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CHAPTER 1.
INTRODUCTION AND LITERATURE REVIEW

The problem considered in this report is the estimation of the mean
based on two independent samples from normal distributions with common
mean and unknown varijances. Let X1, XZ, % ¢ § Xn and Y], Y2’ A4 § Yn
be independent i.i.d. samples from the N(U’GE) and N(p,Uﬁ) distributions
respectively. The parameter (u,ci,ci) g(=c0,0)X{0,2)X(0,») is unknown.
We shall consider the estimation of the common mean .

Let p = 05/63 denote the ratio of the variances. If p is known,

then the minimal variance unbiased estimator of p is given by

. - - : n n &
by = XEL where % = 07! TX; and j - o] Y5 g 5 also the
1= i=

maximum likelihood estimator of u when p is known. In genefa], p is
unknown.

When the ratio p of variances is unknown Graybill and Deal (1959),
Seshadri (1963), Hogg (1960), Richter (1960) considered the estimation
properties for medium-sized and large samples. Graybill and Deal (1959)

suggested the use of the estimator

e . Ba
A Sox o+ Sxy
Hep 'Sl'z‘: g2
X Yy
where
g _ 1 & s
S, = n ‘E (X1 = %)
i=]
n
2 _ =1 -\ 2
Sy = n g (YT -¥)



They showed that the unbiased estimator ;GD has uniformly smaller variance
than either sample mean,provided both sample sizes are greater than 10.
The efficiency of g has been studied by Graybill and Deal (1959).

S. Zacks (1966), Metha and Gurland (196G ) presented estimators
and considered small sample sizes. Zacks developed estimators for very
small sample sizes. He considered two classes of randomized unbiased
procedures. For both classes of estimators a two-sided F-test is per-
formed. If F = Si/Si falls in the interval (1/p*,p0*), where o* is a

constant , then the estimator u, used is u = (x +y) /2. OQtherwise,

2= 2-
» & Sx+Sxy
W, 1S Uap = for the first class, whereas for the second class
z GD S2 % S2
X Y

estimator [ is estimated by X if si/sg > % and by § if si/si < 1/p*.
Thé value of p*, in both classes, is the critical value of the F-test
of significance according }o which one decides whether to apply the
estimators u, ;GD’ X or y.

The variances and the efficiency functions of these estimators are
also studied in Zacks (1966) (2.3), (2.4), (3.4), (3.5), respectively.
Explicit formulae for the efficiencies were given for the case of samples
of size n=3 in Zacks (1966), (2.4) and (3.7). Further, as seen in
Fig.(1), the efficiency of the estimator ;z is higher than that of ﬁz,
over the range of 1/6 < o < 6 for all values of p*. Also Zacks concluded
that ﬁhe estimators ;z are superior to the estimators ﬁz.

Recently Cohen and Sackrowitz (1974) obtained a new unbiased estimator
for the equal sample size case. They proved that the sample mean of
the first population could be improved on provided the sample size is
greater than 4; i.e., the estimator is uniformly better than the sample

mean based on only one of the populations for n>5. A particular estimator



which results from Cohen and Sackrowitz (1974) is

7 2 2y\q= 2 o2y\=
Mes = - CnG(Sx’Sy)]x + CnG(Sx’Sy)y
where
2 -1 -1
(n=3)% (n+1)"" (n-1) for n odd
C:
J ((n-4} (n+2)_] for n even
and
- (F(L(3-n)/2, (n-1)/2, s2sE 0 < sEys? <
¥ox T ="y
G(Si’si) = {tn-3) . Sy 2.2 2,2
- g§ F(1, (5-n)/2, (n+1)/2, Sy/Xx) Sy/Sx > 1
Y

where F is the hypergeometric function.l The estimator is unbiased and
minimax for all n>5. Although the given estimator is not based only
on a sufficient statistic, it has sensible monotonicity properties and
has desirahle large sample properties.

Brown and Cohen (1974) showed that the sample mean of the first
population can be improved on, provided the sample size in that population
is greater than 2.

The estimator uge = X + (7 - K){aSE/[s5 + (n=1)(s5/(n+2))+ (7 - R)°

/
(n-2)]} given by Brown and Cohen {1974) in Remark (2.1) is suggested when
it is reasonablie to feel that 65/05 is large.

The plan of the present study is to derive the maximum likelihood
estimator of the common mean u, and to present some properties of this
estimator. Further a Monte Carlo study is used to compare properties

of the maximum 1ikelihood estimator with properties of the other estimators

presented.
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CHAPTER 2.
THE MAXIMUM LIKELIHCOD ESTIMATOR

P 2 P %
Let X o Xn be i.7.d. N(“’Gx) and let Y1, ey Yn be 1.1.d.

B
N(u,ci) where the Xi‘s and Yi's are mutually independent. The parameter
(u,oi,ai) £ (-2,=)X(0,=)X(0,») is unknown. In this chapter we derive

the maximum likelihood estimator of the common mean u and examine properties

of the estimator.

The 1ikelihood function can be written as:

n n
Lwogaon) = (21 )" (of) () X
n n
exp |- _l§ ¥ (xi-u)z - *l§ : (Yi-u)z
2d, i=] ZGy i=1

Then the logarithm of the likelihood function is given by:

2 2 2
L*(]J:Ugsay) = 109 L(Uagxsgy)
2
= -n log (27 ) - g-log (oi} - %—]og (Uy)
] & 1.
- L T xew® - 2 T (v
20X i=1 2Gy i=]

- 2 .25 2 2
*
To maximize L (“’Ux’gy) w.r.t. o, Oy We set

n
Saly =3 E;E'.E](Xi‘“)z " 0
ch Ux Gx Gx i=
and
al 1 1 @
por 1 LI B e .21(%"“)2 ~ 4
1% Ty Ty T




Solving the above equation for GE and 03 we have

1\2 _] n 2
g, =N E {(x;-n) 3
X j=1 !
] 8 2
g_. =n E (y:-u)
Y i=1 1!
Then
g Ag _n 2y _n "
L*(usgx,gy) = -n Tog(2 M) - 5 Tog(ay) - 7 iog(sy) -n
= -n log(2 T) - g-log[si s (w%)?]
- %-109[55 + (u-?)z] - n
where

X 'I -] 1
2 & 0 5
S}" =n Z (Y'I_y)

We obtain the maximum Tikelihood estimator of (u,Ui, 05) given by

~ 22
(u,cx,oy) where
gy 2 0 A8
Qe = B .Z (%;-0)
i=1
a5 B o
g, =N i_Z](Yiu) ;

~

by selecting p to maximize L*(“’Ui’ci) w.r.t. u; i.e., ; is chosen to

minimize



1oglSZ + (%)) + Togls? + (u-7)?]

= Tog{ls? + (4R)71 * 82+ (4-9)70 |

or equivalently minimize
[s5 + (u%)%] [+ (u-5)°]
= A+ (uR)? ST+ (ueF)® ST+ (ueR)P ()
where A is a constant which does not depend on pn.

Now let

a(n) = (n-%)%(n-9)2

20 = 2,7 =42
+ S e=y) + S (u-X)

Then we have
9' () = 2S5(-F) + 255(1-R) + 2(u-R) () (2u-%)

2(S5+50) + 4(u-R) (1-9) + 2(2u-k-P)°

1]

g' (1)

~ ~

g'tt(u) = 12(2u-x-y)

and obtain
1 {o = 2 T
g'(x) =28 (x-¥)
g'(y) = 282(5-%)
Y
XYY - <23l 205 2y = (3.5\(c2 <2
9" (557) = S(x-y) + S (y-x) = (x-¥)(S,-S))
Further,
Py 2. a2 = =2
g''(x) = 2(5x+SyJ + 2(x-y) s



g''(3) = 2(sZes?) + 2x-9)°
g () = 2(spesd) - (9
and
giss(_x_%x_) =
If 52 Si, by Lemma, then g(;) attains its absolute minimum be-
~ tween X and ——X Similarly if Sﬁ 3_55, g(;) attains its absolute min-
imum between y and E%X.
" w & =
Lemna:  Let gu) = (uK)%S) + (u3)7S] + (uk)% (7))

then result: g(u) attains its absolute minimum

T 1 T 2 2
i) in [x, 5 ] if x <y and S < Sy
coy s rXEY = e s = 2 2
ii) din [ 53 x] ify <x and 5g < Sy'
N < £ I 2 2
iii) in [y, ] ify<x and S < S
2 - y X
i X+y o B B 2 2
iv) in [35X s yl if x <y and Sy < Sy
Proof: Without loss of generality consider i) Suppose X = y and Si ;5,

clearly g(u) attains its absolutely minimum in {X, y]. For if

My ¢[Xx, y], there exists Uy e[x, y] such that (ul—i)zg_(ue-i)z

and (uy-9)% < (1,-9)°

Now Tet p ey, 5%1J

let uy = E%X-* [ - 224

2

]

3
)
g

~

then (ul-i)

(y-¥)" = {u,-x)



. 2 2 .
Since Sx g_Sy it follows g(ul) E_Q(UO)-

Without loss of generality we consider the case in which X < ¥

2 Z

and S, g_Sy. We shall show that g{u) has cne and only one relative

minimum in [X, 5%33. We shall verify that g'(u) has one and only one

zero in [X, E%XJ. This zero is then the maximum likelihood estimator

of wu.
2 : 1 = 2-"'
¢ we obtain g'(x) = ZSx{x-y) < 0 and

In the case x <y and S, < S

i

Y

NESAN 2_¢2 . i T, XA

g' (=5%) = (x- )(SX Sy) > 0. Thus g'(u) has at least one zero in [x, 5 1.
We now consider two different cases:

Case I: Assume g"(fgl) = 2(32+S§)( )2 > 0. We have g'''{x) < 0,

g't'{y) » 0, g"‘(wmi) . Thus g''(u) attains its absolute

>

minimum at __X_ By assumption g''(=5%) > 0 implying

’ !‘::
N +

g"(u) >0 on [x, y]. Therefore g"(u) is increasing on

[x, y], and g'(u) is increasing on [X, E%XJ. We have

g“ (4] = 0 g‘(fgij > 0. Thus g'(u) has one and only one

zero in [X, 5%11.

Case I1l: Assume g"(ﬁ%x) < 0. Then g'(;) is decreasing at 5%1 .

Since g'(p) is a polynomial in ﬁ of degree 3, g‘(ﬂ) has

~

either one zero or three zeroes in [X, 5%1]. If g'(u)

has three zeros in [X, EEXJ, then because g'(x) < 0,

——XJ > 0 and g"(égi) < 0, g'(ﬂ) would have three

critical values in [x, 2 ] which would imply g''{u)

has three zeros in [x, 2 1, which is in contradiction
to g''(u) having degree 2.

~

Thus g'(u) has only one zero in [X, 5%1]. It follows that g'(u) has

Ba - -

one and only one zero in [X, 5%1J. Now let é =y - 5%1 and substitute

pes

& into g'(u) to obtain



g' (u) ZSi[g - 1553 + 285[5 - iéi] + 48[ - X%EJ[Q - E%ZJ

o3 " 2 o5 = = iy g
463 + 4olp(s54s2) - 3(3-9)%1 + (R-7)(s5-5)

Then

13

19 @) = 8%+ alp(s8est) - xR (55-50)

The zero of g‘(ﬁ) in [X, i%i} is the zero of f(g) lying 1in [iéi, 0] .
Then the zero of f(@) in [E%XH 0] is given by

11
LRSS [( 72525907 [(s2450)- (k- ;)213] 3
Sl 8 ¥ 64 ¥ Te k
11
AR [(i 7°(sg-50° | L(sges)- 7cx-§)21*} 25 3
j 8 64 216

[f the guantities inside the large brackets are imaginary the cube root is

taken so that it is analytic of the negative real axis. Therefore

¥(X, ¥, Si, S§) the maximum likelihood estimator of u is given by
; % 5%£—+ é Therefore

We now present several results concerning Mg In this report, we

concentrate on the equai sample size problem. When the sample sizes are



10

ny and Nos the maximum likelihood estimator is

. _ _ 2
g = X+ (-ady 4 '[‘2"* 3

where

2)



N

2 2 |
o Jon,Si=(T-a)nyS ] = )3 [&(1-&)(n2-n1)}
C2 = (X-y){ §1+n2 L (x3y) L i+,

Theorem 1. The maximum likelihood estimator of u, ;, has a symmetric
distribution about the common mean .

Proof: We shall show that Fﬁ-u = Fu_a; 1:84, that a - yand y - ﬂ are

jidentically distributed. Now
f((%ep)= (7)) (55-52)

~ RN 5
- (X-p)é(y-u) ) . y “x’

1
1. =
. [(ci-u)-(y-u))z(sﬁ-si)z | Lisygrs,)- Jg((i-u)-w-u))zﬁFl 3
57 276 |

216

Therefore u - u is a function of X - u, ¥y - , Si, Si which we denote by
Ho-ouo= g(X-u, y-u, Si, Si). Further,

~

Moo=

 (eR) () IR = ()]

2 | 8
[[(u-i)-(u-mz(sf,-si) [(S§+S§)*%—((u-i%{u-&))z]g’]
a 64 - 216

rof—

. g

' = =278 o242
AL (e | KT -5

64

1
1 =
[(Sg+s0)- %—((M-X)-(u-y))ZJBJ?? 3
i 278 f
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~ = - 2
and u - p = glu-X, u-y, Sy, 33)-

The result then follows because (u-x, p-y, Si, 55) and {X-u, y-u,

2

S

" Si) are identically distributed.

Theorem 2. A1l the moments of ; exist and are finite.

Proof: Because ; e [min{X,y} , max{X,¥}]
Il < Ix| + ||

[ ® < (max(®. 73k

| A

-
x|+ |y

f A

Then we obtain E[u[*] < E[|R|%+7]%] = ECIxf + ECI7 .

Since X, y are normally distributed, X ~ N(p,a?/n), y o N(u,og/n),
E[|Z|"] < =, and E[{5|"] <, ¥ r. Then E[|X[T + E[|7K] < = ¥ k. Hence
all moments of ; exist and all finite.

Theorem 3: - The estimator ; is unbiased for u.

Proof: By Theorem 2, E[|ﬂ{k1 exists and is finite for ¥ k. Let k = 1
then E[|ﬂ[] exists and is finite. Also by Theorem 1, ; has a symmetric
distribution about u and therefore E[u] = p.

Theorem 4: ; is invariant with respect to location, scale, and the naming
of the two samples.

Proof: To show p is location invariant we have

ulX, §: SE, 55) . t(X},..,,Xn, Y]:---,yn).
Also
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Xty
t(x]+C,..., xn+C, y]+C,...,yn+C) 5t C

11
. (>'<—§)(S§~S§) +[(§*§)2(s§—s§)2 . (s§+S§- %(i-§)2)3} 2
I 54 216 {
11
f(%-3)(s2-52) [(i-y)z(sﬁ-si)z (s5#s2- %{£-§>2)31 13
e - 5% g 716 |
= t(XqaeeeaXs ¥aeeany) # C
= 1, 3, 2, )+ C

To show p is scalar invariant we have

o C(x+y)
t(Cx],...,an, Cy],...,Cyn) 5
11
= 2 % %
O (3-7)(5-57) [c2(x-y)2c4(s§-s§)2 (c%(s2+s2- %(x—y>2)3J JL
+ + + ‘
( 8 64 276 g
[xg)(st-sp)  [TCP(R-p) M (s-sD)?
+ - | J
' 8 1 64
11
(¢®(s5+st- %{i-y)z)S] ‘)3
+
716 f

CElXy s sXys Foeees¥y) = CulRs § S5, 55)

To show that u is invariant with respect to the naming of the

variables, we shall show that

T T I .
M(X, Yo SX’ Sy) = U(.): Xy Sy: SX)'



Because

1
(Z-3)(55-50) [(i-if)(Sf,-Si)z . Isgrsy- 3(5-9)° 3]2
64 216

1
(7-%)(52-5°) [(;-z)z(sz-szﬁ [554sE- —lg(s;-sa)"’f] 2
¥ &4 ¥ 216

]
= 12,2212 ro2.2 1y= =023 2
| ) y=x)7(5,-5)) . [Sy+S,- 5{y-x)"]
8 64

i
216 f

2

e 2
- H(y, X Sys SX)

Fal -~ i ~ 2
Theorem: Eig = Mgp t Op(n 1) and /ﬁ(uMLE - u) £ N(0,0X0§/0§+o§)

14
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Proof: |
, oy (EINSESD) [R-9)%(s5-50)°
= AXY) y X7, y UXx
HMLE ? | 8 64
LA o
[(52+52) ;(2-5)2]3}“3 +{(W>(5 -5
¥ 216 { 8
11
{(i-y)z(sﬁ-si)z [(s2+52)- %(i-y)zf} Ey3
- +
64 276 f
Let
(%) (s2-55)
A = .
B8 Tps w5l
5 = SX+S_Y- §(X-_\/)
3
Therefore

1
R R S S

HMLE T T2
.. 3 1 3 1
= XY fa+ 8PN+ A%8% 13w [ - 82N+ afBY PP
] |
Since %-y ~ N(O, -—E—X-), by Corollary (5.1.1.1.) in Fuller (1976),

we have

Further
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2 .
8 P, 6" . y 'x
3 8 . E:37
2,02 1= =\24\2. % (o to,)
‘(sx+sy- 2(x—y) ) 12 ¥ X
l 6 |
implying
1
ég % Op(n' 2) and
BZ
% A
= =0.(n ")
g3 P

By Corollary (5.1.5.) in Fuller (1976) with

n B
we have
N1+ A%B3 =1+ Dp(n'1)
Now
3 1 3 1
~ T+ 7 o ? T
mg = 5o (A 85 (10 (07 )3 4 [a - 8% (140 (07173
1 1
X4y 2 A -
=S+ 851 - T30 (7))
?
8

By Corollary (5.1.1.1) in Fuller (1976)



17

Now

P

Therefore Ugig = Hegp t 0 (n'1).
Then ;MLE has the same asymptotic distribution as ;GD' Because

2 P 2 2 P2
SX“—>O'X and Sy——-—»gy s
—el =2
XS5+yS

I/E“—*ELY-Z—& - U
S°+S



has the same asymptotic distribution as

- 2.= 2
Xo_tyo
XY

. [(i-u)cf, + (&-u)oi]

2 2
Oy * oy
0202
which converges in law to the N(D,—%—Xﬁ) distribution. Therefore
o_+g
XY
5 L cicz
/n (HMLE - p) —— N(O, 5 2)
Ox+0y
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CHAPTER 3.
MONTE CARLO STUDY

In this chapter the mean square error for Hep® HmLg® Hes® Hgee and

~

Hy are examined for various values of o and n where n denctes the degrees

& 2

of freedom for Sx and Sy. In Table 1 the variance of ;GD is given for

the varjous values of ¢ and n. In every case it is n times the variance

which is tabulated. These entries are obtained using the infinite series

formula (2.1) given in Nair (1980). For the other estimators exact formulae

for the variances are not available and a Monte Carlo study was undertaken.
To generate independent standard normal deviates the method described

in Marsaglia, Ananthanrayanan, and Paul (1976) was used. The values of

n used were 2, 4, 6, 8, 10, 20, = and the values of o used were .CO1,

.01, .08, .1, .2, .3, .4, .5, .8, .7, .8, .9, and 1.0. In estimating the

mean square error at each n, combination 25,000 samplies were used %o

obtain the sample variances forn =2, 4, 6, 8, 10. For n = 20 a sampla

of size 10,000 was used. For n = the asymptotic distribution is used to

L]

obtain the tabulated value.
Tables 2 to 4 give the estimated mean square arrors from ;MLE’ ;CS’

A

and Mee Table 5A to 5D gives the estimated mean square errors for Uy

-

with associated significance leveis o = .01, .0%, .10 and .25 respectively.
Tables 6 to 8 give the efficiencies of HMLE® Hese and Hacs relative
13 Mgp- The efficiencies are given relative to Hap because en is the

e

estimator commonly used. The efficiencies for B

smoothed using a regression function of the forma + b exp{-ch'

for each n wers

/2 .
'Cz:-u .
Tables 9A to 9D give the efficiencies of My with = .01, .05, .18, and

.25 relative to Mag
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In every case the actual tabulated value is the mean square error
of the estimator multiplied by the degrees of freedom associated with
both Si and Si and the values for n = «» are obtained from the asymptotic

distribution of the estimator.



21

‘1= Mo uayM Aaw:v>: 9ALD

9]1Qe3 Y3 ul SILAJUD BY) .MO\MD sajouap d .Mm pue wm 40} wopasd} JO saaubap ayl mmgo:mv U :IION

0000s° 08€¢G” G8GPS” 9GG66G° N AVATH 00009° £9999° 000"
0LELY” 0296t%" LL91S” 629¢5° GELVS” 06895° GcE9” 006°
ov¥ty” GyS9v” 0L¥8Y" 1LE60° £6£0G° poLes” 01p65%° 008"
08iLY” 660EY” £88¥Y- 27T LS0LY” v8ver” 06265 00L°
0os/g” 91¢g6t” 0r80t” vLoLy” 258¢er” LELSY” €v90S” 009"
0ggee” 80BYE " 8929t 869t " 0808¢° ¢020t” 8ysh” 006°
0,G8¢" £9/62° 2660E" w091E” v19¢g” 196¥E" 8196€" 00%”
080€¢” §G66€2° c€eove’ BeYSY” [829¢° 8108¢e" 6187 00t”
£9991° 861" PS8LLT 02281L° 9/881"° 16202° S0L¥e” 002°
06060° £0260° ovve0” £2960° Lot 600L1° IBEYL® 0oL’
09L¥0" 918t0° 9k6t0" Gvev0° 90190° G1950° {8180° 0s0°
06600° £8600° £8600° ¥6600° 92010° 9801L0° £5810° 010"
00oL00° 66000° L0LOO" (oLo0" 66000° 91L100" 96100° 100"
d

o 02 0l 8 9 15 A u

dOLVWILST Tv3a-T114AvdD d0d4 FONVIMVA "1 374v¥l



22

1 = Mo uayMm ﬁqunv>c

9AL6 31qe} 3yl ul ssuljus ayl .Mo\wo sa3ouap d .Mm pue wm 40} wWopsadj Jo saaubap syl sarousp u IIION
0000§° 258e5° ¢L(8S5° £2085" 98.09° £9959° LIVLL” 00071
0LELY” v9661" vEBLS” S08vS° NA7AE 68029° ¢EEEL” 006"
1424 SLL9Y” g9vet” 9€c1s” LeLes” AN ki1 80889" 008"
08LLY" EECEY” €0L5Y” 9GeLy” 430131 A gELES” ¢88t9° 0o0L"
00SLE” videe” 0Lbly” veleh” 0s6tPb” 2088Y” £EVBS” 009"
gREgL” ¢elst” 0899¢" €9LLE” v0L6€" EELED” RUXAN 005"
0£58¢” €LL62” geele’ SG0c¢” LELEE” 0889t " LEWSY” 00v”
080€¢” £26€2° £96¥¢” AT 0069¢" ¥456¢° Lovie” goe”
£9991° SLLLLT L9si1” eoist” L€061° 800L¢” leble” 00¢”
06060° 16160° 0€c60” vL¥60° 0c00L” SLoLL” re09L” ooL-
09.v0° 0L8t0" £88v0° £9610° L€0S0" 681750° ¢L060° 050"
06600° 98600° 7{600° £1600° L10L0" Gs010° 2¥020° 0Lo°
00100° 66000° 00L00" 66000° 86000° ELLoo” 91200° L00°

d

% 0¢ oL 8 9 b ¢

=

HOLYWILS3 QOOHITINIT WNWIXVW 404 JONVIMVA ~ ¢ 374Vl



23

‘L= wo waym () pu

3ALb 2|qel 3yl UL SILJUIUD By .Mo\wo sajousp d .Mw pue Mm 10} WOpasu) 40 saa4bap ayl saj0usp U IJION

00005 1£0SS" £1£29° ¥6999" 590€¢" £05Y8" 55200° L 000" 1
0LELy b1915" 068L5" [0819° 02699° £459¢7° £8688" 006"
Poyby” Lev8Y’ £8Yes” L7196° 26109 25189° L0E6." 008"
081 LY 982bt" £/58v° BlZIST 985G 16019° 1£669° 002"
005 /€ p196E " €567 12E5t" 908/b" pge2S” Z2168" 009°
¢EPED 0805€ " 18615 $906€* 9LELh” 2E L 80964 005"
0£582" 96662 9261¢" L1b2g 8L0YE" 9919¢" o6v6E” 00v"
080£2° 828c7" 29062 20552" 6v£92" €502 £9562° 00¢”
£9991° 00ELL” oLpLL” 958/ 1" lEvslL” 5006 1" pL961" 00z
06060 ¥S160° 10560 b2£60° $1560° 1£160° 00660 0oL"
09240 20860 9840 82840° 52840° LE6+0° 15640 050"
06600" 98600 28600° 28600 86600" $6600" 68600 010°
00100 66000" 00100 10100" £6000° 66000° 66000 100"
o 0z ot 8 9 i z ‘

dOLVWILIS3 ZITMOWAIVS~NIHOO ¥04 JONVIMYA °€ 314Y1



24

L= Mo U3YM Aumnv>:

oALb apqel ayl ul satajua ayl .Mo\wo s@jouap d .Mm pue wm 404 wopaady jo S9a4bap syl sS0udp U JFION
0000S" 86499" £E¥629° 1£599° vagLL” 89E6L" BEEEG” 000° 1L
0LELY” TATAN EvLss” SESTY” ELESS Ge6LL” 0£0€8" 006~
vy L6981 " L6EES” EL955" L0E6S” SELYIT 0eevL” 008”
08LLY” vLIEVY” 8ve8y” 56506° 19625" 0v9.S” §2459" 001"
00SLE" r296¢t” L9LEy” 029%¥~ 6vvor” 66v6Y° 8¥L5G" 009°
£geee” L66YE” 265.LE” ovese” £L00V° cbtel’ v00Ly” 005"
0/58¢° ¥986¢" VAZRN 69/1€" vo0ee” 6IVHE " L1987 00¥"
080€Z" SLLES” ¢89ve” 5906¢° 0296¢° 1659¢° LL£8¢” 0oe”
£9991° AXAA €02LL” L9sLL” c0081° 0Le8L” 0ooel” 002"
06060° SE160° LE260° 922¢60° LEV60’ 9€560° 81460° ooL”
094%0° 960" 828%0° Lo8y0- 88L¥0° G/810° 806¥0" 050°
06600° 98600° 18600° £8600° 96600° £6600° £8600° oLo°
00100° 66000° 060100° to1oo- 86000° 66000° 66000° 100"

o 0¢ 01 8 9 14 ¢ ’

JOLVWILS3 NIHOJ-NMOYE dO4 FINWINVA ~¥ 314Vl



25

‘10" = © pue | = thcmzz ﬁmmv>:

aath spgel ayl uL saJdljud |y .MO\MD sajousp d .Mm pue Mw A0} WopaaJ) 4o saaubap ayl sajousp U :JLON
0000G” ¢850S° ELr0s” 8L/0G° 29v05” Gpe0s” LLLLST 000" 1L
oveELY” G88LY” ovaiy” 9¢ 18" 88LY” CIATA S Sv8LY” 006"
bribt” 19L5b° §0St° AL 8341 ” LEGSY” YoESY” 008"
08LLY” oLy’ 0292¥° 096¢t° G(8eh" L99¢t” R4S N goL-
0oGLe” £696E° L2E0V° Zivor” 88E0Y” glL6e” <00y - 009°
geeee” 680LE"° €eLLe” ¢0LLE” 999/t yleLe” 64G.€° 00§°
0£88¢° 90LEL” FAS 09%¥E" £16%E° LELYE” viove” 0ow”
08ote” 8689¢° 86E0E” 0180e” €28lE” ZA 1 60c¢t” ooe”
L9991 G198L° 9/6¢¢° 906v¢” 896927 ¢808¢”° ¢EE6e” 002"
06060° £5¢60° g15TL" €LGELT 090417 Gevie” £195¢” goL”
09.%0° L18Y0° L££250° £16S0° £S180° VOLEL" 965¢¢° 050"
06600° £8600° 18600° 60010° SLLLOT 6¥220° £9621° 0io°
0olLoo” 66000° 0010G° {0100° 66000° ¢e o0’ SEELDT 100"

.o 02 0L 8 9 14 2 ¢

(10°=P} YOLWWILST S.MIVZ 404 IONVI¥YA "V¥S 31gVL



26

*GO" = v pue | = Mo uaym ﬁNnv>:

aALb 91qel Jyl ul ssLtJajus ayl .Moxwo sajouap d .Mm pue wm 40} wopasa) Jo soauabap ayl sajousp u IJION
0000S" LECLS” eeL 1S’ 92%25° £9€¢S” 5¥925° L19VS° 000" 1L
QLELY” 8068Y" £0L8%° 82961° 1296t " 9066% " SEZ1S° 006"
A {829%° 0¢29t° E6E9Y” EEVLY” L9GLy- AT 008"
08LLy" L00EY " SLvED” SL0%Y” eecLvt’ 625" 9£09%” 004"
00SLE” 256t L2L0¥” cvoly” S0ty 82clLy’ IRATTA N 009"
£ELEL” ZLee” €eeLe” 0caLE” Op18E" TARA 78r6E " 006"
0£68¢° gvelLe” goLee’ 9eqeEe” ooLve-" 8ZBYE" 9029¢" oov-
080¢¢” STAN A 989.¢° 09€82° Lv962" £LL0E° 889¢¢t” goe”
£9991" LySLt” 2asbl’ £s0l1e” 21oee” teeve” 0vi8e” 00¢°
06060" £0260° 2£860° veaoL” SLEZL” 9EvS L’ _ ¢8E1e” 00L"
094v0° 918%0° 000S0° €6090° L49450° 60080° eobsL” 0S0°
06600° £8600" £8600° @mmoo.. ve0L0” 18210° LE8Y0° oL’
00100° 66000° 00L00" L0L00" 66000° L0100° €£49500° 100"

ea 0¢ 0l 8 9 1 ¢ o

(50°=0) YOLVWILST S.)X0VZ ¥0J JONVIMVA 95 39yl



27

01" = ® pue | = qugmzz (%) Au

aALb 3|qel 9yl UL SILAJUI BY) .Mo\wo soj0uap d .Mm pue Mm J0) WOPaad) JO SIsabap ay) Sajousp U :IION
00005° €2L15" 1£925" 6/5£5" 006€5" 05845” 88085 000° L
0LELY 2168t" 9196t 65905° 00Z15" G6615" LBSHS” 006"
by 1559 08690 19811 p598Y" 92£60° q8/15" 008"
0811 22084 508c” WL 9015t 3519t p388Y" 00"
0052¢ " 9816¢" 9£80Y" 19214 028Lt" plEzy” SHaYY” 009"
seeee 0SbSE " 18695 ° 8evLE” 6Z88" 1588¢" 1921 005"
0£582" 1¥50€ " bL22e" 8192¢" 805€E " - 10LvE” 8288 00t"
080£2" 652v2" 18297 9r0L7" 2282 5062" l£L2s " 00€ "
£9991 LIELL levstL” l6v6 1" £e012" 88627" $6392" 00Z"
06060 50260° §1560° £0001" L0oLL" opLEL” 16481 00L"
09Lt0° 918%0" 856v0" 00050° LPES0" [1990° G611 050"
06600 /8600 18600 ¥6600° 82010° £5110° 120£0" 010"
00100° 66000° 00100" 10100 66000° 20100° 8€€00° 100"

d

» 0z o1 8 9 b 2

(0L =°) YOLYWILSI S.MI¥Z H04 JONVIYVA "2S 318vl



28

"GZ® = v pue | = Mo uaym Ammu>:

9ALD BQel 9yl ul SILAIUD BYY .MO\MO sajouap d .Mm pue Mm.gow wopaauj jo saouabap ayj sajouap U ILON
0000G" UEITAN SG0vG° 892GS° €1196° ¥6285° L9%¥9° 000" L
0LELY" 89v6t- £2805° 9%2¢S° 0EES” L661S” ¢9v09° 006"
A AR N oveLP” £G98Y° L2¥0S° 61257 LLELST 008"
08Lip” Siocy” 652ty " 0£9S5t~ 99b9v” 56¢8%° G8LES” 00"
006.¢€” [¥88E" 1280¥%" AN RASTA N 6EBEY” L148Y° 009"
gLeee” Li8¥E" eov9t” vL69€° S018E° ocwee” vy’ 005”
0£G8¢° 9¥86¢" SrAR evSLE” 9942E" Ogeve” (8L8E" 00r”
0/0€2° ATt 6815¢° 70962" 8999¢2° (618" LEEEE™ 00g”
£9991° 90eL1” £€89/1° ooggl” AU G%902° 626¥¢” 00¢”
06060° €0260° £59t60° ¥£960° vLeot” lELL’ GLISL® ooL-
094v0° 918%0° 96v0” 0G6%0° 1E€150° 284507 9¢/80° 0s0°
06600° £8600° £8600° ¥66000° §2010° ¥6010” £00¢0° 010"
00L0g" 66000° goto0” l0L00" 66000° L0100° 01200° 100"

S 02 oL 8 9 ¥ Z ?

U
(G2°=0) HOLYWILISI S.MIVZ ¥04 FONVI¥VA ~aS 379vL



29

00000° L L0L66" Ev946° bYvLG6" c0016" OLLEG” 7L198° 000° L
00000 L AR 864167 62096° TATA LN 29616" 81298" 006"
00000° 1 60566 ° 286.6° 09€96° 2EGh6”° 86/16° 1¥€98° 008"
00000" t 16966° G0¢86° 8G196° 88816 " ¥60¢6” 88%98" 00L°
00000° L 25866 ° 08186 ° rATAL EESH " LLveh’ 89998° 009°
00000°1 L0166" £2886° FAL A 60656 " 06626° G6898° 00§°
00000 L 18666 " 19266° £6486° 2.99%6" e1e6” €6148° oov”
00000° 1 8LLOC" 1 72866° ¥E566° L2£46° ¥08Y6° 809.8" 00E”
00000 L ¢e10071 G¢S00° L S¥900° L G8166° 51996° FATA 002"
00000 { EEL00" L giLLlo’ L €L510° L £4600° L 7L666° G6E68° goL”
00000° L £€100° L €8210°1 1691071 (8¥10° L 20E20° L Gy206° 0s0°
00000° L £E€100° L 6821071 269107 | 0Ls10°1L £9620° 1 £9406° oLo-
00000° L £E€L00°1 98210°L 691071 01S10°L £9620° 1 94067 Lo0"
= 0¢ ol 8 9 1 Z ’

HOLVWILST GOCHITIAIT WNWIXWYW 40 AIN3IIT443

"9 31avl



30

0000" L LLS6® Lvi(8" 0ceEs8” 0e8L” 0otL” 0699° 000" 1
0000°1 €096° 9268" §158° 0608" Levl” S0LL” 006~
0000° 1 6096 " £€906° £618° GGEY” BOLL’ cevl” 008"
000071 ¢€Le’ 0ves6”’ 1268’ 6298" 6608° 968L" 00L°
0000° L 0066 ° L1267 ¢8le” ¥968° §198° 9948° 009"
0000° L 266" chS6” 8516 ° L1e6° /868" 8916”7 00s°
0000° 1 ¥266° L0467 66" 04867 9456 " ¢€00° L 00v”
0000° { £500° L Gv66” G566 ° 966" - 5600° 1 1oLL-t 00€”
0000° 1 166" 562071 P020° | 1¥20° 1 0890° 1 96627 1 002"
0000° L ¥S00° L 6107 L 1¢€0° L 9950° L 90c L’ L TAT A 0oL’
0000° 1 6200° | 90¢0° [ FAZAUN] 2850° L 8eL' 1 9159°1 0s0°
0000° 1 01007t 1500° L 2¢l0° 1 18207 1 Si60° L 9¢€£8° 1 010’
0000 | 0000° L 001071 0000" 1 2010" L JAVARE| 866" 1 t00"

d

o0 0l 0L 8 9 14 ¢

JOLVWILST ZLIMOWAIVYS-NIHOD 40 AINIIDIA43  °/ 38yl



31

0000° L [8E6° 1898° Gyeg” €L6L” 09GL° EviLL” 0000° L
00001 156" 888" £4668° 1828° v06L” L19L” 006"
0000° L 0956 ° L1067 388" G9S8° At 008" 008"
0000° 1 eLL6” £8¢6° LE06” 5888° §848° 90¥8-° 004"
0000° L [686° 29v6° 92¢6° 9¢26° gLL6" ¥806° 009"
00007 1 9v66° 96’ LE96” €056 EQY6 " mmmm. 00G6°
0000° L 8966° 8¥86° 866" 7986 " £200° 1 €507 1L 00%"
0000° L LoL0" 1 8600° L SrL0°1 0520° 1 LESO" L 895171 00¢”"
0000° L 0866° 8LE0° 1 G/E07 L 98%0" L erot 1 £00g" 1 00¢°
0000° L 400" L 9220° L 0Ev0- 1 120" 1 SPSLT L 864V L 001"
0000t ¢t00° L 20" L 00€0° L 990" L 8LaL 1 189971 0G0°
0000° L 0100° L 190071 210" L L0E0" L LE60° L /XA 0L0°
0000° L 0000° L 00Lo" L 0000° L 010" 1 LLLLTT 0086°1 L00"

; d

o 0¢ oL 8 9 1 A

82

d0LYWILSI NIHOJ-NMOWE 40 AON3IJId43 "8 14Vl



32

0000 L GSE0° 1 2¢80° 1 760" L E2EL"] et t AV 000" 1
0000°1 29t0°1 6980° [ £€60° L 90€L"1 33771 A GleE" L 006"
0000° L 1£10°1 €640°1 cv60 L AT VAL vLIE™ ] 008"
0000°1L GLLO™L [EGO" L £¥90° L G607 L 009171 v8e L 00L”
0000 1 0886° {21071 62071 019071 £9€1°1 91 009"
0000° L G8E6” 6096 " 0086 " 0LL0" L vLL07 | e0Le" L 00s°
0000° L 1668° ¢L68” LLL6” bbt6” 6v66° 82EL"1 0ov”
0o00" L 9068° 6618° €628" 09¢8° 068" 8510°L 0og”
0000° L 6£26° tZLL” LEL” 200" 8eeL” A 00Z"
0000° L 9v66” (618" 060L° 0£65” 8eLs” G19G° ooL-
0000°1 8666° AN LGE8” 09¢9° 60V’ B9t " 0s0°
0000° 1 0000° L 0000° L 1686° ¢026° LEBY” 6L’ 010°
0000° 1 0000° L 0oLo" L 0000° L 0000° 1 8056 " 6€£80° 100°
o0 02 0L 8 9 ¥ ¢ c
u
(10°=P) YOLVWILST S,MO¥Z 40 AONIIOI443 °V6 374Vl



33

0000" t 220"t Gv50° L 16507 1 216071 L6l 1 90227 L 000" L
0000° 1 0€20" L 6090° L G090° L 0L60° L 16€1" L S¥ECT L 006"
0000° 1 9%00° L {8v0° L v90° 1 80£0° L 0cel 1 0927° L 068"
0000° 1 £200°1 6EE0” L 88EO L 59907 L ELLLTL 100¢" 1 0oL”
0000° L Ovee” 620071 0v10° 1 govo- 1 {96071 g06L" 1 009"
0000° L 6£96° AV 6186° v866° 050" L 0517t 00s”
0000°1 L616” 29€6” veve” ¥966° £466° 2ve0° L 00¥"
0000" L 0596 006" 9968° 8988" Sol6° 0¥00° 1 ooe”
0000° L 086" 16" 5G98° €028’ pi8° 648" 00¢”
0000° 1 9666 " 1096° 8406° G128’ eeLL” 9¢L9” ooL”
0000" L 0000° L 686" 606" 8/88° LtoL- G62G° 0s0°
0000° L 0000° 1 0000" 1 0000° L £¢66° 8L¥8” 9¢8e” oLo”
0000° L 0000 1 0010° L 0000t 00001 130" L pyse” Loo-"
oo 0¢ 01 8 9 14 I ’

(S0°=0) YOLYWILIS3 S.MIVZ 40 AINIIOI443 "€6 J14vl



34

0000° L £z10° L 99¢€0° L 69€0° L £090° 1 6260 L Lyl 000° L
0000° 1 Svi0°L PLv0" 1L 68E0° 1 €L50° L 6180°1L 266Gl 1 006"
0000° 1 6666 " £1€0°1 g2ro°1 ov¥0° L 124071 verL” L 008"
0000° 1 8L00" L 9v20° L 61201 EeEro L 9990° L AU 00L"
0000° L 8000° 1 1000° L 9800° L TAZAVN S 9vE0° L €6cl™1 009~
Q000" L 6186° ¢086° 0.86° 8566 " 0966° rAUL | 00G”
0000° 1 A74N £096° L£96° €EL6° AN €190°1 00"
0000° L 5/86° Gve” AV R 0966 ° £200°1 0oe”
0000° 1 £686" {896° 8vee” ¥68° 6v88° 981L6" 002"
(000" 1 8666° 0986° 029" 916" viE8° Ll ooL-
0o0o"1 0000° L 966" 0686° 0966° 98Y8" 189" 0s0°
Dooo" L 0000" 1 0000° 1 0000° L 1866° : 61v6’ reL9’ 010’
0000" L 0000° L 00L0"1 0000° L 0000° L LAY 665" L00"
o0 0¢ 01 8 9 14 A J

(00" =0} YOLWWILSI S,MI¥Z 40 AINIIOI443

"J6 374vli



35

0000° L 966 2600" t 2600° L £810° 1 £620° L LPE0" L 000"
0000" | £00° 1 £910° L £200° 1 950" 1 [£€0" 1 L9Y0° L 006"
0000° L £966° LLLO" L 8Y10° L £400° 1 $220° 1 ¥5E0° L 008"
0000° t 0200° L 101 1200° 1 £210° 1 9%20" L 2120° 1 004"
0000" 1 6600° 1 5000° 1 8£00° L 8200 L 6620° 1 S6£0° | 009"
0000° 1 6666 LS66° £666° £666° 9610° | POE0" 1 00§
0000" | v166° 0266° 0200° L 9v00" | £600" L v120° L 00t "
0000° L S%00° L 686" 1€66 1686 6£66" {2007 L 00g*
0000° L 8E66” /600" | 9566 6L06° £1£86° 0l66° 00z"
0000° L 0000° L 9866 " 1766 5066 9246" p166° 0oL
0000° 1 0000° 1 00007 L 0666 ° 1566 9616 2866 050"
0000° 1 0000° L 0000° 1 0000° L 0100° 1 £266° 1526° 0Lo"
0000° L 0000° L 0010°1 0000° 1 0000° | G8L L £eE6 " 100"
@ 02 ot 8 9 b Z . ¢
(§2°=0) YOLWWILS3 S\MIVZ 40 AINIIDI443 ~06 374yl



While no single estimator of the common mean dominates any of the
others for all values of n and p, certain conclusions may be made. Con-
sidering Table 6, we see that the efficiency of ;MLE with respect to
;GD increases to 1 as n increases when p = oi/oﬁ is fixed and near unity.
Also for fixed n, the efficiency decreases as p increases toward 1. For
moderate sample sizes and small values of p the efficiencies are larger
than 1. It thus appears that ;GD is preferable to ;MLE when the sample
size is véry small and whenp is near 1. GMLE is more efficient than
;GD when the sample size is moderate and p is small. ;GD is slightly
more efficient than ;MLE when the sample size is large and p is near 1.

Tables 7 and 8 show that the efficiencies of ;CS’ ﬁBC are larger
than 1 for small values of p. The efficiencies decrease as p increases
for small sample sizes. For fixed p, the efficiencies decrease as n
increases when p is near 1.

Tables 9A to 9D indicate the efficiencies of az with o = .01, .05,
10, .25 are larger than ;GD for large values of p. For fixed p near
unity the efficiencies decrease toward one as n increases. For small
sample sizes and p close to 1 the efficiencies increase as p increases.

Therefore we conclude for small sample sizes and p near 1 the estimator

My is preferable to Hap*
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ABSTRACT

Several estimators are considered for the problem of estimation of
the common mean of two independent normal distributions when the variances
are unknown. The maximum likelihood estimator of the common mean is
derived. For the equal sample size case, the maximum 1ikelihood estimator
together with estimators previously proposed by various authors are com-

pared in a Monte Carlo study.



