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Abstract

A new method, the Dynamical Systems Method (DSM), justified recently, is applied to
solving ill-conditioned linear algebraic system (ICLAS). The DSM gives a new approach to
solving a wide class of ill-posed problems. In Chapter 1 a new iterative scheme for solving
ICLAS is proposed. This iterative scheme is based on the DSM solution. An a posteriori
stopping rules for the proposed method is justified. We also gives an a posteriori stopping
rule for a modified iterative scheme developed in A.G.Ramm, JMAA 330 (2007),1338-1346,
and proves convergence of the solution obtained by the iterative scheme. In Chapter 2 we

give a convergence analysis of the following iterative scheme:
w =qul_ |+ (1 - )T, 'K* fs, u) =0,

where T := K*K, T,:=T+al, q€(0,1), a,:=apq", oy > 0, with finite-dimensional
approximations of 7" and K* for solving stably Fredholm integral equations of the first kind
with noisy data. In Chapter 3 a new method for inverting the Laplace transform from the
real axis is formulated. This method is based on a quadrature formula. We assume that the
unknown function f(¢) is continuous with (known) compact support. An adaptive iterative
method and an adaptive stopping rule, which yield the convergence of the approximate

solution to f(t), are proposed in this chapter.
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Preface

Consider the operator equation

Au = f, (1)

where A : X — Y is an operator mapping a Banach space X into a Banach space Y.
Problem (1) is called well-posed if A is bijective and A~ is continuous. Then problem
(1) is ill-posed if it is not well-posed. In*’ the following ill-posed problems that arise in
many applications are given: stable numerical differential of noisy data, stable summation
of the Fourier series and integrals with randomly perturbed coefficients, ill-conditioned linear
algebraic systems, Fredholm and Volterra integral equations of the first kind, deconvolution
problems, the Cauchy problem for Laplace’s equation and the backwards heat equation.
These problems can be reduced to equation (1). Therefore, it is important to develop a
stable numerical method for solving ill-posed problem (1).

In applications the operator A is known and instead of the exact data f the noisy data
fs are given, where ||f — f5]| < § and 0 is the noise level. It is natural to require that a
numerical algorithm for solving problem (1) should have the following stability property:
the less the noise level § is, the closer approximation to y can be obtained.

Many methods have been developed for solving ill-posed problems stably. For exam-
ple in?%3° the following methods are discussed: variational regularization, quasisolutions,
quasiinversion, iterative regularization method and the Dynamical Systems Method (DSM).
In many papers the variational regularization is used for solving linear ill-posed problems

Au = f. In this method one needs to minimize the functional
F(v) = [[Av = f5]|" + a|v]|* = inf, (2)

where o > 0 is a fixed parameter. It is proved in?*?° that if Ay = f and y L N(A),

where N(A) := {u | Au = 0}, then there exists a unique minimizer of (2) which is uq)s =
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(A*A + al) "t A* f5, where I is the identity operator, and lims_q ||ta(s)s — yl| = 0if 6 — 0

and «(9) is chosen such that
2

E)

In many papers,®>?%3 the parameter «(d) satisfying condition (3) is calculated by the

—0 asd—0. (3)

discrepancy principle, i.e., the regularization parameter «(d) is obtained by solving the

nonlinear equation:

V(o) = [[Auas — fsl* — 6% =0, (4)

for a, where uys = (A*A + al) ' A*f5s. The existence and uniqueness of the solution of
equation (4) are proved in?’. Numerically, one may use the Newton’s method discussed in*?
to solve equation (4). The drawback of this method consists of the following: if the initial
value of the regularization parameter oy is far from the solution of (4), Newton’s method
may fail to converge, and one needs to compute the derivative of the function V' («) which
may be not easy.

The Dynamical Systems Method developed in?%3Y

is a new general method for solving
ill-posed problems. This method consists of finding an operator ®(u, t) such that the Cauchy
problem

U= P(u,t), u(0)=ug (5)
has the following properties:
dlu(t) YVt >0, Ju(oo), and Au(oo)=f. (6)

29,30

Some choices of the operator ®(u,t) are given in For example when A is a linear

operator, one may use the following ®(u,t):
®(u,t) = —u(t) + [A*A +a(t) ] T A*f, (7)

where I is the identity operator, a(t) > 0, a(t) \, 0 as t — oo. It is proved in?’ that Cauchy
problem (5) with ®(u,t) is defined in (7) yields properties (6). When the data f are noisy
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we replace the exact data f in (7) with the noisy data fs5. In this case if t5 is chosen such

that
52
a(ts)

then ||us(ts) — ul] — 0 as § — 0, where

—0 as 0—0, (lsin[l)t(;:oo, (8)

ts
us(ts) = upe ™ + / e~ (A*A + a(s) )T A* fsds. (9)
0
Alternatively, one may use the following discrepancy-type principle for DSM developed
i1 28:33.
ts
/ =9 0(s) Q2 fallds = €6, C € (1,2), (10)
0

where

Qu = AA* +al. (11)

In this thesis we develop iterative methods for solving linear ill-posed problems based
on the DSM with ®(u,t) defined in (7) which can be implemented easily numerically.

The main results of this thesis are:

(1) a new iterative scheme and discrepancy-type principle based on DSM for solving ill-

conditioned linear algebraic systems stably (see Chapter 1),
(2) a modified iterative scheme developed in*? (see Chapter 1),

(3) a new adaptive iterative scheme and adaptive discrepancy-type principle for solving

stably Fredholm integral equations of the first kind (see Chapter 2), and

(4) a modified adaptive iterative scheme developed in Chapter 3 which is applied to in-

version of the Laplace transform from the real axis (see Chapter 3).

The thesis is divided into three chapters. The first, second and third chapters are based
on the published papers'®,!” and!'®, respectively. The thesis is organized as follows. In
Chapter 1 a new iterative method and iterative discrepancy-type principle for solving linear

ill-posed problem Au = f are derived. This iterative method is based on the Dynamical

Xiv



Systems Method (DSM) with ®(u,t) defined in (7). The iterative discrepancy-type princi-
ple given in Section 2 is constructed from discrepancy-type principle for DSM (10). This
iterative discrepancy-type principle is simpler than (4) or (10), since we do not need to
solve the nonlinear equations (4) or (10). Another advantage of our iterative method is the
following one: the initial regularization parameter g can be chosen relatively large. Our
method is new, since a numerical method relating the solution of Cauchy problem (9) and
discrepancy-type principle (10) has not been developed in the literature, to our knowledge.
The iterative scheme and the iterative discrepancy-type principle, derived in this Chapter

are, respectively, of the form:

wd o =qul+(1—qT, A fs, u=0, ge(0,1), (12)

an+1

and

(13)
< Z(qnijil - qnij)ajJrlHQ(;jil‘f(;Ha I1<n< ns,

where ||fs — fl| <9, a, = apq"a0 > 0, T, := A*A+al, Q, == Q +al, Q = AA* I is
the identity operator, € € (0,1) and C' € (1,2). The convergence result for iterative method
(12) is formulated in Theorem 1.2.10. We apply this iterative scheme to solve ill-conditioned
linear algebraic system Au = f. In Section 3 we construct a modification of the following

iterative scheme

wd o= al, "l + T, A f5,  uo L N(A), (14)

where a > 0 is a fixed parameter. This iterative scheme is developed in®? and used for solving
any solvable linear equation in a Hilbert space, including equations with unbounded, closed,
densely defined linear operators. The numerical method for choosing the parameters a and
ngs, which yields the convergence result |lu,, —y|| — 0 as § — 0, has not been discussed

in32. We modify iterative scheme (14) by replacing the fixed parameter a with the geometric
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series a,, = aoq", q € (0,1), ag > 0, so that the following stopping rule can be used:
|AT A* fs — f5l| < C6° < AT A" fs— foll, 1<n<ng C>1,e€(0,1). (15)

The uniqueness and existence of the parameter ns satisfying inequalities (15) are proved in
Lemma 1.2.5. We prove that iterative scheme (14) together with stopping rule (15) yield
the convergence of iterative solution (14). This main result is formulated in Theorem 1.3.6.

In Chapter 1 an example of ill-conditioned linear algebraic system constructed by a
projection method, is given. No method has been developed for choosing the number of
basis functions needed in the projection method. In many papers, e.g.,*%2?, the number of
basis functions is fixed and is large. If one chooses a large number of basis functions then
the size of the linear system is also large. Therefore, if a large fixed matrix A is used in
iterative scheme (12) then the computation time will be large when n; is large.

In Chapter 2 we develop an iterative method which allows us to choose the number of
basis functions needed in the projection method. In this iterative scheme the number of
basis functions may change in each iteration. Initially one may start with a small number
of basis functions and at each iteration the number of the basis functions is increased only if
some conditions hold (see pp.53-54) , so the computation time can be reduced. In Section 2
the adaptive iterative scheme is constructed for solving the linear operator equation Ku = f,

where

b
(Ku)(x) := / k(x,s)u(s)ds, a <z <b, (16)

k(z,s) is a smooth kernel and u € L?[a,b]. This adaptive iterative scheme is constructed
by finite-dimensional approximation of the operators T := K*K and K*, where K* is the

adjoint operator of K. These approximations yield the following adaptive iterative scheme:

ui,mn - quifl,mnfl + (1 - q)Ta:’Ll,mnK:(nnf(S? ug,mo - 07 (]'7)

where a, == ayq", ag > 0, ¢ € (0,1), T, := T™ +al, || T™ —T|| — 0 as m — oo,

K,, is a finite-dimensional approximation of the operator K* and m is a parameter which
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measures the accuracy of the finite-dimensional approximations 70 and K,,. Lemma 2.2.2
gives a rule for choosing the parameter m such that the finite-dimensional operator T, ,,,
is invertible. In Theorem 2.2.8 conditions (2.50)-(2.53) are used to prove the convergence of
the iterative solution. The nontrivial task is to develop a stopping rule such that relation

(2.53) holds. In Section 3 we consider the following adaptive stopping rule:
Ggmng < C6° < Gum,, 1<n<ns, C>2, c€(0,1), (18)

where

Gn,mn = an—l,mn,1 + (]- - Q)an”Q;:,mnf(;H?
(19)
GO,mo - 07 Gl,ml Z 0567 Ap = qap_1, ag = g = ConSt > O,

Qam = Q™ +al, and Q™ is the finite-dimensional approximation of the operator K K*.
Instead of using a fixed operator @ as in (13) we use the adaptive operator Q) which
depends on the regularization parameter a,,. The existence and uniqueness of the parameter
ng, satisfying (19), follows from Lemma 2.3.3 and definition (18). The convergence of the
iterative method is formulated in Theorem 2.3.7. In Section 4 we give a simple example of
finite-dimensional approximation operators 7™ and K.

In Chapter 3 we introduce a different approach to solving the Fredholm integral equations
of the first kind described in Chapter 2. The advantage of this approach is: we only need
a finite-dimensional approximation of the operator K*K. Therefore, the rule of choosing
the accuracy parameter m is much simpler than the one used in Chapter 2. In Section
2 an adaptive iterative scheme is constructed and applied to the inversion of the Laplace

transform:
Lf(p):= /Oooepsf(s)ds:F(p), 0<p<d< oo, (20)

where f is a real valued function in Xy, Xop is defined in (3.2). A survey of the methods of
the Laplace transform inversion has been given in®. In all of these methods the inversion of
the Laplace transforms were taken from the complex axis. The methods mentioned in?%10:18

do not include regularization techniques and therefore they can not be used in the case of
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noisy data. In?? it is shown that the results of the inversion of the Laplace transform on the
Mellin contour are more accurate than these of the inversion of the Laplace transform from
the real axis. When f(t) is a real valued function and F'(p) is known for all real and positive
values of p the ill-posedness of Laplace transform inversion can be investigated by means

26 However, in practice F'(p) is known only at a finite set of points.

of Mellin transform b
Regularization methods where F(p) is known at a finite set of points have been considered
in3%22:36:37 " In our method it is assumed that f(t) is real-valued and F(p) is known at a
finite set points. The method, constructed in Section 2, is based on approximation of the
kernel £*L£. The smoothness of the kernel allows one to use a simple quadrature formula:

the compound Simpson’s rule (see®). This approach yields the following approximation of

the function f(¢):

(m) _ = ('m,5) (m) —pjt o i -
f5 (%) ZCJ wy e py =g 0,...,m, (21)
7=0
where cgm’é), 7 =1,2,...,m, are parameters obtained by the adaptive iterative scheme and
w(.m), j=1,2,...,m are the weights of the compound Simpson’s rule with m subintervals.

J

In each iteration the number of basis functions used in (21) is obtained by rule (3.63). One
can see that this rule is much simpler than the rule given in Theorem 2.2.8. The following

iterative discrepancy-type principle is used as the stopping rule:

Grymny < C0° < Grm,, 1<n<ns, C>Vd, e€(0,1), (22)

where
Gmmn = an—l,mn_1 + (1 - Q)a'nHC(mmg)HWm"? GO,mo = 07 (23)
where a,, = apq™, ag > 0, ¢ € (0,1), || - ||w= is defined in (3.7). The convergence of the

iterative scheme, derived in Section 2 with stopping rule (22), is claimed in Theorem 3.2.17.
The inversion method proposed in this Chapter is simpler than the methods given in*?2%2436,
e.g., Fourier series expansion, regularized analytic continuation, eigenfunction expansion and

Gauss-Laguerre quadrature method, since we only need the compound Simpson’s quadrature

xviil



in the discretization where the weights of the quadrature can be easily obtained exactly.
Moreover, our representation of the approximation of the function f(¢) is new and uses only
the weights of the compound Simpson’s rule and the specific form of the Laplace Transform.
The numerical results given in Section 3 show that our results are comparable with or better

than the existing methods.
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Chapter 1

Dynamical Systems Method for
Solving Ill-conditioned Linear
Algebraic Systems

1.1 Introduction

We consider a linear equation

Au = f, (1.1)

where A : R — R™, and assume that equation (1.1) has a solution, possibly non-unique.
According to Hadamard®® p.9, problem (1.1) is called well-posed if the operator A is injec-
tive, surjective, and A~! is continuous. Problem (1.1) is called ill-posed if it is not well-posed.
Ill-conditioned linear algebraic systems arise as discretizations of ill-posed problems, such

as Fredholm integral equations of the first kind,

/b k(z,t)u(t)dt = f(x), c <z <d, (1.2)

where k(z,t) is a smooth kernel. Therefore, it is of interest to develop a method for solving
ill-conditioned linear algebraic systems stably. In this Chapter we give a method for solving
linear algebraic system (1.1) with an ill-conditioned-matrix A. The matrix A is called ill-
conditioned if k(A) >> 1, where x(A) := ||A|||A7Y|| is the condition number of A. If the
null-space of A, N(A) := {u : Au = 0}, is non-trivial, then x(A) = oco. Let A = UXV*
be the singular value decomposition (SVD) of A, UU* = U*U = I, VV* = V*V =1, and

1



Y. = diag(oy,09,...,04), where 0y > 09 > -+ > 0, > 0 are the singular values of A.
Applying this SVD to the matrix A in (1.1), one gets

f=) Bujandy= Y @vi, (1.3)

i ii>0 7

where 3; = (u;, f). Here (-,-) denotes the inner product of two vectors. The terms with
small singular values o; in (1.3) cause instability of the solution, because the coefficients ;
are known with errors. This difficulty is essential when one deals with an ill-conditioned
matrix A. Therefore a regularization is needed for solving ill-conditioned linear algebraic
system (1.1). There are many methods to solve (1.1) stably: variational regularization,

quasisolutions, iterative regularization (see e.g,'3 23 29 39)

The method proposed in this
Chapter is based on the Dynamical Systems Method (DSM) developed in" p.76. The DSM
for solving equation (1.1) with, possibly, nonlinear operator A consists of solving the Cauchy

problem
du

a(t) = Ot u(t)), u(0) = uos alt) = (1.4)

where ug € H is an arbitrary element of a Hilbert space H, and ® is some nonlinearity, chosen
so that the following three conditions hold: a) there exists a unique solution w(t) Vt >0,
b) there exists u(c0), and ¢) Au(oco) = f.

In this Chapter we choose ® (¢, u(t)) = (A*A+a(t)I)~! f —u(t) and consider the following

Cauchy problem:
Ug(t) = —ug(t) + [A*A+ a(t)I,] " A*f, ua(0) = up, (1.5)

where

a(t) >0, and a(t) \, 0 as t — oo, (1.6)

A* is the adjoint matrix and I, is an m x m identity matrix. The initial element wug in (1.5)

can be chosen arbitrarily in N(A)*, where

N(A) :={u | Au = 0}. (1.7)



For example, one may take uy = 0 in (1.5) and then the unique solution to (1.5) with

u(0) = 0 has the form
t
u(t) :/o e’(t’S)Ta’(sl)A*fds, (1.8)
where T := A*A, T, := T + al, I is the identity operator. In the case of noisy data we

replace the exact data f with the noisy data fs in (1.8), i.e.,

ts
w(t) = / e mIT LA fids, (1.9)
0

where ts is the stopping time which will be discussed later. There are many ways to solve the
Cauchy problem (1.5). For example, one may apply a family of Runge-Kutta methods for
solving (1.5). Numerically, the Runge-Kutta methods require an appropriate stepsize to get
an accurate and stable solution. Usually the stepsizes have to be chosen sufficiently small to
get such a solution. The number of steps will increase when t5, the stopping time, increases,
see'®. Therefore the computation time will increase significantly. Since lims_t; = oo, as
was proved in®’, the family of the Runge-Kutta method may be less efficient for solving
the Cauchy problem (1.5) than the method, proposed in this Chapter. We give a simple
iterative scheme, based on the DSM, which produces stable solution to equation (1.1). The
novel points of this Chapter are iterative schemes (1.12) and (1.13) (see below), which are
constructed on the basis of formulas (1.8) and (1.9), and a modification of the iterative
scheme given in®?. Our stopping rule for the iterative scheme (1.13) is given in (1.85) (see
below). In®*’ p.76 the function a(t) is assumed to be a slowly decaying monotone function. In

this thesis instead of using the slowly decaying continuous function a(t) we use the following

piecewise-constant function:
n—1
a™(t) =Y 0@ X, (t), g€ (0,1), t;=—jln(g), n €N, (1.10)
§=0

where N is the set of positive integer, to = 0, oy > 0, and

1, te(t,til;



The parameter o in (1.10) is chosen so that assumption (1.17) (see below) holds. This
assumption plays an important role in the proposed iterative scheme. Definition (1.10)

allows one to write (1.8) in the form

Upt1 = qQUp + (1 - Q)T_anrlA*f? Uy = 0. (112)

a@oq

A detailed derivation of the iterative scheme (1.12) is given in Section 2. When the data
f are contaminated by some noise, we use f5 in place of f in (1.8), and get the iterative

scheme
upyr = quib + (1= )Tt Af5, ug = 0. (1.13)

We always assume that

1fs = fIl <6, (1.14)

where fs are the noisy data, which are known, while f is unknown, and ¢ is the level of
noise. Here and throughout this Chapter the notation ||z|| denotes the {*-norm of the vector
z € R™. In this Chapter a discrepancy type principle (DP) is proposed to choose the
stopping index of iteration (1.13). This DP is based on discrepancy principle for the DSM

developed in?%33

, where the stopping time t;5 is obtained by solving the following nonlinear
equation

ts
/ et =a(s) QL follds = €3, C € (1,2] (1.15)
0

It is a non-trivial task to obtain the stopping time ¢; satisfying (1.15). In this Chapter
we propose a discrepancy type principle based on (1.15) which can be easily implemented
numerically: iterative scheme (1.13) is stopped at the first integer ns satisfying the inequal-

ities:

(@77 = "o Qi follds < Co°
(1.16)
<Y (T =)o QL fall, 1< n <y,



and it is assumed that
(1= qQ)ang||Qu f5ll = C6°, C>1, e€(0,1), ay>0. (1.17)
We prove in Section 2 that using discrepancy-type principle (1.16), one gets the convergence:
lim [[ud —y|| = 1.1
tim Jud, — /] = 0, (1.18)

where 19 is defined in (1.13). About other versions of discrepancy principles for DSM we
refer the reader to2”,%7. In this Chapter we assume that A is bounded. If the operator A is
unbounded then fs may not belong to the domain of A*. In this case the expression A*fs
is not defined. In®' ?? and3* solving (1.1) with unbounded operators is discussed. In these
papers the unbounded operator A is assumed to be linear, closed, densely defined operator
in a Hilbert space. Under these assumptions one may use the operator A*(AA* + al)~! in
place of T, ! A*. This operator is defined for any f in the Hilbert space.

In3? an iterative scheme with a constant regularization parameter is given:
iy = T 4 T, (L19)

but the stopping rule, which produces a stable solution of equation (1.1) by this iterative
scheme, has not been discussed in®2. In this thesis the constant regularization parameter a
in iterative scheme (1.19) is replaced with the geometric series {apg"}5°,, ap > 0, g € (0, 1),
le.

ud = aoana_Oznufl + Toin A" fs. (1.20)
Stopping rule (1.85) (see below) is used for this iterative scheme. Without loss of generality
we use ag = 1 in (1.20). The convergence analysis of this iterative scheme is presented in

Section 3. In Section 4 some numerical experiments are given to illustrate the efficiency of

the proposed methods.

1.2 Derivation of the proposed method

In this section we give a detailed derivation of iterative schemes (1.12) and (1.13). Let us

denote by y € R™ the unique minimal-norm solution of equation (1.1). Throughout this
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thesis we denote Ty := A*A+ a(t) I, where I,, is the identity operator in R™, and a(t) is

given in (1.10).

Lemma 1.2.1. Let g(x) be a continuous function on (0,00), ¢ > 0 and q € (0,1) be

constants. If

lim g(z) = g(0) := go, (1.21)
then
lim Y ("7 = ¢" ) gled™™) = go. (1.22)
Proof. Let
wi(n) :=¢"7 =", wi(n) >0, (1.23)
and .
n) =Y w;(n)g(cq’). (1.24)
j=1
Then

[Fni1(n) = gol < [Fi(n)] +

Zwy ) — Go| -

Take € > 0 arbitrary small. For sufficiently large [(€) one can choose n(e), such that

because lim,, . ¢" = 0. Fix [ = I(€) such that |g(cq’) — go| < § for j > I(€). This is possible
because of (1.21). One has

€
|Eio(n)] < 5, n > n(e)
and
wi(n)gleq’) — go| < > wi(m)lg(cq’) — gol + | Z w;(n) = 1|go|
i=1(e) i=1(e) i=1(e)
<= Z w;(n) + ¢" 7| go|
] I(e)
<

— - <
=9 + ‘g0|q > €



if n is sufficiently large. Here we have used the relation

ij(n) —1_ qn+1fl'
j=1

Since € > 0 is arbitrarily small, Lemma 1.2.1 is proved.

O
Let us define
tn
Up, i= / ~(tns T_(n)( A*fds, t,=-nln(q), q€(0,1). (1.25)
0
Note that
tn—1 tn
Up = / e Ta_(n) A*fds + / 6_(tn_S)Ta_(i)(s)A*de
0 b
th—1 1 tn
= e(t"t"‘l)/ e’(t”—l’s)Ta’(;)A*fds - / et (i>( A*fds
0 tn—1
tn
- 6_(tn_tn_1)un—1 + / S Ta_(TL)( A*de
tn—1
Using definition (1.10), one gets
u, = e —(tn—tn— I)Un 1+[1_€ (tn—tn— 1]Ta0q A*f
n_ 1un 1+ (1 g )Taoq A*f
Therefore, (1.25) can be rewritten as iterative scheme (1.12).
Lemma 1.2.2. Let u,, be defined in (1.12) and Ay = f. Then
n—1
lun =yl < "yl + > ("7 = ¢ ) aod T awll, W1, (1.26)
=0
and
|un —y|| = 0 as n — oo. (1.27)
Proof. By definitions (1.25) and (1.10) we obtain
tn n—1 qn qn
_ —(tn—s)—1 p* _ 9 1 %
Up, _/O e T, A fds =) (qj+1 qj) T LA f (1.28)

J=0



From (1.28) and the equation Ay = f, one gets:

=0
n—1 qn qn
- Z <Qj+1 B q_3> TOé_o{JjﬂLl(Taoqj+1 — aog’ )y
=0
n—1 n—1
_ (qn—]—l . qn—]) y — (qn—J—l . qn—J) aoqj-i-lTa—Olquy
=0 =0
n—1
=y—q"y— > ("7 = q"7) ad Ty
=0

Thus, estimate (1.26) follows. To prove (1.27), we apply Lemma 1.2.1 with g(a) := a||T, 'y||.
Since y L N(A), it follows from the spectral theorem that

o] 2

lim g*(a) = lim d(Esy,y) = [|Pxayyl? =0,

a—0 a—0 0 (a -+ 3)2

where FE is the resolution of the identity corresponding to A*A, and P is the orthogonal
projector onto N'(A). Thus, by Lemma 1.2.1, (1.27) follows. O

Let us discuss iterative scheme (1.13). The following lemma gives the estimate of the

difference of the solutions u’ and u,.

Lemma 1.2.3. Let u,, and u’ be defined in (1.12) and (1.13), respectively. Then

5 _ Ve
Hun u”” S 1 . q3/2wn7 n 2 07 (129)
.f s
where wy, = (1 — q)W,
Proof. Let H,, := ||u’ — u,||. Then from the definitions of u’ and u, we get the estimate
Hyy < gllup, —unll + (0= ) Toin A*(f5 = )| < qHo + wn. (1.30)

Let us prove inequality (1.29) by induction. For n = 0 one has uy = u$ = 0, so (1.29) holds.

_ 5 _ _ 5
For n = 1 one has |Ju§ —u|| < (1 q)QW, so (1.29) holds. If (1.29) holds for n < k,



then for n = k + 1 one has

q3/2 1
Hypr < qHp 1wy < (—3 + 1) Wy = 5 Wk
— 32 — 32
I=q 1=y (1.31)
1 Wi 1
T P S T gy e
Hence (1.29) is proved for n > 0. O

1.2.1 Stopping criterion

In this section we give a stopping rule for iterative scheme given in (1.13). Let Q := AA*,

Q. :=Q +al,,, and

tn
Gf/ e =a(s)[|Qul follds
0
n—1 (1.32)
=D (@7 =" Qi Sl n =1,
j=0

where t, = —nlng, ¢ € (0,1) and ag > 0. Then stopping rule (1.16) can be rewritten as
Gny <CO° <G, 1<n<mns, €€(0,1), C>1, G >C6. (1.33)

Note that

n

Grir = Y (@7 = ¢ ) aog QL o]

j=0

= (@7 =" ) QL Sl + (1= Qo™ M IQL s foll
7=0

=qG, + (1 - Q>O‘0qn+1HQ;01qn+1f6H7

SO

Gn=qGn-1+ (1 - Q)O‘()qn”nglq"]%H’ n=>1 Go=0. (134)

Lemma 1.2.4. Let G, be defined in (1.34). Then

G, < n>1

) 0,1). 1.35
_1_\/60406124‘» _7q€(7) ( )



Proof. Using the identity

—aQy;"

the estimates

and

where @ := AA*, Q, =

= AT, 1A —

I, a>0 T:=AA, T, =T+ al,,

Al QN < 1, s fll <4
AT <

Q + al,,, we get

Gn = an—l + (]- —q ||ATa0q A* f5||

== an—l + 1

= an—l + (1 -
= an—1+ 1—

= an—1+ 1—

S an—l + 1

= anfl + (1 -
= anfl + (1 —

= anfl + (1 -

(
(
(
(
(
<q¢G,1+(1
(
(
(
<qGnhq+(1

—q)§

)
)
)
)
)
— q)aoq"[|Qalgn (fs —
)
)
)
)
—q)0

— [ AA" Qo f5 — £

QI(AA* + oI — " 1)Q fs — [l
q) 04" | Qg0 f5|
0)a0q" | Qugqr (fs — f + )

A+ (1 = @)aog"|Qagn 1

1= )| AT A" f — £

=qGr1+(1—q)0+ (1 - q)x/aoq”@

/a n—1
=qGp 1+ (1—q)0+ \/aqu

Therefore,

Let us prove relation (1.35) by induction. From relation (1.37) we get

* (1.36)
0)0 + (1 = Q)| A(T 1 A" Ay — y)|
06 + (1 — )| A(—a0g" T )|
0)6 + (1 — q)aoq" || ATyl
lyl
+ (11— q"
N
lyll-
n—1
G =6 < q(Guor = 8) + Vg —lyl. n=1 Go=0. (1.37)
1 Vo 1 Vo
0+ =Ml < Dhgl.  (138)
- V7 2 1—g 2

V&g
G0 < 5+ Y=yl < -

10



Thus, for n = 1 relation (1.35) holds. Suppose that

1 n
G~ < VT 1<n<k. (1.39)
1—\/6

Then by inequalities (1.37) and (1.39) we obtain

Gt = 8 < a(Gr — 0) + g ¥ Ll

=5t ||yr|+fv ot
Vi aod* VI__ Vool e (140)
P I = Y e Vo

< VO,

NG

Thus, relation (1.35) is proved. O

<q Yl

Lemma 1.2.5. Let G,, be defined in (1.34), ¢ € (0,1), and oy > 0 be chosen such that
G, > C6é%,e€(0,1), C > 1. Then there exists a unique integer n. such that

Gn,-1 < Gp, and G,, > G, 11, ne.> 1. (1.41)

Moreover,

Gpi1 <Gy, VYn>n,. (1.42)
Proof. From Lemma 1.2.4 we have

G \/—”y“ n>1, qe(01).

n S 1 \/_
Since Gy > C¢° and limsup,,_,,, G,, < 0 < C6°, it follows that there exists an integer n. > 1
such that G,,,_1 < G,, and G,,, > G,,_41. Let us prove the monotonicity of G,,, for n > n..
We have G,,.41 — G, < 0. Using definition (1.34), we get

Gnchl — G anc + (1 - Q>a0qnc+1HQa01qnc+l f5|| nc

(1.43)
= (1= ) (a0a™ Qs peesSsll = G ) < 0.

11



This implies
aoqnc+1||a0Q;nlc+1f6H — Gy, <0. (1.44)

Note that
Gn+1 - Gn = (1 - Q)(aoqn+1||Q;01qn+1f5|| - Gn)

Therefore, to prove the monotonicity of G, for n > n., one needs to prove the inequality
aoqn+ll|Q;§qn+l f5|| - GTL < 07 vn Z Ne.

This inequality is a consequence of the following lemma:

Lemma 1.2.6. Let G, be defined in (1.34), and (1.44) holds. Then
0" Qg foll = Gn <0, Yn > n,. (1.45)
Proof. Let us prove Lemma 1.2.6 by induction. Let

D, = ogoanrlHQ;Olanf(;H -G,

and
h(a) := a?|Q." f5]|*.

The function h(a) is a monotonically growing function of a, a > 0. Indeed, by the spectral

theorem, we get

2

o
_ a
o) = @lQe Sl = [ =St g £
00 2 ’ ' (146)
a3 211 )—1 £.[2
< ————d(F fs, = =h )
< [7 R ) = B0 = oo
where Fj is the resolution of the identity corresponding to @) := AA*, because (ala%)? <
% if 0 < a; < ay and s > 0. By the assumption we have D,,, = Ozoqn“HHQ;OlanH fsll —

12



G, < 0. Thus, relation (1.45) holds for n = n.. For n = n. + 1 we get
Davit = 0@ Q5L o fill = (1 = )0 IQ 11 foll — 4G,
= Vh(aog"+?) = /h(aog™ 1) + ¢v/h(aog" ) — gG,
= /h(aoq"*2) — \/h(aoq*1) + q(v/B(aog™ 1) — G,) (1.47)
( (
(

= V/h(apgmt?) — \/h(awg™ ) + qDy,

= V/h(apgm*?) — \/h(awg™+!) + gD, < 0.

Here we have used the monotonicity of the function h(a). Thus, relation (1.45) holds for

n = n. + 1. Suppose
D,<0, n.<n<n.+k-—1.

This, together with the monotonically growth of the function h(a) := a®||Q, " fs]|*, yields

ISES annc+k+1||Qa01qnc+k+1f5|| — Gtk

=/ h(apgth+1) — (1 — @)/ h(apg™t*) — ¢Gh k-1
h(apgmet 1) — \/h(aogt*) + q(\/h(aog™ ) — Goyr-1) (1.48)

(
h(aggnetk+l) — \/h(aoqnc+k) +qDn 11
(

\/
\/

= /h(aggrt 1) — /h(aggmet*) + Dy, 151 < 0.
Thus, D, <0, n > 1. Lemma 1.2.6 is proved. [

Let us continue with the proof of Lemma 1.2.5. From relation (1.34) we have
Gni1—Gn=(¢—1)G, + (1 - q)aoq"“HQ;Olanf(;H
= (1= ) (0™ Qe foll = Gin)
Using assumption (1.44) and applying Lemma 1.2.6, one gets

Gpi1 — G, <0, Vn>n,.

Let us prove that the integer n. is unique. Suppose there exists another integer ny such that
Gn,—1 < Gy, and G,, > G, 4+1. One may assume without loss of generality that n. < ng,.
Since Gy, > Gp11, Vn > n., and n. < ng, it follows that G,,,_; > G,,,. This contradicts the

assumption G,,_1 < G,,,. Thus, the integer n. is unique. Lemma 1.2.5 is proved. n

13



Lemma 1.2.7. Let G, be defined in (1.34). If o is chosen such that relations G > Co°,

C >1,e€(0,1), holds then there exists a unique ng satisfying inequality (1.33).

Proof. Let us show that there exists an integer ns so that inequality (1.33) holds. Applying
Lemma 1.2.4, one gets

limsup G,, < 6. (1.49)

n—oo

Since G; > C¢° and limsup, .. G, < d < C6%, it follows that there exists an index ns
satisfying stopping rule (1.33). The uniqueness of the index n;s follows from the monotonicity

of G,,, see Lemma 1.2.5. Thus, Lemma 1.2.7 is proved. O]

Lemma 1.2.8. Let Ay = f, y L N(A), and ns be chosen by rule (1.33). Then

limg™ =0, ¢€(0,1), (1.50)
SO
(151_1’>I(1)n(5 = 00. (1.51)

Proof. From rule (1.33) and relation (1.34) we have

qC° + (1 — Q)™ |Qygrs f3ll < aGns—1 + (1 = @)aog™ [|Q gns fll

(1.52)
- Gng < 0667
SO
(1 = @)aod™[|Qrygns foll < (1 —q)Co". (1.53)
Thus,
aoq"5||Q;01qn5 fsl| < Co°. (1.54)
Note that if f # 0 then there exists a Ao > 0 such that
F)\of?é07 <F)\()f7f> ::§> 07 (155)

where £ is a constant which does not depend on 4, and Fj is the resolution of the identity

corresponding to the operator @) := AA*. Let

h(o, a) = a®(|Q," f5|*.

14



For a fixed number ¢; > 0 we obtain
2

Ao
SA(Fs fs, [s) Z/O (Cc—12d(st5,f5>

1 +S)
| Fx f51I°
(Cl + )\0)2 ’

o0 2
2 2 _ L
h(d, c1) = c1]|Qc, sl /0 (c1 + $)

2

Ao
2 E /0 d(F.fs, fs) =

> 6> 0.
- (Cl+)\0

Since F), is a continuous operator, and || f — fs]| < J, it follows from (1.55) that

(lsii%<F>\of57f5> = <F>\0f7 f> > 0.

Therefore, for the fixed number ¢; > 0 we get

h(é, Cl) >c9 >0

(1.56)

(1.57)

(1.58)

for all sufficiently small 6 > 0, where ¢, is a constant which does not depend on . For

example one may take ¢, = 5 provided that (1.55) holds. Let us derive from estimate (1.54)

and the relation (1.58) that ¢™ — 0 as § — 0. From (1.54) we have
0 < h(d, apg™) < (C6°)2.

Therefore,

}si—r% h(6, pq™) = 0.
Suppose lims_o g™ # 0. Then there exists a subsequence ¢§; — 0 such that
apq"% > 1 >0,
where ¢; is a constant. By (1.58) we get
h(d;,00q™5) > ¢y >0, §; — 0asj— oo.
This contradicts relation (1.59). Thus, lims_0¢™ = 0. Lemma 1.2.8 is proved.

Lemma 1.2.9. Let ns be chosen by rule (1.33). Then

)
Vg™

— 0 asd — 0.

15
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Proof. Relation (1.35), together with stopping rule (1.33), implies

1 apgre!
© < Gyt < 0. 1.63
o) <G ST lyll + (1.63)
Then
1
< Iyl e e (0,1). (1.64)

A /aoqné_l - 2(1 — \/6)58(0 — 1)’
This yields

5 51—5
lim —— = lim ——— < lim = 0. 1.65
6—0 \/aoq"5 6—0 A /aoqqné_l T 6—0 2\/6(1 - \/a)(c - ]_) ||y|| ( )
Lemma 1.2.9 is proved. O

Theorem 1.2.10. Let y L N(A), ||fs — fI| <8, || fs]| > C6°, C > 1, e € (0,1). Suppose ns
is chosen by rule (1.33). Then

. 5 _

i [, — 1] = 0 (1.66)

)

where u),

is given in (1.13).
Proof. Using Lemma 1.2.2 and Lemma 1.2.3, we get the estimate

q
[tms =yl < Nty = toms |+ Jlems = 9l < 5 W -

. q3/2 + ||u”5

)
2qv/ g™ ol (1.67)
= [1 + [27
where I} := HLgm(l - q)ﬁ and Iy := |lun; — y||. Applying Lemma 1.2.9, one gets

lims_ol; = 0. Since ng — oo as § — 0, it follows from Lemma 1.2.2 that lims_o /I, = 0.

Thus, lims_ [|u® — y|| = 0. Theorem 1.2.10 is proved. O
ng

The algorithm based on the proposed method can be stated as follows:

Step 1. Assume that (1.14) holds. Choose C' € (1,2) and ¢ € (0.9,1). Fix ¢ € (0,1), and
choose ag > 0 so that (1.17) holds. Set n =1, and uy = 0.

Step 2. Use iterative scheme (1.13) to calculate u,,.
Step 3. Calculate G,,, where G, is defined in (1.34).

Step 4. If G,, < C6° then stop the iteration, set ns = n, and take v’ as the approximate
ng

solution. Otherwise set n =n + 1, and go to Step 1.

16



1.3 Iterative scheme 2

In?? the following iterative scheme for the exact data f is given:
Upy1 = aT; tu, + TP A, uy = uy L N(A), (1.68)

where a is a fixed positive constant. It is proved in®? that iterative scheme (1.68) gives the
relation

lim |lu, —yl| =0, yLN(A).

In the case of noisy data the exact data f in (1.68) is replaced with the noisy data fs, i.e.
uhpy = aT 'l + T, Ay, wn = uy LN(A), (1.69)

where || fs — f|| < ¢ for sufficiently small § > 0. It is proved in*? that there exist an integer
ns such that

. 5 _
lim [, 91| = 0, (1.70)

where u’ is the approximate solution corresponds to the noisy data. But a method of
choosing the integer ns has not been discussed. In this section we modify iterative scheme
(1.68) by replacing the constant parameter a in (1.68) with a geometric sequence {g"~1}°°
le.

Upy1 = q”Tq’nlun + TqZ,lA*f, up =0, (1.71)
where ¢ € (0,1). The initial approximation wu; is chosen to be 0. In general one may choose
an arbitrary initial approximation w; in the set N'(A)*+. If the data are noisy then the exact
data f in (1.71) is replaced with the noisy data fs, and iterative scheme (1.69) is replaced
with:

ud = q”Tq_nlqu + qulA*fg, ul = 0. (1.72)
We prove convergence of the solution obtained by iterative scheme (1.71) in Theorem 1.3.1

for arbitrary ¢ € (0,1), i.e.
lim [ju, —yl =0, Vg€ (0,1).
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In the case of noisy data we use discrepancy-type principle (1.85) to obtain the integer n
such that

. 5 _
lim [, — o] = 0. (1.73)

We prove relation (1.73), for arbitrary ¢ € (0, 1), in Theorem 1.3.6.
Let us prove that the sequence u,, defined by iterative scheme (1.71), converges to the

minimal norm solution y of equation (1.1).

Theorem 1.3.1. Consider iterative scheme (1.71). Let y L N(A). Then

lim [Ju, — y[| = 0. (1.74)
Proof. Consider the identity
y=al, 'y +T,'A"f, Ay=f. (1.75)

Let w,, := u, —y and B,, := q”Tq’nl. Then w41 = Byw,, w; =y—u; =y. One uses (1.75)
and gets
ly = unll* = | Bu-1Bp-s ... Biwn|* = || By-1Bus . .. Buyl[?

o] n—1 n—2 2
q q q
= d{FE,y,
/0 (q”1+sq”2+s q+s) (Esy,v)
o] qn—l 2 qn—2 2 q 2 (176)
= — — d(Esy,y)
0 q + s q + s qg—+s

[e’e) q2n
< ———-d(Ey,y),
_/0 (DK (Esy,y)

where F; is the resolution of the identity corresponding to the operator T := A*A. Here we

2

have used the identity (1.75) and the monotonicity of the function ¢(x) := w52 0.

From estimate (1.76) we derive relation (1.74). Indeed, write

00 q2n b q2n 00 q2n
——d(Fyy, :/ ———d(Fyy, +/ ——Fd(Ey,y), 1.77
|t = [ e+ [ B, 0

where b is a sufficiently small number which will be chosen later. For any fixed b > 0 one

has - < L. < 1 if s > b. Therefore, it follows that
a+s = q+b

o] 2n
q

18



On the other hand one has

b " b
/0 desy,y)s /0 d(Esy, ). (1.79)

Since y L N(A), one has lim,_o fob d{E.y,y) = 0. Therefore, given an arbitrary number

¢ > 0 one can choose b(e) such that

b(e) q2n €
/ — - d(Esy,y) < ;. (1.80)
o 2

q+s)*™m

Using this b(e€), one chooses sufficiently large n(e) such that

00 2n
q €
——d(Eyy,y) < =, Vn>n(e). 1.81
L e < (© (1.81)
Since € > 0 is arbitrary, Theorem 1.3.1 is proved. O

As we mentioned before if the exact data f are contaminated by some noise then iterative

scheme (1.72) is used, where || fs — f|| < 0. Note that

5 )
5 —u, < " T_nl o " .
[tni1 = tnpa || < ¢ T (uy — wn) | + 2:/q" 2/q"

To prove the convergence of the solution obtained by iterative scheme (1.72), we need the

<l — ) + (1.82)

following lemmas:

Lemma 1.3.2. Let u,, and u’ be defined in (1.71) and (1.72), respectively. Then

Ve o n>1. (1.83)

Juh,— ] <

VAT
Proof. Let us prove relation (1.83) by induction. For n = 1 one has u{ — u; = 0. Thus, for

n = 1 the relation holds. Suppose

5
lup — il < Vi 1<I<k. (1.84)

Then from (1.82) and (1.84) we have

||ui+1 — Upg1]| < ||U2 — gl +

SV +
2k T 1 —=Va2\/¢*  2\/¢F
)
<4 -
(1= a2V
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Thus,

)

(1= va)2va™

Lemma 1.3.2 is proved. O

Let us formulate our stopping rule: the iteration in iterative scheme (1.72) is stopped at

the first integer ns satisfying
JAT A* fs — f5l| < C6° < AT A" fs— foll, 1<n<ng C>1,e€(0,1), (1.85)
and it is assumed that || f5|| > Cé°.
Lemma 1.3.3. Let ud, be defined in (1.72), and W, := ||AT' A* fs — fs||. Then
Wi < Wy, n> 1. (1.86)
Proof. Note that
W = |AA*Qu f5 — f5ll = 1(Qqn — " 1) Qqi f5 — f51l = 114" Qg fs1l, (1.87)

where @) := AA*, and @, := Q + al,,. Using the spectral theorem, one gets
2n

oo 2(n+1) [eS)
W2 :/ S T 2N </ U Ffs, f5) = W2, 1.88
n+1 0 (q”+1+s)2 < f§ f5> = 0 (qn+5)2 < f5 f5> n ( )

where Fj is the resolution of the identity corresponding to the operator () := AA*. Here we

have used the monotonicity of the function g(z) = (xfs)% s > 0. Thus,
Wyar < Wy, n> 1. (1.89)
Lemma 1.3.3 is proved. [

Lemma 1.3.4. Let u} be defined in (1.72), and ||f5|| > C6¢, e € (0,1), C > 1. Then there

exists a unique index ng such that inequality (1.85) holds.
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Proof. Let e, := AqulA* fs — fs. Then

en = q" Qi f, (1.90)
where @), := AA* + al. Therefore,
leall < [la" Qg (f5s = H)Il + [la" Qg £
< fs — £l + Qg ul) < 6+ YLy, .

where the estimate ||Q; 1Al = ||AT, || < ﬁa was used. Thus,

limsup |le,|| < 0.

This shows that the integer ng, satisfying (1.85), exists. The uniqueness of ns follows from

its definition. ]

Lemma 1.3.5. Let u} be defined in (1.72). If ns is chosen by rule (1.85) then

)
lim — 0. (1.92)
d—0 4/q™
Proof. From (1.91) we have
n—1
JATLA s = foll < 64+ X —lleal. (1.93)

where e; := u; —y = —y. It follows from stopping rule (1.85) and estimate (1.93) that

nsg—1

O3 < AT 1 A" fs = fill < =5 —lleall + 6. (1.94)
Therefore,
VA
(€ =16 < el (1.95)
and so
1 ]l
< 0,1). 1.96
Vo Sac-ne <0 (1.96)
This implies
J J lea]|d led] oo
= < = oE 1.97
VAT gt T 220 =16 2¢2(C - 1) (1.97)
Thus, % — 0 as 0 — 0. Lemma 1.3.5 is proved. O

21



The proof of convergence of the solution obtained by iterative scheme (1.72) is given in

the following theorem:

Theorem 1.3.6. Let u’ be defined in (1.72), y L N(A), ||fs]| > C&, e € (0,1), C >
1, qe€(0,1). If ns is chosen by rule (1.85), then

|ud —y|| — 0 as § — 0. (1.98)

Proof. From Lemma 1.3.2 we get the following estimate:

N
wo—yl =L+, (199

and Iy := |lup; — y||. By Lemma 1.3.5 one gets I; — 0 as 6 — 0. To

gy =yl < N, =ty ||+ fln, =yl <

N
1—/2 2J/q%

prove limgs_.o I3 = 0 one needs the relation lims_ons = oo. This relation is a consequence of

where [ :=

the following lemma:

Lemma 1.3.7. If ns is chosen by rule (1.85), then

q"” —0asd—0, (1.100)
S0
(lsli%né = 0. (1.101)

Proof. Note that
AT A* fs — f5 = AA*Q  fs — f5 = (AA* + al,, — al) Qo fs — [

= f5—aQ, ' fs — f5 = —aQ, " fs,
where a > 0, @ = AA* and Q, = @ + al. From stopping rule (1.85) we have 0 <

|ATZEA" f5 — fil) < OF°. Thus,
lim [ AT, A" fs = fil] = lim 9" QL ] = 0. (1.102)

Using an argument given in the proof of Lemma 1.2.8, (see formulas (1.54)-(1.61) in which

apg = 1), one gets lims_q¢™ = 0, so lims_gns = co. Lemma 1.3.7 is proved. H

Lemma 1.3.7 and Theorem 1.3.1 imply Iy — 0 as 6 — 0. Thus, Theorem 1.3.6 is

proved. O
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1.4 Numerical experiments

In all the experiments we measure the accuracy of the approximate solutions using the

relative error:

5
u E—
Rel.Err = —H i y||’
1yl
where ||.|| is the Euclidean norm in R"™. The exact data are perturbed by some noises so
that
Ifs = fII <0,
where
e
f5 = f + 5_7
el

0 is the noise level, and e € R" is the noise taken from the Gaussian distribution with mean
0 and standard deviation 1. The MATLAB routine called "randn” with seed 15 is used to
generate the vector e. The iterative schemes (1.13) and (1.72) will be denoted by 1.S; and
IS5, respectively. In the iterative scheme 1.5, for fixed ¢ € (0, 1), one needs to choose a
sufficiently large g > 0 so that inequality (1.17) hold, for example one may choose oy > 1.
The number of iterations of IS} and ISy are denoted by Iter; and Itery, respectively. We
compare the results obtained by the proposed methods with the results obtained by using
the variational regularization method (VR). In VR we use the Newton method for solving

the equation for regularization parameter. In?* the nonlinear equation
| Auyr(a) — f5]|* = (C6)*, C =1.01, (1.103)

where uyp(a) = T, 'A*fs5, is solved by the Newton’s method. In this thesis the initial

@Q

i, where ks is the first integer

value of the regularization parameter is taken to be oy =
such that the Newton’s method for solving (1.103) converges. We stop the iteration of
the Newton’s method at the first integer n, satisfying the inequality [|AT, 'A* fs — fs|* —
(C0)?| <1073(C6)?,  ag := ap. The number of iterations needed to complete a convergent

Newton’s method is denoted by Iteryg.
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1.4.1 Ill-conditioned linear algebraic systems

Table 1.1: Condition number of some Hilbert matrices

n ~(4) = [[A]1A7]
10 1.915 x 1013
20 1.483 x 1028
70 8.808 x 1010°
100 1.262 x 10159
200 1.446 x 10393

Consider the following system:
H™y = f, (1.104)
where

= —i+;+1’ i,j=1,2,...m,

is a Hilbert matrix of dimension m. The system (1.104) is an example of a severely ill-
posed problem if m > 10, because the condition number of the Hilbert matrix is increasing
exponentially as m grows, see Table (1.1). The minimal eigenvalues of Hilbert matrix of

dimension m can be obtained using the following formula
Ain(H™) = 2154732 /i (V2 4+ 1) 74m 9 (1 4 0(1)). (1.105)

This formula is proved in?. Since x(H™)) = %, it follows from (1.105) that the

condition number grows as 0(63'\5/2%57” ). The following exact solution is used to test the pro-

posed methods:

y € R™, where y, = V.5k, k=1,2,...,m.

The Hilbert matrix of dimension m = 200 is used in the experiments. This matrix has

condition number of order 1039

, so it is a severely ill-conditioned matrix. In Table 2
one can see that the number of iterations of the iterative scheme IS; and 1.5, increases

as the value of ¢ increases. The relative errors start to increase at ¢ = .125. By these
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Table 1.2: Hilbert matriz problem: the number of iterations and the relative errors with
respect to the parameter q (ag =1, 6 =1072).

q IS, 1.5
RELErr  Itery RELErr  Iters.
5 0.031 24 0.032 23
25 0.031 13 0.032 13
125 0.032 9 0.032 9

observations, we suggest to choose the parameter ¢ in the interval (.125,.5). In Table 3 the

results of the experiments with various values of 0 are presented. Here the parameter e

Table 1.3: ICLAS with Hilbert matriz: the relative errors and the number of iterations

0 15, 1S, VR
RELErr Iterq RELErr ITters RELErr Iteryg.

5%  0.038 11 0.043 11 0.055 13

3%  0.037 12 0.034 12 0.045 14

1%  0.031 13 0.032 13 0.034 15

was .99. The geometric sequence {.25"71}°° | was used in the iterative schemes I.S; and
IS5. The parameter C' in (1.16) and (1.85) were 1.01. The parameter ks in the variational
regularization method was 1. One can see that the relative errors of I.S; and IS5 are smaller
than these for the VR. The relative error decreases as the noise level decreases which can

be seen on the same table. This shows that the proposed method produces stable solutions.

1.4.2 Fredholm integral equations of the first kind (FIEFK)

Here we consider two Fredholm integral equations :

)
£(s) = / k(t — s)u(t)dt, (1.106)
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where

B(z) = { 1+cos(32), |z <3

0, 2| > 3,
and
F(z) = { (()f? +2) [1 = cos(32)] — 2= sin(%),
b)
£(s) = /0 k(s u(t)dt, s € (0,1),
where
st —1), s<t;
(s:t) = { ts—1), s>t
and

(1.107)

(1.108)

(1.109)

(1.110)

(1.111)

The problem a) is discussed in? where the solution to this problem is u(x) = k(z). The

second problem is taken from” where the solution is u(z) = z. The Galerkin’s method is

used to discretized the integrals (1.106) and (1.109). For the basis functions we use the

following orthonormal box functions

buls) = { Ve BBonsl (1.112)
0, otherwise,
and
= ti* Jti )
Pi(t) = e (-1t (1.113)
0, otherwise,
where s; = di + i%, t; = ds + z%, i =0,1,2,...,m. In the problem a) the parameters

c1, Co, dy, dy, ds and dy are set to 12, 6, —6, 12, —3 and 6, respectively. In the second

problem we use dy = d3 = 0 and ¢; = ¢y = dy = dy = 1. Here we approximate the solution

u(t) by @ = 377", ¢;1;(t). Therefore solving problem (1.106) is reduced to solving the linear

algebraic system

Ac=f, ¢, f e R™,
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where in problem a)
3 16
Aij = /3 /6 k’(t — S)QSZ(S)Il)J(t)det
and f; = ff6 f(s)pi(s)ds, i,j =1,2,...,m, and in problem b)
11
Aij = A A kf(S,t)gbAS)@/h(t)det

and f; = fol f(s)pi(s)ds, and ¢; =c¢j i, =1,2,...,m.

Table 1.4: Problem a): the number of iterations and the relative errors with respect to the
parameter q (ag =2, §=1072).

q 15, 15,
RELErr Iterq RELErr Iters.
5 0.008 12 0.007 11
25 0.009 7 0.007 7
125 0.009 5 0.008 5

Table 1.5: Problem a): the relative errors and the number of iterations

) 15 1S, VR
RElLErr ITterq RElLErr ITtersy RElLErr Iteryg.

5%  0.018 6 0.014 6 0.016 11

3%  0.013 6 0.011 6 0.013 12

1%  0.009 7 0.007 7 0.008 15

The parameter m = 600 is used in problem a). In this case the condition number of the
matrix A with m = 600 is 3.427 x 10, so it is an ill-conditioned matrix. Here the parameter
C in IS] and ISy are 2 and 1.01, respectively. For problem b) the parameter m is 200. In
this case the condition number of the matrix A is 4.863 x 10%. The parameter C is 1.01 in
the both iterative schemes .57 and I.S;. In Tables 4 and 6 we give the relation between the
parameter ¢ and the number of iterations and the relative errors of the iterative schemes

1S and IS;. The closer the parameter ¢ to 1, the larger number of iterations we get, and
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Table 1.6: Problem b): the number of iterations and the relative errors with respect to the
parameter q (ag =4, §=1072).

q 1S, 1S,

REL Err Iter; RElL Err Iters.
b 0.428 17 0.446 15
.25 0.421 9 0.436 9
125 0.439 6 0.416 7

Table 1.7: Problem b): the relative errors and the number of iterations

0 15, 1S, VR
RELErr Iter; RELErr Iters RELErr Iteryg.

5%  0.618 7 0.621 7 0.627 12

3% 0541 8 0.559 8 0.584 13

1%  0.421 9 0.436 9 0.457 13

the closer the parameter ¢ to 0, the smaller the number of iterations we get. But the relative
error starts to increase if the parameter ¢ is chosen too small. Based on the numerical results
given in Tables 4 and 5, we suggest to choose the parameter ¢ in the interval (0.125,0.5).
In the iterative schemes IS; and IS, we use the geometric sequence {2 x .25"71}°° | for
problem a). The geometric series {4 x .25"71}°2 is used in problem b). In the variational
regularization method we use ag = 2 and oy = 4 as the initial regularization parameter of
the Newton’s method in problem a) and b), respectively. Since the Newton’s method for
solving (1.103) is locally convergent, in problem b) we need to choose a smaller regularization
parameter «q than for 757 and 155 methods. Here ks = 8 was used. The numerical results
on Table 5 show that the solutions produced by the proposed iterative schemes are stable.
In problem a) the relative errors of the iterative scheme IS, are smaller than these for the
iterative scheme IS] and than these for the variational regularization, VR. In Table 7 the
relative errors produced by the three methods for solving problem b) are presented. The

relative error of 1,57 is smaller than the one for the other two methods.
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1.5 Conclusion

We have demonstrated that the proposed iterative schemes can be used for solving ill-
conditioned linear algebraic systems stably. The advantage of the iterative scheme (1.13)
compared with iterative scheme (1.72) is the following: one applies the operator T, ! only
once at each iteration. Note that the difficulty of using the Newton’s method is in choosing
the initial value for the regularization parameter, since the Newton’s method for solving
equation (1.103) converges only locally. In solving (1.103) by the Newton’s method one
often has to choose an initial regularization parameter ay sufficiently close to the root of
equation (1.103) as shown in problem b) in Section 4.2. In our iterative schemes the initial
regularization parameter can be chosen in the interval [1,4] which is larger than the initial
regularization parameter used in the variational regularization method. In the iterative

scheme 157 we modified the discrepancy-type principle

t
| e awlQ las = o5 c e 1,2),
0

given in?*3 by using (1.10) to get discrepancy-type principle (1.33), which can be easily
implemented numerically. In Section 3 we used the geometric series {apg™}22, in place of

the constant regularization parameter a in the iterative scheme
Un+1 = aTa_lun + Ta_lA*f(;

developed in®2. This geometric series of the regularization parameter allows one to use the
a posteriori stopping rule given in (1.85). We proved that this stopping rule produces stable
approximation of the minimal norm solution of equation (1.1). In all the experiments stop-
ping rules (1.33) and (1.85) produce stable approximations to the minimal norm solution
of equation (1.1). It is of interest to develop a method for choosing the parameter ¢ in the

proposed methods which gives sufficiently small relative error and small number of iterations.
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Chapter 2

An iterative method for solving

Fredholm integral equations of the
first kind

2.1 Introduction

We consider a linear operator

(Ku)(x) == / k(x,z)u(z)dz = f(x), a<xz<b, (2.1)

where K : L?*[a,b] — L?*[a,b] is a linear compact operator. We assume that k(z,z) is a
smooth function on [a, b] X [a,b]. Since K is compact, the problem of solving equation (2.1)
is ill-posed. Some applications of the Fredholm integral equations of the first kind can be

found in'9 29 30

. There are many methods for solving equation (2.1): variational regular-
ization, quasi-solution, iterative regularization, the Dynamical Systems Method (DSM). A
detailed description of these methods can be found in??,2?,%°. In this Chapter we propose
an iterative scheme for solving equation (2.1) based on the DSM. We refer the reader to®’
and® for a detailed discussion of the DSM. When we are trying to solve (2.1) numerically,
we need to carry out all the computations with finite-dimensional approximation K, of the
operator K, lim,, . || K, — K|| = 0. One approximates a solution to (2.1) by a linear com-
bination of basis functions vy, (z) :== Y"1, C](-m)gzﬁj (x), where Cj(m) are constants, and ¢;(z) are

orthonormal basis functions in L?[0,1]. Here the constants ¢ ;m) can be obtained by solving

30



the ill-conditioned linear algebraic system:

m

j=1
where (Kp,)i; := f; fab k(z,8)p;(s)ds¢;(x)dr, 1 < i,j < m, and g; := fabf(x)mdx In
applications, the exact data f may not be available, but noisy data fs, || fs — f|| < ¢, are
available. Therefore, one needs a regularization method to solve stably equation (2.2) with
the noisy data ¢¢ := f: fs(x)¢i(x)dz in place of g;. In the variational regularization (VR)
method for a fixed regularization parameter a > 0 one obtains the coefficients Cj@’m) by

solving the linear algebraic system:

alP™ + 3 (K K)o ™ =g =12, m, (2.3)

J=1

where

b b b
(K Kp)ij o= / / k:(sw)gbi(x)/ k(s,z)¢;(z)dzdsdz,
\f = fsll <6, and k(s,z) is the complex conjugate of k(s,z). In the VR method one has

to choose the regularization parameter a. In?® the Newton’s method is used to obtain the

parameter a which solves the following nonlinear equation:
F(a) := | Knén — ¢°|* = (C0)*, C>1, (2.4)

where (,, = (al + K K,,) *K},¢°, and K}, is the adjoint of the operator K,,. In Chapter

1 the following iterative scheme for obtaining the coefficients C](m) is studied:
o = GGt + L= T, K’ dy =0, a4y = agd", (2.5)
where ag > 0, ¢ € (0,1),
Tom =T +al, T™ .= K!K,,, a>0, (2.6)

and [ is the identity operator. Iterative scheme (2.5) is derived from a DSM solution of
equation (2.1) obtained in?” p.44. In iterative scheme (2.5) adaptive regularization param-
eters a, are used. A discrepancy-type principle for DSM is used to define the stopping rule

for the iteration processes.
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The value of the parameter m in (2.4) and (2.5) is fixed at each iteration, and is usually
large. The method for choosing the parameter m has not been discussed in Chapter 1. In
this Chapter we choose the parameter m as a function of the regularization parameter a,,
and approximate the operator 7 := K*K (respectively K*) by a finite-rank operator 7™
(respectively K7):

lim | 7™ — T = 0. (2.7)

Condition (2.7) can be satisfied by approximating the kernel g(z, z) of T,

g(x, z) ::/ k(s,x)k(s, z)ds, (2.8)

with the degenerate kernel

m

Ggm(T,2) == Zwik(si,x)k(si,z), (2.9)

i=1

where {s;}/", are the collocation points, and w;,1 < ¢ < m, are the quadrature weights.
Quadrature formulas (2.9) can be found in®. Let K* be a finite-dimensional approximation
of K* such that

lim ||[K*— K| =0. (2.10)

m—00
One may choose K}, = P,,K*, where P, is a sequence of orthogonal projection operators
on L?[a,b] such that P,z — z as m — oo, Vo € L*[a,b]. We propose the following iterative
scheme:

ui’mn = qufhl’mw1 +(1-— q)T(;jmnK;"nnfg, ug,mo =0, (2.11)

where a, = aoq”, ap > 0, ¢ € (0,1), ||fs — fll < 6, Ty, is defined in (2.6) with 7™
satisfying condition (2.7), K7, is chosen so that condition(2.10) holds, and m,, in (2.11) is a
parameter which measures the accuracy of the finite-dimensional approximations 7™ and
K, at the n—th iteration. We propose a rule for choosing the parameters m, so that m,
depend on the parameters a,. This rule yields a non-decreasing sequence m,. Since m,, is
a non-decreasing sequence, we may start to compute T, 1mn K, fs using a small size linear

algebraic system

Topmng’ = K5, s, (2.12)
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and increase the value of m,, only if G,,,,, > C6%, C' > 2, ¢ € (0,1), where Gy, is defined
below, in (2.74). Parameters m, may take large values for n < ngs, where ns is defined
below, in (2.73). The choice of the parameters m;, i = 1,2,..., in (2.11), which guarantees
convergence of the iterative process (2.11), is given in Section 2. We prove in Section 3
that the discrepancy-type principle, proposed in Chapter 1, with 70" and K, in place of
T and K* respectively, guarantees the convergence of the approximate solution ufhmn to the

minimal norm solution of equation (2.1). Throughout this Chapter we assume that
y L N(K), (2.13)
and
Ky=1f, (2.14)
where NV (K) is the nullspace of K.
Throughout this Chapter we denote by K, the operator approximating K*, and define

T, =T+al, T:=KK, (2.15)

where a = const > 0 and [ is the identity operator.

The main result of this Chapter is Theorem 2.3.7 in Section 3.

2.2 Convergence of the iterative scheme

In this section we derive sufficient conditions on the parameters m;, i = 1,2,..., for the
iterative process (2.11) to converge to the minimal-norm solution y. The estimates of the

following Lemma are known (see, e.g.,?°), so their proofs are omitted.

Lemma 2.2.1. One has:

1
1T < = (2.16)
a

and

1
TR < —— 2.17
1T < 57 (217)

for any positive constant a.
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While T, is boundedly invertible for every a > 0, T,,, may be not invertible. The

following lemma provides sufficient conditions for 717, ,, to be boundedly invertible.

Lemma 2.2.2. Suppose that
|17 —T™)|| < ea, a=const >0, (2.18)

where € € (0,1/2]. Then the following estimates hold

2
1Tl < =, (2.19)
’ a
T L K*|| < L (2.20)
a,m — \/a
and
T W EKK| <2. (2.21)
Proof. Write
Ton =T, [I+ T, (T —T)]. (2.22)
It follows from (2.18) and (2.16) that
|7 (T = D) < |7, T =T < e < 1. (2.23)

Therefore the operator I + T, (T — T) is boundedly invertible. Since T, is invertible, it
follows from (2.22) and (2.23) that T, is invertible and

Tk = [[+ T, 0T 1)) T (2.24)
Let us estimate the norm |7, [. We have 0 < e < 1/2, so

_ 1 1
[+T, (1™ —1)] || < < <2 2.25
|+ 7 N S g ST S (225)
This, together with (2.16) and (2.24), yields
. 2
T <2 (2.26)
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Thus, estimate (2.19) is proved. To prove estimate (2.20), write

LK = [T+ 77T —T)] 7 T K™

a,m

Using estimates (2.25) and (2.17), one gets

1
TYK* < —
1T ||_\/a

which proves estimate (2.20). Let us derive estimate (2.21). One has:
T LK K = [[+ T, 1T —T)] T, K K.
Using the estimates ||7,'7T|| < 1 and (2.25), one obtains
1 1
||TamT|| S PR S 2.
’ 1—e€
Lemma 2.2.2 is proved. O

Lemma 2.2.3. Let g(x) be a continuous function on (0,00), ¢ > 0 and ¢ € (0,1) be

constants. If

lim g(z) = g(0) := go, (2.27)
then .
lim Y (¢" 7" = ¢"7) gleg™) = go. (2:28)
Proof. Let
wj(ﬂ) =g — gt wj(,”) >0, (2.29)
and
-1
Fi(n) = w{"g(cq’). (2.30)
j=1
Then

[Fot1(n) = gol < [Fi(n)| +

> wg(eq’) = go
=L

Take € > 0 arbitrary small. For sufficiently large /(€) one can choose n(e), such that

[ Fie(n)] <

< g, Vn > n(e),
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because lim, . ¢" = 0. Fix | = I(€) such that |g(cg’) — go| < § for j > I(e). This is possible
because of (2.27). One has

and

Zw 9(cq’) — g0 Zw l9(ca’) = gol +1 Y wi™ = 1]|gol

j=l(e) j=l(e)

Z w; M g1 go

JZE)
Sé_'_lgo‘qi SE,

if n is sufficiently large. Here we have used the relation

Do =1 gt
j=l

Since € > 0 is arbitrarily small, relation (2.28) follows.

Lemma 2.2.3 is proved. O

Lemma 2.2.4. Let

= QU+ (L= OTK S, wo=0, ayi=aeg”, q€(0,1).  (231)
Then )
lun =yl < q"llyll + ) (6" 77" = ") @l Tyl Yn > 1, (2.32)
=0
and
|lun —yl] — 0 as n — oo. (2.33)

Proof. By induction, we obtain
Z w T, K, (2.34)
where w§n) = ¢" 771 — ¢"7J. This, together with the identities Ky = f,

T'K*'K =T, (K*K +al —al) =1 —aT," (2.35)
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and

Zw](-n) =1-q", (2.36)

yield

n—1
Uy = Z wj(n)T(;jil (Ta;, — ajal)y
=0
n—1 n—1
_ (n) (n) -1
- Z w; Y — Z W aj+1Ta],+ly
j=0 J=0

n—1
=y—q"y— Y wan T, y.
§=0

Thus, estimate (2.32) follows. To prove (2.33), we apply Lemma 2.2.3 with g(a) := a||T, 'y/|.
Since y L N(K), it follows from the spectral theorem that

[e'e) 2
. 2 T a . 2 __
lim g(a) = lim / @B = IPvuoyl* =0

where E is the resolution of the identity corresponding to K*K, and P is the orthogonal
projector onto N (K). Thus, by Lemma 2.2.3, (2.33) follows.

Lemma 1.2.2 is proved. O

Lemma 2.2.5. Let u, and a, = apq", ag > 0, ¢ € (0,1) be defined in (2.31), T,,, be
defined in (2.6), m; be chosen so that

a;

|IT-T <5, 1<i<n, (2.37)
and
Un.my, = QUn—1,m, , + (1 — q)TC;jmnK;nf, Uo.me = 0. (2.38)
Then
n—1 .
K K —TmMm+)y
[t — uall < @Iyl + y = wall + 23wl 1Fos i
=0 @j+1
- (2.39)
+23  wl a7 ll,
=0

where w™ are defined in (2.29).

J
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Proof. One has wgn) >0,0<qg<1, and
ij(-i)l =1—-¢"—1, as n— oo.
Therefore one may use wj +1 for large n as quadrature weights. To prove inequality (2.39),

the following lemma is needed:

Lemma 2.2.6. Let u,,,,, be defined in (2.38). Then

Un,m,, = Z wJJrl (l]+1,m7+1K:nj+1 f’ n > Oa (240)
where w; are defined in (2.29).

Proof. Let us prove equation (2.40) by induction. For n =1 we get
Wiy = quo + (1= Q)T Ko f = (U= @) T, L Ko f

:wg)alml f’

so equation (2.40) holds. Suppose equation (2.40) holds for 1 < n < k. Then

Ukt 1mpgr = qQUkmy, T <1 - Q)Ta_k-u mk+1K;"bk+1f

_ K) e . . .
=4 Z wJ+1Tag+17m]+1ij+1f +(1- q)TakH mk+1Kmk+1f

S i K
—Z Wi Ty By
Here we have used the identities qw](n) = w](.nH) and 1 — ¢ = w](.j). Equation (2.40) is
proved. O
By Lemma 2.2.6, one gets:
Unma — Z wJ+1 ag+1,mg+1K:"bj+1Ky —u

= Z w]+1 aj+1,mj+1(K* K — T(mi+1) 4 T(m”l))y —u,

mj41
= [1 + 127
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where

]1 = Z w]n) Ta;-&-l mj+1 (K’:;”L +1K - T(mj+l) + T(mj+l))y7

and

We get

QG141 N7 M1 Qj+1,M 41

n—1 ~
= Sl 150y K~ Ty LT sy

_NC L0 [ . m,
_E:wﬁ1j¢%mﬂugugr_T<ﬁ%y+y—aﬂﬂ@ﬂmﬁﬂ]

— - (n) [ -1 * m; -1
= Z wj+1 _Taj+1,mj+1(Km +1K — T( J+1))y — aj+1Taj+1’mj+ly]
+y—fy

-1 " s
— Z w]-‘rl aj41,Mj41 (Km +1K — T( ]+1)>y
(n) _ . . )
N Z Wi+ (T%H Myl Taj+1 + Taj+1)y Ty—qy
=y — q Y+ Z w]-i-l aJ+1 mj41 (Kr*n +1K - T(mj+1)>y

- Z w]+1 |:a/]+1 a]il mj41 (T - T(mj+l))T(l +1y + a]+1Ta

Therefore,

n—1

L+L=y—u,—q"y+ ij(ilTa_ﬁl,m]ﬂ(K;jHK — T(mj+1))y
7=0

(2.42)
- Z wﬂ“ [ajﬂ aji1 T aj“Ta;lemHl (T - T(mj+1)>Tfl_;+1 Y-
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Applying the estimates |70") — T'|| < % and ||T,,

mz
n—1

[ttnn = ] < q" [yl + Iy = unll + > wPhaza |7} vl
7=0

+ Z w‘]+1H a]+1,m3+1( :n +1K - T(mﬂ+1))yH

+ Z w +1Ha.7+1 aj+1 mj4+1 (T T(m]+l))Ta;ilyH

n—1

< gyl + ly = unll + > wiPaza |7} vl
7=0
+Zw]+1H Ty MG K = T )y |

+Zw]+1ay+1|| Tty T =TTy

n—1
<"yl + ly — wall + D wiPia; |75yl

7=0
n—1
+Zw]+1_”( m+1K Tm]+1 )y”
7=0

+ Z wiPag | T, il

Lemma 2.2.5 is proved.

Lemma 2.2.7. Under the assumptions of Lemma 2.2.5 if

1K, - K7l < 5

then
mma il — 1 q3/2\/a ,_an.

Hun,mn —u

Proof. We have
5

Unmp = Upm, = Q(un—l,mnq - ufz—l,mn,l) + (1 - Q)Tanlmn m"(f fd)

= q(“”-L’mn—l - ui—l,mnfl) + (1 - Q>Ta_n mn (Kr*nn - K*)<f - f5)
+ (1= Q)T 0 K (f = fo).
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(2.43)

(2.44)

(2.45)
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Since || f — fs5]| <0, || anmnK*H < F and ||K} — K*
8 < 0 25 2.47
||u”l7mn - un,mnH = (J||Un—1,mn_1 - un—Lmn,lH + \/@ ( : )
Let us prove estimate (2.45) by induction. Define H,, := ||tupm, — nm | and h,, \f\ﬁ

For n =0 we get Hy =0 < 3/2h0 Thus (2.45) holds. Suppose estimate (2.45) holds for
0<n<k. Then

q q
Hk+1§qu+hkSQ%hk+hk: q \/_32+1 hu,
L —q¥ L—q¥ (2.48)

= = - Va (2.49)

Lemma 2.2.7 is proved. O
The following theorem gives the convergence of the iterative scheme (2.11).

Theorem 2.2.8. Let uf,,, be defined in (2.11), m; be chosen so that

1T =T < a/2, (2.50)
|70 — K7, K| < af, (2.51)
1K, — K| < Vai/2, (2.52)

and ng satisfies the following relations:

— 0. (2.53)

limns = oo,

)
5—0 5—0 \/_
Then
. FY o
lim [, ., =l = 0. (2.54)
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Proof. We have

Hy - Ufm,mnH < ”y - un” + Hun - un,mnH + Hummn - u’fb,mn

From (2.39) and estimate (2.51) we get

n—1 n—1
[t — tall < @9l + ly = wall + 2> wlPasallyll + 2> witiam 1T, vl

3=0 J=0
This, together with Lemma 2.2.7, implies
o
—u <2!J e —
|y — u || < (n) + (1—¢)a, )’
where

n—1 n—1
q" n n -
J(n) = Syl + lly = wall + Y wPiagilyll + Y wihaa Tyl
j=0 j=0

and wj(-") are defined in (2.29). Since y L N(A), it follows that

0 2
lim a2|| 7! 2:/ Y WEg.y) = ||P 2
lim a?|| 7, "y o (Esy,y) = |Pyacyyll” = 0,

(2.55)

(2.56)

(2.57)

(2.58)

where Ej is the resolution of the identity of the selfadjoint operator T', and Pyr (k) is the or-

thogonal projector onto the nullspace N (K). Applying Lemma 2.2.3 with g(a) := a||T, 'y||,

one gets
n—1

Jim 3wl Tl =0
j=0

Similarly, letting g(a) := al|y|| in Lemma 2.2.3, we get

n—1
Jm 23 S wasalyl =0
=0

Relations (2.59) and (2.60), together with Lemma 1.2.2, imply

lim J(n) = 0.

n—oo

(2.59)

(2.60)

(2.61)

If we stop the iteration at n = ns such that assumptions (2.53) hold then lims .o J(ns) =0

)

and lims_,g = = 0. Therefore, relation (2.54) is proved. This proves Theorem 2.2.8.

an g
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2.3 A discrepancy-type principle for DSM

In this section we propose an adaptive stopping rule for the iterative scheme (2.11). Through-

out this section the parameters m;, i = 1,2, ..., are chosen so that conditions (2.50)-(2.52)
hold,
|Q — QU < ea;, €€ (0,1/2], a; = apq’, o = const > 0, (2.62)
where
0= KK* (2.63)

and Q™) is a finite-dimensional approximation of Q. One may satisfy condition (2.62) by

approximating the kernel ¢(x, s) of @,

b
q(x,s):/ k(x, 2)k(s, z)dz, (2.64)

with i
Gm(z,8) = Z%k(x, 2)k(s, z), (2.65)
i=1
where ~v;, i =1,2,...,m, are some quadrature weights and z; are the collocation points.
Lemma 2.3.1.
1Q1] < 2 (2.66)
and
Q. K| < ﬁ (2.67)

for any positive constant a.

Proof. Since (Q = Q* > 0, one uses the spectral theorem and gets:

1 1
—1 _ < -
1Q, "l Sup S
Inequality (2.67) follows from the identity
Q'K =KT;', T:=KK, T,:=T+al, (2.68)
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and the estimate

sl/2 1

KT Y = |\ UT2T ) < | TV = < 2.69
IKT ) = UTY2L ) < T = sp S < o= (269
where the polar decomposition was used: K = UTY2 U is a partial isometry, ||U| = 1.
Lemma 2.3.1 is proved. O
Lemma 2.3.2. Suppose m is chosen so that
1Q — Q™| <ea, €€ (0,1/2], a>0. (2.70)
Then the following estimates hold:
_ 2
lQamll <~ (2.71)
QLK < —=. (2.72)
a,m — \/a
Proof of Lemma 2.3.2 is similar to the proof of Lemma 2.2.2 and is omitted.
We propose the following stopping rule:
Choose ng so that the following inequalities hold
Gugmng, < C° < Grm,, 1<n<ns, C>2, c€ (0,1), (2.73)
where
Gn,mn = anfl,mnfl + (1 - Q)an“Q;nl,mnféH7
(2.74)
Gome =0, Gimy > C6, a,=qan_1, ay=ay=const>0,
and
Qa,m = Q(m) +al. (275)

The discrepancy-type principle (2.73) is derived from the following discrepancy principle for

DSM proposed in 2833

ts
/ e_(tf‘_s)a(s)||Q;é)f5||d8 =Cy O>1, (2.76)
0
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where 5 is the stopping time, and we assume that

The derivation of the stopping rule (2.73) with Q™) = @ is given in Chapter 1. Let us prove
that there exists an integer ns such that inequalities (2.73) hold. To prove the existence of
such an integer, we derive some properties of the sequence G, ,,, defined in (2.74). Using

Lemma 2.3.2, the relation Ky = f, and the assumption ||fs — f|| <, we get

nl|Qay o foll < anll Q) m, (fs = P + anl|Qalm, S

(2.77)
< 26+ 2V/a, |yl
where estimates (2.71) and (2.72) were used. This, together with (2.74), yield
Grmn < 4Gntm,y + (1= 9)20 + (1 = ¢)2V/an|lyl), (2.78)
S0
Grm, =20 < q(Grrm, . —20) + (1 = @)2v/gy/an—lyll; (2.79)
where the relation a, = qa,_1, ag = ag = const > 0, was used. Define
U, = G, — 26, (2.80)
where G, is defined in (2.74), and let
Un = (1= q)2/anllyll- (2.81)
Then
\I/n S q\I/n_l + \/alpn_l. (282)
Lemma 2.3.3. If (2.80) and (2.81) hold, then
v, < L P >0 (2.83)
n — ny n - . .
=4
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Proof. Let us prove this lemma by induction. For n = 0 we get

1
Uy =—29 .
0 S \/ﬁ%
Suppose estimate (2.83) is true for 0 < n < k. Then
q
Vi1 < gV + /qUi < 1 U + V@i = Va (8
b=va b= va (2.84)
_ Va4 Va1 1 '
== Y1 < — U1 = ———=Vp41-
T—Vaden ST vava T 1
Here we have used the relation
b Q-e2valyl _ ya _ ya _ 1 s
ey (1= @2yaallyll Vet qar  +\/q
Thus, Lemma 2.3.3 is proved. ]

By definitions (2.80), (2.81), and Lemma 2.3.3, we get the estimate

1
Gnm, <20+ 1—q)2v/a,|lyll, n=>0, 2.86
=0 - 02yl (2.56)
SO
lim sup Gy, ,,, < 20 (2.87)

because lim,,_,, a,, = 0.
Since Gy, > C0°, C > 2, ¢ € (0,1) and limsup,,_,., G.m, < 29, it follows that there exists
an integer ns such that inequalities (2.73) hold. The uniqueness of the integer ns follows

from its definition.

Lemma 2.3.4. If ns is chosen by the rule (2.73), then

J

— 0 asd— 0. (2.88)
N
Proof. From the stopping rule (2.73) and estimate (2.86) we get
C6° < Gg—1mn; 1 <20+ T \/5<1 — Q)2+/ans—1||y]|- (2.89)
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This implies
1

1
Vi S - vaC -2

(1 =a)2|yll;

5 51—5
Vi = Vil = yaC —2)

Lemma 2.3.4 is proved.

Lemma 2.3.5. If ng is chosen by the rule (2.73), then

lim ns = oo.
6—0

Proof. From the stopping rule (2.73) we get

405 + (1= Qangl|Qut o ol < 4Grgtims+ + (1= Dangl|QuL . Jol

= Gngm,, < C0°.
This implies
0 < an,[|Qq s, f5ll < COF — 0 as 6 — 0.

Note that

0 S a"&HQan flSH < an&H( ané - an6 My g )f5|| +an5HQan6 mnéflsH

= an(;HQ;né (Qa’ﬂ57m’n5 - Qan5) an(; Mng f(sH + anéHQan(; Mg fsz

= a,, Q2L Q™) — QQL . Foll + an, |Qu o Fol

< ans [ Q) Q™) = QUIQG s, Joll + ang | QG o, S5l
2

S anéa EOJTL&HQané mnb.f(SH + an&HQané mnb.f(sH

< 2an6 Hcgan(s Min,g f5H7

(1—¢)2|ly|| = 0asd— 0.

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

where estimates (2.62), (2.71) and 0 < € < 5 were used. This, together with (2.94), yield

lim a0, Q. sl = 0.

To prove relation (2.92) the following lemma is needed:
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Lemma 2.3.6. Suppose condition ||f — fs]| < 6 and relation (2.96) hold. Then
LISI_I% apns = 0.

Proof. If f # 0 then there exists a A\g > 0 such that

FAof#()? <F)\of7f>::£>07

(2.97)

(2.98)

where £ is a constant which does not depend on 4, and Fj is the resolution of the identity

corresponding to the operator () := K K*. Let
B 0) = a2 Qa fsll2 Q= KK*, Qui=al + Q.

For a fixed number ¢; > 0 we obtain

9 2 > C% Ao C%
h(éacl) _Cl||Qc1f5|| _/0 (Cl_|_s)2d<st6af5> 2/0 (Cl+s)2d<st57f5>
c} Ao G F sl
> m/o d(Fsfs, f5) = ICESHER 6> 0.

Since F), is a continuous operator, and ||f — fs]| < J, it follows from (2.98) that

y_f}%wmfa,fﬁ = (F)\f, f) > 0.

Therefore, for the fixed number ¢; > 0 we get

h(é, Cl) >co >0

(2.99)

(2.100)

(2.101)

for all sufficiently small 6 > 0, where ¢y is a constant which does not depend on 9. For

example one may take ¢y = § provided that (2.98) holds. It follows from relation (2.96) that

(l$1_r)% h(6, ans) = 0.

Suppose lims_.g a,,, 7# 0. Then there exists a subsequence ¢; — 0 such that

Oéoangj Z cL > 07
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where ¢; is a constant. By (2.101) we get
h(0j; ng,) > c2 >0, &5 — 0 as j — oc. (2.104)

This contradicts relation (2.102). Thus, lims_. a,, = 0.

Lemma 2.3.6 is proved. O

Applying Lemma 2.3.6 with a,, = apg¢™, ¢ € (0,1), ap > 0, one gets relation (2.92).

Lemma 2.3.5 is proved. O

We formulate the main result of this chapter in the following theorem:

Theorem 2.3.7. Suppose m; are chosen so that conditions (2.50)-(2.52) and (2.62) hold,

and ng is chosen by rule (2.73). Then
. 5 .
(151_I>I(1) ||u’n5,mn5 - y” =0. (2105)

Proof. From (2.57) we get the estimate

5
90 <
1y — vy am I < 2 (J(m) T q3/2)\/a_m;> : (2.106)

where J(n) is defined in (2.58). It is proved in Theorem 2.2.8 that lim,, .., J(n) = 0. By

Lemma 2.3.5, one gets ng — 0o as § — 0, so lims_g J(ns) = 0. From Lemma 2.3.4 we get

lims_,o —>—= = 0. Thus,
8

Vang
lim [y — ), | = 0.
Theorem 2.3.7 is proved. O

2.4 Numerical experiments

Consider the following Fredholm integral equation:

1
Ku(s) := / e *u(t)dt = f(s), se€]l0,1]. (2.107)

0
The function u(t) = ¢ is the solution to equation (2.107) corresponding to f(s) = #

We perturb the exact data f(s) by a random noise 6, 6 > 0, and get the noisy data
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fs(s) = f(s) + 6. The compound Simpson’s rule (see®) with the step size g is used to

approximate the kernel g(z, ), defined in (2.8). This yields

2m+1

= 3 ks /Olk<sj,z>u<z>dz,

where k(s,t) := e %, ﬂ(-m) are the compound Simpson’s quadrature weights: B%m) = 652311 =

1/3
o, and for j =2,3,...,2™

43 - '
(m) _ ) Fw, Jiseven; 9108
bi { 3@, otherwise, (2.108)
and s; are the collocation points: s; = ]le, g=12,...,2" 4+ 1.
Let
Y = (T = T)ull,
h(s,z,z) = k(s,x)k(s, z)
and
1 O*h(s,x,z) 16
= — — = 2.109
T 180 arcion)sclon] | s 180 (2.109)
Then
1 1 2m+1 2
’731:/ / (/ sxzds—Zﬁ sj,x,z)>u(z)dz dx
O 170 A0 (2.110)

1 1 2
< <
_/o /o 2im ulz)dz| do (24 > fell™

The upper bound ¢; for the error of the compound Simpson’s quadrature can be found in®.

Thus,

||T—T(m)||§2i—1m—>0asm—>oo.

Similarly, we approximate the kernel ¢(x, s) defined in (2.64) by the Simpson’s rule with the

step size and get

27n

lQ — Q™| < ——>Oasm—>oo (2.111)
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Let us partition the interval [0, 1] into 2™180, m > 0, equisized subintervals D,;, where

D; =[dj-1,dj), 5 =1,2,...,2™. Then |d; — d;—1| = j=1,2,...,2™ and using the

1
2m180°

Taylor expansion of e** about s = d;_;, one gets

e = e~ s —dy ) < 3 ET D < (- )2 30y

|
=2 g j=0
0 J m
< 1 Z 1 _ 1 2180 (2.112)
— 22m]180?2 = 2m180 22m1802 2m180 — 1
L <1 Vs e D;, t €]0,1]
= s ; .
2m180(2m180 — 1) — 22m180’ 7 ’
This allows us to define
Z/ Gt — (s — dj_1)|u(s)ds. (2.113)
This, together with condition (2.112), yields
2
I(K* — K)ul|* = e —e L —t(s — dj_1)]) u(t)dt| ds
(2.114)
)|dt| d 2
= 22m1802/ (B)ld} ds < 247711802H ol
Thus,
1
|K*— K| < 55m 180 — 0 asm — oo. (2.115)
Moreover
I — K Kull < (T = Thul| + (T = K5, K )ul
< 24mH ull + [ = K [l u (2.116)
<
- 24m180|| ull + 22’”180” ull = 22m180|| ull-

Here we have used the constant ¢; = 16/180 and the estimate |k(s,t)| < maxgcjo,1) 6| =

1. Thus,
17

TM — K* K| < .
| K| < 53m 180

(2.117)
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To satisfy condition (2.50) the parameter m; may be chosen by solving the equation

@] Q;

= —. 2.118

To get m; satisfying condition (2.51), one solves the equation
— = nd? 2.119
2mitgg 0 (2.119)

where 1 = const > 10. Here we have used the estimate |7 — K, K| < na? instead of
estimate (2.51). This estimate will not change our main results. The reason of using the
constant 7 > 10 than of 1 in (2.119) is to control the decaying rate of the parameter a? so
that the growth rate of the parameter m; in (2.119) can be made as slow as we wish. To

obtain the parameter m; satisfying condition (2.52), one solves

o _ Vo (2.120)

92m; - 9

Hence to satisfy all the conditions in Theorem 2.3.7, one may choose m; such that

— { Fn(zcl/aﬂ | rmﬁfmﬂ | Fn@q/@-)w } | 2.121)

41n?2 2In2 2In2
where [x] is the smallest integer not less than z, ¢; is defined in (2.109), a; = apq’, ag >
0, ¢ € (0,1). In all the experiments the parameter n in (2.121) is equal to 10 which is
sufficient for the given problem. To obtain the approximate solution to problem (2.107), we

consider a finite-dimensional approximate solution

2771
w) o (2) == Pru(z) = Z C](-m"’é)fbj(x), (2.122)
J=1
P, : L2[O7 1] — Ly,
Lm = span{@l, (I)Q, e CI)Qm}, (2123)

where {®;} are the Haar basis functions (see®): ®,(x) = 1 Vz € [0,1], and for j =
21y p 1=1,2,....m, p=1,2,...,271

2(1—1)/27 = [pfl p*1/2);

ol—1 "9l—1 (2'124)
®](x) = _2(l—1)/2’ T € [pz—li/f, 2[111);
0, otherwise.
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Let us formulate an algorithm for obtaining the approximate solution to (2.107) using
iterative scheme (2.11), where the discrepancy-type principle for DSM defined in Section 3

is used as the stopping rule.
(1) Given data: K, fs, J;
(2) initialization : o > 0,7 >10, ¢ € (0,1), C > 2, u),, =0, Gy =0, n=1;
(3) iterate, starting with n = 1, and stop until the condition (2.133) below holds,

(a) a, = apq",

(b) choose m,, = max{[ln@cl/“”)-‘ , an/(lgomi))-‘ , [1n(2c1/\/a)"‘ }, where ¢; is de-

41n2 2In2 2In2

fined in (2.109), and a,, are defined in (a),
(c) construct the vectors v° and ¢°:
v = (K £, @), i=1,2,...,2m, (2.125)
@ ={f5,®) i=1,2,...,2™, (2.126)

(d) construct the matrices A,,, and B,,,:

2mn 4]

(A )i 1= > B k(si, ), @) (k(s1,) @),

i, =1,2,3,...,2™",

(2.127)

2mn 4]

(Bua)ig = > 0" k(- 51), @) k(- 50) D;),

i,j=1,2,3,...,2m

(2.128)

where Bi(m") and nl(m") are the quadrature weights and s; are the collocation

points,

(e) solve the following two linear algebraic systems:

(an + Ay, )0 = 00 (2.129)
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where (((mn9); = Ci(mnﬁ) and
(and + By, )7 = ¢, (2.130)

where (y(mn9)); = A0

7 )

(f) update the coefficient (™) &) of the approximate solution u,, ,, () in (2.122)

by the iterative formula:

gmn
Mn,0
Ul (1) = qui_y (@) + (L= q) Y "0 (), (2.131)
=1
where

UG o () = 0, (2.132)

until
Gnm, = 4Gn-1m, , + anHﬁy(mma)H < C¢". (2.133)

Since K is a selfadjoint operator, the matrix B,,, in step (d) is equal to the matrix A,,, .

)

mn

We measure the accuracy of the approximate solution S by the following average error

formulas:

S0 ulty) —ud, (t;)]
Avg = = ]100 i 4 =0, t;=001j, j=2,3,...,99, (2.134)

where u(t) is the exact solution to problem (2.107). In all the experiments we use ag = 1,
g = 0.25, C = 2.01 and € = 0.99. The linear algebraic systems (2.129) and (2.130) are
solved using MATLAB. The levels of noise: 5%, 1%, and .05% are used in the experiments.
For the level of noise 5% the stopping condition is satisfied at m,; = 2. The resulting
average error is 0.1095. When the noise level ¢ is decreased to the level of noise 1%, we get
the average error Avg = 0.0513, so the accuracy of the approximate solution is improved.
The parameter m,, for this level of noise is 3, so one needs to solve a larger linear algebraic
system to get such accuracy. When the noise is .5% the average error is improved without

increasing the value of the parameter m,,. In this level of noise we get Avg = 0.0452. The
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Figure 2.1: Reconstruction of the exact solution u(t) = t using the proposed iterative
scheme
value of the parameter m,, increases to 4 as the level of noise § decreases to 0.05%. The
average error is improved to 0.0250. Figure 1 shows the reconstructions with the proposed
iterative scheme for the noise levels: 5%, 1%, 0.5% and 0.05%.

We compare the results of the proposed iterative scheme with the iterative scheme pro-

posed in Chapter 2:

w =qul_ +(1— )T, 'K*f5, uy=0, a,=aq", ag>0. (2.135)

n —

In this iterative scheme we need to solve the following equation:

(an + A)z = A" fs, (2.136)
where
1 1
(A);; = / @i(s)/ e ', (t)dtds, i,j=1,2,...,2™, (2.137)
0 0
1
(Fo)s = / F5(s)®i(s)ds, i=1,2,...,2" (2.138)
0
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—*— the approximate solution

#— the approximate solution.
©— the exact solution

©— the exact solution

*— the approximate solution —— the approximate solution.
©— the exact solution P ©— the exact solution

d=.5%,m=4 0 =.05%, m=4

Figure 2.2: Reconstruction of the exact solution u(t) =t using iterative scheme (2.135)

and ®;(z) are the Haar basis functions. In all the experiments the value of the parameter
m in (2.137) and (2.138) is 4, so the size of the matrix A in (2.136) is fixed to 16 x 16 at
each iteration.

In Table 1 we compare the results of the proposed iterative scheme with of iterative
scheme (2.135). Here the proposed iterative and iterative scheme (2.135) are denoted by It;
and [tq, respectively. For the levels of noise 5%, 1%, 0.5% the CPU time of iterative scheme
(2.135) are larger than of these for the proposed iterative scheme, since at each iteration of
iterative scheme (2.135) one needs to solve linear algebraic system (2.136) with the matrix A
of the size 16 x 16 while in the proposed iterative scheme one only needs to use smaller sizes
of the matrix A at each iteration. In general the average errors of the proposed iterative

scheme are comparable to of these for iterative scheme (2.135).
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Table 2.1: Fized vs adaptive iterative scheme

Ity Ity
) Avg Mg CPU time Avg m  CPUtime
(seconds) (seconds)
5% 0.1095 2 0.1563 0.1346 4 0.5313
1% 0.0513 3 0.2188 0.0339 4 0.5313
0.5% 0.0452 3 0.2344 0.0300 4 0.5469
0.05% 0.0250 ) 0.8281 0.0206 4 0.5313

2.5 Conclusion

A stopping rule with the parameters m,, depending on the regularization parameters a,, is
proposed. The m,, is an increasing sequence of the regularization parameter a,,. This allows
one to start by solving a small size linear algebraic system (2.129), and one increases the
size of the linear algebraic system only if GG, > C'0°. In the numerical example it is demon-
strated that a simple quadrature method, compound Simpson’s quadrature, can be used for
approximating the kernel g(z, z), defined in (2.8). Our method yields convergence of the
approximate solution g .~ to the minimal norm solution of (2.1). Numerical experiments
show that all the average errors of the proposed method are comparable to of these for
iterative scheme (2.135). Our numerical experiments demonstrate that the adaptive choice
of the parameter m,, is more efficient, in the following sense: the value of the parameters m,,
of the proposed iterative scheme at the noise levels 5%,1% and 0.5% are smaller than of the
parameter m, used in the iterative scheme (2.135). Therefore the computational time of the
proposed method at these levels of noise is smaller than the computational time for the iter-
ative scheme (2.135). The adaptive choice of the parameters m,, may give a large size of the
matrix A,,, in (2.129), since m,, is a non-decreasing sequence depending on the geometric
sequence a,, so the CPU time increases as the value of the parameter m,, increases. In the
iterative scheme (2.135) the size of the matrix A in (2.136) is fixed at each iteration, so the
CPU time depends on the number of iterations. The drawback of using a fixed size 2™ x 2™

of the matrix A in (2.136) at each iteration is: the solution u’, defined by formula (2.135),
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where n = n(d) is found by the stopping rule (2.73) with m, = m Vn, may approximate
the minimal norm solution on the finite-dimensional space L,, = span{®, ®,, ..., Pom } not
accurately, so that for some levels of the noise the exact solution to problem (2.107) will
not be well approximated by any function from L,,. From Table 1 one can see that the
number of basis functions used for an approximation of the minimal norm solution with the
accuracy 0.1095 by the iterative scheme with the adaptive choice of m,, is four times smaller
than the number of these functions used in the iterative scheme with a fixed m, while the

accuracy is 0.1095 in I¢; and 0.1346 in [t, (see line 1 in Table 1).
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Chapter 3

Inversion of the Laplace transform
from the real axis using an adaptive
iterative method

3.1 Introduction

Consider the Laplace transform :
£1) = [ e H0d=FG). Rep >0, (3.1)
where £ : X, — L?[0, 00),
Xop = {f € L?[0,00) | suppf C [0,b)}, b>0. (3.2)

We assume in (3.2) that f has compact support. This is not a restriction practically. Indeed,
if limy_o f(t) = 0, then |f(t)| < § for t > t5, where 6 > 0 is an arbitrary small number.
Therefore, one may assume that suppf C [0, t5], and treat the values of f for ¢t > t5 as noise.

One may also note that if f € L'(0,00), then

o) b [e%)
F(p) = / f(t)erdt = / F(t)edt + / F(He"dt = Fi(p) + Fap),

and |Fy(p)| < e”"d, where [~ |f(t)|dt < 6. Therefore, the contribution of the "tail” f,(t)
of f,

0, t <b,
folt) = { ), t>,
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can be considered as noise if b > 0 is large and ¢ > 0 is small. We assume in (3.2) that
f € L*0,00). One may also assume that f € L'[0,00), or that |f(t)] < c1e®?!, where
1, co are positive constants. If the last assumption holds, then one may define the function
g(t) := f(t)e=(2+Vt Then g(t) € L'[0,00), and its Laplace transform G(p) = F(p+cy + 1)
is known on the interval [co+ 1, co + 1+ 0] of real axis if the Laplace transform F(p) of f(t) is
known on the interval [0,b]. Therefore, our inversion methods are applicable to these more
general classes of functions f as well.
The operator £ : X5, — L?[0,00) is compact. Therefore, the inversion of the Laplace

transform (3.1) is an ill-posed problem (see?3 %)

. Since the problem is ill-posed, a regu-
larization method is needed to obtain a stable inversion of the Laplace transform. There
are many methods to solve equation (3.1) stably: variational regularization, quasisolutions,

23 29 30)

iterative regularization (see e.g, In this Chapter we propose an adaptive iterative

method based on the Dynamical Systems Method (DSM) developed in??,3°. Some methods

2 5 10 18) In

have been developed earlier for the inversion of the Laplace transform (see®,
many papers the data F(p) are assumed exact and given on the complex axis. In*? it is
shown that the results of the inversion of the Laplace transform from the complex axis are
more accurate than these of the inversion of the Laplace transform from the real axis. The
reason is the ill-posedness of the Laplace transform inversion from the real axis. A survey

regarding the methods of the Laplace transform inversion has been given in®.

There are
several types of the Laplace inversion method compared in®. The inversion formula for the

Laplace transform is well known:

o-+100
£ = - / Flp)edp, o >0, (3.3)

271 J oo
is used in some of these methods, and then f(t) is computed by some quadrature formulas,
and many of these formulas can be found in® and?'. Moreover, the ill-posedness of the
Laplace transform inversion is not discussed in all the methods compared in®. The approx-
imate f(t), obtained by these methods when the data are noisy, may differ significantly

from f(t). There are some papers in which the inversion of the Laplace transform from the
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real axis was studied (see?d,! 49 12222636 37y " Tnl and?® a method based on the Mellin
transform is developed. In this method the Mellin transform of the data F'(p) is calculated
first and then inverted for f(¢). In* a Fourier series method for the inversion of Laplace
transform from the real axis is developed. The drawback of this method comes from the
ill-conditioning of the discretized problem. It is shown in? that if one uses some basis func-
tions in Xop, the problem becomes extremely ill-conditioned if the number m of the basis

12 a reproducing kernel method is used for the inversion of the

functions exceeds 20. In
Laplace transform. In the numerical experiments in'? the authors use double and multiple
precision methods to obtain high accuracy inversion of the Laplace transform. The usage of
the multiple precision increases the computation time significantly which is observed in'?,
so this method may be not efficient in practice. A detailed description of the multiple pre-
cision technique can be found in!' and'. Moreover, the Laplace transform inversion with
perturbed data is not discussed in'2. In®" the authors develop an inversion formula, based
on the eigenfunction expansion for the Laplace transform. The difficulties with this method
are: a) the inversion formula is not applicable when the data are noisy, b) even for exact

data the inversion formula is not suitable for numerical implementation.

The Laplace transform as an operator from Cp;, into L?, where
Cor = {f(t) € C[0,400) | suppf C [0,k)}, k = const >0, L* := L?*[0, o),

is considered in®. The finite difference method is used in® to discretize the problem, where
the size of the linear algebraic system obtained by this method is fixed at each iteration, so
the computation time increases if one uses large linear algebraic systems. The method of
choosing the size of the linear algebraic system is not given in”. Moreover, the inversion of
the Laplace transform when the data F'(p) is given only on a finite interval [0,d], d > 0, is
not discussed in”.

The novel points of this Chapter are:

1) the representation of the approximation solution (3.73) of the function f(¢) which

depends only on the kernel of the Laplace transform,
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2) the adaptive iterative scheme (3.76) and adaptive stopping rule (3.87), which generate
the regularization parameter, the discrete data Fs(p) and the number of terms in

(3.73), needed for obtaining an approximation of the unknown function f(t).

We study the inversion problem using the pair of spaces (Xo, L?[0, d]), where X is defined
in (3.2), develop an inversion method, which can be easily implemented numerically, and
demonstrate in the numerical experiments that our method yields the results comparable in
accuracy with the results, presented in the literature, e.g., with the double precision results
given in'2,

The smoothness of the kernel allows one to use the compound Simpson’s rule in ap-
proximating the Laplace transform. Our approach yields a representation (3.73) of the
approximate inversion of the Laplace transform. The number of terms in approximation
(3.73) and the regularization parameter are generated automatically by the proposed adap-
tive iterative method. Our iterative method is based on the iterative method proposed in
Chapter 2. The adaptive stopping rule we propose here is based on the discrepancy-type

28,33

principle, established in . This stopping rule yields convergence of the approximation

(3.73) to f(t) when the noise level § — 0.
A detailed derivation of our inversion method is given in Section 2. In Section 3 some
results of the numerical experiments are reported. These results demonstrate the efficiency

and stability of the proposed method.

3.2 Description of the method
Let f € Xop. Then equation (3.1) can be written as:

(L)) = / P f()dt = F(p), 0<p. (3.4)

Let us assume that the data F(p), the Laplace transform of f, are known only for 0 < p <

d < oo. Consider the mapping L,, : L2[0,b] — R™! where
b
(Lonf)s = / et = F(p), i=0,1,2,....m, (3.5)
0
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p; :=th, 1=0,1,2,...,m, h:= —, (3.6)

and m is an even number which will be chosen later. Then the unknown function f(¢) can

be obtained from a finite-dimensional operator equation (3.5). Let

(U, V) yyrm = Zw](-m)ujvj and |Jullwm = (u, wym (3.7)
=0

(m)

be the inner product and norm in R™*!, respectively, where w; " are the weights of the

compound Simpson’s rule (see® p.58), i.e.,

h/3, j=0,m; d
w™ = 4h/3, j=20-1,1=1,2,...,m/2; h=—, (3.8)
2h/3, j=2,1=1,2,...,(m—2)/2, m
where m is an even number. Then
m b
j=0 0
o (39)
= / g() Y wiMePtv;dt = (g, L50) Xo
0 0
where
Vo
m v
Lrv= Zwﬁm)e’pjtvj, V= L erm (3.10)
§=0 :
Um
and

9.1y, = /0 (Bh(t)dt. (3.11)

It follows from (3.5) and (3.10) that
m b
(Lrlng)0) = w et [Cemgads = (1)), (3.12)
=0 0

and

LonLhv= = QMy, (3.13)



where

b — e~ b(pitpy)
1 3
(Q);; = wj('m)/ et = ™M =0,1,2,...,m. (3.14)
0 Di +pj
Lemma 3.2.1. Let wj(-m) be defined in (3.8). Then
> wi™ =d (3.15)
7 ) .
=0
for any even number m.
Proof. From definition (3.8) one gets
m m/2 (m—2)/2
> wy™ =i +Zw2] A3 wg;
=0
m/2 (m 2)/2
2h 4h 2h (3.16)
=Stlat L 3
7j=1 7=1
2h  2hm  h(m —2) d
3T T3 T
Lemma 3.2.1 is proved. [

Lemma 3.2.2. The matriz Q™, defined in (3.14), is positive semidefinite and self-adjoint

in R™*1 with respect to the inner product (3.7).

Proof. Let
b — e~ b(pitps)
1 j
(Hp)ij = / e~ Pty — e—’ (3.17)
0 Di tpj
and
(m) - _ -
Dp)ij=4 o0 L 3.18
(D) { 0, otherwise, ( )

w{™ are defined in (3.8). Then (D, HpyDptt, V) gmsr = (U, Dy Hpy Dy 0) g1, Where

J

(U, V) gt 1= Zujvj, u,v € R™H, (3.19)
=0
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We have

(Q™t, 0y = Zw](m)(Q(m)u)jvj — Z(D H,,Dyu)jv;

N <m I (3.20)
:Zuj(D H,Dyv); = > ujw )(H,,Dyv);
=0 =
= <u7 (m)/U>Wm
Thus, Q™ is self-adjoint with respect to inner product (3.7). We have
J P P
b b
(Hpm)ij = / e PitPit g — / e PitePit gt
0 0 (3.21)

= <¢17 ¢j>X0‘b7 ¢z(t) = eipita

where (-, '>X0,b is defined in (3.11). This shows that H,, is a Gram matrix. Therefore,
(Hptly W) gmsr > 0, Vu € R (3.22)
This implies
(@, w)yym = (Q™t, Dyt g = (Hyn Dy, Dyt gmss > 0, (3.23)

Thus, Q" is a positive semidefinite and self-adjoint matrix with respect to the inner product

(3.7). 0

Lemma 3.2.3. Let T be defined in (3.12). Then T™ is self-adjoint and positive semidef-

inite operator in Xop with respect to inner product (3.11).

Proof. From definition (3.12) and inner product (3.11) we get

b m b
Tt = [ S ugmer [eratezn
’ 0o = 0

/ Zm: & /b e Pith(t)dtdz (3.24)
{

>X01b .
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Thus, T is a self-adjoint operator with respect to inner product (3.11). Let us prove that
T is positive semidefinite. Using (3.12), (3.8), (3.7) and (3.11), one gets

b m b
<T(m)g7g>X0’b:/ Zw](-m)e_pjt/ e Pi%g(2)dzg(t)dt
04 0
b
/ PEg(z / e Ptg(t)dt (3.25)
0

2

f% ( wg(is) 2o

Lemma 3.2.3 is proved. O

From (3.10) we get Range[L},] = span{wj(»m)k(pj, - 0)}7g, where
k(p,t,z) == e P(t+?), (3.26)
Let us approximate the unknown f(t) as follows:

Ay dMw™Me it = T Ln FU = f(1), (3.27)

j=0

where p; are defined in (3.6), T, is defined in (3.34), and cg-m) are constants obtained by

solving the linear algebraic system:

(al + Q™)™ = pm), (3.28)
where QU™ is defined in (3.13),
i
mn F
m = Cl. and F™ = (p1) . (3.29)
C%n) F(pm)

To prove the convergence of the approximate solution f(t), we use the following estimates,

which are proved in®’, so their proofs are omitted.

66



Lemma 3.2.4. Let T and Q™ be defined in (3.12) and (3.13), respectively. Then, for

a > 0, the following estimates hold:

1QamLmll < 5= (3.30)

\/_
allQznll < 1, (3.31)

1

1Tl < = (3.32)
| Ta m’C;kn| 5 /o (333)

| | < \/—

where

Qam = Q™ +al T, :=T"™ +al, (3.34)

I 1s the identity operator and a = const > 0.

Estimates (3.30) and (3.31) are used in proving inequality (3.92), while estimates (3.32)
and (3.33) are used in the proof of lemmas 2.9 and 2.10, respectively.
Let us formulate an iterative method for obtaining the approximation solution of f(t)

with the exact data F'(p). Consider the following iterative scheme
Un(t) = quo—1(t) + (1 — )T, "L*F, uo(t) =0, (3.35)

where L£* is the adjoint of the operator L, i.e.,

d
€o)®) = [ o, (3.36)
(TF)(1) = (L) // (b.t,2)dpf ()d
e (3.37)
d(t+z)
o t+2 (1-e " ) dz,
k(p,t,z) is defined in (3.26),

T, =al+T, a>0, (3.38)
ap = qan_1, ap>0, qe€(0,1). (3.39)
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Lemma 3.2.5. Let T, be defined in (3.38), Lf = F, and f L N (L), where N'(L) is the
null space of L. Then
al|T; f|l — 0 asa— 0. (3.40)

Proof. Since f L N(L), it follows from the spectral theorem that

[e%} CL2

hm CLQHT Lf]I? = lim

a—0 [q md<Esf7 > HPN fH2 = O

where F is the resolution of the identity corresponding to £*L£, and P is the orthogonal
projector onto N (L).

Lemma 3.2.5 is proved. O

Theorem 3.2.6. Let Lf = F, and u,, be defined in (3.35) Then

lim ||f — u,|| = 0. (3.41)
Proof. By induction we get
n—1
=Y WT L F, (3.42)
where T}, is defined in (3.38), and
w™ = It g (3.43)
Using the identities
Lf=F, (3.44)
T LL=T;Y(T+al —al)=1—aT," (3.45)
and
n—1
Zw](-n) =1-4q", (3.46)
5=0
we get

f—u,=f— Zw f+2w CL]_H %+1

=q"f+ Zw§n)aj+1 ay+1f
§=0

(3.47)
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Therefore,
1 = unll < ¢"|[ f]] +Zw la; | T, L S (3.48)
To prove relation (3.41) the following lemma is needed:

Lemma 3.2.7. Let g(x) be a continuous function on (0,00), ¢ > 0 and q € (0,1) be

constants. If

lim g(z) = g(0) := go, (3.49)
then )
lim Y (¢" 7" = ¢"7) gleg™) = go. (3.50)
Proof. Let
-1
=Y wg(eg™), (3.51)
j=1

where w](-n) are defined in (3.43). Then
[ Frni1(n) = go| < [Fi(n)] +

ZW 9 ]H — 90

Take € > 0 arbitrarily small. For sufficiently large fixed [(€) one can choose n(e) > [(€), such

that
€

i (n)] < 5, ¥n > n(e),

because lim, . ¢" = 0. Fix | = I(€) such that |g(cg’) — go| < § for j > I(e). This is possible

[\D

because of (3.49). One has

|Fie(n)] < =, n>n(e) > I(e)

DO ™

and

Zw 9(cg’™) — g Szw lg(cg’™) \+\Zw — 1|0

j=l(e) J=l(e j=l(e)

—Zw +q" 7" go

JZE)

— - <
=9 + |gO‘q > €,

I/\

/\
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if n(e) is sufficiently large. Here we have used the relation

dow =1-g""
=l

Since € > 0 is arbitrarily small, relation (3.50) follows.

Lemma 1.2.1 is proved. O

Lemma 3.2.5 together with Lemma 1.2.1 with g(a) = a||T, ' f|| yield

gngaNn%ﬂ—o (3.52)

This together with estimate (3.48) and condition ¢ € (0, 1) yield relation (3.41).
Theorem 3.2.6 is proved. O

Lemma 3.2.8. Let T and T™ be defined in (3.37) and (3.12), respectively. Then

2bd)®
T - T < 2D (3.53)
540v/10m4
Proof. From definitions (3.37) and (3.12) we get
b| pd L. "
(@ =150 < [ | [ ktade— > wf ko2 17(:)dz
’ d’ (t+2)
S/ max (t + 2)*e P || f(2)|dz
1
o | 180m* pefo,d] (3.54)

1/2

boogp & b
:/0 ot A A= < o (/0 (”Z)SdZ) 1£ 110,

& [(t+b)? =9
180m4 9 HfHXO,b’

where the following upper bound for the error of the compound Simpson’s rule was used

(see® p.58): for f € CW[xg, 291, 20 < oy,

de — =

l -1
fot4Y  fagny+2Y foj + fuu
j=1 j=1

where

20

fi=flx;), @ =m0+jh, j=0,1,2,...,2, h="2 (3.56)
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and
(1’21 - 1’0)5

Ry = W|f(4)(§)|a To < & < Ty (3.57)

This implies

45 [(26)10 — 251072 (2bd)?
T — 7™M < < — 3.58
I =T, < o | 2| Wl < el (359)
so estimate (3.53) is obtained.
Lemma 3.2.8 is proved. O
Lemma 3.2.9. Let 0 < a < ay,
1/4
m= K <@> . k>0 (3.59)
a
Then
2bd)®
-7 < B, (3.60)
540v/10agk*
where T and T™ are defined in (3.37) and (3.12), respectively.
Proof. Inequality (3.60) follows from estimate (3.53) and formula (3.59). O
Lemma 3.2.9 leads to an adaptive iterative scheme:
Un,m, (t> = qUn—1,m,_1 + (1 - q)Tc;l,mnE:(nnF(mn)v U0,mg (t> = 07 (361>

where ¢ € (0,1), a,, are defined in (3.39), T, ,, is defined in (3.34), A,,L is defined in (3.5),

and

pom . | PO | ¢ R™HL (3.62)

F(pm)
p; are defined in (3.6). In the iterative scheme (3.61) we have used the finite-dimensional
operator T™ approximating the operator 7. Convergence of the iterative scheme (3.61) to

the solution f of the equation L£f = F' is established in the following lemma:
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Lemma 3.2.10. Let Lf = I and ., be defined in (3.61). If m,, are chosen by the rule

1/4
e |7[H (@) ]—‘ y An = (qap_1, q € (07 1)’ K, ag > 0, (363)

Qp

where [[x]] is the smallest even number not less than z, then

lim || f = tnm, || = 0. (3.64)
Proof. Consider the estimate
1 = tnn, | < L = wnll + [Jtn = tnm, || := T1(n) + I2(n), (3.65)

where I1(n) := || f — u,|| and I3(n) := ||uy — Upm, || By Theorem 3.2.6, we get I;(n) — 0 as
n — oo. Let us prove that lim,, . Is(n) = 0. Let U, := u, — Upm,. Then, from definitions

(3.35) and (3.61), we get
Up=qUnr + (1 —q) (T, C°F =T, Lr, FU™), Uy=0. (3.66)

By induction we obtain

n—1
Un = 3 (T £°F =Ty, (L) F0) (367)
=0

where w; are defined in (3.43). Using the identities Lf = F, L,,,.f = F™),

TT =T, (T +al —al)=1—aT, ", (3.68)
T T =T (T +al —al) =1 —aT,,,, (3.69)
Ty — Tt =Toh (T =TT, (3.70)

one gets

n—1
— (n) -1 -1
U, = ij aj41 (Taj+1,mj+1 — Taj+1> f
§=0
o1 (3.71)
— (TL) -1 m.i —1
=> WM, (T =TT F,
§=0
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This together with the rule (3.63), estimate (3.32) and Lemma 3.2.8 yield

n—1

1O <Dy agal| Tty oy, T = T IT L F

7=0

(2bd)®

nol (3.72)
S O |
540,/_61 2 Z sl 7o ]

Applying Lemma 3.2.5 and Lemma 1.2.1 with g(a) = a||T; ! f||, we obtain lim,, ., ||U,|| = 0.
Lemma 3.2.10 is proved. O

3.2.1 Noisy data

When the data F'(p) are noisy, the approximate solution (3.27) is written as

7=0
where the coefficients cém’d) are obtained by solving the following linear algebraic system:
Qamc ™ = F™, (3.74)
Qa,m is defined in (3.34),
m,0
E 5; Es(po)
o = o | B (3.75)
C$1T75) F6 (pm)

wj(.m) are defined in (3.8), and p; are defined in (3.6).
To get the approximation solution of the function f(¢) with the noisy data Fs(p), we

consider the following iterative scheme:

w = qul + (=Tt LE P b =0, (3.76)

n,Mn qun—l,mn71 an Mp mn

where T, ,, is defined in (3.34), a,, are defined in (3.39), ¢ € (0, 1), Fts(m) is defined in (3.75),

and m,, are chosen by the rule (3.63). Let us assume that
Fg(pj) :F(pj)+6j, 0< |5J| §57 j:0,1,2,...,m, (377)
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where 0; are random quantities generated from some statistical distributions, e.g., the uni-
form distribution on the interval [—d, ], and § is the noise level of the data F(p). It follows

from assumption (3.77), definition (3.8), Lemma 3.2.1 and the inner product (3.7) that
|FS™ = FO o = D w6} < 62 Y wy™ = 6% (3.78)
=0 =0

Lemma 3.2.11. Let ty,, and ul,, be defined in (3.61) and (3.76), respectively. Then

Un,m nm >~
5T n 2 /—

where a,, are defined in (3.39).

( —q"), q€(0,1), (3.79)
Proof. Let U := U, — u,, . Then, from definitions (3.61) and (3.76),
U = qUp_y + (1= )T, L, Lo (F™) = F™), US =0, (3.80)

amnm

By induction we obtain

n—1
Up = " Ty (Lony) (FO50 = F7000), (381)
=0
where wj(-n) are defined in (3.43). Using estimates (3.78) and inequality (3.33), one gets
U] < VYl < (1—q"), (3.82)
w2l Z Nt Z -
where w; are defined in (3.43).
Lemma 3.2.11 is proved. O

Theorem 3.2.12. Suppose that conditions of Lemma 5.2.10 hold, and ns satisfies the fol-

lowing conditions:

hmn(; oo, lim ) =0. (3.83)
6—0 0—0 a’né
Then
lim [| f — Un,s s | = 0. (3.84)
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Proof. Consider the estimate:

1 =ty < = g 1|+ Tttngmnny = 5 (3.85)

This together with Lemma 3.2.11 yield

Vds
2,/

Applying relations (3.83) in estimate (3.86), one gets relation (3.84).

1 = g mg | < N = g || + (1—¢"). (3.86)

Theorem 3.2.12 is proved. O
In the following subsection we propose a stopping rule which implies relations (3.83).

3.2.2 Stopping rule

In this subsection a stopping rule which yields relations (3.83) in Theorem 3.2.12 is given.

We propose the stopping rule

Grymny < COF < Grm,, 1<n<ns, C>Vd, e€(0,1), (3.87)
where
Grmn = GGty + (1= Q| Lo 2D = F |y, Gomg = 0, (3.88)
| - [[wm is defined in (3.7),
2(m0) .= Z cgm’6)w§m)e_pjt, (3.89)
7=0

wj(m) and p; are defined in (3.8) and (3.6), respectively, and cgm’

%) are obtained by solving

linear algebraic system (3.74).

We observe that
L, 20— F(s(m") = Q) p(mnd) _ F(S(mn)
— Q(m")(anI + Q(mn)ylpé(mn) _ Fa(mn) 90
= (QU) 4 ap] — and)(anl + Q)L EI™ _ plma) '

= —ay(a,I + Q(m"))’lFé(m") = —a, M),

5



Thus, the sequence (3.88) can be written in the following form

Gn,mn = an—l,mn_l + (1 - Q)anHC(mmé)HWm"7 GO,mo = Oa

where || - ||ym is defined in (3.7), and ¢™?) solves the linear algebraic system (3.74).

It follows from estimates (3.78), (3.30) and (3.31) that

||y = ag|(@nd + Q™) L™ | yymn

< anll(and + Q)T (ET™ = FO) s

+ al (and + Q) F™ |y,
< [F = FO) [y,

+ anll(@nd + QU )) Lo, fllwmn
< SVd + /@ f | xo,

This together with (3.91) yield

Grmn < GG rme + (1= 0) (8 4+ V/al| fl1x,. )

or

G = VA < q(Grrn,y = SVA) + (1= ) y/an|f 1 x,.-

Lemma 3.2.13. The sequence (3.91) satisfies the following estimate:

(1 = @) v/anl fllxos
1—vqg

Gn,mn - 5\/8 S
where a,, are defined in (3.39).

Proof. Define

and
Un = (1= @)Van| fllxo,-
Then estimate (3.94) can be rewritten as
\Ijn S q\Ijn—l + \/awn—h
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where the relation a,, = qga,_; was used. Let us prove estimate (3.95) by induction. For

n =0 we get

W= —sv/d < - ql)\_/a_i'/'gf“X“. (3.99)

Suppose estimate (3.95) is true for 0 < n < k. Then

Wit < qUp+ VGt < Vb

Va Uy = Ve v Vit

= 1
T2 1= Jiven (3.100)
Vi 1
=—F Y1 = —=Vi11,
1 — /4 /ak 1—-\/q
where the relation a1 = qa; was used.
Lemma 3.2.13 is proved. [
Lemma 3.2.14. Suppose
G, > 0Vd, (3.101)

where Gy, are defined in (3.91). Then there exist a unique integer ns, satisfying the

stopping rule (3.87) with C' > /d.

Proof. From Lemma 3.2.13 we get the estimate

1- vV Yn
1=va
where a,, are defined in (3.39). Therefore,
lim sup G m, < 0Vd, (3.103)

where the relation lim,, .., a,, = 0 was used. This together with condition (3.101) yield the
existence of the integer ns. The uniqueness of the integer ns follows from its definition.

Lemma 3.2.14 is proved. O

Lemma 3.2.15. Suppose conditions of Lemma 3.2.1/ hold and ns is chosen by the rule
(3.87). Then

— 0. (3.104)

6—0 Qg
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Proof. From the stopping rule (3.87) and estimate (3.102) we get

1— ) /a— )
CF < Gy o < 0¥+ LV ;;”f b, (3.105)

where C' > V/d, € € (0,1). This implies
0(Co ! —vd) _ (1= )l fllxu,

< ) 3.106
Tt v (3.106)
so, for € € (0,1), and a,; = ga,;_1, one gets
) ) 1—q)ot—=
lim im0 iy D T (3.107)
0=0 /Gp; -0 \/a\/m 6—0 (\/{1 —q)(C — 5175\/3)
Lemma 3.2.15 is proved. O

Lemma 3.2.16. Consider the stopping rule (3.87), where the parameters m,, are chosen by

rule (3.63). If ng is chosen by the rule (3.87) then

lim ns = oo. (3.108)

6—0
Proof. From the stopping rule (3.87) with the sequence G,, defined in (3.91) one gets

qO6° + (1 = @), || |[yymns < qGs1.m,,

(3.109)
+ (1 — q)an(;’lc(mnéﬁ)HWm"fs g Gn67mn5 < 0557
where (™) is obtained by solving linear algebraic system (3.74). This implies
0 < Gy || ™50 || yyrmns < C6F. (3.110)
Thus,
lim a, |59 || ymns = 0. (3.111)
If (™) £ 0, then there exists a A{™ > 0 such that
EG) R 20, (B R Ry = ) s g, (3.112)

A
where E{™ is the resolution of the identity corresponding to the operator Q™ := L£,,L* .
Let
(8, 0) := a2(|Qu FE™ 2y Qe i= al + Q™.
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For a fixed number a > 0 we obtain

hon(6,0) = (| QL Y™ |3

o) 2
_ a m) p(m)  7q(m)
B /O (a + 3)2d<E§ )Fé 7F§ >Wm

N (m) ) ()
> (BT F iy
/0 (a+s)? o (3.113)

a? A (m) p(m)
= (a—l—)\o)?/o d<Egm)Fé , Fy Ywm

B F [

(a+ A2
Since ES;L) is a continuous operator, and || F™ — Fé-(m)”Wm < \/dé, it follows from (3.112)
that
m@yypgmx F{™yym = (B FOVY 0 > 0. (3.114)

Therefore, for the fixed number a > 0 we get
hm(0,a) > cg >0 (3.115)

for all sufficiently small § > 0, where ¢; is a constant which does not depend on . Suppose

lims_.g an; # 0. Then there exists a subsequence 6; — 0 as j — 00, such that

Qn,

S za>0, (3.116)

8

and
0 < my,, = [[Fa(ao/an%)lﬂﬂ < Hfi(ao/cl)l/‘lﬂ =3 <00, K,ag >0, (3.117)

where the rule (3.63) was used to obtain the parameters My, . This together with (3.112)
and (3.115) yield

(mng,) (mas.)

2 2
an(;j HE)\(WTL(;J_) 5j ||Wm"6]-
lim fy,, (5]',%5],) > lim 0 -
J—00 J j—00 Mns .
(ang, 207 )7 (3.118)
(mn ) M )
GUE o, F 2 s,
Ay W
> lim inf . ) > 0.
J]—00 (Cl —I— )\0 5j )2
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This contradicts relation (3.111). Thus, lims_¢ an, = lims_g apq™ = 0, i.e., lims_ons = co.

Lemma 3.2.16 is proved. O

It follows from Lemma 3.2.15 and Lemma 3.2.16 that the stopping rule (3.87) yields the

relations (3.83). We have proved the following theorem:

Theorem 3.2.17. Suppose all the assumptions of Theorem 3.2.12 hold, m,, are chosen by
the rule (3.63), ns is chosen by the rule (3.87) and Gy .m, > C9, where Gy, are defined in
(3.91), then

lim || f =, | = 0. (3.119)

3.2.3 The algorithm

Let us formulate the algorithm for obtaining the approximate solution f9:

(1) The data Fs(p) on the interval [0, d], d > 0, the support of the function f(t), and the

noise level 9;

(2) initialization : choose the parameters x > 0, ag > 0, ¢ € (0,1), € € (0,1), C > V4,

and set u&mo =0,Gy=0,n=1;
(3) iterate, starting with n = 1, and stop when condition (2.133) ( see below) holds,

(a) an = aoq",
(b) choose m,, by the rule (3.63),

(c) construct the vector F\™:

(F™ = Fsp), pr=1h, h=djm,, 1=0,1,....m, (3.120)

(d) construct the matrices H,,, and D,,, :
1 — e~ bPitp))

0 =1,2,3,...,m, (3.121)
D + P

b
(Hum,,)ij ::/ e~ Pitrt g —
0
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(mn)

Dy )y=4 W 0 1T 3.122
(D, )i {O, otherwise, ( )

where w](-m) are defined in (3.8),

(e) solve the following linear algebraic system:

(and + Hyp, Dy, )0 = ), (3.123)

where (cmn9); = "),

(f) update the coefficient cg-m”’é) of the approximate solution u?, ,,, (t) defined in (3.73)

by the iterative formula:

uiymn (t) = quifLmn_l(t) +(1—gq) % c(m”"s)wj(.m")e’pjt, (3.124)
j=1
where
Uy (8) = 0. (3.125)
Stop when for the first time the inequality
Grmn = Gty + ]| c™ 9 | yrmn < CO° (3.126)

holds, and get the approximation f°(t) = u° (t) of the function f(t) by formula

neg,Mng

(3.124).

3.3 Numerical experiments

3.3.1 The parameters k, ag, d

From definition (3.39) and the rule (3.63) we conclude that m,, — oo as a,, — 0. Therefore,

one needs to control the value of the parameter m,, so that it will not grow too fast as a,

decreases. The role of the parameter x in (3.63) is to control the value of the parameter

m,, so that the value of the parameter m, will not be too large. Since for sufficiently

small noise level §, namely § € (1071,107%], the regularization parameter a,,, obtained by

the stopping rule (3.87), is at most O(107?), we suggest to choose x in the interval (0, 1].

81



For the noise level § € (1075 1072] one can choose x € (1,3]. To reduce the number of
iterations we suggest to choose the geometric sequence a,, = agd®", where ag € [0.1,0.2]
and « € [0.5,0.9]. One may assume without loss of generality that b = 1, because a scaling
transformation reduces the integral over (0, b) to the integral over (0,1). We have assumed
that the data F'(p) are defined on the interval J := [0, d]. In the case the interval J = [d;, d],
0 < dy < d, the constant d in estimates (3.60), (3.78), (3.79), (3.82), (3.94), (3.95), and
(3.102) are replaced with the constant d —dy. If b= 1, i.e., f(t) = 0 for ¢ > 1, then one has
to take d not too large. Indeed, if f(¢) = 0 for ¢ > 1, then an integration by parts yields:
F(p) =[f(0) —e?f(1)]/p+ O(1/p?), p — oo. If the data are noisy, and the noise level is 4,
then the data becomes indistinguishable from noise for p = O(1/§). Therefore it is useless
to keep the data Fs(p) for d > O(1/6). In practice one may get a satisfactory accuracy of
inversion by the method, proposed in Section 2, when one uses the data with d € [1,20]
when § < 1072. In all the numerical examples we have used d = 5. Given the interval [0, d],
the proposed method generates automatically the discrete data Fs(p;), j = 0,1,2,...,m,

over the interval [0, d] which are needed to get the approximation of the function f(t).

3.3.2 Experiments

To test the proposed method we consider some examples proposed in?*! 2 3 45 10 12 22

and?®”. To illustrate the numerical stability of the proposed method with respect to the noise,
we use the noisy data Fs(p) with various noise levels § = 1072, § = 107* and § = 107%. The
random quantities d, in (3.77) are obtained from the uniform probability density function
over the interval [—4,d]. In examples 1-12 we choose the value of the parameters as follows:
a, = 0.1¢", ¢ = /2 and d = 5. The parameter x = 1 is used for the noise levels § = 1072
and § = 107*. When 6 = 107% we choose k = 0.3 so that the value of the parameters m,,
are not very large, namely m,, < 300. Therefore, the computation time for solving linear
algebraic system (3.123) can be reduced significantly. We assume that the support of the
function f(t) is in the interval [0,b] with b = 10. In the stopping rule (3.87) the following
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parameters are used: C' = v/d 4+ 0.01, € = 0.99. In example 13 the function f(t) = e~* is
used to test the applicability of the proposed method to functions without compact support.
The results are given in Table 13 and Figure 13.

For a comparison with the exact solutions we use the mean absolute error:

SO (F(t) — £3, ()]
100

MAE = L t;=001401(—1), j=1,...,100, (3.127)

where f(t) is the exact solution and ffnné (t) is the approximate solution. The computation
time (CPU time) for obtaining the approximation of f(t), the number of iterations (Iter.),
and the parameters m,, and a,; generated by the proposed method are given in each ex-

periment (see Tables 1-12). All the calculations are done in double precision generated by

MATLAB.

e Ezample 1. (see’?)

1, 1/2<t<3)/2, L p=0,
h(t) = { 0, otherwise, Fip) = { eTP/2—e7%0/2 p > 0.

*— exact sol
8=10"2
5=10"*

—o—s5=10"° ||

Figure 3.1: Fxample 1: the stability of the approximate solution

The reconstruction of the exact solution for different values of the noise level § is
shown in Figure 1. When the noise level § = 10~°, our result is comparable with the

12

double precision results shown in*“. The proposed method is stable with respect to

the noise § as shown in Table 1.
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Table 3.1: Ezample 1.

J MAFE my, Iter. CPU time(second) ay,
1.00 x 1072 9.62x 1072 30 3 3.13 x 1072 2.00 x 1073
1.00 x 107* 599 x 1072 32 4 6.25 x 1072 2.00 x 1077
1.00 x 1075 4.74x 1072 54 5 3.28 x 1071 2.00 x 10710
o Example 2. (see*,’* )
1/2, t=1
b 9, —0,
fg(t) = 1, 1 <t <10, Fg(p) = { e~P—_e—10p P
, p>0
0, elsewhere, p
Figure 3.2: Example 2: the stability of the approrimate solution
Table 3.2: FExample 2.
4] MAE my, Iter. CPU time (seconds) Qs
1.00 x 1072 1.09 x 107* 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107 847 x 1072 32 3 6.25 x 1072 2.00 x 107¢
1.00 x 107%  7.41 x 1072 54 5 4.38 x 1071 2.00 x 10712

123 high accuracy

The reconstruction of the function f5(¢) is plotted in Figure 2. In
result is given by means of the multiple precision. But, as reported in'?, to get such
high accuracy results, it takes 7 hours. From Table 2 and Figure 2 we can see that
the proposed method yields stable solution with respect to the noise level §. The
reconstruction of the exact solution obtained by the proposed method is better than

the reconstruction shown in“. The result is comparable with the double precision
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results given in'?. For § = 107% and x = 0.3 the value of the parameter m,, is

bounded by the constant 54.

e Example 3. (see* 1,4 % 37)

te_t, 0<t< 10, 1 — e—(p—l—l)lO 106—(1)+1)10
0, otherwise, (p+1) p+1

*— exact sol
— — —8=10"2 |{

s=10"*
—e—5=10"° [

Figure 3.3: Ezample 3: the stability of the approrimate solution

Table 3.3: Example 3.

d MAFE my, Iter. CPU time (seconds) a,

1.00 x 1072 2.42x 1072 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107* 1.08 x 1072 30 3 3.13 x 1072 2.00 x 107¢
1.00x107% 4.02x10"* 30 4 4.69 x 1072 2.00 x 107?

We get an excellent agreement between the approximate solution and the exact so-
lution when the noise level § = 107* and 107% as shown in Figure 3. The results
obtained by the proposed method are better than the results given in*. The mean
absolute error M AE decreases as the noise level decreases which shows the stability
of the proposed method. Our results are more stable with respect to the noise § than

the results presented in®". The value of the parameter m,,, is bounded by the constant

30 when the noise level § = 1076 and x = 0.3.

e Example 4. (see*,’?)
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1—e 0% 0<t<10,
Jah) = { 0, elsewhere.
8 + 26_5, p = 0’
F4(p) = 1_e—10p 1—e—(p+1/2)10
;o5 o P>0

0.9 -

0.8

7 4
o #*— exact sol

7
0.6 P 5=10"2
85=10""

0.5 ©— 5=10"°

0.4

0.3

0.2

0.1

Figure 3.4: Fxample J: the stability of the approximate solution

As in our example 3 when the noise § = 10~* and 107% are used, we get a satisfactory
agreement between the approximate solution and the exact solution. Table 4 gives
the results of the stability of the proposed method with respect to the noise level §.
Moreover, the reconstruction of the function fy(¢) obtained by the proposed method is
better than the reconstruction of f4(¢) shown in?, and is comparable with the double

precision reconstruction obtained in'2.

Table 3.4: Example 4.

4] MAE my, Iter. CPU time (seconds) Qg
1.00 x 1072 1.59 x 1072 30 2 3.13 x 1072 2.00 x 1073
1.00 x 107* 826 x 107* 30 3 9.400 x 1072 2.00 x 1076
1.00 x 1076 1.24 x 107* 30 4 1.250 x 1071 2.00 x 107

In this example when 6 = 1079 and x = 0.3 the value of the parameter m,,, is bounded

by the constant 109 as shown in Table 4.

e Example 5. (see®,4,17)
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f5(t) = 2/v/3e1/? sin(t\/§/2)

Fy (P)

1= cos(10v/3/2)e 10005 9(p + 0.5)e~10P+0-) 5in(10v/3/2)

[(p+0.5)% + 3/4] V3[(p+0.5)2 + 3/4]

-0.2

Figure 3.5: Fxample 5: the stability of the approximate solution

Table 3.5: Ezample 5.

J MAE mp, Iter. CPU time (seconds) ay,,

1.00 x 1072 4.26 x 1072 30 3 6.300 x 1072 2.00 x 1073
1.00x 107 1.25x 1072 30 3 9.38 x 1072 2.00 x 1076
1.00 x 107 1.86 x 1072 54 4 3.13 x 1072 2.00 x 107

This is an example of the damped sine function. In? and!® the knowledge of the exact
data F'(p) in the complex plane is required to get the approximate solution. Here we
only use the knowledge of the discrete perturbed data Fj(p,), j = 0,1,2,..
get a satisfactory result which is comparable with the results given in? and!'® when
the level noise § = 107%. The reconstruction of the exact solution f5(¢) obtained by
our method is better than this of the method given in*. Moreover, our method yields
stable solution with respect to the noise level ¢ as shown in Figure 5 and Table 5 show.

In this example when £ = 0.3 the value of the parameter m,, is bounded by 54 for

the noise level 6 = 107% (see Table 5).

e Ezample 6. (see’?)
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t, 0<t<1,
fe(t) =< 3/2—1/2, 1<t<3,

0, elsewhere.

3/2, p=0,
Fe(p) = { 1—e—;2(1+p) e_3p+e2p(2p71)’ p>0.

2p?2

*— exact sol
8=10"2
8=10"*

—©—5=10"°

Figure 3.6:

Example 6: the stability of the approrimate solution

Table 3.6: Ezample 6.

J MAE mp, Iter. CPU time (seconds) ay,,

1.00x 107> 4.19x 107 30 2 4.700 x 1072 2.00 x 1073
1.00 x 1074 1.64x 1072 32 3 9.38 x 1072 2.00 x 1076
1.00 x 107 1.22 x 1072 54 4 3.13 x 1072 2.00 x 107

Example 6 represents a class of piecewise continuous functions. From Figure 6 the
value of the exact solution at the points where the function is not differentiable can
not be well approximated for the given levels of noise by the proposed method. When
the noise level § = 1079, our result is comparable with the results given in'2. Table 6
reports the stability of the proposed method with respect to the noise d. It is shown
in Table 6 that the value of the parameter m generated by the proposed adaptive

stopping rule is bounded by the constant 54 for the noise level § = 1075 and x = 0.3

which gives a relatively small computation time.

o Ezample 7. (see’?)
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—tet—et+1, 0<t<1,

f(t) =< 1—2e71, 1 <t< 10,
0, elsewhere,
Ep) 3/e—149(1—2/e), p=0,
p)= _1—peltP—e 2 —1—p—10p el0P_¢
L P e

Figure 3.7: Example 7: the stability of the approximate solution

Table 3.7: Ezample 7.

J MAE mps Iter. CPU time (seconds) ay,

1.00 x 1072 1.52x 1072 30 2 4.600 x 1072 2.00 x 1073
1.00 x 107* 2.60 x 1073 30 3 9.38 x 1072 2.00 x 1076
1.00 x 107 2.02 x 107* 30 4 3.13 x 1072 2.00 x 107°

When the noise level § = 107* and § = 107%, we get numerical results which are
comparable with the double precision results given in'2. Figure 7 and Table 7 show

the stability of the proposed method for decreasing 9.

e Ezample 8. (see’,*)

4272 0 <t < 10,

fa(t) = { 0, elsewhere.
8 + 4e~102+P) [ -2 — 20(2 + p) — 100(2 — p)?]
Fy(p) = :

(2+p)?

The results of this example are similar to the results of Example 3. The exact solution

can be well reconstructed by the approximate solution obtained by our method at
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*— exact sol
- — —-8=102 (]

8=10"*
—e—5=10"° ||

Figure 3.8: Ezxample 8: the stability of the approximate solution

the levels noise § = 107" and § = 107 (see Figure 8). Table 8 shows that the MAE
decreases as the noise level decreases which shows the stability of the proposed method
with respect to the noise. In all the levels of noise § the computation time of the
proposed method in obtaining the approximate solution are relatively small. We get
better reconstruction results than the results shown in?. Our results are comparable

with the results given in?.

Table 3.8: Ezample 8.

J MAE mp, Iter. CPU time (seconds) ay,

1.00 x 1072 2.74x 1072 30 2 1.100 x 1072 2.00 x 1073
1.00x 107* 3.58x107% 30 3 3.13 x 1072 2.00 x 1076
1.00 x 1076 5.04x107* 30 4 4.69 x 1072 2.00 x 107

o Ezample 9. (see®t)

5t 0<t<5,
Jolt) = { 0, elsewhere,

25/2, p =0,
Fy(p) = { e=5P45p—1 p>0
p2 9 M

As in Example 6 the error of the approximate solution at the point where the function
is not differentiable dominates the error of the approximation. The reconstruction
of the exact solution can be seen in Figure 9. The detailed results are presented in

Table 9. When the double precision is used, we get comparable results with the results
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e exact sol
- - -8=1072

—e—5=10"°

s=10"* |4

Figure 3.9: Ezample 9: the stability of the approximate solution

shown in?*.
Table 3.9: Example 9.
) MAFE mp, Iter. CPU time (seconds) a,,
1.00 x 1072 2.07 x 10~' 30 3 6.25 x 1072 2.00 x 1076
1.00 x 107*  7.14 x 1072 32 4 3.44 x 1071 2.00 x 107°
1.00 x 107 2.56 x 1072 54 5) 3.75 x 1071 2.00 x 10712
e Ezample 10. (see’)
t, 0<t<10,
Jio(t) = { 0, elsewhere,
50, =0,
Fi(p) = 176;1017 - 106*101" >0
p p

. t

Figure 3.10: Example 10: the stability of the approximate solution

Table 10 shows the stability of the solution obtained by our method with respect to

the noise level §. We get an excellent agreement between the exact solution and the
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Table 3.10: Ezample 10.

J MAFE my, Iter. CPU time (seconds) a,

1.00 x 1072 2.09 x 10°* 30 3 3.13 x 1072 2.00 x 107
1.00 x 107* 1.35 x 1072 32 4 9.38 x 1072 2.00 x 107
1.00 x 1078 3.00 x 1073 54 4 2.66 x 107! 2.00 x 107°

approximate solution for all the noise levels § as shown in Figure 10.

o Example 11. (see’,*?)

[ sin(t), 0<t <10,
fult) = { 0, elsewhere,
1 —e'%(psin(10) + cos(10))

Fiu(p) = 1+ .

Figure 3.11: FEzample 11: the stability of the approximate solution

Here the function fi;(t) represents the class of periodic functions. It is mentioned in??
that oscillating function can be found with acceptable accuracy only for relatively small
values of t. In this example the best approximation is obtained when the noise level
§ = 107% which is comparable with the results given in® and??. The reconstruction
of the function fi1(¢) for various levels of the noise § are given in Figure 11. The
stability of the proposed method with respect to the noise ¢ is shown in Table 11. In
this example the parameter m,,, is bounded by the constant 54 when the noise level

§=10"% and k = 0.3.
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Table 3.11: Example 11.

J MAFE my, Iter. CPU time (seconds) a,

1.00 x 1072 247 x 107" 30 3 9.38 x 1072 2.00 x 107
1.00 x 107* 491 x 1072 32 4 2.50 x 107! 2.00 x 107
1.00x 107 246 x 1072 54 5 4.38 x 107! 2.00 x 10712

Ezample 12. (see?,’)

tcos(t), 0<t<10
Jia(t) = { 0, o els_ewhere,’
(p? — 1) — e 1(=1 + p? + 10p + 10p?) cos(10)
(1+p?)?
e 12(2p + 10 4 10p?) sin(10)

F12(p) =

T+

Figure 3.12: Example 12: the stability of the approximate solution
Here we take an increasing function which oscillates as the variable ¢ increases over
the interval [0,10). A poor approximation is obtained when the noise level § = 1072
Figure 12 shows that the exact solution can be approximated very well when the noise
level § = 1076, The results of our method are comparable with these of the methods
given in® and®. The stability of our method with respect to the noise level is shown

in Table 12.

Example 13.

fi3(t) = e, Fis(p) = Fp
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Table 3.12: Ezample 12.

J MAFE my, Iter. CPU time (seconds) a,

1.00 x 1072 1.37x10° 96 3 9.38 x 1072 2.00 x 107
1.00 x 107* 5.98 x 107! 100 4 2.66 x 107! 2.00 x 107
1.00 x 1076 2.24 x 107* 300 5 3.44 x 107! 2.00 x 10712

Here the support of f13(¢) is not compact. From the Laplace transform formula one

gets

o0 b oo
Fis(p) = / e lePldt = / oWty 4 / e~ (D)t gy
0 0 b

67(1+p)b

1+

b
= / flg(t>€_ptdt + = Il + IQ,
0

where 0(b) := e~°. Therefore, I; can be considered as noise of the data Fy3(p), i.e.,
Fs(p) = Fia(p) — 6(b), (3.128)

where 6(b) := e7?. In this example the following parameters are used: d = 2, k = 107!
for 6 = e and Kk = 107° for § = 1078, 1072° and 1073°. Table 13 shows that the
error decreases as the parameter b increases. The approximate solution obtained by

the proposed method converges to the function fi3(¢) as b increases (see Figure 13).

Table 3.13: Ezample 15.

b MAE ms Iter CPU time (seconds)
5 1.487x107% 2 4 3.125 x 1072
2,183 x 1074 2 4 3.125 x 1072
20 4.517x107° 2 4 3.125 x 1072
30 1205107 2 4 3125x107?

3.4 Conclusion

We have tested the proposed algorithm on the wide class of examples considered in the

literature. Using the rule (3.63) and the stopping rule (3.87), the number of terms in rep-
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b=5, d=2 b=8, d=2

—*—— exact sol 08 —#— exact sol
0.5 O—§-e° ’ o—5-e"

0.6

o 0.4

0.2

-0.5 0o
0 2 4 6 0 2 4 6 8

b=20, d=2 b=30, d=2

o —*— exact sol o —*— exact sol
. o—§_e20 —o— 5 =730
0.

Figure 3.13: Ezample 13: the stability of the approximate solution

resentation (3.73), the discrete data Fj(p;), 7 =0,1,2,...,m, and regularization parameter
any, which are used in computing the approximation f9 (¢) (see (3.73)) of the unknown
function f(¢), are obtained automatically. Our numerical experiments show that the com-
putation time (CPU time) for approximating the function f(¢) is small, namely CPU time
< 1 seconds, and the proposed iterative scheme and the proposed adaptive stopping rule
yield stable solution with respect to the noise level §. The proposed method also works for
f without compact support as shown in Example 13. Moreover, in the proposed method we
only use a simple representation (3.73) which is based on the kernel of the Laplace transform

integral, so it can be easily implemented numerically.
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