (50), and the
possiblity of exceeding core). The output could consist of 1,616,402
cards. This enormous output could be overcome. The MPS/360 data could

be stored sequentially on a direct access. device. The MPS/360 control
language program could then receive the data dirgctly without reading
enormous amounts of cards. The given FORTRAN routine can easily be altered
to do this type of work, but the subject will not be pursued further

this thesis.

Example 7

Example 4 is worked using the proposed subroutine. TFigure 2.15 shows
the MPS/360 control language program. The results are shown in Fig. 2.16.
Remember how to determine which row is the objective function and which

grid goes with a given variable.

2.6 SOLUTION TO A RELIABILITY MODEL
The following problem is from an article titled "Systems Reliability
Subject to Multiple Nonlinear Constraints' [45], and will be discussed in

Chapter 5. The problem is maximize
X X, Xq Xy,
S=1In(l - .2 ) +1In(l - .15 ") + In(1 - .10 7) + In(1l - .35 )
X
+ In(1 - .25 °)

subject to the following constraints.

<4 2% + IS+ hx? 4 2% < 110
1 2 3 4 5 ~
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CONTRCL PROGRAM CCMPILER - MPES/36C v2-MB

(COl PRCGRAM

(Cco2 INITIALZ

(064 MOVZ(XDATA, '"DATA-ScT ")

(Ch5 NOVE(XPRNAME  YEXAMPLE®)

Coes CCNVERT

€Co7 acccLur

(068 : MOVE(XCBJI, *ROW1CL")

(C69 MOVE (XRHS, 'LINITS*)

(c70 TITLE(YEXANELEY)

(071 SETUPI'BCUNCT, *SEPBOUND 'y "MAX®)
. (crz PRIMAL

(c73 SOLUTICN

(C74 eEXIT

(C75 PzNC

Fig. 2.15. MPS/360 Control Language Program for Example 4.
Notice that the objective function is defined
as ROW101.
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X

X3/ 4/4

) X X 4
7(1{1 + e 1/‘*) + 7(x2 + e 2/") + 5(x + e ) + 9(x4+ e )
3

X
+4(x5 + e 5/4) % 175

X

x
7(x e 1/4
1

+ 8xe 214 4 8x3ex3/4 ¥ 6x4ex4/4 + 9x5eX5/4_5 200
Notice that START (xg) cannot equal zero for any xi since the objective
function is a logarithmic sum. This means that the bounds 110, 175, and
200 must be adjusted and the objective function value will be off by a
constant (see equations (12) thru (14) ). Let START = 1.0 for each variable.
With this starting value the adjusted bounds are 98, 101.992, and 151.218,
respectively. Figure 2.17 shows the FORTRAN input data echo check. The
subroutine FUNC is given in Appendix 2.
The MPS/360 control language program used to solve this problem is
given in Appendix 2. This program is somewhat different from the programming
used to solve Example 4. The procedure is
1. solve the problem with the special separable variables set at their
lower bounds,
2. solve the problem with the special separable variables set at their
upper bounds (this is the MPS/360 default procedure),

3. solve the problem by the dual algorithm with the special variables

set at their upper bounds,

The procedure is recommended when using MPS/360 [37] to determine the
existance of a local optimum solution, if it exists. Separable programming,
at 1ts best, will guarantee only a local optimum. One reason is that, unlike
linear inequality constraints, nonlinear inequality constraints do not neces-

sarily form a convex set. A second reason is that a nonlinear function is not



ECHC CHECK FOR NFUN & NROWS

NFUN = 5
NRChS= 4

ECHC CHECK
START=
INTER=
ALCW =
UPPER=

ECHO CHECK
START=
INTER=
ALCW =
UPPER=

ECHC CHECK
START=
INTER=
ALOW =
UPPER=

ECHO CHECK
START=
INTER=
ALCh =
UPPER=

ECHC CHECK
START=
INTER=
ALCW =
UPPER=

reliability

FOR VARTIABLE
1.00
10
2,00
3.00

FOR VARIABLE
l.CC
10
2.0C
3.CC

FOR VARIABLE
1.00
10
1.5C
250

FOR VARIABLE
1.0C
10
3.CC
4,CC

FOR VARIABLE
l.CC
1C
2450
3.5C

Fig. 2.17 The FORTRAN data echo check for the

problem.
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necessarily concave or convex. The only way to guarantee a statlonary point
is a global maximum is for a function to be concave, or if it is a global
minimum the function to be convex. Since the linear approximation function
of a separable nonlinear function will reflect its particular concave and
convex properties, separable programming will, at its best, produce a local
optimum solution. Notice that the problem is not encountered in Example 4
because the constraint forms a convex set and the objective function is a
concave function producing a global maximum. The solution of the reliability
problem is determined to yield a global maximum because each of the three
procedures yields the same result. The control language program data echo
check and the solution outputs are shown in Appendix 2.

The solution to the problem is

x, = 2.70000
Xy = 2.32929
Xy = 2.10000
x, = 3.50000
x. = 2.80000

This is compared to the given scolution [45].

X, = 2.6000
X, = 2.2816
X, = 2.0075
x, = 2.6882
xg = 3.3981

It must be remembered that separable programming is an approximate method
depending on the fineness of the grid equations for accuracy. The uniform
grid for this solution 18 only .10. The effects of grid size on problem

accuracy is dependent on the propertles of the approximated functions.
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2.7 THE APPLICATION OF THE SEPARABLE PROGRAMMING ALGORITHM TO THE GEOMETRIC
PROGRAMMING PROBLEM
Geometric programming is a relatively new optimization technique. The
method was originally developed by Duffin, Peterson, and Zener [15]. They
defined the 'posynomial" optimization problem which was later extended by
Passy [40], and Wilde and Beightler [46] to include negative coefficients.

The generalized problem is defined as

minimize T
0 N aOtn '
Yo= L % S T Xy 2 % T, g 70
t=1 n=1
subject to the constraints
;“‘ Nooan
Yy, = I I x <o = +1
m v mt mt . n m
g =+ 1, m=1, ..., M

mt -~

cmt >0, X >0

This problem is termed the primal problem. It is greatly simplified by
working with the assoéiated dual problem, then solving for the primal vari-

ables in terms of the dual variables, The dual program is [46]

maximize
- M Tﬁ cmt wm0 Umt wmt a
Viw) = o ( n n f——:r——wﬂ
m=1 t=1 mt

subject to the linear constraints
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TO
tzl Tor YWor = © z # 1 (normality condition}
;o
o] a w. =0, n=1, , N (orthogonality
m=0 t=1 Mk THEL W condition)
T
m
Wy =0 } Opg g 2 0 m=1, .., M
=1
Y 2 O

The following conditions are assumed.

Woo =1
[e] w
Cc w mt mt
lim (210, =1
wmt+0 mt

The relationship between the primal and the dual variables are

N a

Otn -
ot I X, = VWgp o V(W), t=1, ..., T0
n=1
and
N w
mtn mt
Sut i X, o t =1, ; Tm’ m=1, , M
n=1 m)

Note that these equations are linear in zn(xn) and can be easily solved.

For the case when

o =1, m=1l, ..., M
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omt =1, t=1, ..., Tm

a strict inequality relationship exists between Yo and V(w) as

¥o(X) 2 V(W)

- T
At the optimum solution, X ,

% %
YoX ) = V(w)
Under this condition the solution is a global optimum. This is not true of

the generalized version which yields only a local optimum solution [46].

The beauty of geometric programming occurs when the total number of terms
is one greater than the number of variables. In this case the solution is
determined by solving the linear constraints without reference to the objective
function.

Let

The total degrees of difficulty is defined as
D=T-N-1

When D is greater than zero the dual problem is not so easily optimized. The
remaining portion of this secfion describes how to apply separable programming
to optimize the dual geomatrié program with D degrees of.difficulty.

Since the constraints are linear there is no problem in applying a
separable programming algorithm to them. The only nonlinear portion is the
objective function which is not obviously separable. The dual objective

function can be made separable by a simple linear transformation.



_ M Tﬁ ., “mt¥mt M Tm
V(w]=c(H rr(w T (W)
m=0 t=1 mt m=0 t=1 n
T
M T C e “mt¥mt M Emg . °
=G(I[ it J n Woo t51 mt mt]
m=0 t=0 mt =
Since ¢ = + 1,
m —
w Tm
- _mo0 _
‘'m0 T 3 ! mtme
m t=1
oy = 1
The final result is
T W o
M m c mt mt M g w
V(W) = g( I T [wmt] 1w m mu]
m=0 t=1 “mt m=1

The linear transformation is

T

m

If g =

then the objective function can be maximized by minimizing (the positive

function)

- V(W)

Umtwmt

1 then V(w) is made separable by taking its natural log.

If o

This function can also be made separable by taking its natural log.
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Example 8
Minimize 1
2 2.2
yo = 4){I + 10)(2 + 4x3 + 2(x1 + xz)
subject to the constraint

X

X,X; > 100 , X; > 0

1
The problem may be formulated as a geometric programming problem by allowing
1
el 2,2
Xg = X3+ X5)

It now has the posynomial form of Duffin, Peterson, and Zener [15 ].
Minimize

Yo = 4X1 + IOX2 - 4x3 + 2X4

subject to the constraints

P N

100
y:..—-_.il
2 X1x2x3

The inequality constraint

X2+ %% < x

2
1 4

is not unreasonable since the objective function is minimized only when
2 2 2
X] * xz = x4.

problem becomes maximize the product function

The pioblem has 7-4-1 = 2 degrees of difficulty. The dual
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W w w w w
PPN, ! 02, ) 03 , ‘o4 "l
Vi (w ) = (- ) )
01 02 03 04 11
W w (Wi %W, ,)
12 21 11712 W
I o BT (wy)
Y12 Y21
subject to the constraints
Yor * Yo2 * Yoz * Vo4 =i
o1 * 2wy "V =10
Y02 *2wyy - Wy =4
Vo3 = Maq =4
Woq = W) T Wy, =0

To put the objective function in the separable form let

Ap = W1 * ¥,

Ay = ¥y

The objective function to be maximized becomes

4 10 4 2
InV = w, . Enl——] + w f.n—-]*w ﬁn( ]*w £n( ]
01 ("01) 02 ™ (w..oz 03 w03 04 \«.'U4

A 1 100
T Zn(wu) * W, £n (w12) +W212n(¥;i—) + A .Q,n(Al) + Ay0n(4y)

In addition to the previous linear constrants the constraints
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are imposed on the problem.

A FORTRAN program was developed to generate data to solve dual geometric
programming problems using MPS/360 and is given in Appendix 3. A solution was
determined with a final uniform grid size of 0.0005. Values for the dual
variables were determined as

Wop = 0.23117

Wy = 0. 30500

Wz = 0.33333

Wog = 0.13050

Wi = 0.05108

Wia ® 0.01417

W

21 0.33333

il

The dual objective function optimal value was given as

V = Exp (4.47719) = 87.98708

Solving for the primal variables involved the solution of the following simul-

taneous equations (quite trivial for this simple example)

ax; = (0.23117) (87.98708)
10X, = (0.30500) (87.98708)
4X, = (0.33333) (87.98708)
2, = (0.13050) (87.98708)

yielding,
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X, = 5.085
X, = 2.684

X, = 7,332 3
X, = 5.741 = (X + x5)?

Substituting these values into the primal objective function yielded

Vo = 87.990
Since this is a posynomial problem

87.98708 < V(v ) = yo(i*) < 87.990
The given solution is apparently very close to the true optimum.

2,8 CONCLUDING REMARKS

There are several important topics that should be mentioned. One
already briefly mentioned in section 2.6 on the reliabillity problem is the
subject of local versus global optimum solutions. Another is the question
of convergence by employing finer grids for better approximations. Finally
there is the question of creating separability. These topics have not been
developed because they are problem dependent. That is, the methods employed
in solving or alleviating the above problems cannot be generalized to include
all cases.

There are two reasons why separable programming will yield a local
optimum solution. One 1s that a nonlinear éeparable inequality constraint
does not necessarily constitute a convex set. Likewise, the piecewise linear
approximation function does not produce a convex set. It is basic to linear
programming theory that a set of linear constraints necessarily form a convex
set. How, then, can a plecewise linear approximation function form a non-

convex set? The "restricted basis entry rule" is the reason. This rule
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makes the piecewise linear approximation function nonlinear in mature. This
function is not linear but psuedo-linear. A similar condition occurs with
the objective function, the second reason why a local optimum solution can
occur. The piecewise linear approximation function will in general be concave
over one region and convex over another. The result is the possibility of a
local optimum solution. When the inequality constraints form a convex set

and the objective function is concave for a maximum and convex for a minimum,
the solution will always be global. In general though, the separable program-
ming algorithm produces, at its best, a local optimum solutuion. For an

example involving a local optimum solution refer to the MPS/360 Linear and

Separable Programming User's Manual [37], chapter 5.

Grid size is another important consideration in separable programming.
Two things must be considered when determining grid size. The first is
computational time and the second is computational precision. In theory, a
sequence of piecewise linear approximation functions exists that converge
uniférmly to the separable function. In reality, we are limited in time
and precision and thus, can settle only for an approximation. A good pro-
cedure is to use approximately 20 partitions per variable and solve the
problem. Use this solution to partition a region around the approximate
solution and solve the problem again. If the solution changes sufficiently
try this again, but remember, as the grid becomes finer the coefficients of
the special separable variables become smaller and the problem will suffer
from lack of machine precision. Because of this, the proposed FORTRAN rountine
will allow no more than 50 partitions per variable. Also, more partitions mean
more lterations for the revised simplex method. Computaticnal time can become

excessive.
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A final consideration when using separable programming is that it can be
extended to other nonlinear problems by creating separability. The reliability
problem of section 2.6 and the geometric programming extension are the result
of a transformation. The objective functions were both originally a product
function and were made separable by taking their logarithm. Transformation
techniques are discussed in the literature [31, 39] and can be important
since many nonlinear programming techniques are not as simple as separable
programming.

In closing, separable programming is a powerful nonlinear programming
technique with the same sensitivity analysis potential as linear programming.

As with any nonlinear technique it will yield at least a local optimum solution,
if it exists. With the proposed FORTRAN routine and MPS/360, separable program-
ming can be performed with little difficulty. Its main disadvantage is
precision, but this is of little consequence since most engineering problems
need only a good approximation., Separable programming should be considered

as a solution technique when a problem involves separable functions or functions

that can be made separable by a transformatiom.



CHAPTER THREE

INTRODUCTION TO THE GENERALIZED REDUCED GRADIENT METHOD
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3.1 INTRODUCTION

Attempts to solve nonlinear programming problems have resulted in many
algorithms that work perfectly for speclal cases. Examples are separable
programming, quadratic programming, geometric programming, and the Wolfe
reduced gradient method[47,48]. 1In an attempt to develope a procedure
that will handle the general nonlinear programming problem, the generalized
reduced gradient method (GRG) has been proposed by Abadie and Carpentier
[3, 4, 5]. The algorithm is generalized from the Wolfe reduced gradient
method[47, 48].

The Wolfe reduced gradient method solves problems with a nonlinear
objective function and linear constraints. It classes the variables as
indepeﬁdent and dependent, and substitutes into the objective function the
expressions obtained from the linear constraints in independent variables
for the dependent variables. This essentially reduces the original problem
to an unconstrained problem of reduced dimension. From this point, a
variety of optimization techniques may be used. Applying the same concept
to a nonlinear set of constraints complicates matters, but it is possible
by using numerical methods.

The GRG method has been studied extensively and coded in FORTRAN by
Abadie and Guigou [1, 6, 7, 29, 30]. Three generations of programs have
been developed. The first was an experimental code called GRG 66 which
was followed by the second code, GRG 69. Both procedures compared favorably
to other nonlinear programming codes by ranking highly in the Colville
study [7, 10]. GRG 69 was an exceptional standout among the other participants.
An improved code, GREG, 1s the result of the previous work and promises to

remain among the highly regarded nonlinear programming procedures.
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3.2 DEFINITION OF NOTATION

Notation used in the generalized reduced gradient (GRG) algorithm is
explicitly defined in this section. Symbols representing functions, vectors,
matrices, gradients, and Jacobians are necessary to describe the algorithm.

An N-dimensional vector, i, is represented as

1
X
X=|.2
XN
L)
The transpose of a vector, i, is ET. The objective function is represented
by
£ (X)

and a vector function of M constraints is given as

£ (X) =0
where
( - )
£,(X)
- £ (X)
£(X) = | 2
(D)

Notice that a bar above a symbol indicates the presence of a vector. The
gradient of a function, fi(i), is given as a row vector

of of af N 3fi

3k BXl BX2 BXN

The "'gradient of a vector function'", is represented by
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(5f ) (af £ <% B
l 1 al -----
A% 9X_  oX ax
1 ) N
of 8€ 3E. swmawa af
3
- )¢ 9X. X ..... 3xX
of _ 2 N
X
of 3f.  of of
3% ' oy Y
(3% | 2X, 3%, 5%y )

This operatien results in an M X N matrix.
Another symbol used is related to the real number inequality relatioms.

The notation

a<X<b

implies
a <X <b , i=1, ..., N
i i 3

This relation forms the boundary conditions for the problem variables.

3.3 STATEMENT OF THE PROBLEM

The general nonlinear programming problem may be defined in the following
form . Maximize

fO(X)
subject to the constraints

(X) =0

Hhi

<E<hb

Wi

Note that an inequality constraint
G (¥)<0
1 (X<
can be redefined as

f (X)) =G (X)) +s8 =0, >0
i (X) A (X) 5 8
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The addition of a slack wvariable, si, is analogous to the linear
programming technique.
Let the set formed by the constraint functions be described as
v = {%]| £, =0,1=1, ..., M
and the set formed by the boundary conditions as
P=ﬁI%£Xj§%, § = Ly wes; N
The solution set of the problem becomes
S = VnaP

the intersection of V and P. For a solution to exist, the set S must

not be empty.

3.4 THE PRINCIPLE OF THE REDUCED GRADIENT
The generalized reduced gradient algorithm is based on a very basic
optimization procedure which transforms a constrained optimization problem
into one that is unconstrained. This is done by dividing the solution
vector components into two groups, independent and dependent. The dependent
variables, denoted by the dummy vector y, are solved for in terms of the inde-
pendent variables, represented by X, via the constraint functions.
In terms of dependent and independent variables the constraint may
be written as
£(X) = f(x, y) = 0
The strategy of representing ¥y in terms of X attempts to find a set of
functions such that
¥y = $(x)

The number of components of y is M, and the number of components of x is
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(N-M). The vector function, $(§), is M-dimensional. Values for ¥y are then
substituted into the objective function such that
£,(X) = £o(x, ¥) = fo{i, $(x) ] = F(x)
The problem is simplified to maximize |
F(x)
subject to the constraint
a<X<hb
Notice that the dimension of the solution vector x of F, is only (N-M). The

problem has been '"reduced."

Example 1

Maximize
s 2 2
fO(X) = (Xl - X1 ) + (X2 - Xz)

subject to the constraints

2 2

X, +X <1
0<%, =<5
0<X, <3

The comnstraint, f1 (X), may be defined as an equality by adding a slack variable,
Xal
- 2 2 0
fF (X)) =X +X +X -1-=
1 &) 1 2 3 1
0 X =< 5
0 <X, <3

0 <X <o

Now, choose Xl as the dependent variable with the assumption that the boundary

condition, 0 j_Xl < 5 will not be violated at the optimum solution. Thus,

Sen—
By X = vy 1- X, - X,
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Substituting this into the objective function the problem becomes
maximize

2

F(R) = F(X,, X)) = V1 - Xo - X, - (1 - %o - X)) + (%, - X))

subject to the conditioms

The gradient of this problem and what is termed the '"reduced gradient" of

the original problem is

ar _ [or, or
a;t LBXZ BX3
;
1
...X2 E
= + 1, + X
2 3
v/ 1 - X, - X, v1- X, - X,

The term "reduced gradient" is used because the gradient of the original
objective function, fo(i), has N components while the gradient of F(X) has

a "reduced" dimension of (N-M).

_* .
The conditions that determine an optimum solution, X , are (for all j)

*
3F =0 if a, <x_ <b,
oxk 3 J J

|
*
3F <0 if X = a,
ox* J J
j
3F > 0 if % =b
ax - j j
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The optimal solution may be found trivially for this problem by solving the

equations
...Xz
+1=20
2
vy 1~ X2 - XS
and
-1
2 +1=0
2
y1- X, - X,
This yields
1
L =g
and
1
X =7

3

By substituting these values into the constraint function it is determined

1
that Xl = 3, satisfying the condition 0 5_X1_§ 3.

The direction of movement in the GRG algorithm is always determined by
the independent variables and the resulting reduced gradient. The objective

function may be written as
£,(X) = £ (%, ¥) = FX)
The reduced gradient is

3f, 3f, By
3F o , 3% 3y

——— R —

3% 9%  OF O



) L T OJ [afﬂ... 2, 3t
a_ = | +
By

The matrix, E;, is difficult to determine explicitly.

calculated indirectly from the constraints.

By 8w
ax dy 9x
o 5| |
(3f af 1
- 8, af,
3 3 9
%4 Ay ] * (N=M)
SF 3f of 5f
M,,.. M M M
5 3 3 3
L Yl YM X X(N-MJ

The reduced gradient in the final form becomes,

- LA i
8 & o 3y 3y

of
ax

|||||

This can be

(1)




Example 2

The reduced gradient for example 1 will be computed directly from

the reduced gradient formula. Let
x =X
1 2
x =X
2 3
= X
yl 1
af af £ of of
0 =| o, aky _ __E ’-_“E - [1 - 2% 0]
ax  |9x; x| 3K, X, 2’
3
of f0 afD
_—_= T = |7/ = [l = ZX]
5y 3y, aX, !
Ei _ of, afl
55 || = | = 2%y
Byl axl
T Bfl , of of of 2 :
= = = - X 1
3 Bxl X, X, X, 2’
The reduced gradient is
o = [1 - 2X2 , 0] - [1- 2X1 11 2Xl ] [ ZKZ , 1)
X 1
= |1-_2% 1-2
Xl X,

To put it in terms of Example 1 with X
1

gradient becomes

2
vy 1- X2 - XS’ the reduced
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1
3F ~*, 2
a%x . 1, , L
/- X - X, J1-X - X,

There are two problems in the development of the GRG algorithm. The
first is indicated in example 1. If the boundary condition for the dependent

variable, y = X , would have been, say, 1 < X. < 5, the method would have
1 1 - 1 =

yielded an optimal sclution outside of the boundary, P. In the development
of the GRG algorithm this i1s one condition that must be corrected. The
second problem is the inversion of the square matrix, or Jacobian, gg '
This matrix must be non-singular. ’

As for the non-singularity property it is interesting to note the

Implicit Function Theorem [8, 13, 36] which is relevant to the reduced gradient.

The Implicit Function Theorem

Suppose there exists a M-dimensional vector function

£(X) =0
with continuocus first order partial derivatives. The vector iT = [Xl, X X ]

(N > M) is partitioned into X = [%, y], where

=T
XT = [x wwiesy XK
[ 1’ 3 N—M]

and

=T

= [yli ceey YM]
Also assume that the determinent of the Jacobian, %5' is not zero.
y

Then there exists one, and only one, vector function of M-dimension such that

y = $(x)



71

and each component has continuous first order partial derivatives.

This theorem does not insure a functional relation between ; and x if
the Jaccbian is singular. It also states the existance, but not the form,
of the function, ¢(X). How the values are obtained is not mentioned. In
reality, they may not be solved for analytically as in Example 1, but
numerical methods do exist making it possible to develop a generalized
procedure.

It is worthwhile to note the relation of the Lagrange multipliers to the

reduced gradient. The Lagrangian function is
- - - ..T__
L(X, u) = fO (X) - u £(X)

The Kuhn-Tucker condition for optimality at X is

( <0ifx =a
- h| b
L= | >04f X _ = b
X i 3
i =0 1if a < X, <D
| J |
Therefore
EI". = ._af_o _-T .?..f_ = ‘_’T (2)
9X 3% 1 %
oL %, -t oF . (3)
=== u == 0
y ay dy

From equation (3) the vector of Lagrange multipliers is given as
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Substituting equation (4) into equation (2) yields

of  of -1

AL __ 00 affT |BE] o1
9% ax 3y - |9y x| ©

which is the reduced gradient given by equation (1).

3.5 THE GENERALIZED REDUCED GRADIENT ALGORITHM

The GRG algorithm depends on partitioning the solution vector, X, into
x and ; (N-M and M-dimensioanl vectors, respectively). The partitioned
vector, X, is referred to as the set of independent variables. The vector,
;, is denoted as containing the dependent variables, which are often called
basic variables in analogies to linear programming theory. The behavior
of the dependent variables is of extreme importance to the GRG algorithm.
The non—-degenerency assumption of the algorithm is that for a given iteration
there exits a set of dependent variables that are contained within the boundary

conditions, P, and the Jacobian, s, is non-singular.

of
3y

Using the above information, the basic GRG algorithm can be stated in
five steps [2].

Step 1

The direction of movement is calculated at the starting point ﬁp and is

denoted as EO. It is calculated in three sub-steps.

Compute the reduced gradient at the point 0 - [io, §0].
of  af, [ _ Y. f _
0" _ oF 0 e {af ] by
= =0 = = a0
9X ax ByU oy J ax?

(1)
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Step 1.2

The projected reduced gradient, EO, is now calculated to satisfy the

Kuhn-Tucker condition. For each component of the independent vector, §,

lower bound and gg <0

0
i

0 1f =x
i

pg = |0 if x:L upper bound and g ¢

gg otherwise

| v

Step 1.3
At this point the projected reduced gradient may become the direction

of movement with Eo = EO. It may also be modified in several ways. The

rapidly convergent conjugate gradient methods of Davidon, Fletcher and

Powell, and Fletcher and Reeves may be used to modify the final direction
-0
P

of movement., A restriction on the choice is that h > 0.

Step 2

It is desired to remain within the feasible region at all times. Since
this 1s not possible, a direction of movement is picked that will remain
close to the feasible region. The step from ;0 is represented by

- =0
xo + 6h

=0

Likewise, for y , the step is

0

¥ + 60

-0 =
The vector, k , determines the direction of movement for yo.

Step 2.1
A desired movement would be along the surface of the constraints, that

is tangent to them. This is accomplished by finding the tangent to



-0 - =0 =

f(x + 6h, yo + eEO) = 0 at the point [xo, yO]. It becomes
9 -0 3 -0
=0 h + =0 =
9x 9y k 9

or
] - |=-1 -
£ == |5E of | 0 (5)

350 3=V
Step 2.2

The problem is now to maximize

0

£ &0+ oh°, 30 + ok)

0
for 6. This may be done by an one-dimensional search such as the Golden

section search, Fibonacci search, or by quadratic interpolation.

Step 3
Calculate

gt w30 4 05>, and § = §0 + 6k

The wvalues for the independent variables are projected into the bounds,
;_5 i_i b. The relation is

lower bound, if xg + Gh? < lower bound
x -
k| upper bound, if xg

xg + Bhg, otherwise

[

+ Bh? > upper bound

=1, «.., N-M
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In general the calculated dependent variables, 91, do not satisfy the feasi-

bility conditions. It is hoped, though, that the values are "close" to

feasibility. Indeed, if 6 1s small this condition exists. Usually the
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vector, ¥, will be the starting point for finding y! iteratively at step 4.

Step 4

A feasible solution is developed by solving the system

This may be done by an iterative method. The existance of
=  ==1
y = ¢(x7)

is insured by the Implicit Function Theorem under the non-degenerency con-
ditions. If a component of ¥y violates a boundary condition, a degenerency,
then a change of basis occurs as described in section 7. There are two ends

to this procedure.

Step 4.1
If the iterative procedure does not converge to a ?l, then il is out
of the functional domain. This is alleviated by reducing 6(i.e., set 6 = % 8)
and returning to step 3. An example of this would be to find y given x = 2
for
x2 + yz =1

When using Newton's method, convergence of ;1 depends on the shape of the
vector function, I(X), even if il is within its domain. The problem is
alleviated by restricting the procedure to a finite number of iterations, then
reducing 6 and returning to step 3.

Letting ;l be the solution obtained, it must be determined if the new

-1 -1 -1
(x , v ), improves the objective function. Since y is not

]

=1
solution, X
on the tangent which guarantees improvement then it will improve the objective

function only if close to $#!. If the objective function is not improved,
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decrease 6 by one-half and return to Step 3.

Step 5
In this step it is normal to set io = il and repeat the algorithm.
But if for some reason a better value for 6 may be determined by previous
information, a return to step 3 is possible.
A flow diagram exemplifying the procedure is given in Fig. 3.1.
Normally, the starting point, io, is a feasible solution but this is
not necessary. Any non-feasible ip can be made feasible by adding artificial
variables to satisfy the equality constraints, then forcing them to zero

values by penalizing the objective function. Let an artificial variable,

X ,» satisfy the condition
N+i

=0
If, at the starting point, X , the iEh-constraint violates the equality
condition and it is greater than zero, fi(ip) > 0, it is made feasible by

subtracting the artificial variable, X .
N+i

£ (:'{0) -X =0
i N+i

=0
For the less than zero condition, £ (X ) < 0, the equation is formulated by
i
adding the artificial wvariable.
-0

f(X)+X =0

i N+i
There are two methods for obtaining a feasible solution, the penalty method
and the two-phase method. For the penalty method let Mi be a large number.
The objective function to be maximized becomes

£ @& - M . NF = {1 | f (X 0
0() igNF (K {li()#}



(STEP 11) COMPUTE THE REDUCED GRADIENT
ﬁ'Tz d_gn — @_’_&c Q_E . QL
9X* 9y° | oY oX°
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START

(STEP 1) SELECT INITIAL
STARTING POINT, X°

SELECT A

NO —
FEASIBLE X'

/
(STEP 1.2) DETERMINE THE PROJECTED
REDUCED GRADIENT,

O IF X;=LOWER BOUND AND g.<0
0 IF X;=UPPER BOUNDAND ;=0

9% , OTHERWISE

Vi,pi' -

Fig. 3.1. Computer flow diagram for the GRG
algorithm,



PROJECT X' INTO P.
@ﬁ I UPPER BOUND |F Xj+@h>UPPER BOUND
Vj Xj= { LOWER BOUND IF X

(STEP 13)COMPUTE THE DIRECTION OF MOVEMENT, R° FOR
X*
A SIMPLE EXAMPLE IS R°=7p"

(STEP 2) COMPUTE THE DIRECTION OF MOVEMENT K?FOR
i Y"

(STEP 21) ot ] B o
K= - [ar] [af] h°
ay ox’

/
(STEP 2.2) USE A ONE—DIMENSIONAL

SEARCH TO ng £, (X°+OR° Y+ @ K°)

f
(STEP 3) CALCULATE X=X"+ 0%, =7+ 0K’

OWER j +6h} < LOWER BOUND
Xj+®h] OTHERWISE

Fig. 3.1. (continued)

78
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I
CHANGE THE
BASIS TO
(STEP 4.) OBTAIN A
Te=40
%k * FEASIBLE
J SOLUTION
E XIST?
/
(STEP42)
NO CHECK _
(R V)>£.(X7°)

(STEP 5)
SET X=X

Fig. 3.1. (continued)
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The artificial variables are forced to zero by the penalty, then disregarded.

The two-phase method occurs in two steps. The first step is to maximize

- 7y x NF={i]|f (X)# 0}
ieNF N+ 1

When all of the artificial variables are zero the solutiom, E, is feasible
for £(X) = 0. 1In the second step the optimization problem continues normally.
If it is impossible to force the artifical variables to zero values then a
feasible solution may not exist. Both of the above techniques are similar

to linear programming methods.

Theoretically, the stopping condition for the GRG algorithm is when

p. =0,1=1, ..., N-M. This is not possible when using a finite number
of digits for a real number. When convergence occurs, three appropriate stop-

ping criteria are

_0 N-M 0.2
SR I <

0
Za pi < €y, i=1, ..., N-M

=1 =0
3. [fo(x ) - fo(x ) | < e,
3.6 A NUMERICAL EXAMPLE
A numerical example is solved for illustrating the GRG algorithm in detail.
Example 3
Maximize
B = (X -7 %) + (3K, - 3 X

subject to the constraints
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= 2 2
fl(X) = Xl + Xz + X3 -1=0

"X >0, i=1,2,3

Note that the variable X3 is essentially a slack variable for an inequality
constraint,

The problem will be solved using the GRG algorithm with the exceptions
that the value of the dependent variable will be determined analytically
‘instead of using an iterative method, and the optimization of 8 will be
accomplished by direct differentiation. Table 3.1 summarizes the following
numerical calculations and Figures 3.2 and 3.3 show the results graphically.

The independent variables, x, and the dependent variable, y, are
chosen as

Zu |1 ¥ = %]

X,

The reduced gradient for the given set of independent variables is (refer to
equation (1) )

o XZ(Z—Xl) = X1(3-X2) ’ XZ—B -

ax
X
2 Zx2

The formula for k is (refer to equation (5) )

= = El_s - _l_ E
X, 2X,

Maximization of fo(i) is accomplished by direct differentiation. Let,

X =x0 + od
1 1 1
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o

X + od

o P4
I [
o ™M

X_+ 6d
3

W
w

where dl, d2, and d3 are the directions of move for XO, Xp, and XO.
1 2 3

df0 af dX af dX

- 2 _
de axl ds BXZ de
or
df0
—=(2-X)4d, +(3-%X)d_=0
df 0 ; 0
— = (2-X -6 d +(3-X_ - =
P ( y D4 ( p — 8d) d2 0
This gives 0 0
(2-%) d; +(3-X)d,
8 = S 2 (8)
(dl-l-d%)
Since X 1is the dependent variable, d2 = kl, and for the independent variable,
X,d =h
1 1 1

Iteration 1

Step 1
‘ _nT
The starting point is picked as Xp = [0.5, 0.5, 0.5]. Dividing this

vector into independent and dependent variables gives
-0 Xl 0.5
X = 1lx | * |0.5
3

70 =[x, = [0.5]



x>
| UNCONSTRAINED
3.0 | 0
| OPTIMUM
20 |
\.
1.0

X|

Fig. 3.2. Two-dimensional graph of the problem solwving procedure
of Example 3.
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At this point the non-degenerency of 7! 1s assumed.

Step 1.1

From equation (6)

T
-0
£0 _ aF _ [0.5(2-0.5)-0.5(3-0.5) , 0.5-3
% [ 0.5 2¢0.5) | = [-1.0, -2.5].
Step 1.2
o [0
p =
2.5
Step 1.3

The direction of movement is along the reduced gradient in this example.

- [-1.0
h0=p0=[ ]

—2.5

Step 2
Step 2.1

The direction of movement for the dependent variable is in the direction

-—

of k. From equation (7),

_0 -1-0
k = [-1.0, -1.0] = [3.5]
=2.5
Step 2.2

The optimizing value for ® is calculated from equation (8).

5 o £2:0-0.5) (u%)-+ (3.0;Q;§) (3:-3) _ 4.547
(-1.0)" + (3.5)

Step 3

The values for %! and ¥! are

0.5 ~1.0 -0.047
g! = + 0.547 =
0.5 -2.5 -0.867



)
UNCONSTRAINED
30F | 0
OPTIMUM
2.0t
"\ CONSTRAINED OPTIMUM
X | —{.554700
X5| ~{.832050
10 N  £(R1=3105550
Sa. e, : CONTOUR LINE
i
l.O 2.0 x
Fig. 3.3. Optimum solution of Example 3. I



1 = [0.5] + 0.547 [3.5] = [2.41]

The independent variables must be projected into the boundary set,
a <X <b. The projected independent vector is
1 0]
x =
0)

Step &

The dependent variable is solved for via the constraint, fl(i) = 0.
-1 2

= [X |= - X - X
7 [2] [|1 2 3]

[x2]= [1.0]

Step 4.1

This step is by-passed because convergence to ;1 has occurred.

Step 4.2

In this step, improvement of the objective is checked.

£ (%) =2.25 < 2.50 = £ (X))
0 0

Step 5
At this point, il becomes the starting point, io, for the second
iteration.
0 - |1
0

Iteration 2

87

Since the slack variable, X3, is zero, the next problem step is shown

graphically in Fig. 3.2.
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) =0
j,y = 1]

Step 1.1

From equation (6),

T
S0 _ oF 1(2-0)-0(3-1) , 1-3|_
g ﬁ = = [23 1].
oX [ 1 2(1

b.4

Step 1.2

0
Since x3 = 0, the lower bound, and gg‘i 0, the projected reduced gradient

differs from 50.

Step 1.3

Step 2
Step 2.1

From equation (7},

- 2
k = [0,-1] = [0]
0

Step 2.2

From equation (8),

_(2-0) () + (3-1) (@) _ 4
(22 + 0)

6

Step 3



89

= [1] +1 [0] = [1]

o
I

7 = gl

The boundary condition is satisfied with %1,

Step 4

A problem occurs at this point. A value for §1 does not exist. This
is shown graphically in Fig. 3.2. Point A is located outside of the domain of
fl(X).
Step 4.1

At this point, 6 is reduced by one-half and the procedure returns to

Step 3. This is referred to as Iteration 2.1 in Table 3.1.

Tteration 2.1

SteE 3

6 = 0.5

0 2 1
%l = + 0.5 =

0 0 0
1 = [1] + 0.5 [0] = [1]
_]_ l
x =

0

The boundary condition is satisfied at this point. Refer to point B in

Fig. 3.2,
Step 4
=1 J 2
= [X = 1-X -X
y [2] s .

= [0]

~
]

—
P
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Step 4.1

This step is by-passed because convergence to a feasible solution has
occurred.
Step 4.2

The objective function has a value of 1.50 which is not an Improvement
over the previous solution, ip. At this time reduce 6 by one-half and return
to Step 3. This will be referred to as Iteration 2.2 in Table 3.1.

Iteration 2.2

Step 3

@
Il

0.25
.5
0

Refer to point C in Fig. 3.2.

»i
[l

Step 4

Solving for the dependent variable yields

3t = [0.816]

Step 4.1
This step 1s by—-passed because convergence to a feasible solution has

occurred.

Step 4.2

The value of the objective function improves to 3.10

Step 5

The next starting point is
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Iteration 3
This iteration continues smoothly in the same manner as the first
iteration. Figure 3,2 indicates that convergence will be rapid. The solution

is shown in Fig. 3.3 as

(2 /13 ) | )
13 0.554700
- 3 /13 |_
% = 3 |= |0-832050
0 0.0
IR )

The third iteration yields
1 0.554
X" = |0.834
0.0
which is approaching the optimum. It is apparent that more than slide-rule
precision is needed for a fourth iteration.

3.7 THE PSUEDO-NEWTON METHOD AND CHANGING THE BASIS

In general, numerical calculations are necessary for evaluating

y=% (%
in step 4 of the GRG algorithm. It is desired that an iterative method

produce a sequence, {¥!, ..., ‘ﬁt}, that satisfies the stopping conditon

= sl
[EG, 991) < e
where the symbol, ||f(§l, it)||, indicates the norm of the vector F(x', 5.
Upon convergence #° becomes ¥T,

One of the most efficient procedures is the generalized Newton method,
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The Taylor series expansion around the point yi yields an approximate value
for f(El s §1 ) as

vl e w =l F -1 .
txl b = F &, yi>+a—;(y1-y1)

Since f(il, §l) = 0, the iterative formula becomes

oyt

Slagitl _ ot _[af ]-1 &, vh

When the above approximation is good, it converges to the solution
very rapidly. Sometimes it may not converge making it necessary to limit
the maximum number of iterations. There are two reasons for nonconvergence.
One is that the starting point is not close enough to the final solution.
This is a problem caused by rapidly changing surface curvature, that is, the
elements of the Jacobian,‘%%, are "very" nonlinear. A second cause is that
a real solution for ;1 does not exist for the current values of the indepen-
dent variables in ;1. Both of these problems are alleviated in step 4.1
of the GRG algorithm in which § is reduced by 1/2. This causes the inde-
pendent vector, X » and the starting point, ?1, to be closer to the feasible
point [;0, ;0].

To determine ;, Abadie and Carpentier have proposed a modified Newton
method and termed it the Pseudo-Newton method [2,5]. The method satisfies
the boundary condition, P, by a logical procedure. When a degenerency occurs
with a component, yi, converging outside of P, the value of that component
is set to its lower or upper bound. The degenerate, dependent component,
y;, 1s then interchanged with an independent component, Xj’ thug changing
the composition of the independent vector, X, and the dependent vector, y.

The procedure has been termed by Abadie and Carpentier as changing the basis

[2,5]. With the new basis the generalized Newton method is used to determine
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a new value ?t.

Improvement of the objective function is not insured when a change of
basis occurs during an iteration. Improvement is insured for values of 6
less than a maximum value B*in the direction of the reduced gradient. But
when a change of basis occurs the independent vector, X, changes and is no
longer related to the reduced gradient of the previous basis. For this
reason improvement is not insured regardless of how many times 6 has been
reduced. Abadie has noted that the condition can cause the GRG 66 and GRG 69
codes to cycle [2]. He has studied the degenerency problem extensively [1]
and has implemented an anticycle procedure in the GREG code.

Example 4

Suppose a hypothetical objective function is subject to the constraints

xi + xi <4
5 + < 1
x1 + x4 <
xi_i 0 i=1,2,3

The constraints are pictured in Fig. 3.4 and, by using slack variables, have

the form

Xy + %9 + x4 = 4
2 + + =1
Xy x3 xs =
x >0,1=1,2,3,4,5.

Assume the iEE-iteration ylelds (point 1 in Fig. 3.4)



X3
’ 2 2
<
)(I + X2 <4
21 <
XI + Xa— l
.0
20
X
10 2 =
Y

2.0

Fig. 3.4. Obtaining a feasible solution, point 2,
by phanging the basis in Example 4.
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xl 3/2
X = xz = 1
x3 0

X 3/4

|
[l
]

X +5/4

The wvariable Xs violates a boundary condition and this must be corrected before

proceeding. Let X5 = 0 and make it an independent variable in place of Xl.

This yields
X2 1
;‘c=x3=o
X 0
5

Solving for y yields
X1]
X4

a feasible solution (point 2 in Fig. 3.4). The new point becomes the next

-t
]

]
I
b |
R )

starting point only if the objective function is improved. This criterion
depends on both the "shape" of the objective function and how "close" the
point is to the point producéd'by the reduced gradient.

To .prevent degenerate situations Abadie and Guigou [2,6] have recommended

replacing a dependent variable, yi, with an independent variable, x

3

that maximizes the expression

min {‘uij[(bj - xj), |aij[(xj - aj)} , for ¥j
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- =1 -
of af
o = = —
ij oy ax
The intention is to choose a value located far from its boundaries. This

conjecture, though, has not been proven [2].

3.8 CONCLUDING REMARKS

The GRG algorithm is an attempt at the solution of the general continuous
nonlinear programming problem. It is restricted to problems conmsisting of
continuous constraints that have continuous first order partial derivatives.
This restriction is a result of the Impiicit Function Theorem cited eariler.
The objective function is not as restricted in structure as the constraints.
It is required to be continuous with the first order partial derivatives
defined at each point. But, the first order partial derivatives do not
necessarily have to be continuous if the objective function is monotonically
increasing (or decreasing). This allows the use of a piecewise linear
monotonically increasing (or decreasing) objective functionm.

The method is powerful because it possesses all of the convergence
properties of the popular gradient techniques for unconstrained nonlinear
optimization problems. Its main restriction is in step 4 of the algorithm.

A method must exist for reentry into the feasible domain that converges
raplidly, is reliable, and will control degenerate situations which are inherent
in most problems. It is obvious that the re-entry procedure adds to the
numerical difficulties that exist in large computer coded algorithms and that
the GRG method is not easily coded and applied to large scale problems. These
difficulties are largely technical, though, and can be alleviated with time

and experience. The GRG method i1s theoretically a powerful technique and it
appears that the only limitation to its application will be the computer code

that represents 1it.



CHAPTER FOUR

INTRODUCTION TO THE GREG PROGRAM
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4,1. INTRODUCTION

The generalized reduced gradient algorithm is coded in FORTRAN IV in
the GREG program [30]. The program has been developed, by Abadie and
his associates of Electricite de France. The GREG program consists of a
main program, nine permanent or internal subroutines, and four user sup-
plied, temporary or external subroutines. A typical source deck consists of
approximately 2500 cards, requires approximately 150 K (K = 1024 bytes) of
storage and 18 minutes of CPU time to compile by the IBM FORTRAN IV (G)
compiler. For execution it requires, with the present dimensioning ap-
proximately 120 K of storage. The main program and the permanent subroutines
have been compiled and stored in a partitioned data set. This simple step
sharply reduces the CPU time, and consequently the cost. It also allows the
program to be ran in less than 128 K of storage.

As presently dimensioned the GREG program will handle problems involving
up to 50 inequality and/or equality constraints.

The maximum number of variables a problem may have depends on the type
of constraints involved. The program automatically provides slack and arti-
ficial variables. There is one slack variable added for each inequality con-
straint. For a given constraint, if the starting point, io, is not feasible,
an artificial variable is supplied with an appropriate penalty attached to the
objective function. Therefore, the dimension which represents the total number

of variables a problem has depends on the following four numbers.

NV = the number of variables in the original problem.
NIN = the number of inequality constraints and, therefore, the

number of slack variables added.

[

NIN1 the number of inequality constraints not satisfied at the
starting point and, therefore, the number of artificial

variables added for this reason.
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NIN4 = the number of equality constraints not satisfied at the
starting point and, therefore, the number of artificial
variables added for this reason.

The code is presently dimensioned with the following two constraints.
NV + NIN + NIN1 + NIN4 < 150

and

NV < 100

Use of the GREG program is approached in four steps. The first is de-
veloping the four user supplied, temporary subroutines. These subroutines,
basically, define the problem. Next is organizing the input data. This
step is extremely important when using the GREG program. The program is
extremely sensitive to certain parameter values and they must be choosen
carefully. The third step involves applying the necessary job control
language. Along with the access procedures, the job control language is
given that was used to load the program into the system. The title headings

are in French and shall be translated as a finally.

4.2, THE GREG USER SUPPLIED SUBROUTINES
The user supplied subroutines must define the optimization problem in

the form of maximize
f,(), X= (xj lj =1, ..., NV)
subject to the constraints

fip”c} < or=0, i=1,...,NC

Any nonlinear programming problem may be put into this form. The four

subroutines that describe this problem set-up to the GREG program are PHIX,

v
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CPHI, JACOB, and GRADFI. PHIX defines the objective function, CPHI the con-
straint function, JACOB the gradients of the constraint functions, and GRADFI
the gradient of the objective function. Each of the four subroutines per-
forms a unique task. They are referred to many times during the execution
of the program and warrant careful programming considerations.

Each of the user supplied subroutines must contain a set of 'COMMON"
statements that are commensurate to the internal GREG subroutines. Figure 4.1
shows a list of the GREG common block definition statements. An error in
this portion of the programming can result in completely erroneous results,

The subroutines are called in the following order.

1. PHIX

2. CPHI v
3, JACOB

4. GRADFI

With the variable, IT, which is the iteration counter, the subroutines can

be used to initialize values used within them by "READ", ''DATAY, or arithmetic
statements. When the subroutines are called for the first time, IT = -1.

By checking the condition, if IT < 0, the initializations are performed on

the first call to the subroutine. The programming for the following problem
is shown in Figs. 4.2 through 4.5, The problem shall serve as an example in
the description of the four external, user supplied subroutines.

Maximize

5
£,(X) = j£1 In (1 - exp(Bj-)(j))

subject to the constraints



DIMENSION A(50,100),ALFA(50,50),%X(150),XC(150),X11150},X5(150} GEGA

1+Y(150)4C(L150),VC(50),IBAS(50), IHB(100),IVC(50),IVA{100} GEGA
COMMON AsALFA X XCo X1 o XSyYoCyVC IBAS, IHB, IVC, IVA,IVB GLOGA
COMMON NV ¢ NC yNK g NEG s NINyNTV,NVLyNEYyNEVL yNTO s NINI yNIN2+NIN3 ,NIGEGA

IN#.NVNINi'NVN[NZ'NVNIN3{INDEKyll'IR'IRl.IS;ISI'lT.IBP.ICDB.JCDB,KCG&Gh
EDBfKFIL,ﬁLIN,KREh,KD,F[lrPHI,PS[,PSI3.TB,TD'TC.EPS!L:EPSILO.EPSILZGEGA

COMMON KFUNC s KGRAD,KCONToKINV1,KINV2,KCOBA ¢ KJACU KMAXL yKMAX2 1 KGEGA
1REN] KREM2 y K [NV KCDBALsKRENL]YKRENZ1 GEGA
COMMON IDIREC,DELTFIsETAyJKO,LCYSORT GEGA

Fig. 4.1. GREG common block definition statements.
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20
30
49
50
60
70
B0
a0
100
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5
2 2
£,(0 = jgl r:clj xj < 110

5

£,(X) = j§1 cczj (xJ. + exp (xj/4)) <175

fsti) = jgl ccsj . xj exp (xj/4) < 200
PHIX

The external, user-supplied subroutine PHIX defines the objective
function to the GREG program. This value is stored in the FORTRAN variable
PHI, and is described in terms of the FORTRAN vector array, XC(J). Only
the original problem variables are used. That is, J ranges from one to
NV. The penalties due to the artifical variables are added to PHI auto-
matically in an internal subroutine.

If it is necessary to initialize constants used in defining PlII, the
variable IT may be used as a logical indicator so constant values are
initialized only once. Since PHIX is the first subroutine called, it may
also be used to initialize constants used in CPHI, JACOB, and GRADFI as long
as they have been declared in a common block definition statement. Figure

4.2 shows an example of PHIX,

CPHI
CPHI defines the constraint functions as previously defined (< or = 0).
The values are stored in the vector array VC(I), I =1, ..., NC, and in

terms of the original problem variables, XC(J), J = 1, ..., NV. The con-
straints must be ordered with inequalities first and equalities second.

Let,
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NIN = the number of inequality constraints,

NEG = the number of equality constraints.
Then, VC(I), I = 1, ..., NIN, are inequality constraints and VC(I),
I = NIN+1, ..., NIN+NEG, are equality constraints. The total number of con-
straints is

NC = NIN + NEG

Like PHIX, constants may be initialized in CPHI by using IT as a logical
indicator. Since CPHI is the second procedure call by GREG, it may be used

to initalize values in JACOB and GRADFI. An example of CPHI is shown in

Fig. 4.3.
JACOB

The subroutine JACOB defines the gradients of the constraint functions.
The partial derivative ;;T is stored in the matrix array A(i,j). The rows
of the matrix represent e;ch constraint function, fi(i), i=1, ..., NC,

in the same order as sequenced in CPHI. The partial derivatives are repre-
sented in terms of the FORTRAN variable XC(j), j = 1, ..., NV,

Constant values may also be initialized in JACOB. It is the third sub-
routine referred to and may be used to initialize values in GRADFI. An
example of JACOB is shown in Fig. 4.4.

GRADFI

The fourth and final user-supplied subroutine is GRADFI. This subroutine
defines the gradient of the objective function in terms of the array
XC(J), J=1, ..., NV. The component values are stored in the vector array
cCJ), =1, ..., NV,

Like the other subroutines, initialization may be accomplished in GRADFI,
but only for this subroutine since it is the last one called for initiali-

zation purposes. Fig. 4.5 shows an example of GRADFI.
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Since the constants used in PHIX will be related to those in GRADFI,
and likewise for CPHI and JACOB, the initializations may usually be ac-
complished in PHIX and CPHI. To do this the constant variables arc defined
in "COMMON" statements so their values may be passed, but be cautious when
doing this.

Note that the arrays A(I,J) and C(J) in the subroutines JACOB and GRADFI
are initialized automatically at zero, thus eliminating the need for defining
any zero values for them.

4.3. INPUT DATA FOR THE GREG PROGRAM

To use the GREG program, values for nineteen parameters, a starting
point, a lower bound, and an upper bound must be established. The parameter
input has been programmed in such a way that a minimum of two may be read
in as input (NV andININ or NEG) while the remaining ones take on default
values. Besides this, the user may have designed some input for initialization
purposes in PHIX, CPHI, JACOB, and GRADFI. It is the purpose of this section
to discuss the above three types of input data.

The list of parameters and their definitions are given in Table 4.1.
Each parameter is given a default value which is used if it is not changed
in the parameter input list. Note that if NV is not given a value greater
than zero the program will terminate without notice. The parameter input
follows the rules of the IBM FORTRAN ''NAMELIST" input procedure. This type
of input is exemplified in Fig. 4.6. The GREG program is extremely sensitive
to the values given to the parameters. It must be emphasized that the pro-
gram is written in single precision arithmetic. This allows only seven sig-
nificant digits and stopping criteria smaller than 1.{}::10-7 can yield erroneous

results,
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23456789

first card &PARM NV=10,NIN=3,NEG=2,PC=1.0,
second card EPSILO=0.1E-4,EPSIL2=0.1E-03,&END

Fig. 4.6. An example of a FORTRAN namelist input
for the GREG program. The title of the
namelist is PARM.
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After the parameter data, the starting point, the lower bound, and the
upper bound are read in that order. The format is 8G10.4 . which
is equivalent to 8F10.4 and 8E10.4. This allows eight values per card,
If a card is filled, skip to the next card and repeat the process until
all NV values are listed. Each vector, the starting point, the lower bound,
and the upper bound will start on a new card. The last data to enter the
program is the optional, user defined initialization input. The data has to
be ordered in the same calling sequence of the external subroutines PHIX,
CPHI, JACOB, and GRADFI. Figure 4.7 shows the @équence of the input data.
4.4, JOB CONTROL LANGUAGE FOR UTILIZING THE GREG PROGRAM

The job control language given in this section is all that is necessary
to utilize the GREG program at Kansas State University. Details can he found

in the IBM FORTRAN IV (G and H) Programmers Guide. One can also consult the

Kansas State University Computing Center User's Guide [12] for details on their

procedures for preserving permanent data-sets.

There are two types of procedures of interest to the GREG user. They
are the load and the access procedures. The two load procedures that have
been used to install GREG into the system are given in Figs. 4.8, 4.9, and
4.10. Figures 4.11, 4.12, and 4.13 show the three access procedures for
running a particular problem. It is recommended that object decks be used
when several runs for the same problem are made. This will substantially
reduce CPU time, and consequently, the cost.

4.5 INTERPRETING THE GREG OUTPUT

Output headings for the GREG program are in French. This section

translates the headings and interprets the output. The language feature

was not converted because of excessive costs to recompile the program.
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/! JOB ( standard K.S.U. job card )
1 EXEC FORTGCLG
//FORT.SYSIN DD *

complete GREG source deck including the subroutines
PHIX, CPHI, JACOB, and GRADFI.

/*
/ /LKED.SYSLMOD DD DSN=yyyyyy.xxxxxxxx(name) ,DISP=(NEW,KEEP),UNIT=2314
/! VOL=SER=nnnnnn,SPACE=(TRK, (10,5,3) ,RLSE)

{//GO.SYSIN DD *
data

/*

Fig. 4.8. The necessary job control language for loading the
GREG source deck into a partitioned data-set.
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/ JOB ( standard K.S.U. job card )

/! EXEC FORTGLG

//LKED.SYSLMOD DD DSN=yyyyyy.xxxxxxxx(name) ,DISP=(NEW,KEEP),UNIT=2314
!/ VOL=SER=nnnnnn,SPACE=(TRK, (10,5,3) ,RLSE)

//LKED.SYSIN DD *

complete GREG object deck including the subroutines
PHIX, CPHI, JACOB, and GRADFI.

/*
//GO.SYSIN DD *

data

J*

Fig. 4.9. The necessary job control language for loading the
GREG object deck into a partitioned data-set.
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!/ JOB ( standard K.S.U. job card )
/! EXEC FORTGCLG
//FORT.SYSIN DD *

source deck

V£
//LKED,SYSLMOD DD DSN=yyyyyy.xxxxxxxx(name) ,DISP=(NEW,KEEP) ,UNIT=2314
/7 VOL=SER=nnnnnn,SPACE=(TRK, (10,5,3) ,RLSE)

//LKED,SYSIN DD *
object deck

/*®
//GO.SYSIN DD *

data

/*

Fig. 4.10. The necessary job contrel language for loading a
combination of source and object decks into a partitioned
data-set.
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/7 JOB ( standard K.S.U. job card )
// EXEC FORTGCLG
//FORT.SYSIN DD *

source deck for PHIX, CPHI, JACOB, and GRADFI,.

/*
//LKED.LIB DD DSN=yyyyyy.XxxxxxxX,DISP=SHR,UNIT=2314,VOL=SER=nnnnnn
//LKED.SYSIN DD *
INCLUDE LIB(name)
ENTRY MAIN
/*
//GO.SYSIN DD *

data

/%

Fig. 4.11. Access to the stored program using a source deck for
PHIX, CPHI, JACOB, and GRADFI.
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// JOB ( standard K.S.U. job card )

1 EXEC FORTGLG

//LKED.LIB DD DSN=yyyyyy.xxxxxxxx,DISP=SHR,UNIT=2314,VOL=SER=nnnnnn
//LKED.SYSIN DD *

object deck for PHIX, CPHI, JACOB, and GRADFI.
INCLUDE LIB(name)
ENTRY MAIN
/%
//GO.SYSIN DD *

data

/*

Fig. 4.12. Access to the stored program via an object deck.
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/! JOB ( standard K.S.U. job card )
!/ EXEC FORTGCLG
//FORT.SYSIN DD #

source deck

J*
//LKED.LIB DD DSN=yyyyyy .Xxxxxxxx,DISP=SHR,UNIT=2314,VOL=SER=nnnnnn
//LKED, SYSIN DD *

object deck

INCLUDE LIB(name)
ENTRY MAIN

/*
//GO.SYSIN DD *
data

/%

Fig. 4.13. Access to the stored program via an object and a source
deck for PHIX, CPHI, JACOB, and GRADFI.
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Another feature of the output is that all real numbers are printed with
fourteen significant digits because the program was developed on a machine
with fifteen digit accuracy. Only the first seven digits are valid when
using the IBM 360/50 computer. This feature was not changed because of the
cost and plans to initiate a double precision version to handle the numerical
difficulties inherent in some problems.

The output consists of five sections. They are

1. parameter echo check

2. starting conditions

3. intermediate output

4, final solution

5. summary of the results.

Table 4.2 translates the main French titles.

Of chief concern are the stopping conditions (NIVEAU DE SORTIE).
Numerically, the stopping condition codes are from zero to eight. The de-
scriptions follow.

0. The program is terminated when the total number of iterations

is greater than or equal to a specified maximum number of iter-
ations. The number of iterations, IT, will exceed the maximum
only during the course of a cycle of conjugate directions.

1. The program is terminated when the norm of the projected reduced

gradient is less than or equal to €,y (EPSIL2) times the norm of
the projected reduced gradient of the first iteration that has

no artificial variables.
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Let

n = max. np, Vi

n,
1

n;= |p; (a;-x;)| if p; <0

lp; (b;-x)| if p, >0

bi= the upper bound for an independent variahle Xy

a = the lower bound for an independent variable X .
The program is terminated when

€1 -

n < g3, €32, €% EPSIL] .
If the problem has been declared convex, then the program is termi-
nated when

A¢ < €1, €; = EPSILL

A¢=Enr Vi

Let & =23f0

s the gradient of the objective function and ?T = the
direction of movement. This termination occurs when c:Y < 0
(scalar product).
If Y is a conjugate direction the iteration is repeated and Y
is set equal to C. If the condition occurs again an inversion followed
by a search for a new basis is performed, The program is
terminated if C.Y < 0 occurs another time.
If during the course of a re-entry into the feasihle region the
Psuedo-Newton method yields a point satisfying the constraints, hut
does not improve the function value, then the re-entry point is
modified by choosing a 8* such that

8* = max (6/10, 9 )

int

Bint is an interpolated value hetween (zero and 6)

This condition is internal and is not printed. It is normally allowed

to occur twice in succession after which an inversion with a4 new basis
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is initiated. If this fails to correct the condition then the
stopping condition 7 is enacted.

6. The program is terminated when

|£,(x° + 6R°, 7° + 6%°) - ,R°, 7°) | < e | £,°, ) |
This stopping condition occurs only if the basis consists of
slack variables,

7. The program is terminated when

£, + 6Re, 3° + 6%°) - £oG°, 7 | < er | £,G°, 7 |
but the basis does not consist of just slack variables as in
condition 6. Before stopping, an inverse with a new basis is
initiated after which the direction of movement is conjugate to
the gradient. If this does not work then the direction is along
the projected reduced gradient, after which, the program terminates.
This condition is usually implemented by successive reductions of @
due to failure to re-enter the feasible region or improve the ohjective
function,

8. The program terminates when

5 R+ 6R°, F° 48R°) - £,(%°, )| < e* | £,°, T
Unlike condition 7, no attempt to re-enter the feasible region has
failed. An attempt to override the stopping condition is effected
by selecting and inverting a new basis and taking the directions of
movement as the projected reduced gradient.

The desired stopping conditions are one, two, and three. Conditions six,
seven, and eight indicate that precision difficulties may exist. Attempting
an improvement from these stopping conditions may he desired since their
presence indicates premature stopping. There are two methods.

1. Try a new starting point since the route from the present starting

point must be very "flat",
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2. Subtract a constant from the objective function so e* f(i“,'?“)‘
will be smaller.
These methods are not guaranteed to work, but they have helped solve some
problems (such as the Colville problem number 3 worked in Chapter 5). If

the difficulty persists then the only alleviation is more precision.

1

e* = 1.0 x 10"12 for GREG.

6

e* = 1.0 x 107 for GREGR (a more realistic value for seven digit precition).
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CHAPTER FIVE

NUMERICAL TESTING OF THE GREG PROGRAM
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5.1 INTRODUCTION

Because this study was the first implementation of the GREG code at
Kansas State University it was necessary to test the program and discover
any limitations it might have. For this reason a series of numerical com-
parisons were performed. The problems involved were of three categories.
There were simple example problems, small scale problems from recent publi-
cations that were solved by other techniques, and Colville test problems.

The Colville study [10] involved both GRG 66 and GRG 69, which compared
favorably with other existing nonlinear programming codes. The GREG version
was derived from both of these codes and should be superior in all aspects.

The GREG code was developed on the CDC 6600 computer [30] which has
fifteen digit single precision arithmetic in its FORTRAN compiler., It must be
emphasized that this is a distinct advantage over the IBM system 360/50 with
seven digit single precision arithmetic. This means that the code, which is
very sensitive to numerical precision, can behave quite differently in the
IBM gystem 360/50 .

In performing the numerical study it was hoped that the reliability,
limitations, accuracy, and speed of the program could be judged. All of the
pertinent programming material is given in Appendix 4. The speed of the program
is measured as the time of execution of the algorithm. It does not include
compiling of the subroutines and initialization of the program. Initialization

involves, basically, the adding of slack and artificial variables;

5.2 THE EXAMPLE PROBLEM OF CHAPTER THREE
The first problem worked was Example 3 of Chapter 3. The problem definition
is maximize

@ =0x -5 +0x - 15
0 -1k )



131

subject to the constraint

The iterative process in the GREG program was different from the example
because it used the slack variable as the dependent variable in the starting

basis. The solution was obtained in 0.5 seconds as

f0 = 3.105550
Xl = 0.5545919
X2 = 0.8321228

5.3 RELIABILITY OF A COMPLEX SYSTEM

The following model was proposed by Tillman, Hwang, Fan, and Lai [35,44]
in the study of the reliability of spacecraft life support systems. Two
optimization problems were considered from it. The first was to maximize the
system reliability subject to a weight constraint. The second was to minimize
the system weight subject to a reliability conmstraint. The problems were
optimized by the sequential unconstrained minimization technique [25]. The
codes employed were the RAC program [38] and a code employing the Hooke and
Jeeves pattern search [33,35]. The second code was superior to the RAC program
yielding a computational time for both problems of 90.4 seconds [35].

A schematic diagram of the system is shown in Fig. 5.1 [35,44]. Each of

the numbered components is assumed to have a reliability of R,, i = 1,2,3,4.

i’
Assuming that component three does not fail the system unreliability is

2
Qf R, ( (I-R) (1-R)) )



132

Fig. 5.1. S8chematic diagram of a complex system.
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If component three does fail then the probability of system failure becomes
2
= (1-R 1-R (L-(1-R)(1-R
Q= (1-R)W-R (1-(-R)A-E)
Since the total reliability of the system is the complement of the total
unreliability, the reliability is

Rs =1- Q1 - Q2

The weight of the system was given as a function of the component
reliability, Ri' i=1,2,3,4.

o
Ri

4
weight = E Ki A

i=1
The resultant optimization problems are

maximize

- 2 _ 2
R, =1- RB( (l-Rl) (l"RA) y = (1—R3) (1-R, (1- (1 - RA - Rt;)) )

subject to the constraint

+ R+ K + K,R < C
KlRl K2 2 3R3 4R, <
and minimize
’ 0q o, ag oy,
= + R + K
welght KlRl K2 9 + K3R3 4R4

subject to the constraints
2 2
1 - Ry (IR (A-R) ) = (I-R) (I-R, (1= (1-R) (1-R))) )? > R, nin
Ri > Ri. min » 1 = 1,2,3,4

Numerical values for the parameters were given as
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K, = 100, Kk, =100, K, =200, K, = 150
C =800, B, ;0 =0.9
ay = 0.6, Ry .o=0.5, 1=1,2,3,

Numerical results for the GREG code were as follows.

First Problem

R = 1.0
s
Ry = 1.0
R2 = 1.0
R3 = 0.5394473
R, = 0.7974168

Execution time =" 0.35 seconds
Physically, the results may be interpreted as investing all effort into
components one and two to make their reliability as high as possible. The
best optimum sclution by the previous methods was Rs = (0.999997.

Second Problem

weight = 641.8232
R, = 0.5

= 0.8389202

=
i

R, = 0.5
R, = 0.5
Execution  time = 0.48 seconds
The best previous solution was
weight = 642,249

Total computational time for both problems was less than a second.
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5.4 OPTIMUM RELIABILITY OF A MULTISTAGE PARALLEL SYSTEM

The problem in this section was optimized in Chapter Two using.separable
programming. It was obtained from a study by Tillman, Hwang, Fan, and Balbale
[45]. It involves the optimiiation of a mixed system with N stages in series
with components at each stage in parallel. The system is shown schematically
in Fig. 5.2. The problem is to choose the number of parallel components at
each stage that maximizes the systems reliability subject to a weight constraint.
In reality, this problem should have an integer solution [43], but this point
was neglected in the following solution since it is desired to use the example
as a test problem only.

For a given stage, i, if R, is the reliability of the components involved

i

then 1
(1-r)
i
is the unreliability of Mi components in parallel. The reliability is the
complement of the unreliability and for N stages the total reliability is
N W
R =TT (1-(1-R)D) )
s T, i

A constraint involving weight and volume was given as

N
7}ty <
i=1

The value of pi is the product of weight per unit and volume per unit at stage
i.

The cost constraint was given as

N
) ci(Mi + exp (Mila)) <C
1=1
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i ry »
The wvalue ciM represents the cost of the units at stage i and e exp(Mllé)
is the additional cost for interconnecting parallel units.

The weight constraint was given as

N
ii
z w M exp (M#/A)_i W
i=1
i i i
The value w M is the weight of the units at stage i and the factor exp(M /4)
allows for the weight of interconnecting the units.
The problem was easier to work by maximizing ln(Rs).

This makes the problem separable. The parameter values used were

1 1 1

R; = 0.80, p = 1.0, ¢ =70, w =17.0
Ry = 0.85, p2=2.0 <c2Z=7.0 w?=28.0
Rg=0.90, p3=30 <> =50 wl=8.0
R, =0.65 p'=40 c*=9.0 w=6.0
Rg = 0.75  p° = 2.0 ¢ = 4.0 w0 =19.0

i
The problem is (changing M to Xi)

maximize

X X X
£, = 1n(1—.2x1) + 1n(1-.152) + 1n(1-.10 3) + 1n(1-.35 %)

X
+ 1n(1-.25 )

subject to the constraints

2 2 2 2 2
X[+ 2K, + 3K3 + 4X, + 2X < 110

7(x, + &1/4) + 7(}{2 + ex2/4) + 5(x, + ex3/4) +9(x, + ex‘*/‘*)

X
+ 4(Xg + e 5/4) < 175
X1/4 Xa/4 X374
+

X X
414 5/4
7X + + +
1® sze 8X33 6X4e 9X52 < 200
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The solution was determined as

X, = 2.677995
X, = 2.352543
xs = 2,070096
X, = 3.530631
X = 2.792024

Execution time = 2.86 seconds

This is very close to the results obtained by the separable programming
method in Chapter Two. The results of the separable programming method
(Chapter Two) with a grid size of 0.1 were
X = 2.70000
X = 2.32929
X, = 2.10000
X, = 3.50000
X_ = 2.80000
and the results of solution by the discrete maximum principle were [45]
X. = 2.6000
X, = 2.2816
X, = 2.0075
X = 2.6882

X = 3.3981

5.5 TWO PROBLEMS FROM THE COLVILLE STUDY
The next two problems were taken from "A Comparative Study of Nonlinear
Programming Codes'", by A.R. Colville [10]. The report is often referred to as

the Colville study. The purpose of the study was to compare and evaluate
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existing nonlinear programming codes.
The first problem considered is a modified version of test problem number
two in the study. It was modified by Guigou [30] to exemplify usage of the

GREG code. Tt is presentéd in: that form. The problem is to maximize

b= - P e
f (X)) = X - c, XX -2 d X,
0 dmy, L i+5 i=1 j=1 ij 13 i=1 J 3
subject to the quadratic constraints
10 3 2

jzl 1,345 “545 T %1 T 2jzl RIS Tl

"

i=1,2,3

10 3 2

Z a X -e -2 Z c,, X, - 3d, Xi + X =0
j=1 i,3+5 345 i j=1 ji 3 i i+12

i=4,5

0 <X <100, k=1, ..., 17

Table 5.1 gives the parameter values. The problem was defined in the Colwville
study with five inequality constraints. The slack variables have been added

to the last two constraints (Xl and X17) to exemplify the GREG code when a

6
nonfeasible starting point is encountered with both inequality and equality
constraints.

The solution obtained was

f0 = -32.34867

Xl = 0.2994560
X2 = 0.3332918
X = 0.4006066



i 1 2 3 4 5
di 4 8 10 6 2
ey -15 -27 -36 ~-18 -12
i 1 2 3 4 5 6 7 8 9 10
bi -40 -2 |-1/4 | ~4 -4 -1 |[-40 |-60 5 1
Value of ci
1 : 1 2 3 4 )
1 30 =20 -10 32 -10
2 -20 39 -6 -31 32
3 -10 -6 10 ~ 6 -10
4 32 =31 -6 39 -20
5 -10 32 -10 -20 30

Table 5.1 Parameter values for the

modified Colville test problem two.




Value of a,,: 14l

i3

i . 1 2 3 4 5
1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 0
5 0 0 0 0 0
6 -16 2 0 1 0
7 0 -2 0 0.4 2
8 - 3.5 0 2 0 0
9 0 -2 0 -4 -1
10 0 -9 -2 1 -2.8
11 2 0 -4 0 0
12 -1 -1 -1 -1 -1
13 -1 -2 -3 -2 -1
14 1 2 3 4 5
15 1 1 1 1 1

Table 5.1 (continued)



0.4287636
0.2243463
X7 = 0.0
0.5175596
0.0

0. 3081506
0.1183264
X13 = 0.0
0.1027765

- X
g ™ 1y

Execution time

0.0

12.88 seconds
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The best solution in the Colville study produced an objective function value

of -32,349.
The second problem is test problem number three.

objective function with six quadratic constraints.

minimize

subject to

foci) = 5.3578547_x§ + 0.8356891 X X

5

It involves a quadratic

The problem is defined as

+ 37.293239 Xl, - 40792.141

85.334407 + 0.0056858 X X + 0.0006262 X1X4

80.51249 + 0.0071317 X X5 + 0.0029955 XIXZ + 0.0021813 Xg

9.300961

78 < X_, < 102

1
X, < 45
2
X
3 %40 X5

< 45

25

+ 0.0047026 X3X5 + 0.0012547 X X, + 0.0019085 X X

173

= 0.0022053 X X

35

>
<

37

>0
<9

90
110

Inlv

20
25

2
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In this problem the optimum solution was not reached by the normal procedure,
It was found that the code would stop too prematurely with stopping condition
number seven. The problem was that the number of desired significant digits
and the magnitude of the objective function required more precision than was
available. To solve the problem a constant was subtracted from the objective
function to scale it. The constant value was 30373.94. The final solution was

then found to be

f0 = -(292.01 + 30373.94) = - 30665.95
Xl = 78.00000
KZ = 33.00000
X3 = 29.99389
X4 = 45.00000
XS = 36.77612

Execution time = 1.65 seconds

The best solution given in the Colville study was -30665.5.

5.6 SOLUTION TO THE GEOMETRIC PROGRAMMING EXAMPLE OF CHAPTER TWO
For the purpose of comparison, the primal problem of the geometric
programming example of Chapter Two was solved using the GREG code. The result

was very close to the previous solution.

|£ | = 87.98774
o

X, = 5.087201
1

X, = 2.681470

X = 7.33074
3

Execution time = 0.83 seconds



144

5.7 CONCLUDING REMARKS

The GREG code 1s very successful at solving nonlinear programming problems
and appears to execute very efficiently. It does have some faults. One is
that it is very sensitive to numerical error and behaves very erratically
without any indication of what the problems are. Usage could be aided by
the implementation of an error routine. FORTRAN programs of the magnitude of
GREG are extremely difficult to control. For this reason the user should be
proficient at FORTRAN programming.

The programming of the external subroutines could be aided by restructuring
the GREG common block. Only a few variables and vectors aré needed in the user
supplied subroutines PHIX, CPHI, JACOB, and GRADFL. If these variables were
placed in a named common block separate from the remaining GREG common variables,
it would enhance programming by relieving the user of the possibility of
creating conflicting wvariable names. Errors of that type are extremely
difficult to locate since an error message would probably point to the permanent
subroutines because a variable in common was unknowingly altered.

Despite the minor difficulties, the GREG code is extremely easy to use when
considering the complexity of the problems it is designed to optimize. Being
coded in FORTRAN, it may be used by a large number of programmers and could
be altered to meet specific, specialized needs. The program is fast, efficient,
and reasonably accurate in single precision. The code 1is obviously an enormous

contribution to nonlinear optimization.



CHAPTER SIX

APPLICATION OF THE GRG METHOD TO A COMPLEX
WATER QUALITY CONTROL SYSTEM
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6.1 INTRODUCTION TO THE WATER QUALITY MANAGEMENT PROBLEM

Excessive degradation of water quality in streams has resulted from the
rapid industrial growth of the past two decades. The realization has become
apparent that even the largest rivers can no longer be treated as infinite
sinks for human and industrial waste. Several factors are involved. The
most obvious to the average person is the destruction of the esthetics in a
normal ecological system. A more economically oriented problem is that the
quality of water passed to downstream users may require excessive treatment to
be used effectively, especially in the case of drinking water. Solutions to
the water quality problems are in the realm of the political and social
structure of our society. The problems must be compromised from all peoints
of view so that the socio-ecological system serves for the mutual benefit of
all members and not the destruction of any member.

The systems analysis approach to water quality management will by no means
transpose water quality problems from the social and political system in our
society, but as indicated by past experiences, can offer invaluéble ingights to
the decision making processes. Much value can be derived from simplified
mathematical models as long as the assumptions of the model have been effectively
realized.

As early as 1925, the pioneering study of Streeter and Phelps [41] first
attempted to apply the mathematical modeling approach to water quality control.
Since that time, numerous problems have been defined and various linear and
nonlinear models applied to them. A significant step has been the development
of the dispersion models [20,22,23]. Traditionzlly the pfoblems involved only
one water quality standard, usually DO (dissolved oxygen), at a time. The usual
form of polluticn has been described as BOD (biochemical oxygen demand). Recent-

ly, models have been extended to include thermal pollution and water temperature
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as a quality standard [16,17,18,23].

The evolution of water quality models has imposed two major problems én
the systems analysis approach. The first, and the most severe, is the general
lack of data to estimate the mathematical parameters. This problem is more
acute as the model becomes more complex. A second problem is the complex
array of mathematical equations that describe the system and difficulties in
solving them. Of course, if enough data are available complex numerical methods
to perform the mathematical analysis are worth the effort. The availability of
data usually determines the model used and will ultimately affect the results
of any study.

In this chapter a water quality management model that includes DO and
temperature as quality standards, is presented. The model was orginally
proposed by Dysart and Hines [17]. Their approach was to define a multistage
system with a treatment cost objective function and optimize it using a
dynamic programming algorithm. The present chapter is concerned with reform-
ulation of the model so that the generalized reduced gradient method via the
GREG program can optimize it. The objective of the research was to demonstrate
the effectiveness of the GRG method on water quality management problems and

to demonstrate its flexibility for application to more invoelved models.

6.2 DO, BOD, AND TEMPERATURE RELATIONSHIPS IN FLOWING STREAMS

To develop the mathematical model, adequate transfer relationships of
the state variables, temperature, BOD, and DO must be developed. The following
transfer relations have been termed first order models and are extensions of
the original Streeter-Phelps formulation [41].

The natual temperature of a stream is characterized by seasonable fluctua-

tions and stochastic fluctuations within a given season. This makes it a
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difficult variable to study in water quality control. One basic assumption is
for any given time of the year the stream is characterized by an equilibrium
temperature. When this temperature is raised by an unnatural process such as
thermal pollution the stream temperature will tend to reduce to the equilibrium
temperature by first order decay. The model is based, then, on the excess

temperature of the stream.

M = - K(T-E)

dt

T = water temperature in Op
E = equilibrium temperature in °F
t = time in days

-1
K = temperature dissipation rate coefficlent in days

The analytical solution to this first order differential equation is

T2 =E + (Tl—E) exp (-K (t2 - tl) )
where
0
T1 = initial water temperature at an upstream point in F
T2 = water temperature at a downstream polnt in °F
t -tl = flow time from the initial starting point, tl’ to the downstream

point, t2, in days

The condition T-E > 0 is imposed on this model.

The development of the BOD transfer equation assumes that the normal BOD
concentration is zero and that the dissipation of BOD follows a first order
decay model.

dL
dt = -K].L

L = BOD concentration in mg/%
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-1
deoxygenation rate coefficient in days

-
|

time in days

This differential equation has the simple solution

L, = Ll exp (-Kl(tz-tl) )
where
L1 = initial BOD concentration in mg/% at time = t1
L2 = BOD concentratfeon in mg/f{ at time = t2
t —tl = flow time in days

The dissolved oxygen transfer relation is derived from the classical
Streeter-Phelps formulatiom [41]. It assumes that a saturation level exists
in the stream at a given temperature and when the dissolved oxygen is depleted
below this level the deficit approaches zero by a first order decay model. Tt
also assumes the dissolved oxygen deficit grows with the influx of BOD by a

first order growth model. The relation is

dD . ¥ 1L - D

dt 1 2
where
D = DO deficit in mg/%
K2 = reaeration rate coefficient in days—l
t = time in days

Knowing the BOD transfer equation the DO relationship becomes

dD
ac = Ky Ly exp ('Kl(t*tl) ) - K, D
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dD
—+K D=K L -K_(t-
At 9 D 1 ¥y exp ( Kl(t tl) )

which is a first order linear differential equation. The solution is

_ KL _ _ _ _ _
D2 = 11 [}xp( Kl(t2 tl) ) exp( Kz(t2 tl) ):]
R

+ o -—
Dl exp( K2 (t2 tl) )

where
D, = initial DO deficit in mg /4
D2 = DO deficit in mg/f at time t2
tZ-tl = flow time in days
D2 is the DO deficit and it can be represented as
D2 = DOS- Do
where
DO_ = saturation DO level in mg/%? at a given temperature at time =t

2

8

DO level in mg/% at time = t2

The DO transfer relation becomes

KlLl
DO = DOs ~_11 exp(-Kl (tZ-tl) ) - exp (—K2 (tZ_tl) )

Borly

-D_ e -K t, -t
s ( ) (e, l) )
Temperature interacts with the BOD and the DO profiles and has drastic

effects on the DC saturation level for a flowing stream. These interactions

have been studied intensively. The DO saturation level of a stream has been
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derived as a polynomial relation [42].

DOs = 14.652-0.41022 TC + 0.0079910 TC2 - 0.000077774 TC3
where

DO, = DO saturation level in mg /%

TC = temperature in °C

This curve was fitted to a set of data with a multiple correlation coefficient
of 0.99980.

Likewlse, the coefficents K1 and K2 are related to temperature by the

relationships [19,11]

K (1.047) {F€20)

1~ %20

)(TC—ZO)

K (1.024

s = %920
where

-1
Kl 20 = deoxygenation rate coefficient at 20 °Cc in days
H

reaeration rate coefficient at 20 °C in days-

~
]

2,20

TC temperature in %

A referral to the DO transfer relation indicates how dependent it is on the
stream temperature.

The transfer relations Eepresent a simplified model of a flowing stream
and the study continued with this concept in mind. It must be realized that
correct results are jeopardized by applying the parameter estimations of DOS,
K., and K

1 2
and soil composition justify doubt in their wvalidity in application to streams

to any existing stream. Reglonal variations in climate, geography,

other than the one for which they were developed.
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The following assumptions about the transfer equations are implied:
1. uniform stream width
2. uniform stream depth

3. uniform and constant flow

6.3 DEFINITION OF THE N-STAGE RIVER BASIN MODEL

A river basin may now be modeled by dividing the system into stages, one
at each point of discontinuity. A point of discontinuity consists of conditions
that violate the assumptions of the transfer equations, changes in water quality
standards, or boundaries determined by law that define a region under separate
jurisdiction. Examples of discontinuities that require a new stage are

1. organic and/or thermal waste inputs

2. a state line

3. a change in the flow regime such as changes in stream width or depth

4. increases in the flow such as tributary inputs

5. changes in water quality standards
Figure 6.1 due to Dysart and Hines [17] exemplifies a generalized river basin
model.

Consider a source at a stage, n, that has both organic and thermal input.
The amount of treatment that must be supplied to its pollution input depends omn
two factors:

1. the quality of the stream water entering the stage from upstream sources

2. the water quality standards within the given stage.
Suppose that reliable data may be acquired to estimate the following values.

XT,, = thermal input in BTU/hr at the begining of stage n

XBn = organic, BOD, input in lbs/day at the beginning of stage n

Q, = uniform flow within stage n in ft 3/sec

TFn = time of flow from the beginning to the end of stage n, in days (tz—tl)
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It 1s assumed that XIn, XBn, Qn’ and TFn are constant. This is an unrealistic
assumption because each value will vary daily, weekly, monthly, and seasonally.
But, to formulate the optimization problem stochastic fluctuations are not
considered and a static, steady state assumption is made. The rationalization
is that if conditions that contribute to pollution such as low flow and high
pollution Input are studied-then_the system will behave favorably under normal
conditions. It then becomes a question of how extreme should the extreme
conditions be. This is a question that cannot be answered by the systems
analyst. It becomes a philosophical question as to what risk of stream
pollution is society willing to accept. One opinion is that as little risk as
possible should be accepted. That is, very extreme conditions should be studied
and treatment facilities should be designed so they will not be overloaded
under the stress.

Thermal input in BTU/hr can be converted to the rise in stream temperature

by the relation
C. *XT
Q

n

thermal input in °F =

where

Cl is a conversion constant

3
_ -6 (hreft”-°F
€, = 4.44970 x107° (RLRL )

The conversion of BTU to the rise in water temperature in °F and of water volume
to mass is relative to the water temperature at 39.1 O°F. This is not an exact
conversion at other temperatures, but the error is small when compared to the
magnitude and significance level of a typical thermal pollution input value.

A similar expression is obtained when converting the BOD input to mg/L.

BOD input in mg/& = —=——
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L] 3.
C. = 0.185404 (ﬂéxg_zs__3E5
2 secrlbg.y

The values for deriving the conversion factors, Cl and 02’ were obtained from
a handbook containing physical constants [32].

The temperature rise of the stream is now represented as a function of a
treatment decision variable, d(T,n), for the thermal input at stage n.

Cy-XT_{ 100-d(T,n)

t-risen =
Qn 100

The expression represents the rise in stream temperature after a cooling
treatment of d(T,n) per cent.

d(T,n) = % of thermal input cooled to the equilibrium water temperature
in stage n.

The maximum stream temperature occurs at the thermal pollution source and is

represented as
Cq°XT 100-d(T,n)

no Tn QU 100

where STn is the incoming temperature for stage n.
Three water quality constraints for each stage are considered from the
above temperature equations and the DO transfer equation.
t-rise, < TRSn

temp < TMAxn

min DO > MDO
n— n

The minimum DO constraint is basic because the normal ecological process of the
stream is dependent on DO concentration.
Of extreme importance to the N-stage river basin model formulation are the

boundary conditions of the state warlables, STn, SBn, and SOn(temperature,
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BOD, and DO, respectively). The output from stage n for a state variable

must equal the input for stage n+l. The boundary relations are given in

terms of the state variables.

Temperature

where

BOD

where

=E + - K+ TF
STn+l E (Tn E) exp ( n)

C;*XT_| |100-d(T,n)

Q, 100

Tn = tempn = STn+

Q
ST = incoming temperature for stage n, in F

STn+1 = outgoing temperature for stage n and the incoming temperature
for stage n+l, in °F

SBn+l

Ln exp (-Kl- TFn}

Q, 100

d(B,n) = % treatment of BOD at the beginning of stage n

g
[

SBn +

5B

- incoming BOD for stage n, in mg/%

5B

outgoing BOD for stage n and the incoming BOD for stage n+l,
o+l 4p mg/ L

K. L
DOB -_1ln exp(-Kl-TFn) - exp(-KZ-TFn)]

S0 =
n+l T <R
21
- Dy exp(—Kz-TFn)
D =

initial DO saturation level - SOn

]

initial DO deficit for stage n

SOn = incoming DO for stage n in mg/fL
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S0 = outgoing DO for stage n and the incoming DO for stage n+l.

n+l
For all cases, n = 1,...,N-1.

In summary, the input of pollution into a stage is represented by the
constant values XTn and/or XBn. If a source does not exist then the appro-
priate input value equals zero. Each stage is cbnstrained by three water
quality constraints based on the desired water quality standards. The BOD
level is implicitly controlled by the minimum DO constraint. The boundary
conditions for each stage are derived from the transfer relations and the

initial state variable values, STl’ SBl, and SDl are considered constant in

the steady state assumption. Figure 6.2 exemplifies a four stage system.

6.4 FORMULATION OF THE MATHEMATICAL OPTIMIZATION PROBLEM FOR THE GREG PROGRAM
This section describes the development of the water quality constraints
for optimization by the GREG program. The optimization problem may be defined

as minimize
N
cost = z C
n=1 0
subject to the comstraints

t-rise_ < TRS
n— n
temp < TMAX

min DOn > MDO

where Cn is the treatment cost as of function of the treatment level (decision
variables) for the thermal and BOD inputs of stage n. The problem can be defined

in terms of the decision variables. Let
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Xi = d(T,i), XN+1 = d(B,1i)
i=1, ..., N, N = number of stages
The total number of decision variables is 2xN. The temperature rise constraint
is then given as
9 ¢ Xy
fi(X) = |[——=| [ 100 - Xi ] - TRSi,i 0 i=1, ..., N
100 Q
i
The first N constraints consist of the temperature rise constraint for each
stage. The maximum temperature constraint is formulated as
Cl'X.Ti
£ (}-{)=ST1+ —_— [IOO—Xi}—TMAX <0 i=1,...N
N+i 100 Qg i

This set of N constraints contains the maximum temperature constraints for

each stage. The final set of constraints 1s for the minimum DO restriction.

f2N+i (X)=-min [DO]"‘MDOiiO i=1, «e-y N

The total number of constraints is 3 x N.

Calculation of the constraints at a point, X, consists of two operatioms.
First, the boundary conditions are updated for each stage. That is, the values
for STi’ SBi’ and SOi are calculated. Only STl, SBl, and SOl remain constant.
The values of the other state variables depend on the values of the previous
decision variables, STi, SBi, and SOi are functions of Xj and XN+j’ i=1, ...
i-1,

After the boundaries are calculated the values of the constraints are
determined. The calculation of the temperature rise and maximum temperature
constraints’ is direct, but the value of the minimum DO in a stage is more

difficult to obtain.

It 18 known that the minimum DO is between t = 0 and t = TFi for stage 1.
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The problem is to determine a value t = tmin such that the DO concentration is
minimum. A Fibonacci search is used to determine the minimﬁm. The number of
iterations 1s determined during the initialization of the program so that the
desired precision is obtained in the calculation. The number of iterations 1is
determined so the length of the final interval containing Cigsn is 0.0001.
Calculation of the partial derivatives is the next task in preparing the
problem for the GREG program. For the temperature rise constraints the partial

deriatives are determined as

of; _ |Cqe¥Ty

3%, 100 Qq

2€,

—_—=0,3=1, ..., Nand §J #1i
oX,

3f
3Xgpy= 0, 3= 1, «0uy N

For this set of constraints the partial derivatives are all constant. Similar
constant results occur with the maximum temperature constraint except the calcu-

lations involve previocus decision wvariables.

i = - |C1°%¥Ty
> 100 Q,
af

N+i

=0, j>1

ax

3
af asT
X ax

] ]
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of
Mi =0, j=1, ..., N

oX
N+j

The partial derivatives of the state variable, STi’ are calculated inductively.

ST, = XEi_l + (Ti - XEi_l) exp (—Ki_l TFi_l)

C,*XT
= -+ — -_
Ti STi 1 1 i-1 [ 100 Xi

100 Q, .

]

K = (K) the temperature dissipation rate coefficient specified for
a given stage, 1 - 1. This subscripting has not been used in
the previous discussion, but this, and all other constants, are
generally different in each stage.

Thus,
C. -XT
BST = l i_l N
- i ZES_____ exp ( Ki-l TFi_l)
i-1 Qi-l
C.*XT k
1 71k
B - ——— exp (- } K TFi- ) , 0 <k <i
100 Q - n
axi_k 1=k m=1
By letting j =1 - k,
3f o *XT, -l
N+i=_—exp( E K!L'TF}‘L)’j<i
axj 100 Qj =3

Analytic partial differentiation of the minimum DO function is considered
very impractical so it is accomplished numerically. The procedure is to calcu-

late the minimum DO at the point, X, and store the value, FMIN. Then, for each
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variable X (and X } the calculation is
] N+

1. PFMIN1 = min [DO] when Xj + Xj + A

2. 9f -
aNHL FMIN1 - FMIN

oX A
3

1]

The minus sign comes from the minus sign in the constraint function

= - min [DO,] + MDO, <O

f2N+i i-

The calculations are performed only for the indices j such that j < i. Any
decision, Xj and xN+j’ made in a downstream stage (j>i) has no effect on the

previous stages and their constraints, thus indicating the partial derivatives

for these cases are zero.

6.5 APPLICATION TO THE CHATTAHOOCHEE RIVER BASIN

To test the application of the GRG method to a N-stage water quality
management model, data obtained from the study of Dysart and Hines [16,17,18]
on the Chattahoochee River Basin below Atlanta, Georgia was utilized. A map
of the system is shown in Fig. 6.3 [17]. The portion of the river under consid-
eration in the study was bounded above at Atlanta, specifically at Clayton.
The lower bound of the system was Yellowjacket Creek. There are numerous
points of organic and thermal pollution input along this stretch of the river,
but only the major contributers were considered in the study. The only major
organic polluter is the Clayton plant. There are three major thermal polluters,
McDonough, Atkinson, and Yates power plants. Four sources comprise the majority
of both the organic and thermal waste in the system under consideration.

Figure 6.4'[17] summarizes the system and divides it into four steady-
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Lake Lanier

Clayton o
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Q 30
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Fig. 6.3. A map of the Chattahoochee River basin [17].
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state stages. Stage one describes the organic waste input and the resultant
effect on the system for the Clayton plant. This stage extends to the McDonough
and Atkinson plants where a discontinuity occurs with thermal discharge. These
two plants are close together and can be treated as one source for stage two.
The second stage extends to Cedar Creek where another discontinuity occurs.
At Cedar Creek the DO standard changes as indicated in Fig. 6.4. The third
stage is created and extends to the Yates plant, another thermal source. This
becomes the upper bound for the fourth stage which extends to Yellowjacket Creek,
the lower bound of the system. In this example, discontinuites resulting in
new stages occured, for all practical reasons, at pollution sources and because
of a change in the DO standard. It was not considered necessary to divide the
system into more stages because of changes in flow regime or for flow increases.
The model described in Fig. 6.4 is believed to represent the system within the
assumptions of the water quality management river basin model.

Input data for the model for the purpose of the present study are given
in Table 6.1. The data were extracted from the "One-in-Ten September' case of
Dysart and Hines [17]. This means that the lowest flow of the river occuring
in September during the previous ten years was.used as the hasis for a conser-
vative abatement, or treatment policy for the system. It was reasoned that if
the extreme case was studied for a given time of the year then policy based on
it would be satisfactory for more favorable conditions. Of course, this would
not be true where significant BOD concentration is created by runoff (such as
feedlot runoff) in high flow conditioms.

The objective function of the system was given in terms of treatment
costs for the three stages with pollution input. Figure 6.5 [17] shows the
cost of organic waste treatment in millions of dollars as a function of the

abatement level for the Clayton plant. This function, for the purpose of this
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study, is represented by a piecewise linear function.

X = % treatment
cost = 0.04X, 0 <X < 20
cost = 0.03X + 0.2, 20 < X < 30
cost = 0.01X + 0.8, 30 < X < 40
cost = ( gégl ) X - ( Qéig - 1.2), 40 <X<70
cost = 0.015X + 0.25 , 70 < X < 90
cost = 0.06X ~ 3.8 , 90 < X < 95
cost = 0.98X ~-91.2 , 95 <X < 100

The cost for the treatment of the thermal waste was given as ( in $)

X = % treatment

Cool Cost = (-Elzéggg Y[ 1~-exp ( -0G.023X) ]
(McDonough ‘

and

Atkinson)

Cool Cost = ¢ 2123%gg ) [1-exp (-0.023X) ]

(Yates)
The objective function is separable and its gradient is easily defined for
optimization with the GREG program.

The programming of the external GREG subroutines is given in Appendix 5.

The results are encouraging since both accuracy and computation time are
favorable when using the GRG method. The accuracy of the problem analysis is
improved over the dynamie programming approach because the system is treated
on a continuous basis, The main improvement, though, is that computation to

an optimum solution is significantly faster than the dynamic programming approach.
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The abatement policy was determined to be

% treatment = 66.97%
(Clayton)

% treatment = 18.5%
(McDonough
and
Atkinson)
% treatment = 0.0%
(Yates)
The total cost of the system abatement policy by the cost function used was
$1.60 million. The cost function used for the Clayton plant was a little

different from the Dysart and Hines study [17] because values for it were

extrapolated from a graph. The solution to this problem from their study was

# treatment 70%

(Clayton)

% treatment 20%

(McDonough
and
Atkinson)

% treatment = 0.0%
(Yates)

Total cost = $1.576 x 10°

The execution time of the GREG program on the IBM 360/50 computer from
a feasible starting point of 100% treatment for all inputs was 39.41 seconds.
From the nonfeasible starting point of 0% treatment for all sources the executior
time was 30.35 seconds. The execution times cannot be compared directly but
the dynamic programming appfoach was attributed a typical 10-15 minute execution
time on a Univac 1108 computer [18]. The program was written in the ALGOL

language.
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The resulting DO profile is shown in Fig. 6.6. A minimum DO concentra-
tion is reached in stage two. This minimum is caused by the organic waste of
stage one. The temperature profile is shown in Fig. 6.7. The two jumps in
the graph are caused by the thermal inputs. The variation of K1 and KZ' which

depends on temperature, is shown in Fig. 6.8.

6.6 CONCLUDING REMARKS

The application of the GRG method to the water quality management model
demonstrates its flexibility, speed, and accuracy. It serves as a pilot study
to further research involving more complicated water quality models that are
more realistic in describing the behavior of such a complex system. Two
important results of this study were that the minimum DO and its partial
derivatives were determined numerically with much success. This implies
applications of the technique to an assortment of constraints. The most impor-
tant application to water quality models would be the numerical integration
of sumultaneous differential equations to define the constraints. This makes
it conceiveable to apply the procedure to the more complex dispersion models
involving BOD, DO, and temperature with less restrictive assumptions (see Fan
et al. [23] ).

This study also demonstrated the use of a monotonically increasing
piecewise linear cost function. This demonstrated the flexibility in defining
objeétive functions for the GRG method. It is the flexibility of the GRG
method that is desireable. It has a wide variety of applications including

water quality optimization models.
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APPENDIX 1. COMPUTER PROGRAM FOR GENERATING SEPARABLE PROGRAMMING DATA
This appendix contains a listing of the main program for generating
the separable programming data for MPS/360. The user must supply the

subroutine FUNC.



179

CoavennaeJEREL WILLTAMSssncsessonssvesssesannsansJUlY 197 coanencnrnscennnsasncs,

c
CeneaTHIS ROUTINE IS CESIGNEC TO GENERATE THE LINEAR APPROXIMATION VALUZS

c AND TO PUNCH DATA CARGS WITHIN THE SPECIFICATIONS 0OF MPS/360
c LINEAR AND SEPARABLE PROGRAMMING,
C

Ceveo® USER DESIGNEDN SUBROUTINE FUNC MUST ACCCMPANY THIS ROUTINE,.

c

CeseeTHE USER MUST SUPPLY DATA FOR SIX VARIABLES, ALL DATA 1S ECHG CHECKED,
NFUN=THE NUMBER OF VARIABLES

NROWS=THE NUMBER OF CCNSTRAINTS+1

START=THE INITIAL STARTING POINT FOR EACH VARIABLE

INTER=THFE MUMBER OF UNIFCORM PARTITIONS CESIRED BETWEEN ALUWw & UPPER
ALOW=THE LOWER BOUNC OF THE UNLFCRM REGION

UPPER=THE UPPER BOLND OF THE UNIFGRM REGION

ssee THE DATA CARD FORMAT [S AS FOLLOWS.
FIRST CARD
READ MFUN & NROWS, FORMAT 215
THERE NOW CCCURS ONE DATA CARC FOR EACH VARIABLE CONTAIMING
START, INTER, ALOW, & UPPER, FORMAT F10.0, Il0, 2F10.0

OO0 OOCO000n

900 FORMATISX,S5HEPROR/5X,3CHALOW EQUALS UPPER FOR VARJABLE,15)
901 FURMAT(5X,5HERROR/S5X+31HINVALID VALUc FOR NFUN OR NROWS)
9C2 FORMATI({5X,SHERRUR/S5X.27THINTER EQUALS O FOR VARIABLE,I15)
100C FORMAT(215)
200C FORMAT(4X y1HF 9 B4+5X »3FROW, [394XaF12e5¢3X¢3HRUWI344X,F12:5)
30CC FORMATUA4X s 1HP 14 45X4hGRID,13,43X4FL2a5)
3001 FORMAT{4X s 1HPy 1445Xy3FROW, [344XeF12:533X,4HGRID,13,3%,F12.5])
400C FCRMAT({4X 3 3HSETyI3,4XsBH*MARKER' 4y 17X 8H*'SEPORG")
5000 FORMAT({F10s40,T10,2F1C.C}
6000 FORMAT{5X,23HFCHO CHECK FDR VARIABLE I5/5X46HSTART=,F10Z2/
15X y6HINTER=, J10 /SX4&EFALOW =4F10.2/5%y 6HUPPER=,F1C.2/)
TOCC FORMATI4X,6HEMDSET y4X48HIMARKER? 17X ,BH'SEPEND' /80 (1H%))
80CC FORMAT(1X,14HUP SEPBOLND P,I4, 9%X,3H1.0)
900C FORMAT(S5X,27HFCHO CHECK FUR NFUN E NROWS/
1EX46HNFUN =, [5/5X,6HNRCWS=,15/7)

C

CoeaaoUNIT NUMBERS

c
KREAD=5
NPRNT=6
MPNCH=T

c
CeovsoNREAD=CARD INPUT,NPRNT=PRINT CUTPUT,NPNCH=PUNCH OUTPUT
c

CIMENSION ROW(50),F(50,50)

READ (NREAD,10C0) NFUN,KROWS
KRITE(NPANT,SC00) NFUA,NROWS
IF{NFUNJLTo1loOCR,NROWSsLTel} GO TO 96

MKK=0

kKK=1CCO
c
CeseeelD CALCULATIONS FOR EACH VARIABLE
c

00400KK=1 4, NFUN
[Ax=1
READ(NREAD,5CC0O} START,INTER,ALONW,UPPER
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RRITE(NPRNT,4C0C0) KK, START,INTER,ALOW,UPPER
c
CeeseasCHECK DATA FOR LRRORS, PROGRAM COES NOT ALLOW INTER oGTe 504
C

IFUCINTERaGT45C) INTER=50

IF(IMNTER.EQeO) GO TO 97

TF(ALOW.EQ.UPPER) GO TC 98

i

C
Coeeeos o CETERMINE UNIFORM PARTITION STEP-SIZE
C
AN=INTER
CELTA=(UPPER-ALOWI) /AN
LL=KK+100
WRITE(NPNCH,4000) LL
AN=NROWS+KK
CosensCHECK ALOWNE<STARTsa CREATE ANDTHER PARTITION IF TRUE
c
1J=0
[F{ALOW=STARTIZ243,42
2 X=START
AX=ALOK «
1J=1
INTER=INTER+]
IAX=2
COL1IK=1,NROKS
11 ROW{ IK)=0,0
GO TO 8
C
CesaneCALCULATE PARTITION VALUES
c
3 [u=1J+1
COLOIK=14NROKS
10 ROMW(IKI=0.0
XK=1J-TAX
X=XK%2CELTA+ALDW
AX=X+DELTA
C
CeaeesCALCULATE FUNCTION DIFFERENCES
C
8 CO100J=14+NRDOWS
CALL FUNC(J, KK AX,FsNFUN,NROKWS)
ROWCJ)=FlJ KK}
CALL FUNCHUJ4K¥, X,FyNFUN;NROWS)
10C ROW{J)=ROW{J)I-FlJKK)
c
CessssCREATE GRID VALUE
[o
GRID=X-AX
1I=TJ4KKK
C
Canese START PUNCH LCOP
C
IR=0
16 IR=IR+1

IFLIR.GT, NROWS) GU TO 90
TFIROW(IR))I17,2C0,17
17 IRRR=[R+1
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2cC

8s

9C

15

186
2C¢C

4CC
c

GO 74O 20

IRRR=1RRR+1
IF{IRRRGT«NRCWS) GO TC 89
IFIROW{IRRR ) )T5419,75
IRR=[R+1D0

WRITE(NPNCH,3C01) II,IRR,ROW{IR)LLyGRID
ITR=NN

GO TO 2C0

IR=NN

WRITE{NPNCH,3C00) Il,LL,GRID
CO 1O 200

IRR=IR+100

IMM=[RRR+100
WRITE(NPNCH,2000) I1,IRR+ROW{IR}IMMyROW[IIRRR)
IR=1RRR

IF{IR,LT.NN)Y GO TO 16
IF{IJsLT« INTEP) GO TO 2
KKK=KKK+INTER

NKK=NKK+INTER

CONT INUE

BRITEINPNCH,7C00)

CeeseoCREATE BOUNDS SECTION
C

94
917

98

COLY=14MNKK

‘II=141C00

WRITE (NPNCH,8CCC) II
sToe
WRITE(NPRNT,9C1)
STOP '
KRITC{NPRNT,9C2) KK
sTOP
RRITE(NPRNT,900} KK
sTOP :

END
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APPENDIX 2. COMPUTER OUTPUT FROM THE RELIABILITY PROBLEM
This appendix contains a listing of the subroutine FUNC and the MPS/360
control language program used to solve the reliability problem. The

MPS/360 solution output is also giwven.



w ~N

10
11
12
13
14
15
16
17
18
15
20

SUBROUTINE FUNC(J,KKXo9F yNFUNSNRCHKS)
CIMENSION F (50,50}
FM={KK=1)%NR{¥5+J

GO TOUL1429344+5+6974B8+5910411912,13,14,15,16,17,18,19,201,¥¥F

Fily1)=ALOG(1le—a2¥*X)

RETURN
F{2,1)=X%%2

RETURN
F(3,1)=To % (X4EXPI{X/44))
RETURN
Fléayl)=Tu*X*¥EXP( %/ 4 )
RETURN
F(1,2)=ALDG(le~el5%%X)
RETURN

F(292)=20 &X%%7

RETURN

FL3,2)=Ta% (X4EXP{X/4a))
RETURN

Flbe2)=Be ¥XXEXP[ X/ G4 )
RETURN
F{1+3)=ALOG()le—ol®%X)
RETURN

FU203)1=3g RXH%D

RETURN
FI3,3)=5.%(X+FXP(X/4a))
RCTURN

Flay3)=8, %X2EXP (X/4s)
RETURN
Fllv4)=ALDG(1e—y35%%X)
RETURN

FI2,6)zbe %X k%D :
RETURN

F{3,4)=9a% (X+EXP(X/4e))
RETURN

Flayb)=be RXEEXP(X/ b4 )
RETURN
FllyS)=ALOG{ 1e—4 25%%X)
RETURN

Fl2:5)=2e kX %22

RETURN

FU395) = R {X4EXP(X/ 40 ))
RETURN

F(445)=9, FX¥EXP(X/4a)
RETURN

END
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CONTRCL PROGRAM COMPILER = MPS/360 v2-MB

co01 PRCGRAM

cce2 INTTIALZ

Co64 MOVE(XDATA, "DATA-SET')

Co65 MOVE (XPBMNAME, *SEPARABLE')

(066 COMVERT

Coe7 BCPGUT

Cos8 , MOVZ (XOBJ, "ROWIQL'}

Caew MUVE(XRHS o *LIMITSY)

CCrc . TITLE('PRINMAL-LOCAL UPTIMUMY)

€071 XS5FTLbB=-1 $% BOUNDED VARIAGSLZS AT LUWER LEMIT
(073 SETUP(*BOUNDY  "SCEPHAUND "y "MAX ')
CCT4 PRIMAL

Cu7s SOLUTIUN $> LOCAL CPTIMUM

Co77 TITLE('PRIMAL=GLOBAL UPTIMUM®')
o8 XSETLE=+] $* BUOUNDED VARIABLES AT UPP-2 LIMIT
Coeo SETUP{ "BUUND® T SEPBOUNDY 5 T MAK )
cosl PRIMAL

cos2 StLuTIuN $3 GLOBAL UPTIMUNM

COB4 TITLE('DUAL-GLOBAL OPTIMUMY)

COES SETUP(TBOUND"  * SEPSOUNNT ;Y MAX )
€086 DUAL

coa7 SOLUTIUN $% GLGHAL OPTIMUM-LUAL
coe9 EXTT

Co9s . PEMD
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APPENDIX 3. GEOMETRIC PROGRAMMING USING MPS/360
This appendix contains the necessary programming material to solve
the example geometric programming dual problem. The contents are
1. the main FORTRAN program and its supporting subroutine
2, the job control language
3. sample input data to the FORTRAN program
4, an .echo check output from the FORTRAN program
5. the MPS/360 control language program with the solution output
The separable data is read with the same formats as the program of Appendix
one.
NFUN = the number of dual function variables including the transformed
variables.
NROWS 1s replaced by NCON.
NCON = the number of primal constraints.
ALOW can never equal zero (because 2n(0) does not exist) and UPPER < 1.
The data for the variables are ordered as
A, and A_,

“o1® Y020 Yo4r V110 V120 Y210 a 2
The variable START is set equal to the coefficients

€01* 027 S04 f11° ©12° C21
in the same order as the dual variables. For the transformed variables,
Al and AZ’ it equals 1.0. This procedure 18 generalized and the FORTRAN
program can be used to solve any posynomial geometric programming problem.
The separable data is not punched but 1s stored in a data-set where
it is accessed by the MPS/360 control language program. This eliminates

the cumbersome process of punching cards.



1000 FORMAT(ZIS)}
1001 FORMAT (2044}
200C FORMAT (49X 3 1HP s 14 45X+6FCBJECT 2 &aX4sFl2,8423X34HGRIC,I13,43X,F1245)
40CC FORMAT{AX s 3HSFT I3 ,4X,BHYMARKERY 41 TX,8L'SEPCRGY)
50CC FORMAT(FLIGC.0411042F10sC)
6000 FURMAT(5X,23+ECHO CHECK FOR VARIABLE,IS/5X+6HSTART=,I 1045/
15X bHINTER=, [10/5Xy6HALOW =4Fl045/5X+6HUPPER=4FLl0a5/)
TOCC FORMAT{A4X,EHEMDSET 34X BHYMARKERY 1 TXLEH'SEPCHND' )
TO001 FCRMAT {6HBOUNTS)
BOCC FORMAT(1X,1a4HUP SEPBOLAT  Pal4,9%Xp3H160)
900C FURMAT([5Xy3SHTHE NUMBER OF SEPARATED VARIABLES =,I15/
15X435HTHE NUMRER OF DEPENDENT VARIABLES =,I15//)
ANREAD=%
NPRNT=6
NDISK=9
CIMENSION A{20)
CCUBLE PRECISTON OBJ4+F
COMMON KK, START4NFC
CATA SEPA,ENCA/4HSEPA,4HENDA/
REWIND NDISK
20 READINREAD,10C1) A
IF{A{L)-EQ.SEPAY GO TL 21
BRITE(NDISKL1CO01) A
G0 7O 20
21 READINREAD,1CCO) NFUN.NCCHN
WRITEINPRNT49C00) NFUN,NCON
IF{NCONGT<NFUN) 5TOP9999
NFC=NFUN~NCON
MNKK=0
KKK=1000
[O0400KK=1 o NFUN
1AX=1
READINREADyS5CCO) STARTHINTER,ALOW,UPPER
WRITEINPRNT 6C00) KKoSTART, INTERJALCW+UPPER
IFIINTER.GT«5C)INTER=EC
IF(ALOWL.EQ,UPPER)}STOPEEBS
IFUINTERLECLOISTOPTTT?
AN=INTER
CELTA=(UPPER-ALOW) /AN
LL=KK+100
WRITE(NDISK,4C00) LL
[4=0
IFIALOW=-START 24342
2 X=START
AX=ALOKW
IJ=1
INTER=INTER+]
[AX=2
GO TO 8
3 li=lu+l
XK=1J=-TAX
X=XK2DELTA+ALONW
AX=X+CELT A
B CALL FUNC(AX,0CBJ)
CALL FUNC{X4F)
CBJ=0BJ-F
CRID=X-AX
I1=1J+KKK
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301
4GC

22

23

WRITE{NDISK,2000) I[1,0BJ,LL,GRID
IF{IJ-INTER)3,301,301
KKK=KKK+INTER

MKK=NKK+INTER

CONTINUE

WRITEINDISK,7C00Q)
READ{NREAD,1CT1) A
IF{AIL)EQ.ENTA) GO TU 23
WRITEINDISK,1C01) A

GO TO 22

WRITEINNISK,7CO1)
COLI=14NKK

II=1+1000

WRITE{NDISK,BCO0) Il
RRITE{(NDISK,1C01) A

END FILE NDISK .
sTOoP

END

SUBROUTINE FUNCI(X+F)
COMMON KKy START 4NFC
COUBLE PRECISTON SSyXX,F
XX=X

IF(KKsGTsaNFC) GO TO 1
SS=START
F=XX*CLOG(SS/XX) ’
RETURN

F=XX*NLOG{XX)

RETURN

END

196



! JOB ( standard K.S.U. job card )
//JOBLIB DD DSNAME=SYS1.USERLIB,DISP=SHR
//STEP1 EXEC FORTGCLG

/ /FORT.SYSIN DD *

FORTRAN source deck

/*
//GO.FTO9F001 DD DSN=&INPUT ,UNIT=SYSDA,DISP=(NEW,PASS),
!/ SPACE=(TRK, (5,5)) ,DCB=(RECFM=FB, LRECL=80,BLKSIZE=7280)

//GO.SYSIN DD *

data

/*
//STEP2 EXEC KSLP
//CPC.SYSIN DD *

MPS control language program

/%
//EXEC.SYSIN DD DSN=&INPUT,UNIT=SYSDA,DISP=(OLD,PASS)
/!
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NAME
ROWS

itmmmMmmMMmMMmMmMmMmMMmMMAamMAammZ

[
CCLu

SEPARABLE DATA

RHS

OBJECT
GRIDIO1
GRID102
GRID10O3
GRID104
GRINDI1OS
GRINLOG
GRIND1OT
GRIND1DS
GRIDLO9
NORM
ORTH1
ORTH2
ORTH3
ORTH4
CONSTL
CONST2
MNS

Wl

W1

W2

W2

k3

W3

W

W4

W5

W5

Wé

Wé

W7

W7

W7

Al

A2

9 2
460
10.0
400
2.0
1.0
1.0
100.0
1.0
1.0

LIMITS
LIMITS
LIMITS
LIMITS
LIMITS

ENDATA

FTATA-SET

GRID1O1
NRTH1
CRID10O2
MRTHZ
CRID10O3
CPRTH3
GRID104
CRTH4%
CRID10O5
CRTH4
CRID10&
PRTH4
GRIDLOT
CRTH2
CONST2
GRID1lOB
GRID109

PAY
20
20
20
20
20
20
20
20

CRID1O1
CRIDLO3
CRIGC10OS
GRID1O7
CRID109

228
298
0328
125
2045
«010
«328
«060
0328

440
4400
le0
10C.0
1.0

« 238
« 308
«338
=135
« 055
«020
« 338

070

«338

NORM
NORM

NORM

NORM

ORTHL
CONSTIL
ORTH2
CONST1
ORTH1
ORTH3

CONST1
CONSTZ2

GRID102
GRID104
GRID10O6
GRID10O8
NORM

1.0
140
lo0
1.0
2.0
=10
220
“"100
"1.0
"1.0

1.0
le 0

10.0
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THE NUMBER OF SEFARATED VARIABLES
THE NUMBER OF DEPENDENT VARIABLES

ECHO CHECK FOR VARIADBLE
START= 4.0C0OCC
INTER= 2C
ALCw = 0e2280C
UPPER= 0.238CC

ECHC CHECK FOR VARIABLF
START= 10.0C0CC
INTER= 2C
ALCW = 0.2980C
UPPER= 0.30800

ECHO CHECK FOR VARIABLE
START= 4oC00CC
INTER= 20
ALOWw = 0. 3280C
UPPER= 0e.3380¢C

ECHC CHECK FCR VARTIABLE
START= 2.0C0CC
INTER= 2C
ALCW = 0.1250C
UPPER= 0s 135C0

ECHC CHECK FCR VARIABLE
START= le0COCC
INTER= 2C
ALCHW = 004500
UPPER= 0.05500

ECHO CHECK FOR VARIABLE
START= 1.00000
INTER= 2C
ALOW 0e.010CC
UPPER= 0.,02000

"

ECHO CHECK FOR VARIABLE
START= 1C0,0C000
INTER= 20
ALCw =  04328CC
UPPER=  0.338CC

ECHC CHECK FCR VARIABLE
START= 1.0000¢C
INTER= 2C
ALCHW = 0.,06000
UPPER= 0«.0700C

ECHO CHECK FOR VARIABLE
START= 1.00000
INTER= 20
ALOW = 0.32800
UPPER= 0.32800

noun

[AC I o]

199



ool
(coz
(064
€065
o1]-1.]
Cos7
(os8
0069
€c70
€071
corz
(073
{GC74
€075

CONTRCL PROGRAM COMPILER - MPS/360 v2-M8B

PROGRAM

INITIALZ

MOVE (XDATA,*DATA-SET")

MOVE{ XPDNAVME, TEXAMPLE")
COMVERT

BCrouT

MOVE ( XOBJ. 'CBJECT")

MCVE(XRHS, 'LIMITS )
TITLE(*GEONETRIC PRCGRAMNMING"')
SETUP(*BOUND? , ' SEPBOUND", *MAX ', "SCALE")
PRTMAL

SCGLUTION

EXTT

PEMD
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APPENDIX 4. GREG PROGRAMMING MATERIAL FOR CHAPTER FIVE
This appendix contains listings of the external subroutines and the

resulting output for the example problems of Chapter five.
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F
SUBROUTINE PHIX GEGK 10
CIMENSION A(S0D4+100)4ALFA(S50,50),4X(150)}4XC{150)+X11(150),:X501150) GEGK 20
1+Y(150),C0150),VvC(50),IBAS(50),IHB(100), IVCISC),Iva{l00) GEGK 30
COMMOM AsALFAsX g XCoyXI 9 XSeYoCoVC,IBASyIHBIVC,,IVA,IVE GEGK 40
COMMON NV NGy NKyNEGy NINJNTV o NVI NEVyNEVL ¢fNTOoNINLyNIN2 yNIN3NIGEGK 50

LNG  NYNINL g NVYNTNZ yNVNIN3 INDEX 11 ,IRpIR1,IS,1514I7, 18P, ICDB,JCDB,KCGEGK &0
2DB G KFILWKLINSKRENJKD+FILoPHL,PST,PSI3,TB,TD,TCoEPSIL,EPSILOVEPSILZGEGK 70

COMMON KFONC yKGRAD ¢ KCONT o KINVL o KINVZ2 s KCDBA yKJACU,KMAXL o KMAXZ2 KGEGK B8O
1REN] (KRENZ 4 KINV  KCDBALsKRENL L+ KRENZL GEGK 90
COMMON IDTRECDELTFIsETA,JKO,LC,YSORT GEGK 100
CIMENSION B{(10} GEGK 110
COMMON B GEGK 120

IF (1T«GE«0) GO TO 100 GEGK 130

READ (5,1001) (B(1),I1=1,10) ) GEGK 140

1001 FORMAT {l10F64C) GEGK 150
100 CONTINUE GEGK 160
PHI = =Ba#XC(1)2%3-18%XC(2)#%3-20*XC(3)¥*3-12*XC{4) *¥3=4,%XC(5)GEGK 170

1#%3=30 ¥XC{L)*¥2-39XCI21 33210 *XC (3 ) #%2-39 *XC{ 4) ¥¥2-30. ¥XC{H)1*GEGK 18O
22440 ¥ XC (1) *X¥C (21420 *XKCOLI*XC (31 =64 ¥XCU L) #XC {4} 420 ¥XCI 12 *XCI5)GEGK 190
412 #XCH2)FXCII )62 ¥XCI2IHAC(4)-64e¥XCI2YRXC (5412, #¥AC () EXC (4] +2GEGK 200

40 XL (3)1#XCI5) 440, *#XC(4}*XC(5) GEGK 210
CO 20 I=6415 GEGK 220
PHI = PHI+BLI-5)*XC{I]) ) GEGK 230

20 CONT INUE GEGK 240
RETURN ) GEGK 250

END GEGK 250



1001

103

25
30

SUBROUTINE CPHI GECGL
DIMENSION A(S0,100)ALFA{S50,50) X(150)XC{150})4XI(1500),X5(150) GEGL
1,Y(150),CU150):VCIS0}, IBAS(50),IHB(100),IVC(S50},IVALLOC] GEGL
COMMON Ay ALFA  XoXCoXI o XSy YCoVC s IBAS,IHB,IVC,IVA,IVH uvEoL
COMMON NVyNC oy NK ¢ NEGyNINgNTVNVL yNEVoNEVLyNTOGNINLyNIN2 yNINIJNIGEGL

INGyNVNINL s NVNINZ e NYNIN3 o INDEXy ITo IRy IRLo IS4 IS19 1T [BP,ICOB,JCDB,KCGEGL
ZOB s KFIL oKLIN KRENyKDyFILoPHL PSLyPSI3+TByTDWTC+EPSILLEPSILOVEPSIL2GEGL

COMMON KFONC  KGRAD ¢ KCONT 4 KINVL yKINV2KCDBAKJACO, KMAX]L ,KMAX2 ,KGEGL
LREN]1 yKRENZ24KINV,KCDBALl,KREN11,KREN21 GEGL
COMMON IDYRECDELTFIETA,JKO,4LCyYSORT GEGL
IF (IT.GE-O) GO TO 103 GEGL
READ (541001) {I,J:A0I4J}sL=1,37) © GEGL
FORMAT (6(213,F6e0)/612134F60)/6(213,F8.0}/6(213,F6.01/6(213,GEGL
1F6.0l!6!213‘F6.0I16{213'F6.0II GEGL
Aldy16) = 1. GEGL
Al5417) = le GEGL
All,y2) = 40, GEGL .
Af{l43) = 20. GEGL
A(I"t, = -6". GEGL
Al145) = 20 GEGL
AlZ2,1) = 40, GEGL
A(2,3) = 12 GEGL
A{244) = 62e GEGL
A(245) = b4, GEGL
Al3,1) = 20, GEGL
A(3|2’ = 120 GEGL
Al(3.4) = 12, GEGL
Al3,5]1 = 20. ‘ GEGL
Al"d"l' = ‘64. . GEGL
Alby2) = 624 GEGL
Al4,3) = 12. : GEGL
Al445) = 404 GEGL
A(5,11 = 20. GEGL
A{542) = -64. GEGL
A|513’ = 20 GEGL
A{Sg‘l' = 40, GEGL
CONTINUE GEGL
VCI1) = 15a~6Ce*¥XClL1+40.%¥XC({2)+20.%XC(3) =64 ¥XC (4} +20.%XC[5)~12+*GEGL
IXCI1)%%x2 GEGL
VOI2) = 2T 440 #XC(1)=TBa*XCI{2}+]12%¥XC{3)+62e%XC(4)-64a*XC(5)-24.%GEGL
1XC(2) #%2 GEGL
VC(3) = 3644204 *XC(1) 412 #XC(2)-20+*%XC{3)1+12o%XC(4)+20*XC(5)-30.*GEGL
1XC(3) #%2 GEGL
VCI(4) = 1Be=68a ¥XCI1) 4620 8XCI2) 412, %XC{3)~TBa*XC(4)+40,*XC(5)~-18.*%GEGL
IXC(&) %42 GEGL
VC(S) = 12,420 *XC{1)-64e*XC(2)1420%XC(3)+40,%XC{4)~60+%XC(5}-6+*XGEGL
1C(5 ) *%2 GEGL
CO 30 I=1,5 ' GEGL
V€l = 0. GEGL
LO 25 J=6,415 GEGL
VCl = VC1+A(14+d1*XC(J) ' GEGL
CONTINUE ) GEGL
VCII) = VCUIL)+VCl GEGL
CONT I NUE GEGL
VC(4) = VCI(4)+XCil6) GEGL
VC(5) = VC(S5)+XC(1T) GEGL
RETURN GEGL

END GEGL
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SUBROUTINE JACOB

DEMENS TON

COMMON
COMMUN

COMMON

1REN] ,KREN2 4 KIMV,KCDBAL yKRENLL,KRENZ]
IDTREC+DELTFIsETA¢JKOoLCsYSORT

COMMON

CIMENSION

COMMON
Atl,.1)
Al2,2)
AL3,3)
Alas4)
£(5,5)
RETURN
END

tonouoon

ALSO04,100),ALFA{50,50),X{150),XCI150),XI11i50),XS(150}
1,¥(150),C(15C),VC(50)4+IBASI(50),IHB(100),IVCI50),IVA(LOD)
AvELFAs Xy XCo Xl o XSy Yo CoVCIBASHIHB,IVC, IVA,IVE

GEGM
GEGM
GEGM
GEGH

NV s NCyNKyNEGyNIN NTV4NVL NEV NEVL NTOSNINL,NIN2sNINI,NIGEGM
ING s NVHEINL y NVNINZ 4 NYNIN3y INDEX g LI IRy IR1y IS+ IS14IT, 18P, ICOB+JCDB,KCGEGM
2DB s KFILyKLIN,¥RENy KDy FI14PHI4PSTPSI3,TByTO4TCL,EPSIL,EPSILOLEPSTL2GEGN
KFPNC ) KGRADyKCUNT oK INV1 s KINVZ ¢ KCDBA ¢ KJACO 4KMAX] s KMAXZ 4 KGEGM

BL1G}

8
24 *XC{11-60.
~4Be2XNC{21-T8e
-60.%XC(3)-20.
~3b.*XC(4)-T8,
‘12.*‘5(5,‘60.

GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
GEGM
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10
100

SUBRQOUTINE GPADFI GEGN
DIMENSTON A(%0,100),ALFA(50,50),X{15C)+XC(150),X1(L50).+XS(L50) GEGN
1yY(1501,C(150),vC{50),IBASI50),IHB(100),IVC{50},IVA{1CO) GEGN
COMMON AgALFA X o XCo X[y XSo¥CoeVCyIBASyIHB, IVC,IVA,IVB GEGN
COMMON NV yNCyNKyNEGyNIN ;NTV¢NVL s NEVyNEVLsNTOsNINL,NIN2ZyNIN3,NIGEGN

INGy NVNINL pNVNINZ s NYNIN3y INDEX g TTo IRy IRLy IS 181,IT,IBP,ICDH,JCHB,KEGEGN
20ByKFILKLINsKRENsKDyFILyPHI4PSI4PSI3,THsTDeTCyEPSILLEPSILO+EPSIL2GELN

COMMON KFPNC , KGRAC pKCONT s KINVL o K INV2 s KCDBA y KJACD (KMAXL y KMAX 2 1 KGEGN
LREN1 s KRENZ2,KINV,KCDBAL,KRENLL ¢KRENZ1 GEGN
COMMON IDIREC,DELTFI ETA,JKO,LCsYSORT GEGN
DIMENSION B(10) i GEGN
COMMON B GEGN
IF (IT.GEeaN) GO TO 100 GEGN
DO 10 I=6415 : GEGN
CLI} = BLI-5) GEGN
CONT INUE ' ‘ GEGN
CONTINUE GEGN
C(Ll) = ~24o%XC (1) ¥%2-60o*XCI1)+40 #¥AC(2)+204*XC(3) ~64e =XC {4V +20, *XGEGN
1Ct(s5) GEGN
Cl2) = —4Be®XC {2)%%2440%¥XC{1)~TBe #XC(2)1 412, 2XC13) 462, #XClA) =64 *XGEGN
1cts) . GEGN
C(3) = ~604*XTM {3} 22420, 8XCI1)1412*¥XC(2) =204 %XC(3) 412, #XC{4) +204 XGEGN
1C(5) GEGN
Cl&) = =364 %XM (4)%%2-64%¥XC(L)+62.%XC(2)+12%XC{3)-TBs #XC14)+40,*XGEGN
1C{5) GEGN
CI5) = =-12.*%XC(5)1%%24204#%XCI1) =640 #XC{2)+20e*XC(3)+40, *¥XC{4) =604 *XGEGN
1C(5) GEGN
RETURN GEGHN
END GEGN
PARAMETRES

NV 17

NIN 3

NEG 2

NEVL 2¢

NTO 6

ITET 20

I1CAONY 1

IDIAG C

1THAX 50

KFIL c

KLIN c

NCD 10

1TSCR 1

ISDLSR 5C

EPSIL 0.,1E 00
EPSILO 0.1E-03
EPSILL 0. 1E-03
EPSIL2Z2 0. 1E-03
PC 0.C
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A0 13
Xt 21
3
i 4
A5y
X1 &)
Xt 7T
x{ at
Xt 9}
X 101
Xt o111
X( 12}
Xt 13)
Xt 14)
x{ 15)
A0 146}
Xt 17}

® W M W R O® NE NN N NRNN RN

CONTRAINTE
CONTRAINTE
COMTRA INTE
CONTRA INTE
CONTRA INTE

VAPIABLE NATURELLE

Le259456059932T1E Q0
C.33327182E63235E 00
Ce4CCEQL69183731E 00
C.%28763628C0598E 00
€e22434639930725E 00

C.0 = xI{ &)
C.0 = X1t 7}
C.517559623T1A26E 0O)

Ca0 = X1t 9)

Ca3C615062713623E 0L
€al1632645416260€E 02

€.0 = XTt 12}
Ce0 = ATL 13}
Cs102TT458T7C07%3E 00
Ca0 = kI 15)
C.0 = X1{ 16)
C.0 = XI( 17)
CONTRAINTE
1 -0.114440917968756-03
‘2 -0.610351562500M0€E-04
3 =02915527343750C0E-04
& 0.5T220458984375€E-05
5 0s1T16613T7695313E-04

vi
vi
vi
vi
Vi
vi
vi
vi
vt
vi
vi
vl
vi
vi
vi
vi
vi

ut
ut
ut
ui
ul

1}
2}
3)
4)
5]

T)

8}

9)
10)
11)
12)
13)
14)
151
16}
17)

VARIABLE ODUALE ASSOCIEE

o.
~0.69427490234375E-03

-0436304092407227E 02
-0.19537429809570E 0Ol
-0s31472444534302E-02
-0, 1394086823T7T686E 0L
0.

0.35247802734375€~02
=0.3831353759T656E 02
-0.556T7503204345T0E 02
~0,46758651733398E~02
-0.68643802404404E 00
-0.4287564T544B61E 0D
-0,22437608242035E 0O

VARIABLE DUALE ASSOCIEE

04299446284 7T7097E 00
0.33325487375259E 00
0. 40060430T65152E 00
0.42875647544841E 00
0.2243T608242035E 00
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37 CCNDITHTIA 20 ER6LY553ETE 69 0~1Hd y 1t
27 *rN02°d¥l0 20 3BHIZTLUTSHYEER "0~ Hd € i1
27 *rNOJ*dIU 20 SLLAGLRIZHLLIEBA"O=THd z 11
ON  *OVHO*HIN €0 38262639 I9LL0701°0G-1nd 1 11
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APPENDIX 5. GREG PROGRAMMING MATERIAL FOR CHAPTER SIX

This appendix contains the GREG external subroutines and four supporting
subroutines used to optimize the water quality control model of Chapter six.
The four supporting subroutines are

1. MINDO - minimizes the dissolved oxygen function in a given stage
by a Fibonacci search.

2. 1INPUT - reads in the supplementary parameter values, initializes
variables, and determines the number of iterations the
Fibonacci search must perform in each stage to guarantee
a final search interval length = 0.0001.

3. FUNCT - a function that calculates the DO profile in each stage.

4. CHANGE- calculates the boundary wvalues.



XT(I)
(D)
¥B(I)
XE(I)
AKR(T)
AK1(I)
AK2(T)
ST(I)
SB(I)
So(I)
TF(I)
TRS(I)
TMAX(I)
MDO (1)
TMIN
FMIN
NSTAGE
ccl

CcC2
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Definition of the Variables*

thermal input in BTU/hr

flow in ft3/sec

organic waste in lbs/day

equilibrium temperature in °F

temperature dissipation rate coefficient in (days)_
deoxygenation rate coefficient in (days)_l at 20 °c
reaeration rate coefficient in (days)-l at 20 °c
incoming water temperature in °F

incoming BOD in mg/%

incoming DO in mg/&

flow in days

maximum allowable temperature rise in °F

maximum allowable temperature in S

minimum allowable DO in mg/%

the flow time when DO is minimum, 0 < TMIN < TF(I)
minimum DO

the number of stages

the conversion factor C1

the conversion factor 82

* - each subscripted variable ranges from I = 1,..., NSTAGE.
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SUBRDOUTINE PRTX

CIMENSION A(%0,1U0),ALFA(S0,50) ,XCL5C) ,XCUL50) XTI {150):XS5(150) GZGA' 20
11Y(150)4C(150),VC(50), IBAS(5U)¢IFBILCCILIVCI5Q),IVA(LOD) GEGA 30
COMMON Ay PLFA X 4 XCoXT g XSy Y4 CyVCy IEASy TFR4IVC,yIVA,1IVE ~ GEGAT 40
coMMON NV eNCyNKgNEGRAIN I NTV o NVLyNEVNEVLyNTONINL NIN2 yNINI G NIGEGA 50

247

ING g NVNINT gNVATINZ  NYNINZ  INCEXp [T+ IRy IR ISy ISL,ITy IBP,ICLE,JCDBKCGEGA S 6.
EDE|KFILlKLIN'FREN.KD'FIl'PHIQPS]|psl3’TBth|TCDEPSIL’EPSILO'EPSILZGEG&‘ 70

COMMON KFMNC y KGRAL sKCONT o KINV1 s KINV2 4 KCCBA ¢ KJACT 1 KMAXL 4KMAXZ yKGEGA  BD
IRFN1,KREN2,KIMV KCOBAL4KRENLIT,KREN2]) . 9y
GCEGA™ 1CO

COMMOM TCYRECyDZLTFI +STA» JKOZLC,YSCRT
COMMOMZARZALZXTLG) o XQU4) o XBl4) pXE(4) yaK{4) JAKL{G ), AKZ(4),ST (4)
1:SBU4),50(4), TF(4),TRS(4),TMAX(4),MOC(4)+NSTAGE

2+CC1,CC2,DCLTR

RTAL MDO

IF({IT«LT=O) CALL INPUT
PHY=CeC

FHI=PHI+{0+817/0e9)%(1e0-EXP(=0023%XC(2)))
FHTI=PHI+(0e57%/0e9)%(1.0-EXP(-0023%XC(4)))

IFIXC(S5)alTs2Med) GC TC
IF(XCt5)eLTa3Me() GC TC
IF(XC(5)elTed4Med) GO TC
IF(XC{5)ealLTe77 D) GO TC
IF(XC(S)eLTe5MeC)Y GC TC
TF{XC(5YeLTuS%eD) GO TC
FHI=PHI+D98%YC(5)-9142
CC TC 30
PHI=PHI+D«£4=YC(5)

CC TG 30
FHI=PHI+0032¥C(5)+40e2
€O TO 20
FHI=PHI+1eJ1%¥YC(5)+0.E
CC TC 3n

FHI=PHI+{0e01/2.0)%XC(5)-(0e4/30)41ls2

CO TO 20
FHI=PHI40015*XC(5)+4025
0 TC 30
PHI=PHI+N e C632XC(S5) -3t
PHI=-PHI

RETURN

END

10
11
12
13
la
15
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SUBKOUTINZ GRIDFI

CIMENSION  A(SO21CO)oALFALSCECY o XILEC) S XC (L1504 X1L130),%XS(150) CIGA
1o¥4YEN),CU15CY VOISO Y, IBASISO), TEBOLICC), IVCISQ)  IVALLUL) GEGA
CONMON AgPLFAgX g XC o XI g XSsYoCoVCyIBPAS,IFB,IVC,IVA,IVR GEGAa
coMMON NV NC g HK g NEGyNINgNTV o AVI 4 NEVoNEVL o NTO G NINLyNINT o NIN3, NIGEGA

ING o NYNINL g NYNTM2 NYNINIy INCEX I3 IRy IR 9ISHISLyITHIBP,ICOB+JCOR KLCGZGA
LBy KFTILsKLINgFREN KLy FIL PHLyPSEyPSIS o TOTE+TCyEPSILyEPSILOGEPSIL2GEGA
COMMON KFPNC o kGRALD pKCONT 3 KINVL 4 KINVZ2 s KCOBAZKJACCHKMAX]L , KMAXD o KGEGA
1RENT GyKRENZ2KIMV,KCOLAL KRENLL KRENZ2L GzGa
COMMCHN ICTRECYyCELTFI» STAZJKOZLC, YSCRT GzGA
COMMON/ZARZAL/YXTL4) o XQ(4) g XBL4) o XE(GY 4 AK LG )y AKL (4D, 8K2(4),5T(4)

15314 ),50{4) ,TF{L) ,TRE(A) yTMAX(4),MCC{4) NSTAGE
Z2+CC14CC2,DZLTE

RSAL MDO

Cl2)=={0e81T/M a3 )*CXP(~-0s023%XC{2))*CeC23

Cla) == 3T75/0 eI REXP (-0 023¥XC{4)1¥Ca(23

IFIXCI5)atTe2Nnal} GC TC 1O

IFIXCI5)sLTe3Me0) GO TC 11

IF{XC{5)alLTe4MaC} GO TC 12

IF{XC{5)elTe?"e2) GC TC 13

IF(XC{EYeLTaSNeC)Y GC TC 14

1IF{XC(5)elLTe9%s0) GO TC 15

Ci51==2.95

RT=-TURN

C{5)==0.04

RETURN

Ci5)1==.03

RETURN

C(5)==Je01

ReTURN

Cl5)1==-(0e01/30)

RZTURN

C(5)1==-0.015

RETURN

Cl5)r=-0e06

RETURN

END
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SUBROUTINEG CPH]
CIMENSION A{®0,100)ALFAISO.50) X (15C)XCULl5Q) XTI (150),X5{150) GZGA

LeYU150),CL1S0L)Y o VCI50),IBASTSUI o IHRELIOC), IVCI50),IVALI100) GEGA
CAMMON Ay P LFAyXoXC o X pXSoYsCoVC IEAS,IFB,IVCIVA,IVB GECA
COMMAON NV oHCy WKy NEGaNTNyNTV NVIoNEV e NEVLyNTC o NINLyNENZ o NIN3yNIGEGA

ING G NVNINZ gNURTN2 g NWNINZ o INCER yIT9 IRy IR19 IS4 IS), T, IEP, ICC2,JCOCBLKCGEGA
zCB RF L KLINKRENG KD FI1yPHI4PSE4PSI3,TByTCyTCEPSILWEPSILO,EPSIL2GEGA

CCMMCN KFONCyKGRAL 4 KCONT 4 KINVIoKINV2,KCCBAZKJACO,KMAXL ,KMAX2 o KGEGA
IRSENL JKREN2 4KIM vV KLCBAL KRERNLL yKRENZL GZGA
COMMGH ICIREC,DELTFI+ETARJKOyLCy YSCRT GEGA :

COMMON/ART Al/YT(4"XQ‘ﬁ'gXBlﬁ)'Xt(ﬂ)pAK(ﬁl,AKI‘#),QK(IG],ST(Q’
19SBU4)oSOLE),"F &) TRE{4) ¢ TMAX(4), FCCL4) 4y NSTAGE
23CC14CC2yDELTE

REAL MCO
o INTTIALIZE

TFIIT.G5«C) G TO 1CO

CO5T=14NSTAG:

XB(I)=(CC2*¥XE(I))/{LCC-O%XC(L )

XTUI)=ICCL»XTOID I/ (LEC08XC(IDD)

COMTINUE

CoeooethD COF IMITIAL IZATION
CeaseeSET UP BOUNDAFY CONCITICNS

10¢
Cevoe
Cosne
Ceons
Cenen

Conrss

10

CALL CHAMGZ(1+NSTAGE-1)

«ENDC OF BOUNDATY CONCITIONS
«INFQUALITY CLMSTRAINTS

a1 SUBSCRIPTSesoeMAX TENMF RISE
«NSTAGZ4I SUBSTRIPTSeesMAX TIMP
«Z¥NSTAGZ+] SUFSCRIPTSeseMIN LC
COL0T=LNSTAG™
VCUII=XTIII#( ¥ 3D =XC{I N =TRS(])
VCINSTAGE4I) =TI 4XT(I I {100 d=XCLED)-THMAXII)
CALL MINDI{T,"MINsFMIA)
VC(Z2=NSTAGE+[ Y ==FMIN+NCOLI}

CONT INUE

RETURN

END
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SUARCUTINE JACQOB
CIMONSION  A(F04+130)ALFACS0,5C) X (150, XCIL150),XI{150),X51150) GEGA 2D

1oY0115G),CC152),VC (50, IBASCS5C), IHBILCCY,IVELSA)IVALLID0) GEGA 3¢
CONMMCN A ALFA Xy XCy XTIy XSy Y CyVCyIBAS,IFR,IVC,IVA,IVE GEGA  &C
COMMON NVoNCy?IKyNEGoyNINyNTVyNVL o NEV NEVL o NTO o NINI yNINZ yNIN3,NICEGS 50

Ina s MVNIML g NVNTNZy NWNIN  INCEX 9 [T R4 1P 19 1SoISLIToIBP,ICDOB,JCOR+KCGZGA 6O
2By KFIL yKLINgVRENSKL o FILa PRIy PSE PST3,TByTC9TCLEPSIL,ZPSILO,EPSTIL2GECGA 70

CO¥MON KFPNC y KGRAC o KCONT o KINVL yKINVZ yKCDBAKJACC pKMAXY o KNAXZZKUEGA 80
IRENI yKRENZ2,KIMV,KLDBAL yKRENI1,KREN2] GZCA 90
COMMCN ICTREC,CELTFIZETA,JKO4LC,YSCRT GEGA 1cC0Q

COVMON/ZARZALZXTUG) pXCl4) o KB LAY o XE(4 Yy AKT4) s AKI (4D AK2(4) 45T 4)
LoSBU4) SOU4), TF(4) 3 TRE(GY, TMAX (4D, MDC (4) 4y NSTAGE
2 ,CCI +CC2,0ELTY
RZAL MCO
Coenoo INITIALYIZE CGMSTARTS
IF(ITeCZedY G TO 100
CO&NJ=1,MSTAGF
AXXX=[.0
K=J
5C AINSTAGE+J,K)==-XT(K)¥*EXP(AXXX)
K=K=1
IFIKsLE«D)Y GC TO EE
AXXX=AXXX=AK (F)}*TF{K)
CO TC 59
SE AlJyJ)==XT 1))
6C COMTITUE
CasoeesND OF INITIALIZATION
LCC CALL CHANSE({i.NSTAGE-1)
Coneoe UMFRICAL PARTIAL DERIVATIVES FOR THE NMIN CO CCNSTRAINT
CO30I=1,NSTAGT
CALL MINDE(TI,"MIN,FMIN)
IFIXT(I)eEQela0) GO TC 5
AXCC=XC(I)
XCUII=XCII+LFLTA
CALL MINDQEI,TMINLsFMINL)
A(ZENSTAGZ+IT)=(FMIN-FMINI)/CELTA
XC{1)=XXCC
5 IF(XB(1)eazCeCaD) GC TC 6
XXCC=XCINSTAG"+1)
XC{MSTAGE+1)=¥C(NSTAGE+I)+4CELTA
CALL MINDO(I,TMINL,FMINL)
Al2%NSTAG=+I 4MSTAGE+IY={FMIN-FVMINL)/LCELTA
XC{MSTAGZ+1)=¥XCC
6 IF(I«ZCel) GC TO 30
I11=1-1
CO20J=1,111
IFIXT(J)e"CeCed) GO TC 7
xXCC=XC(J)
XCULJI=XCUJIHLFLTA
CALL CHAMGZUlJ,IIID)
CALL MINDOCI,TMINL,FMIN1)
AU25NSTAGT+14J)=(FMIN-FMINL)/LCELTA
xC{J)r=%XXCC
7 IFIXB{JYeECeda) GO TC B
XXCC=XCINSTAC +0)
XCINSTAGE+J)=YC(NSTAGE+JI+CELTA
CALL CHANGEZ(J,III)
CALL MINDOIITMINL,FMINY)



2C
3C

B{ZENSTAGS+I4MSTAGE+J)=(FMIN-FMINL)/DELTA
XCINSTAGE+J)=YX(CL
IFIXTUI)eZCeCudeANDeXE(JIeEQeD40) GC TC 20
CALL CHANGZ(J,II1)

CUNTINUE

CONTINUE

RETURN

END
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SUBROUTINZ CEANGE(J,N)
CIMENSION  A{F0,10CH,ALFALSQ,50)+X{15C)yXCUIL5Q)4XI(150),X5(150) GEGA 2u

L1oY{150),CU15C),VCI50), IBAS(EC) IRBLLICCI,IVCIS0),IVACLOD) GEGA 30
COMMON AgPLFA Xy XCp XT 4 XSy YyCoVC,IBAS,IFB,IVC,IVA,IVE GcGA &C
COMMON NV s NCoNKsNEGeNINgNTVoNVL g NEVHEVL o NTOp NINL NIN2,NINI,RIGEGA 59

ENG o NVNTNL g NYNTH2  WWNINTy INCEXy T o IRy IR1pISISLyITIBP,ICOBJCDB+KCGEGA 60
2By KFILyKLINGVRENKCoFILyPHEsPSTPSI3yTByTCyTCoEPSILyEPSILOLEPSIL2GEGA 70

COMMON KFONC g KGRACyKCONT KINVLI yKINV2 yKCEBA ¢ KJACC o KMAXLKMAX2,KGEGA BO
1RENL yKRENZZKIMV,KCOBALYKRENLLKRENZL GZGA 949
COMMCN ICTREC,CELTFIZETA,JKG,LC,YSORT GEGA ICO

COMMON/ZARZAL/YTL4) s XQ(4) o XBLAY y XE{a) 9 8K (4) 3 AKL (4D, AK2{4) 45T (&)
195B14),5004),TF{4),TRE(4), THAXNI4),MOC(4) yNSTAGE
Z2yCC1,CC2,D5LTEL

REAL MCO

CoeseneFUNCTINN DEFIMITIONS

TEMPCIT IS (50 /T ) ®{T-32:.0)

CSUTI=14s652-Pe41022%TEMPCITI+0aTIG1CE~2*TEMPC(T)IX¥2-0477TT45~4
1#77MPC(TYr*=23

Cesen«SND GOF FUMCTICN DEFINITICNS
CeseseSET UP BOUNDS FOR STACES J+i TO N+i

CO201=d,¥
THIX=ST{II+XT(I}*(100C~XCLI))

STOI41)=XELI)4{TMIX-XE(IVI*EXP{-AKIII*TF{1})

BOO=SE(I) +XB(T)*{1CCe C~XC(ASTAGE+I M)

AAKY=AKLL I)* (Vo 04T )2 (TEMPCIST(I+1))=2Ce 0}

SE(I+1)=BCC* XP(-AAKLATF(I))

AAKZ=AK2{ IV :{ Yo 024 )% {TEMPCISTII+11)-2C])
LODEF=CS{TVMiX)=-SCLI)}

IF{COC=FeLSaled) DUCEF=0.0

SOCT+1)=CSISTUI+1 ) )-(AAKI*BCO/ (AAKZ-AAKL) Y X(EXP{~AAKL*TF{I})
1-7XP{-AAKZ2*TF (1)) )-QOCEF*EXP{~ALK2ETF{I))

2C¢ CONTIMUE

RETURN

END
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SUBROUTINE MIMCCUI»TMINSFMIN)
CIMENMSION  A(EU1CC) pALFACEG 501X U150 XC 1500 ,XI(150),X5(150) GECA

LY (1601, CO15C ), VE150) s IBASESC )y THBCLLO) 4 IVCI5C) 4 IVA(LSOY GGA
CO¥MON A PLFA Xy XC o XTIy XS¢¥oCoVC IBAS, IFB, IVCoIVA,IVR G26a
CoMMON NVoNCy UKy NEGyNIN gNTVoNVL g NEV NEVL G NTO G NINLyNIN2 g NIN3,NICEGS

INGGNYNTIND G NVR TN g NUNINZ g INCEX g T o IRy IH1 1S9 1314 IToIBP,ICOB,JCCBKLGEGA
2OBsKFTL KLINy¥RENOKCyFILyPRIZPSIyPSI2,yTByTLyTCHEPSIL,,cPSILG,,=PSIL2GEGA

COMMON KFPNC s KRGRAL ¢KCONT yKIHVL g KINV2 yKCCBA KJACT ¢KMAXL yKMAXZZKGIGA
1RENLKRENZCKIMV,KCDBAL,KRENLL ,KREND] GEGA
SOVMMON ICTREC,CELTFIETA, JKOLLC, YSORT GEGA

COMMON/ZARZAL/XTIA) o KCUAY o XBCa) o XELA) o AKL4) AKL 4D, AK2(4),5T(4)
1¢5B04YS004),TF(&)sTRE{4) ¢ TMAX(4DY 4 MEC{4)NSTAGE
2sCCL4CC2,DELTS

COMMOM/ARZA/MTIMES(4) s DELL4Y¢NF(3C)

REAL MCC
«FIRONNACI SEAFCH FCR THE MIN EC IN STAGE 1

XA=0e0

XBR=TF{D)

X1=XA40SL{I)*I(XBE~XA)

X2=XA4+X3B-%1
Y1=FUNCT({1,X1)

YZ=FUNCT(I X}

YA=FUNCTI(I4XAD

YE=FUNCT({ Iy XED)
+CHECK FOR MINTMUM AT ECUMLCS

FMIN=AMINI(Y1sYZ2,YA,YE}

IF{FMINGEQ.Y~Y GO TO 1CO

IF{FMINSERSYEY GC TL 2€0
R=NTIMZS(]1)

LO30d=1,M

IF(YIaLT-Y2) CO TO 10

ARR=XL

Xl=Xx2
Yi=¥Y2

A2=XA+XEB=-X1

Y2=FUNCTII%2)
€O TC 3300

XA=X2Z

X2=X1
yz=¥1

X1=XA+XBR=-X2
YI=FUNCTI(I . X1)

COMTINLE

IF{Yi+LTeY2) CO TO 20
TMIN=X2

FMIN=Y2

ETURN

TMIN=X1

FMIN=YL
RZTURN

TMIN=QeN

RZTURN

ITMIN=TF(I)

RETURN

eND
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26
30
4c
59
60
10
82
93
1c0



FUNCTION FUNCTILILTTT) ;
CIMENSION  A{T0,_u0)ALFA{SO,50),X{150C),XC{150),XI(150)4XS(L5) GiGa

1pYU157),CUL501yVWCIB0) s IRAS{Su THBIICC), IVC(50),IVALLZD) GEGA
COMMON AgPLFA Xy XCaXIpXS )Y oCoVCoIRAS, 1B, IVC,yIvA,TVH G=GA
commMOn NV NCyMEyNEGyNIN g NTV NVL o NEV o NEVL gNTC o NINLyNINZ WNIMN3ZNIGEGH

ING G NVANINL pNYNTNZ2y NVNTNI  INCEX y LI 4 IRy IR IS, ISYIT,IRP,ICDR,JCDPKCCEGA
ZDRGKFIL KLINGKRIN KCoFIYyPFIPSTIpPSI3,TByTEH»TCHEPSIL,ZPSILOU,:PSIL2GEGA

COMMON RFONC o KGRAL ¢ KCOKT s KINVI 4 KINVZ JKCCBAZKJACC  KMAXL yKMAXC ) KGEGY
IRENYL,KAEN2 yKIMV W KCDBALJKRENL I pKRENZ] GEGA
COMMCN ICTREC,CELTFI ETA,JKDoLC,¥YSCRT GzGA

COMMONZARZALZYT(4) o XQ(4) 3 XBla) gy XE(4) 3 AK(4) JAKL (4) 3 AK2(4),4ST(4)
1sSR14)o 5014}y TFL4) 3, TRS(4), TMAX(4), MDOL4) NETAGE
29CCl4CC2,DELTA

RzaAL MDO

Cevaea FUNCTION CEFIMITIONS

TEMPCITI=(50730)%({T-322.0) .

CSUTI=146652=-"041022%TENMPCITIH0aTI910E~24TEMPC(T 1 ®¥2=-0TT7T4E~-4
12TEMPL(TY*%2 :

ConsosEND COF FUMCTICN DEFINITIONS

TMIX=ST{I)+XT{I)*{100.C=XC{I))

STIL=XE{T Y+ (TMIX-XSCL ) YREXPL-AK(ID*TTT)

BEON=SBLT)4XB( V)2 (130.C-XCANSTAGE+I))

AAKI=AKI(I)*(eQaT7)*%(TEMPCISTIL)I=-2CC)

ABK2=AK2(I)*(a024)%%(TEFPC(STI1)=-2C<C)

ECDEF=CSITMIXI-SO(I)

IFIDODEFeLSehe0) CCLCEF=040

FUNCT=CSUSTIIV=(AAKL*ECD/(AAK2=-AAKL)IR{EXP (-AAKLI*TTT}
1-FXP{=AAK2*TT ) )-D0DEF#EXP (~AAKZ%TTT)

RETURN

EAD
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30
4C
B
6J
T4
ag
90
1C0
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SURRCUTINE INFYT
COMMONZARSALZ¥T(4) o XO{4)Y pXBla) ¢ XELA) pAKISG) yAKL1G) 3 AKZ(4) 45T (4)
LySRIGDI 4 SOM6),TFI4) o TRE{4) TMAX(4 ), ¥DO(4),NSTAGE
9CCLCC2,DZLTL

COMMOCMN/ZARZAZ/MTIMZS{4) 4DEL(4) NFI30)

RTAL #CQ0

«NUMBTR DF STArtS

NSTAG:=E=4

READES;1200) YT o XQ e XB o XE o AK)AKL AK2 ST 5By SCHTF,TRS,TMAX,MOC
READ(S,2000) PELTA ~

CeensoslOMVIRSION FACTCRS

CL1I=1eC/( 360 %62042623)
CL2=044535024%6/1Be64c4%280316(5)

CeesooLCTERMINE NUNMFER OF ITERATICAS FLCR FIEGNNACI SEARCF

10¢0C
2u¢C
300¢
40CC
50GC

KF(1D=1
NF(2)=1

COT0I=1,NSTAGF

LO30J=3,28

NTIMZS (13=J-1
NFOJ)=KF(J=1D4NF(J=2)

AEL=NF (J-1)

AF=MF(J)

BF=1+0/AF

IF({AF*TF(T11).LEe0s00C1) GC TC 70
CONTINUE

CEL(I)=AFL*AF

WRITE(6,3090) XTyXCQypXE o XE9AK,AKL,AK2,5Ty$B S0y TF9TRS, TMAX,MCO
WRITZ(€,45C0) NSTAGE,CELTA,LCL,CC2
WRITEL6,5090) NTIMES,CEL

RETURN

FCRMAT(4G1Ce6)

FORMATIFLO.0)

FORMAT (405X, c1206))
FCRMAT{5X, 15,2 (5X,E1346))

FORMAT 415X, IF)/4(5X,E13e6))

END
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This thesis reviews two nonlinear programming methods and their application
to industrial systems. Separable programming is described and exemplified.
The same procedure is presented that is used in the separable programming
subroutine of the Mathematical Programming System/360 (MPS/360). A supple-
mental FORTRAN program for assisting the usage of MPS/360 when solving separable
programming problems is presented. An interesting application of separable
programming to solve the geometric programming dual problem with N-degrees of
difficulty is also exhibited. The second technique considered is the general-
ized reduced gradient method. The mathematical theory is presented and numerical
examples are used to exemplify it. Its application via the GREG program is
evaluated, and numerous computer examples are worked. The study is concluded

with the application of the technique to optimize a water quality control model.



